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Course Presentation

Course Presentation

Introduction

This fluid mechanics course extends classical mechanics and field theory to continuous,
deformable media. It transitions students’ focus from discrete-particle dynamics to the
macroscopic behavior of liquids and gases. The core of the subject lies in applying macroscopic
conservation laws to complex, non-linear systems driven by the interplay of internal friction,
pressure gradients, and external forces.

This course is designed for second-year physics license students. It is taught in semester
4 and consists of lectures and tutorials (1 h 30 minutes of lecture and 1 h 30 minutes of tutorial
per week). The module belongs to the methodology teaching unit, with 4 credits and a
coefficient of 2. The fluid mechanics course has been developed in alignment with the official
curriculum established by the Ministry of Higher Education and Scientific Research.

Course Objectives

For a first-time, introductory course at the second-year physics level, the goal isn't to have
students solve highly complex, real-world flow problems. Instead, the primary objective of this
introductory fluid mechanics course for second-year physics students is to fundamentally shift
their analytical framework from discrete-particle dynamics to continuous-field theory. By
adopting the Eulerian perspective, students learn to recontextualize familiar conservation laws
of mass, momentum, and energy for deformable media, thereby providing a rigorous, practical
application of their vector calculus toolkit. The course aims to develop a strong physical
intuition for how pressure gradients, internal friction, and external forces interact within a
continuum. Ultimately, this foundational knowledge serves as a crucial conceptual bridge,
preparing students for the mathematical and physical demands of advanced specialized fluid
mechanics and other fields such as astrophysics, plasma physics, and electrodynamics.

Course Content

The course is structured into five main chapters. The first chapter builds a comprehensive
understanding of continuous media, beginning with foundational continuum definitions and
macroscopic properties in Main Concepts in Fluid Mechanics. Students then analyze fluids at
equilibrium under pressure and body forces in Fluid Statics before transitioning to the study of
motion. This transition begins with Fluid Kinematics, which establishes the Eulerian
mathematical framework for describing flow geometries, streamlines, and velocity fields
independent of the underlying forces. The analysis of these driving forces is then tackled in two
distinct stages: Dynamics of Inviscid Fluid explores idealized, frictionless models to establish
baseline conservation principles, while the final chapter, Dynamics of Real Fluids, reintroduces
viscosity and internal friction to capture the complex, energy-dissipating behaviors of actual
physical systems.
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Basic Concepts in Fluid Mechanics

Chapter I: Basic Concepts in Fluid Mechanics

I. 1 Introduction
I. 1.1 What is fluid mechanics?!
It is a branch of physics that deals with the behavior of fluids at rest and in motion.
I. 1. 2 Why study fluid mechanics?!

Fluid mechanics has many applications in various areas of our lives.

solar wind, planetary
the vessels, the atmospheres, Galactic

microcirculation, breathing |fill Structures (Sun, stars, etc.)

Water flow,
Sand water interaction,
Erosion, Surface waves

masses (currents), ocean
eddies, naval engineering

Synthetic materials,

,* " 3 n Atmospheric physics, Paints. Multiphase flows,
: N 4 Movements of large paste behavior,
atmospheric masses (trade [l Subsonic, transonic, liquid metals

winds), Heat transfer supersonic, hypersonic flows,
Acoustics, Aircraft noise,
Aircraft and rocket propulsion
Aeronautical Engineering

Figure 1.1 Fluid mechanics fields
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l. 2 Definitions
l. 2.1 The Fluid

A fluid is a continuous medium, made up of very small and very numerous material particles,
free to move relative to each other. It is a deformable, non-rigid medium that can flow.

Liquids do not have their own form. They take the form of a container
which contains them, but each has its own volume.
Gases have no proper shape or volume.

Figure 1.2: Matter’s States

I. 2.2 Concept of Fluid Particle

The concepts of fluid mechanics are based on the following fundamental assumptions:

>
>

The fluid is a continuous medium.

The medium is considered continuous when it is possible to define, at any point in this
medium (the flow) and at any time, field functions (density, temperature, speed, etc.).

No matter how small the size element we choose (fog droplet), it will always be much larger
than the size of the particles that make it up.

It is not necessary to follow the evolution of each molecule on a microscopic scale

The fluid is composed of fluid particles, which comprise a large number of molecules and
occupy negligible volume at the macroscopic scale.

We can assign to each fluid particle a field of velocity V, pressure P, temperature T, mass
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Elementary .3
volume Godie™

L<a<D

The mean free path of the
molecules

Figure 1.3: Notion of fluid particle

D: Characterizes the domain dimension (the macroscopic scale)
L: Characterizes the intermolecular dimension; the mean free path (the microscopic scale)

a: Characterizes the fluid particle dimension (the scale mesoscopic)

I. 2.3 Volume Forces and Surface Forces Applied to a Fluid Domain

l. 2.3 Volume Forces

They are forces acting on the entire volume of the fluid domain, such as gravity, as well as

electric, magnetic, and electromagnetic forces.

dt : Elementary volume

—

f : Force per unit volume

» Surface Forces: they are the forces that act on the surface of the fluid domain.

Consider a fluid volume, delimited by a closed surface X.
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a:»=a:>T +CW:>N

—

Considering the force acting on the elementary surface dS of the normal Nt is called surface

stress.

It is always possible to decompose dF into two components:

1- Tangential stress to dS due to the viscous action called viscous stress or friction.

2- Normal stress to dS due to local pressure, called the force of pressure

» Pressure at a point of a fluid

Pressure is the force per unit area exerted perpendicularly on a surface element dS.

dF=—p-n-ds :>p=d—|:
ds

dF is the force exerted on the surface element dS.

P is the pressure at point M. ds

dF
» The pressure force always acts inside the volume delimited by the surface element.

> The pressure is expressed in pascals: Pa=N.m? = kg.m.s?
We also find: 1 atm =1,013.10° Pa

1bar = 10° Pa
latm = 760 mm Hg
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1. 2.4 Density

The mass density o is defined as the mass per unit of volume

_dm
p av

I. 2.5 Relative Density

The density d is dimensionless and is defined as the mass density of the studied fluid
related to the mass density of water (1000 kgm) in the case of a liquid, and to the mass density

of air (1.29 kgm™) in the case of a gas
I. 2.6 Incompressible Fluid

A fluid is said to be incompressible when the volume occupied by a given mass does
not vary according to external pressure. Liquids can be considered incompressible fluids (e.g.,

water, oil).
Example: To reduce water volume by 5%, it takes a force of 109 per m? of surface
I. 2.7 Compressible Fluid

A fluid is said to be compressible when its volume per unit mass varies with external

pressure. Gases are compressible fluids.

Example: air, hydrogen, methane gas,

I. 2.8 Volumetric flow rate and Mass flow rate
» Volumetric flow rate

It is the volume of fluid that passes through a given cross-sectional area per unit time.

The volume flow rate of a fluid is given by:
gv=VnS ; Vpuniformon$S
» Mass flow rate

The mass flow rate of a fluid is given by :
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Om= P Va S ; Vn uniform on the entire surface S

» If the flow is permanent (the flow does not change over time), then the mass flow rate

is preserved:  gm(S1) = gm(S2)
> If the fluid is incompressible, then the volume flow rate is preserved, qv(S1) = qu(S2)

1.2.9 Inviscid Fluid

A fluid is said to be inviscid or perfect when the resultant of the surface forces exerted on the

fluid remains normal to the surface dS. This means that the tangential component FT is zero

( friction effects are negligible).

1.2.10 Real Fluid
In a real fluid, the tangential forces of internal friction (viscous friction) which oppose the

relative sliding of the fluid layers are taken into consideration.

» This phenomenon of viscous friction appears during fluid movement.

» At rest, the real fluid behaves like an ideal fluid.

: T dF
1-2 ' 1-2
dry drY,
Real fluid, inviscid Ideal fluid Real fluid in
motion

at rest in motion

Figure 1.4 : Difference Between Real Fluid and Inviscid Fluid

I. 2.11 Viscosity

Viscosity is determined by the training capability (stickiness) of a moving layer over the

adjacent layers. In viscous flow, the fluid layers do not flow at the same velocity. It produces a

velocity profile.
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Fluid Layer 2

Fluid Layer 1

. . : Parabolic Velocity Profile
Linear velocity profile

Figure 1.5: Velocity Profile in a real fluid

We distinguish between dynamic viscosity and kinematic viscosity:
» Dynamic Viscosity

Consider two adjacent layers, distant by Az, of a fluid flowing in straight and parallel
streams. The difference in speed between the two fluid layers generates a friction force F, acting
on the surface separating them and opposing their relative sliding. It is proportional to the

difference in the velocity of the layers Av, to their surface S, and inversely proportional to Az.

AZ y
1

Figure 1.6: Newton's law of viscosity for one-dimensional

The proportionality factor p is the coefficient of the dynamic viscosity of the fluid.
[u] =ML LT,

Unit: In the international system (SI), the dynamic viscosity unit is the Pascal second
(Pa.s) or Poiseuille (PI)

» Kinematic viscosity

In many formulae, the ratio of dynamic viscosity n to density p appears. This ratio is

called kinematic viscosity.
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n=E
p

[n] = L2
Unit: In the international system (SI), the viscosity unit has no special name: (m?/s).
In the CGS system, the unit is the Stokes (St): 1 m?%/s = 10* St.

I. 2.12 Viscosity Measurement

Viscosity can be measured using several instruments, among these are:

O Ball Drop Viscometer or Hoepler Viscometer

A spherical ball falls slowly into a well-calibrated tube containing the viscous liquid.
We measure the time t it takes the ball to travel a certain distance.

Figure 1.7 : Hoepler Viscometer

O Rotary viscometer or Couette Viscometer

A solid cylinder (A) rotates at a constant velocity in a liquid contained in a cylindrical
container (B), which is trained by the liquid and rotates around its rotation axis. A spring
exerting a torsion torque after being turned at an angle a, holds (B) in balance. We show that

the dynamic viscosity is proportional to the angle a.
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Figure 1.8 : Couette Viscometer

I. 3 Flow Regimes

In 1883, British engineer Osborne Reynolds showed the existence of two types of viscous

flow in pipes.
I. 3.1 Laminar Regime

It corresponds to regular flows in which the fluid mass is composed of juxtaposed, perfectly
individualized threads; the free surfaces are smooth and united; and the threads are subjected
only to tangential friction forces due to the fluid's viscosity. These are the forces of viscosity.
These flows hardly occur in real life except for some particular problems (at low velocity) or in

the case of very viscous fluids

I. 3.2 Turbulent Regime

From a certain velocity, local pressure or velocity fluctuations or external flow disturbances
(wall roughness, inertial forces) irreversibly modify the current lines. They do not retain their
individualities, which causes pressure gradients on either side of the layer. This leads to the
creation of local vortices. When the fluid is filled with these vortices, the regime is called

"turbulent".

I. 3.3 Transitional Regime

It is an intermediate regime. The flow is said to be transient when small disturbances begin

to appear.
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Laminar regime

T T TR |

Transitional regime

—— - Turbulent regime

Figure 1. 9: Flow Regimes

> Reynolds Number

By using fluids of varying viscosity and varying the experimental conditions, Reynolds
showed that there is a dimensionless parameter, Re, that classifies these behaviors. This is called

the Reynolds number.

Re <2000 Laminar regime

Re:'D_Vd:V_d
[ N

2000 < Re < 3000 Transitional regimes
Re > 3000 Turbulent regime

p: is the density of the fluid; V: the average velocity; d: a characteristic dimension of

the pipe; p and n: the dynamic and kinematic viscosities of the fluid.
I. 4 drag force

When a fluid passes an object or an object moves through a fluid, the latter exerts a force on
the object's surface, which can be split into two components:

One acting in the same direction as the fluid flow, which is called the drag force, T, defined

as the component of the force parallel and opposite to the direction of motion and one acting

perpendicular to the flow direction, which is called the force of lift.
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The Drag Force is the result of the internal forces that brake the body in the fluid. It includes

two types of drag: friction drag and pressure or form drag. It is distributed on the surface, whose

A

v Z
<@ Dray

values and distributions depend on:

v The shape of the body and the roughness of its surface
v’ The relative velocity
v' The physical state of the fluid (density, steady, etc.)

» Friction drag, also known as skin friction drag, is caused by the friction of fluid.
Against the surface of an object that is moving through it. It is directly proportional to the

surface area.

Friction drag

» Pressure drag, also known as form drag, arises from the shape of the object. It

becomes more important for high velocities.

&

v Y] F=PFP -B =0
— — — Pressure drag
Pressure drag Py Pz

Drag force depends strongly on Reynolds number and the object geometry
U Drag force at laminar regime (low Reynolds number):

At low velocity, the fluid, on the surface of an immersed object, has a local velocity equal to
that of the object. Hence, the fluid flow over the object is laminar and decreases regularly with

increasing distance from the object.

In a laminar regime, it is the viscosity that predominates in the effect of the drag, which is

expressed by:

d: the linear dimension of the moving object

K: the numerical coefficient depends on the form and the orientation of the object
w: the fluid viscosity

V: the velocity of the object
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T = KVdp

U Drag force in the turbulent regime.

At high speeds, the backflow with low energy separates from the object, creating a relatively
low-pressure region, which often leads to pressure drag on the object. This radically changes
the overall flow field and, consequently, the inviscid flow region and the pressure distribution
on the object.

By the time a turbulent wake develops and grows at the rear of the object, it leads to large
pressure drag as the separation point moves from the rear toward the front.

The energy thus communicated from the object to the flow, equal to 1/2 pV? per unit
volume, slows the object's motion. Therefore, in a turbulent regime, it is inertia leading to a

large pressure drag, which predominates in the drag effect as follows:

T = C, %pVZS

The drag coefficient Cx is a dimensionless number. It depends on the object's shape and its

orientation relative to the velocity direction. It must be reduced to reduce the drug force.

i Tl 3
\ ’ T.

Figure 1.10: Drag force in different flow regimes

1.4.1 Drag Coefficient and Reynolds Number

Considering the importance of situations where fluid inertia plays a predominant role

(high speed), it is appropriate in all cases to write the drag in the form:
T =C, 1p V?S
2
The drag coefficient depends on the velocity. By forming the ratio of the inertia drag and

viscous drag, we obtain:
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Tturbulent — deVZ — de
Tlaminaire ].LdV u

The Reynolds number, Re, represents the ratio of inertial to viscous forces. Drag force
depends on the nature of the flow that determines the value of Cx.

=R,

Dimensional analysis identifies the variables involved in Cx and shows:
Cy =f(Re)

Graphs representing Cx as a function of Re have been compiled by grouping experimental
results obtained on very diverse systems (metal alloy balls in oil, wax balls in alcohol, paraffin

in aniline, amber in water, air bubbles in water, etc.)
I. 4.2 The Drag Coefficient of a Smooth Sphere

In the case of a sphere of radius r moving at low speeds (Re < 1) in a fluid, the drag is
given by the Stokes formula:

T =6rzruv

In the case of (1 < Re < 10%), the drag is given by the H.S. Allen formula:
c, -2
R .
e

In the case of high speeds (1000 < Re < 5. 10°) ; where Cx = 0,48, and using S = 7 r?, the drag
is given by:
_ 1 2 2
T =C, -pVrr
2
In the case of high speeds more than 5.10°, Cx is approximately equal to 0.2

The drag coefficient of a smooth sphere at low speed is expressed as follows:

With the Reynolds number equal to:

R

A E
Re « 1 {laminar)} 10% Fe = 105 (Vortex shedding) Re = 10 {(Turbulent BL)

Figure 1.11: Reynolds Number at Different Regimes
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Graphs representing Cx as a function of Re have been compiled by grouping experimental
results obtained on very diverse systems (metal alloy balls in oil, wax balls in alcohol, paraffin

in aniline, amber in water, air bubbles in water, etc.)

Different values of Cx based on Re values calculated for different types of spheres

Cx of the smooth sphere according to its diametric Reynolds; Cx of golf balls, tennis balls and
footballs; Cx of the rough spheres according to Achenbach; Cx of raindrops and fog according
to their equivalent diameter.

100 T T I I
Cx N Cx = TI(%.p.V2.S)) Cx
['] \ h e r (@ ' [_]

\, T:Tr
B p M umique fluide [kg/m?]
1 \ V: Vitesse relative du fluide [m/s] 1
0 9 S,: Surface frontale [m?] r 1o
\\
\,
\
~,
\
\\
Régime de Stokes
Effels visqueux dominants
Brouillard et pluie
Balle de tennis ()
1 ™ / - 1
1 mm *\ - £
© 3mm P
2mm - [
-
— \
— \
L __JBallede galf __> /aaueuefout
[©) /—

Cx de la sphére lisse —
courbe standard d'aprés les équations de
Clift, Grace et Weber

-1 0.1

0.1 —f
A diverses rugosités r_ ‘,M

d'aprés Achenbach £

0.01 0.01
0.1 Re = V.0l 1 10 100 1000 10 000 100 000 1 000 000 10 000 000 100 000 000
8 el Yarawe = 136100 mls Nombre de Reynolds
tiaue du fluide (mis] e diamétral de la sphére [-]
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l. 5 Exercises

Exercise N°1: Find the height of the free surface if 0.0076 m3 of water is filled into a cylindrical
container with an inner diameter di = 0.162 m, an outer diameter de = 0.20 m, and a height of
0.65 m. The rest of the container is filled with 2.83 kg of oil. Determine the density of this oil.
What is the density of the full container (water + oil), knowing that its density when empty is
41 kg m3?

Exercise N°2: Using the following law, which expresses the variation of the viscosity of liquids
as a function of temperature:

1
=l Y ar + g2

T is the temperature in degrees C. a and B are constants that depend on the liquid's nature, and
Lo is the viscosity at 0°C. Taking for water a = 35,6 103, p= 0,189 103and o = 1,787.10°Pl a
0°C.

- Assuming the Sutherland model for gases:

B (T)3/2T0+S
K=Ht1) T+s

T is the temperature in K, and po is the viscosity at 0°C, S is the Sutherland temperature. The
characteristic constants for air are po = 1,711-10°PI, To = 273.15 K, and S =114 K.

1- Calculate the dynamic viscosities of water and air at temperatures of 10°C, 20°C, and
100°C.
2- Same question for the kinematic viscosity, given p.i = 1,2:10° g/cm? et pyater = 1 g/cm? and

3- What do you notice?
4- Where does the difference in behavior between the two fluids come from?

Exercise 3: A liquid has a dynamic viscosity p = 95.10° Pa - s at T = 20 °C. Calculate its

kinematic viscosity n in Stokes given that its specific gravity is d = 0,95.

Exercise 4: air (nair=0.157 Stokes at 27°C) flows in a pipe with a 15.0 cm diameter at an average
velocity v = 4.50 m s™'. What is the flow regime? Calculate the volumetric flow rate relative to

the average velocity.

Exercise 6: Consider a hose connected to a water tap, where 53 cm of its length can be filled
with 0.006 m?3 of water. When water flows through this hose, 1.19 liters of water can be filled

in 10 seconds.
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1. Calculate the water flow rate in the hose.
2. What is the flow velocity?
3. Determine the flow regime.

Given: : peas = 107 Pa.s

Exercise 7.

The fall of a plastic ball (d =2 mm) in a 1 m column of liquid (kinematic viscosity n = 23 st, p
=800 kg m™) took 1.63 s.

1. What is the flow regime?
2. Calculate the drag force.
3. Calculate the friction coefficient.

The experiment is repeated with a steel ball (d = 13 mm), which takes 0.53 s to travel 1 m in the fluid
(kinematic viscosity n=0.23 St, = 800 kg m 3, p =920 kg m™3).

1. What is the flow regime of this object?
2. Calculate the drag force knowing that the drag coefficient is Cx = 0.48.

Exercise 8.

Water flows from a tap with a cross-sectional area of 12.56 cm? at a flow rate of 1.4 liters per
second. This water was used to fill a cylindrical tube with a 15 cm diameter, and the process
took 20 seconds. A steel ball with a diameter of 16 mm was then dropped into the water column,
and it took 0.98 seconds to pass through the water.

1

What is the regime of the tap water

2- What is the regime of the ball flow?

3- Calculate the drag force knowing that the drag coefficient is Cx = 0.5.
Given: peau=10"3Pa-s. peau = 1000 kg/m?3
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1.6 Exercise Solutions
Solution 1

1- Height of the Free Surface of Water

The inner cross-sectional area of the cylinder S; is determined by its inner diameter d; :

. d?
Si = 4
Substituting the given value d; = 0.162m:
m.(0.162)2
i = % ~ (0.0206 mz.

The volume of a cylinder is the product of its cross-sectional area and its height. Therefore, the
height of the water column, hy, is expressed as:

Vi
h, = —
w Sl‘
Substituting the known values:
_ 00076
W = 0.0206 0™

The height of the free surface of the water is approximately 0.369 m.

2- Density of the oil, we must first compute the remaining inner volume of the container V qil
occupied by the oil.

The total inner volume Vi ot is given by:
Vitotas = Si - H
Vitotal = 0.0206 (0.65) ~ 0.0134 m3

The volume occupied by the oil is the difference between the total inner volume and the water
volume:

Voit = Vitotal — Vw
V.4 = 0.0134 — 0.0076 = 0.0058 m®

The mass density of the oil p,;; is defined as the ratio of its mass to its volume:

ot = Mo
oil —
Voil
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_ 283 ~ 488.11 kg/m3
pOil - 0.0058 ~ . g/m .

The mass density of the oil is approximately 488.11 kg/m?

3- Total Density of the Full Container

The density of a complex object or container refers to its bulk or global density, computed
relative to its external total volume, Ve, The density when empty is pempe, = 41 kg/m?3. The
external volume V. calculated using the outer diameter de = 0.20 m is:

. d?
S, = ——
4
(0.20)? 5
Se = ——5— ~ 0.031m

Ve =S, .H=~0.02m?
Using the empty density, the mass of the empty container Mempty Iis:
Mempty = Pempty- (V. = V) = 0.271kg

Next, we determine the mass of the water myw, assuming standard water density p,, =
1000 kg/m3:

my, = py, .V, = 1000(0.0076) = 7.60kg.

The total mass of the system miotar is the sum of the structural mass, water mass, and oil mass:
M (oa] = M empty + My, + Mg = 10.7 kg

Finally, the total global density p;,:4; IS the total mass divided by the outer volume:

M ora 10.7
Protar = —V: © =557 ~ 535.05 ke/m’

The global mass density of the full container system is approximately 535 kg/m3.
Solution 2
1- Dynamic Viscosity of Water

The empirical law governing the temperature dependence of liquid viscosity is given by:
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1

W= W1 ar + pr2
Where T: is the temperature in degrees Celsius °C, and the characteristic constants for water are:

e u, = 1.787 x 1073P1 (Poiseuille, or Pa.s), @ = 35.6 x 1073°C™1, B =0.189 x
10—3 oc—2

AtT =10°C
We have

1.787 x 1073

_ ~ 1 x 1073PI.
Hwater = 7173735 6 % 1073(10) + 0.189 x 10-3(10)2 200210

AtT =20°C

1.787 x 1073

_ ~ 1 x 1073PI.
Hwater = 973735 6 x 1073(20) + 0.189 x 10-3(20)2 Po0 10

AtT =100 °C
Wyater = 0.277 X 1073PI
2- Dynamic Viscosity of Air

The Sutherland model for gases is expressed as:

T>3/2T0+S
T,) T+S

H=Ho (
Where T is the absolute temperature in Kelvin K, and the characteristic constants for air are:
e 1, =1711x1075Pl , T, =273.15K, S =114K
e The numerator factor T, + S = 387.15K

AtT = 10°C = 283.15K:

3
283.15) 2( 387.15

=1.711 10-5(
Hair 273.15) \283.15+ 114

) ~ 1.760 X 107>PI

At T = 20°C = 293.15K:
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3
293.15> 2( 387.15

=1711x1 —5(
Hair X107 (57315) 39315+ 112

AtT = 100°C = 373.15K:
Mair = 2.171 x 1075PI

3- Calculation of Kinematic Viscosity

) ~ 1.809 x 10-5PI

Kinematic viscosity is defined as the ratio of dynamic viscosity to fluid density:

g="
p

First, the given densities must be converted into the International System of Units (kg/m3)

*  Pwater = 1g/cm® = 1000 kg/m?>
o pgir =12 x1073g/cm3 = 1.2 kg/m3

For Water 9 = (L)

1000
-3
o 9(10°C) = (2220 ) = 1300 x 107°m?/s
-3
o 9(20°C) = (2222-) = 1.000 x 107°m?/s
-3
. 9(100°C) = (*FL20) = 0.277 x 107°m?/s

For Air 9 = (%)

-5

o 9(10°C) = (F2) ~ 14,67 x 107°m?/s
“10-5

. 9(20°C) = (22220) = 15.08 x 107°m?/s
; =5

. 9(100°C) = (222) = 18.09 x 107°m?/s

Fluid Medium Viscous Metric 10 °C 20 °C 100 °C
Water (Liquid) Dynamic p (Pa-s or P) 1.300 x 10" 1.000 x 107 0.277 x 107
Kinematic 9 (m?/s) 1.300 x 10°¢ 1.000 x 107 0.277x 10°¢
Air (Gas) Dynamic p (Pas or P) 1.760 x 10 1.809 x 10 2.171x 10°°
Kinematic 9 (m?/s) 14.67 x 10 15.08 x 10°¢ 18.09 x 10

Two prominent phenomena can be deduced from the data:
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1. Opposing Temperature Trends: As temperature increases, the dynamic and kinematic
viscosities of water decrease significantly. Conversely, the dynamic and kinematic
viscosities of air increase with rising temperatures.

2. Kinematic Viscosity Inversion: While the dynamic viscosity of water is orders of
magnitude larger than that of air (Lwater »> Wair ), the Kinematic viscosity of air is
substantially greater than that of water (9 water > 9 air). This inversion is due to the
dominant effect of the extremely low density of air relative to water.

The fundamental difference in behavior originates from the distinct microscopic structures and
intermolecular force dynamics characteristic of the liquid and gaseous phases:

-In liquids, molecules are tightly packed, and viscosity is primarily dictated by intermolecular
cohesive forces (such as hydrogen bonds in water). When thermal energy increases (higher
temperature), the molecular kinetic energy rises, allowing molecules to overcome these cohesive
bonds more easily. Consequently, the internal resistance to shear flow decreases, leading to a drop
in viscosity.

-In gases, molecules are widely spaced, rendering intermolecular cohesive forces negligible. Here,
viscosity is governed by the momentum transfer via molecular collisions. As the temperature
increases, the chaotic thermal velocities of gas molecules increase, leading to a higher frequency
of intermolecular collisions. This heightened microscopic collision rate impedes macroscopic fluid
layers from sliding past one another, thereby increasing the fluid's internal resistance and viscosity.

Solution 3
Dynamic viscosity u = 95 x 10~ 3Pa.s , Specific gravity d = 0.95, Temperature T = 20°C

Calculate the density of the liquid (p)
p = 0.95 x 1000 kg/m?3
Calculate kinematic viscosity (n) in SI units
95 x 107 3pa.s

950 kg/m3

n= =10"*m?/s

Convert to Stokes (St)

Since 1St = 107*m?/s

Therefore n = 1St

The kinematic viscosity of the liquid is 1St.
Solution 4

1. Determination of the Flow Regime

To characterize the fluid flow regime (laminar, transitional, or turbulent), we must evaluate the
dimensionless Reynolds number (Re). For internal pipe flow, it is defined as:
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v.D
Re = —
n
Where:
e v = 4.50m/s (Average flow velocity)
e D = 15.0 cm (Internal diameter of the pipe)
e 1 =0.157 St (Kinematic viscosity of the air)
n =157 x1075m?/s
Calculation of Reynolds Number

Substituting the parameters into the Reynolds number formula yields:

pe_ B0X 0150
€= 157x10-8 477

Interpretation:

In pipe flow engineering, the standard critical thresholds for the Reynolds number are:
e Re < 2000 : Laminar flow

e 2000 < Re < 3000 :Transitional flow

e Re > 3000 : Turbulent flow

Since the computed value Re = 42994 significantly exceeds 4000, the fluid flow is firmly
within the turbulent regime.

2. Calculation of the Volumetric Flow Rate (Q)

The volumetric flow rate (Q) represents the volume of fluid passing through the cross-sectional
area of the pipe per unit time. It is expressed by the continuity equation:

Q =s.v

Where s is the cross-sectional area of the circular pipe, defined as:

_m.D? m.(0.150)°

~ 2
2 2 0.01767m

Compute Volumetric Flow Rate (Q):

Q = 0.01767m? x 450 m/s =~ 0.07952 m3/s
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Solution 5

1. Calculation of the Water Flow Rate (Q) The volumetric flow rate (Q) characterizes the volume
of fluid (AV) passing through a given cross-section per unit of time (At).

AV s
Q= =119 x107m’/s

2. Determination of the Flow Velocity (v)

According to the principle of continuity, the volumetric flow rate relates to the average flow
velocity (v) and the cross-sectional area (A) of the conduit is written as follows:
Q=AXv

Cross-Sectional Area (A)

The problem notes that a section of the hose with a length (L) of 53 c¢m holds a fixed internal
capacity volume (Vipterna1) 0f 0.006 m3. Modeling the hose as a uniform cylinder:

Vinternal

Vinternal = A.L = A = L

Converting the length metric to meters (L =53 cm=0.53m) :
_0.006m*

= = 2
053 m 0.011321m

Step B: Calculate the Average Velocity (v)

Substituting the calculated values of Q and A back into the velocity expression:

_119x10*'m®/s 0.01051
V=T0.011321m2 m/s

3. Evaluation of the Flow Regime

Reynolds number (Re). For an internal pipe network, it is expressed as:

p.v.D
U

Re =

Knowing that : p: = 1000kg/m3, y,q, = 10 3Pas

And: D = /% = /“X”ﬂﬂ ~ 0.12006m
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Substituting the parameters into the Re formula:

~ 1000 x 0.01051 x 0.12006

Re = 03 = 1261.8

In pipe hydraulics, the flow regime boundaries are defined as:

e Re < 2300: Laminar flow

e 2300 < Re < 4000: Transitional flow

e Re > 4000: Turbulent flow
Because the calculated value (Rex=1262) falls well below the lower critical threshold of 2300,
viscous forces dominate over inertial perturbations. Consequently, the fluid stream inside the
hose is confirmed to be in a stable, laminar regime.
Solution 6

Part 1: Plastic Ball

Terminal Velocity (9)

Assuming the ball quickly reaches its steady terminal settling velocity during its fall:

g=t_ 1 06135
=17 163~ 06135m/s

1. Determination of the Flow Regime

The flow regime surrounding a falling sphere is characterized by the particle Reynolds number
R,:

R - v.d 0.6135m/s X 2Xx 107°m 0533
e p 23 x 10~*m?2/s e

For flow past a sphere, the boundary for the Stokes' flow regime is typically defined as laminar
upto 1, so R., =~ 0.533, the flow regime is classified as laminar (Stokesian).

2. Calculation of the Drag Force (Fq)

Because the system operates within the laminar Stokes regime (Base R,, < 1), the drag force
acting on the sphere can be computed directly using Stokes' Drag Law:

F;=3.mu.d.v

Where u is the dynamic viscosity of the fluid, related to kinematic viscosity (1) by
po=mM.p;=23x10"*x800=1.84Pas
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Substituting u into Stokes' Law:
F; =3m X (1.84 Pas) X (2 x 1072m) x (0.6135m\s) =~ 0.0425N

3. Calculation of the Friction (Drag) Coefficient (Cy)

The dimensionless drag coefficient (often denoted as Cx or Cg) represents the ratio of drag force
to dynamic pressure forces:

F
C, = d

%pf. VZ.A

Where A is the projected frontal area of the sphere. Alternatively, for the theoretical Stokes
regime, C, can be calculated directly from the Reynolds number via:

24
Cy=—
Rep
Using the Reynolds relation:
Cx = 05332 ~ 400

Part 2: Steel Ball

Preliminary Calculation: Terminal Velocity (v)

1
=053: " 1.8868m\s

1. Determination of the Flow Regime

We recalculate the particle Reynolds number (Base Rep) for the steel ball:

= ~ 1066.4

R —
0.23 X 10~*m?/s

ep —

v.d 1.8868m/s x 13 x 1073m
n

For external flow over spheres, the regime boundaries are categorized as:

Re < 1: Laminar (Stokes) Regime

1 <Re <1000: Transitional Regime

1000 < Re < 2 x 10°: Turbulent Regime (characterized by a relatively constant drag
coefficient)

Since : Re = 1066, the flow regime has transitioned out of the laminar domain into the
turbulent regime.
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2. Calculation of the Drag Force (Fq)
Given that the flow is within the Newtonian (external turbulent) regime, we use the generalized

quadratic engineering drag equation to calculate the drag force, using the provided drag
coefficient Cx = 0.48

1
F; = =.Cx. pp. A.V?

2
Where:
. d? B
A= ~ 1.3273 x 10~ *m?
Thus;
1 —4
F; = 3 x 0.48 x 800 x (1.8868)% x (1.3273 x 10™*) ~ 0.0907N

Solution 7

1. What is the regime of the tap water

To determine the flow regime of the tap water, we need to calculate the Reynolds number (Retap)
inside the tap nozzle.

Find the flow velocity (viap)
Using the volumetric flow rate formula (Q = A . viap ):

Q 1.4 x 1073
Ap 1256 %107

Viap = ~ 1.115m/s

Find the equivalent diameter of the tap (Dtap)

4.App  |4%12.56 x 10
D,.. = = ~ 0.04m
tap T T

Reynolds number

p.v.D
U

Re =

1000 X 1.115 m/s X 4 X 10~%m
Re = - ~ 444 x 10*
103 Pas
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Since: Re > 4000, the flow is: Turbulent regime
2. Regime of the ball flow
Height of the water column

The total volume filled is: V=Q't , V= (1.4x10)(20) , V=0.028 m?

N h D2
For the cylindrical tube V = z "
4V
Thus: h=—= 158m
mD
Velocity of the ball
h 1.58
V=—=——=161m/s
t 0.98
Reynolds number of the ball
.v.D
Re = P
u

o, _ 1000 X 161 X 0016
€= 10-3 Pa s

~ 2.58 x 10*

Since Re > 1000, the external flow regime is: Turbulent regime

Drag force

The drag force formula is:

1
F; = E.CX. pe A. V2

where A is the projected area of the sphere:

_7T.D2

A= ~ 2.01 X 10™*m?

Now substitute:

Fy = 2% 0.48 x 1000 X (1.61)2 x (2.01 x 107*) = 0.13N
2
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Chapter I1: Fluid Statics

I1.1 Definition
Fluid statics is the study of the equilibrium conditions of fluids and their behavior in
situations where there is an absence of relative motion between the particles that constitute
them:

» Fluids at rest / Zero acceleration
» Fluids in motion without friction: the inviscid fluids

« The surface forces involved are forces due only to pressure.

I1.2 The fundamental equation of statics

One considers an element of fluid volume of parallelepipedic form, of volume dV

dx.dy.dz, in a Cartesian coordinate system:

dz

r y (x,y,2) 4

dy
The balance of the forces applied to this volume element makes it necessary to distinguish:

« volume forces: weight
« surface forces: pressure forces (stagnant fluid)

—p(z+dz)dxdye, i

I
=1}
n

y - -

dx

X

s n=-e. /,

. < 3 p(z)dxdyé,
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volume forces

The expression of the fluid weight is given by:
dP =dmg = pdV §

Surface forces

This force can be broken down into three components:

dF =dF, +dF, +dF, === dF =dF, &, +dF, &, +dF,§,

Let's look at the component afz(the surface forces are necessarily normal), the
component along z corresponds to the pressure forces exerted on the surfaces perpendicular to

the z-axis.
dF z =dF, e, =F, (2)e, — F, (z+dz)e, = P(z)dxdye, — P(z + dz)dxdye,

So : dF, =[p(z) - p(z +dz)] dxdy

the development of the first order gives:

p(z+dz) = p(z) + @dz
oz

P dxdydz = — P dv

. dF. = -2 -
where : 2 P P
By analogy, the other two axes give:
dr, =— Py
OX
dF, = _P gy
oy

aF - Pg, +a—péy +Ps av
oy 0z

6[)5@[)
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Then : dF = ~VpdV

weight force dP = odV g And dF = ~VpdV
According to the fundamental principle of dynamics, the sum of the forces acting on the
fluid particle is equivalent to the product of its mass and its acceleration:
dP +dF = pdVa
by substituting, itturns :  pdV g— vpdV = pdVa
From where we get : £ 0 —Vp=p3
The fluid is at rest: d = 0
In this case : §p =p0 Itis the fundamental equation of fluid statics (Local equation)

In the case of a fluid at rest, assuming that § = —0 €, we have :

op op op .
x oy and P9 . pP(X,y,2) = p(2)

From where: E =—P43 It is the differential equation of fluid statics

This differential equation should be solved to find the pressure at any point of stagnant fluid

I1.2.1 Statics of Incompressible Fluids

A fluid is said to be incompressible if we can consider that its density is at all points

the same:
p: Cte

In addition, we can consider that the acceleration of gravity is a constant:
g= cte

As aresult :



By integration:

p(z) = 4 - pgdz=—pgl dz=-pgz+C"

dz

then :

p(2)+p0z = C' This is the fundamental law of hydrostatics

I1.2.2 Hydrostatics theorem

According to the law of hydrostatics, we have:

p(2)+pgz=C®=p(z)+pgz

So:
p(2)- p(z') = pg(z-2)

P(2)- p(z') = pgh

Fluid Statics

Generally, the reference level z' = 0 corresponds to the free surface of the fluid, where

P(O) = PO = Patm
So : P=py+pgh

fluid depth below reference level
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Standard atmospheric pressure: Patm = 1.013.105 Pa

» Hydrostatics theorem statement
The difference in pressure between two points of a liquid at equilibrium is equal to the
weight of a column of this liquid whose height is the difference in levels between these two
points and whose cross-section equals the unit.

p— Py =poh 1 I

surface libre a la
pression atmosphérigue

p2)

0 =4

z<(

liquide

P=Pa—p9cz

P=pa+pgh
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The pressure increases with the depth in the liquid, and the position of the point in the
liquid is identified with respect to the free surface of the liquid

I1.3 Consequences of the fundamental theorem of hydrostatics

11.3.1 Equality of pressures at any point of a horizontal plane

v" The pressures at two points M and M' located in the same horizontal plane are equal
v" horizontal planes in a liquid are isobaric planes
v The pressure at the bottom of a container does not depend on the shape of the

container but only on the height of the liquid.

liquid level
P1=P2=P3

L
|

h

v The free surfaces of communicating vessels are on the same horizontal plane

Horizontal surface = Pressure equality
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11.3.2 Pascal's theorem

P1=Patpgh P2 = Pe+pgh’ P1=P;

P1+AP1 = Pa +APA +pgh ~ ———2 AP1 =APa
P1+AP1 = P2 +AP> == AP> =AP; =APa

P2+AP, = (Pe+APg) + pgh' . s APg=AP; =APa

States :

At the equilibrium, any variation of Pressure at one point in an incompressible fluid causes

the same pressure change at any other point.

Fa F
We hav ===
€ have p S, Sg

F.S
Sg)Sa=>Fg = g B = Fg))Fa
A

The applied force Fa can be amplified by choosing Sa << Sg

Pa Sa Ps Sg



Fluid Statics

Examples of applications of Pascal's theorem: Hydraulic lifter, Hydraulic jack, Hydraulic

press, Hydraulic brake, Elevator

piston (2)

piston (1)

3¢ Frue,

11.3.3 Archimedes principle

PB: PA+pgh — PB_PA: pgh
wet (P8 —Pa) S = pghS

et FarcH = pgV

V is the volume of the displaced fluid and equals to the volume of the submerged body, p its
density.

The pressure difference between the top and the bottom of the solid generates a
buoyant force directed towards the decreasing pressures (from the bottom to the top). It is
called Archimedes' thrust.

States (Archimedes’ principle)

Anybody immersed in a fluid receives from this fluid a vertical force (buoyant force),
upwards, the intensity of which is equal to the weight of the fluid displaced volume (this
volume is, therefore, equal to the submerged volume of the body).

FarcH = pfiuid-Vimm.Q
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Apparent weight

It is the difference between the body's actual weight and the force of Archimedes (the weight
of the body inside the fluid).

Papp = P — FarcH
_\ Papp= Vg (p — pfiuid)

I
e

Papp )0 mssssh Submerged body

PApp (0 —w Float bOdy

Papp =0 msssb Suspended body

I1. 4 Statics of compressible fluids

Generally, this is true of gases, since their density depends on pressure. To simplify the
study, we tackle the case of the perfect gases:

pV =nRT

Molar mass of the gas

pTRT _m_mM _n_p
SO : YR however: £ Vv Y, V. M

PRT M The density is a function of the pressure = compressibility
From where : DZT 3P=ﬁp

Starting from the fundamental equation of fluid statics as follows:

dp _ d__M dp
=—p(p)g =>—= =T P9 = )

M
=———gdz
dz dz RT

It is therefore necessary to integrate:
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dp _ M d te . . .
? =" ﬁg z+C is constant if the temperature is homogeneous

M te
‘Mp=-—gz+C
As :Inp RTg

M
so: P(z) =C*exp (— &7 Y Zj where the constant is defined with respect to the pressure at the

reference level.
M M
Thus, if p=po at z=2zo, then: Po=C® em(—ﬁg Zoj = C* = py exp(ﬁg Zoj
M
Therefore : P(Z) = po €XP [—ﬁg(z - Zo)}

Z4 p(2) = po em[—R—NT'g(z—zo)}

P = Pa €XP (— M 9 Zj
...... - ra RT

Application: Atmospheric pressure measurement (Torricelli’s mercury barometer)

Atmospheric pressure is the force exerted by atmospheric air per unit area.
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In this experiment, Torricelli produced a vacuum by filling a glass tube with mercury,
inverting it, and then submerging the open end in a vessel of mercury. He observed that the
mercury column descended only partially, stopping at a height (independent of the tube's

shape and inclination) of about 76 cm.

z

N
72| P Py

h=2,-2, P1=0
<| =76cm Hy P2 = atmospheric pressure.
P2 pmercury = 13600 kg.m'3

peSeces P2 - P1=p.gh=13600x 9.81 x 0.76 = 101396.16 Pa

0

I1.5 Exercises

Exercise 1

A vertical tube with a 1 cm2 cross-sectional area contains 2 L of water. A piston weighing
200g is placed on this water

- Calculate the pressure at a point located 10 cm from the bottom.
- Calculate the pressure on the bottom of the tube as well as the pressing force.

A mass of 100 g is placed on the piston. Find the new pressures, as well as the pressing

force on the bottom.
Exercise 2

Consider the U-tube in the opposite figure containing two liquids of densities p1 and pa.

Determine the relationship between hy, ha, p1, p2

r'y
hﬁ p2 vhl

p1
Exercise 3

A U-tube of uniform section contains mercury. In branch A, we pour water, and in branch

B, we pour alcohol. It can be seen that the free surfaces of the water and the alcohol are in the
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same horizontal plane and that the mercury has a level difference of 0.5 cm between the two

branches. Calculate the heights h and h' of water and alcohol.
We give: Pmercury =13.6 g.Cm'3

Palcohol = 0.8 g.cm'3

Exercise 4

Consider the manometer tube shown in the figure below. Determine the height difference h

of mercury.

patm

4 air
water 4 -

hy

h, PHg

Exercise 5

A hydraulic jack formed by two pistons (1) and (2) of circular section. Under the effect of
an action on the lever, the piston (1) acts, at point (A), by a force of pressure F1 on the oil. The

oil acts, at point (B) on the piston (2) by a force F».
We give:
- The diameters of each of the pistons: D1 =10 mm; D> = 100 mm.
- The pressure force intensity at A: F1 =150 N.
1) Determine the oil pressure Pa at point A.
2) What is the Pg pressure?

3) Deduce the intensity of the pressure force F»

Exercise 6

A block of ice with a volume of 500 cm? floats on the surface of the water. Calculate the
submerged volume knowing that the density of the ice is 0.92 g.cm™.
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Exercise 8
A gold object weighs 138.5 g; immersed in pure water its apparent weight is 130.5 g.

Show that it is not pure gold, then determine the composition of the alloy of gold and silver

which constitutes it
We give: por = 19.25 g.cm’

psilver = 10.5 g.cm‘3

Exercise 9

A sphere of radius R = 10 cm floats halfway on the seawater surface (density psea=1025
kg/m3).
1) Determine its weight P.
2) Its density.
3) What will be the fraction of the submerged volume if this sphere floated on the surface
of the oil (density poii=800 kg/m?)?

Exercise 10

The figure below presents a lead solid sphere (1) of radius R1 = 10 mm suspended, by
means of a flexible and light wire (3), to a float (2) in the form of a hollow sphere in plastic

material of radius R2=35 mm and of thickness e = 5 mm.
We give:
- The density of seawater: p =1027 kg/m®
- The density of lead: p1 =11340 kg/m?,
- The density of the float material: p? =500 kg/m?,
- The acceleration due to gravity g = 9.81m.s.
Required responses:

1) Calculate the weight P1 of the sphere (1).
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2) Determine the Archimedes thrust F1, which acts on the sphere (1).
3) Write the equilibrium equation of the sphere (1). Deduce the tension T of the thread.
4) Calculate the weight P> of the float (2).

5) Write the equilibrium equation of the float. Deduce Archimedes thrust F, acting on the
sphere (2).

6) Deduce the fraction % of the submerged volume of the float.
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I1. 6 Exercise Solutions

Solutionl

1. ldentify the reference interface: Let the horizontal line passing through the boundary
where liquid 1 and liquid 2 meet (on the left side of the U-tube) be our reference level.
2. Equate the pressures at this level:

Left branch pressure (Piett): The pressure is due to the atmospheric pressure (Patm)
plus the weight of the column of liquid 2 with height ha.

Pierc = Patm +02 9 h2

Right branch pressure (Pright): The pressure at the exact same horizontal level in
the right branch is due to (Pam) plus the column of liquid 1 with height h.

Pright = Parm + plg h1l
3. Find the relationship: Since Pieft = Pright:
Pym + p2gh2 =Py, + plghl
Patm from both sides and divide by g :
plghl =p2 g h2
The relationship between the variables is:

hl  p2
2 pl
Solution?

Given Data

Pmercury = 13.6 g/cm3

Paiconot = 0.8 g/cm3

Pwater = 1.0 g/cm3
Mercury level dif ference Ah = 0.5 cm

Let h be the height of the water column in branch A
Let h’ be the height of the alcohol column in branch B.

Because the free surfaces (tops) of the water and alcohol are in the same horizontal plane, and the
mercury is 0.5 cm higher on the alcohol side (meaning the water pushes the mercury down more
because water is denser than alcohol):
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h = h'" + 0.5 impliesh — h' = 0.5 (Eqt 1)
Equating the pressures at the lowest interface (the water-mercury boundary in branch A):
Pwater-8-1 = Paiconot -8-0" + Pmercury -8 Ah.
Cancel out g and substitute the known densities and Ah = 0.5 :
1.0.h = 0.8.h" + (13.6.0.5)
h=0.8h'+6.8 (Eqt 2)
Substitute Eqt 1 (h = h'+ 0.5) into Eqt 2:

h" + 05 = 0.8h" + 6.8
h" — 0.8h" = 6.8 — 0.5

0.2h" = 6.3
h = 63 _ 31.5
= 0.2 = D m

Now, find h using Equation 1:

h =315+ 05=32cm

Solution 3

We use the hydrostatic equation along the continuous fluid paths. Since the pressure of the
trapped air is uniform throughout its chamber, we can connect the water side to the mercury side.

The water column has a total height of hi. The interface with the air is at height ho.

Therefore, the height of the water column pressing down above that interface is hi - ha.

Assuming the open container on the far left is exposed to atmospheric pressure Pam:
Poir = Paem + Pwater-9 -(hy — hy)

The mercury column of height h is open to the atmosphere (Pam) at the top and meets the air
chamber at the bottom interface.

Poir = Patm + pHg-g-h
Since Pair is equal in both expressions, set them equal to each other:

Potm + Pwater -9 -(h1 — hy) = Py + pHg-g-(h)
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Subtract Pam and cancel out the gravitational acceleration (g) from both sides:
Pwater -(h1 — hy) = PHg .(h)
Isolate the height difference of mercury (h):

pwater

h =

.(hy — h
Pra (hy 2)

Solution 4
1) Determine the oil pressure Pa at point A

First, calculate the cross-sectional area of piston 1 (A1):

_mD}  m(0.01)?

z . X _5 2
2 2 7.854 x 107> m

Ay

Now, calculate the pressure Pa:

_h_ 150 1.91 x 10° Pa = (19.1 b
T4, 7854x10-5 a = (19.1 bar)

Py
2) What is the Pg pressure?
According to Pascal's Principle, any change in pressure applied to an enclosed fluid is transmitted
undiminished throughout the fluid to all points. Assuming the pistons are at roughly the same
height:
P; =P, ~ 191 x10° Pa
3) Deduce the intensity of the pressure force F»

First, calculate the cross-sectional area of piston 2 (Ay):

n.D?  m (0.1)*
= T

~ 7.854 x 1073 m?

Using the pressure at point B to find Fo:
F, = Pg.A, = (1.91 x 10°).(7.854 x 1073) = 15,000 N
Solution 5

The Equilibrium Principle
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For any floating object, the upward buoyant force (Archimedes' thrust) equals the downward
gravitational force (weight of the object):

Fbuoyant = Wice
Expanding this using densities and volumes:

Pwater-9g -Vsubmerged = Pice-9 -Vtotal

Cancel out the gravitational acceleration (g) from both sides:

Pwater -Vsubmerged = Pice -Vtotal

Isolate the submerged volume (Vsubmerged):

Pice
water

submerged = Viotal

Substitute the given values:

submerged = %.500= 460cm?3

The submerged volume of the ice block is 460cm? (which is 92\% of its total volume).

Solution 6

Showing that it is not pure gold

1. Calculate the buoyant force (Fb): The buoyant force equals the weight of the displaced
water, which matches the loss in weight when immersed:

Fy, = Wactual = Wapparent = 138.5 g — 130.5 g = 8.0 g (mass equivalent)

2. Determine the volume of the object (Viotal): Since pwater=1.0 g/cm?:

Mass of displaced water 8.0

Viotal = = = 8.0 cm3
tosa Puvater o~
3. Calculate the average density (pavg):
_ Mtotal 1385 17.3125 3
Pave = Viotal — 80 g/cm
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Conclusion: Since 17.3125 g/cm3 is less than the density of pure gold (pgoli=19.25 g/cm?), the
object is not pure gold.

Determine the composition of the alloy

Let Vgoia be the volume of gold and Vsiwer be the volume of silver.

Veola + Vsitver = 8.0 — (Eq 1)
Total Mass:

PgolaVgold + pgjiverVsilver = 138.5
19.25Vgold + 10.5Vsilver = 138.5 — (Eq 2)

Vsilver = 8.0 — Vgold

Substitute into Eq 2:
Vgold = 8.7554.5 =~ 6.23 cm®

Vsilver = 8.0 — 6.23 = 1.77 cm?®

Calculate the mass composition:

Mass of Gold: Mgold=19.25x6.2286~119.9 g (or 86.6% of total mass)

Mass of Silver: Msilver=10.5x1.7714~18.6 g (or 13.4% of total mass)

Solution7
Determine its weight P

The sphere floats halfway on the seawater surface, meaning the submerged volume is exactly half
of the total volume:

Vtotal

Voup = —5- % 2094 x 10~°m?

According to the law of flotation, the weight of the object (P) equals the buoyant force from the
seawater (Fp):
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P =F,= psea-9 -Vsup
P = 1025 x 9.81 x (2.094 X 10_3) ~ 21.06 N

2) Its density

For a floating object completely supported by a single liquid, the ratio of densities equals the ratio
of volumes:

psphere _ Vsub _ 1

Psea B Vtotal 2

p 1025
Psphere = % = o = 512.5Kg kg/m®

3) Fraction of submerged volume if floating on oil

When the sphere floats on oil, its weight (P) is balanced by the buoyant force of the oil:
Psphere- 9- Viotat = Poit-9-Vsup

. Vv —0i
Cancel g and arrange to solve for the submerged volume fraction %:
Total

Vsub _ psphere

Fraction =
VTotal Poil
Substitute the values:
Fraction = °12.5 0.6406
raction = 300 = .

The sphere will be 64.06% submerged when placed in oil.
Solution10
1) Calculate the weight P1 of the sphere (1)
Pi=p;.Vy.g = 11340 x (4189 x 107%) x 9.81 = 0.466 N
2) Determine the Archimedes thrust F1 acting on the sphere (1)
Since the lead sphere is fully submerged in seawater:
F, = p.V1.g = 1027 x (4.189 x 107%) x 9.81 = 0.042N

3) Equilibrium equation of sphere (1) and tension T
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The forces acting vertically on the sphere are: Upward buoyant force (F1), upward wire tension
(T), and downward weight (P1).

Fi+ T = P, implies T = P, — F;
T = 0.466 — 0.042 = 0.424 N

4) Calculate the weight P2 of the float (2)
The mass of the float comes only from its plastic shell layer:

P, = 2. Vgpou-g = 500 X (6.650 x 1075) x 9.81 =0.326 N
5) Equilibrium equation of the float & Archimedes thrust F.

The forces acting on the float are: Upward buoyant force (F2), downward weight (P2), and
downward wire tension (T).

F2 = Pz + T
F, = 0.326 + 0.424 = 0.750 N

6) Deduce the fraction % of the submerged volume of the float
The Archimedes thrust on the float depends on its partially submerged volume (Vsub2):

L F
Fy, =p . Veups.-g implies Veypy, = —

Now, compute the percentage fraction relative to its total outer volume (V2):

Fraction % = Vsuvz x 100 = M x 100 =~ 41.45%
v2 1.796 x 10~*
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Chapter I11: Fluid Kinematics

The kinematics of fluids concerns the description of the flows without resorting to the

calculation forces involved.

I11.1 Descriptions of Fluid Motion

» Description of Lagrange

This description of the flow consists in following a given particle during its movement
within the fluid. With this description, all the unknowns of the problem (position, speed,
pressure....etc.) are written according to (xo; Yo; Zo; t) which are the coordinates of the fluid
particle position in its initial configuration t = 0 s, and t represents time.

To know perfectly the evolution of the fluid, it is necessary to determine the 3
following functions:

X = X(Xo; Yo; Zo; 1)
y = Y(Xo; Yo; Zo; 1)
Z = z(Xo; Yo; Z0; 1)

(Xo; Yo; zo; t) are variables of Lagrange.

> Description of Euler

This description consists in knowing the velocity of the particles over time at a given
place, determined by its coordinates, for example Cartesian coordinates X, Y, z.
The fluid flow is described by means of a velocity vector field at every time t.

So:
—> > > >
V(X,y,z,t) = vx i+ vy j+ vz Kk

Vx = Vx(X,Y,Z,t) , vy = W(X,Y,Z,1) , V2 = Vz(X,Y,Z,1)
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The velocity at all points (x,y,z) of the flow (Velocity field)

X "instant photo of the flow"

¥ Observer

The velocity %) associated to a point M evolves over time.

ﬂl(m

¥ —

| Aﬁ)
x

4

» the physical quantities of the flow are therefore defined according to the coordinates of
space X Y Zand time t

> X, Y, z coordinates, and time t represent Euler variables

» The Eulerian description is more adapted in practice than the Lagrangian description.
the knowledge of the velocity field being sufficient for the description of the fluid in

motion.

111.2 Steady flow

_>
A flow is said steady or permanent when the velocity V vector field does not vary
over time. The physical quantities of the flow do not depend explicitly on time.
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Steady flow:

II1. 3 Material Derivative

Consider the scalar function ®(x,y,z,t), a physical quantity characteristic of the fluid at
a point of coordinates x, y, z and time t.

The fluid particle at time t+dt will be at the point of coordinates x+dx, y+dy, z+dz .

The variation of the function will therefore be equal to:

d® = O(x+dx, y+dy, z+dz, t+dt) - O(x, y, z, t)

first order

4o = 2@ 4y +a£dy AL development
OX oz ot

oy
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Since
dx = vx dt
dy = vy dt
dz =vz dt
So: dCDzagvdeaEvdeaEvdeaEdt
oX oy 0z ot
ddo od od oo o0
—=—+—V, +—V, +—V,
dt ot ox oy ' oz
a® _ 20 Sorado ﬁ
dt ot

Derivative(:ji:that we note% is the particle derivative, (related to the particle), is equal to:

DO dd od -—— oD od od od
——=—=—+vgrad®d=—+V, —+V, —+V, —
Dt dt ot ot OX oy 0z

Definition
The particulate derivative of a physical quantity defined by the field ®(M,t) is the
derivative with respect to time of a quantity attached to fluid particles (for example ; the

density or the velocity). This derivative appears as the sum of two terms:

DO od oD oD oD
ot o, ax " Vay TVray
\_Y_/ \ ~

N

l ¥

Qualified as temporal, it is due Quialified as convective, it is due to the non-

to the unsteady nature of the uniformity of the flow represents the transport
flow. of the quantity ®(M,t) by the velocity field
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111.4 Pathlines

The successive positions occupied by a particle, constitute what is called the pathline

of this particle.
Pathline of the particle P

. ?’(tl) P(ts3)
o
“ P(tg)

Visualization of a pathline using tracers (colorant or smoke) and taking a photo with a long
exposure time.

Pathline Equation
dx 2V (X,Y,Z,t)

%:V(r,t) — dy Vy (x,y,240) ﬁ

dz SVACAAA)
dx __dy dz_ _g

Vi (%,Y,2) Vi (X,y,2t) Y (xy,zt)

: 1

Pathline equation

111.5 Streamlines

In Euler's description, the streamline is the curve which, at each of its points, is tangent to the

velocity vectors.
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o streamline at t=t,

Fumes streamlines

Notice: The streamlines evolve over time, just like the velocity vector field

v, (t,)
7. (t,) -

Streamline at t=t;

Notice: it should not confuse streamlines and trajectory. They are two very different

concepts.
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Pathline in unsteady case

Streamline at t=t,

[ the flow 1 unsteady; the velocity vector field

varies over time: the streamlines and the Pathline in the stationary case

trajectories are different. v
rajectories are differen V2(t1)._
....... - [f the flow is stationary; the velocity vector field is
>~ V,(ty) constant over time: there is a coincidence between
b = ( 1-). : V,(t,) streamlines and trajectories.
. Or'\ — M2 P (IO)
M —»
' V(%)
Equation of streamlines
Let be ai elementary vector of a streamline
V,dz-V,dy =0
Vid wesd Ved=0 wesdp V.0dx-V,dz=0
V. dy -V, dx =0
dx dy dz

V, (X, y,2z,1) =Vy (x,y,z,1) =VZ (x,y,z,1)

4

Equation of streamlines

111.6 Streaklines

All fluid particles passing through the same point E (identify by the use of dye or
smoke) at different time te are joined by a line, at a a given instant t, this line is defined as
streakline relaive to the point E.
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ts sreakline emitted in E
streakline emitted in at time ts
Eat t,

Practically: a streakline can be visualized by fixing a coloring source at point E: the

colored curves then correspond to the streaklines

Unsteady flow behind a cylinder; At the top, simultaneous visualization of streaklines and

streamlines; Below, streaklines extracted from the image and some reconstructed streamlines
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Streaklines Equation

The parametric equations of the trajectories are:

X; = (X 1)

the point E(xig) obeys the parametric equations of the particle pathlines which have passed

through this point at a time te

So: X=X te) iy X, = (X, 1)

Xi = f(XiE’tE ,'[)

By varying te Q h By varying t

particles that have passed through through E at the fixed time te
E at different times te

In the case of a permanent (or stationary) flow, the streaklines coincide with the

trajectories and the streamlines.

The pathline of

coloring @

The pathline of P;
source

In the permanent flow The pathlines have the same shape:
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Pathline of the particule

—»
P>
——— ,/e *"%\ Streakline at time t
/,/ ~~~q-. ,I’/ R~
Streamlines
Y
Source
colorante E
Streamlines — Trajectories — Streaklines

I11.7 The motion of a fluid element (strain tensor)

Within the flow, each fluid particle undergoes changes of position, of orientation and of

form.
to analyze these changes, we consider two adjacent points in the same fluid M(x,y,z) and

M'(x+dx,y+dy,z+dz), their corresponding velocities are Vm and Vm ,atatimet.

r+ dr) V(r) + dv

4/ Increase of the velocity

Vpy = V(F +dr) = ¥(F) +dv

<i

The first-order development of the 3 components of the velocity gives:
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u':u+—dx+a—ud +8—ud
oy 0z
v’=v+—dx+@dy+—dz
OX oy 0z
W':W+—dX+@dy+%dZ
0z
A
— V(F+dr)=v(F)+Gdr au au o au
ox oy oz
Y
G is the strain rate tensor oXx oy oz
oW Ow oOw
ox oy oz

Meaning of the tensor elements

it is always possible to rewrite any tensor as the sum of one symmetric tensor and

antisymmetric tensor:

U ou u - gfou ov ;[@Jr@] 0 UV ;(a_”_@
X oy o oX 2loy ox) 2oz ox 2loy ox) o ox
E— ﬂ aV ﬂ —| 1 G_U_l_@_v @ 1 @4_@ + 1 _a_u+@ 0 1 ﬂ_@
x oy oz 2oy ox oy 2oz oy 2\ oy ox 2oz oy
W ow oWl Cau ow) (v ow ow (ouaw) L v ow 0
x oy az) |27 T 2l mtay P 275 ) 2l T
0z oX oz oy 0z 0z  OX oz oy

Symmetric tensor Antisymmetric tensor

e (42

Symmetric part

DI
[l
— |
_|_
wl

We can decompose € asfollows:
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ou 0 0 0 %(a_qua_VJ %(a_UJr@j
X oy OX oz oX
e=[ 0 X o |4 yH, ¥ 0 i v, ow
oy oy oOX oz oy
0 o0 M| |,(ou aw) ,(ov ow
oz Sl—+—| 3| =+t—=— 0
oz 0oX oz oy

(—
(—

D

Diagonal term tensor off-diagonal term tensor

D

=

Tensor of the diagonal terms

e 0
T-l0 & o
ay@w
OOE

Note that in this case, the component u along x of the velocity varies as a function of x, the
component v along y of the velocity varies as a function of y, and the component v along z of

the velocity varies as a function of z.

The analysis of the particle motion in a plane flow (&x. &) shows :
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—dxdr
a-.
YA ) R
= - D’ v,
C T D | ° l a“d) dr
C o) :
| !
|
dy :
[
: 3
vdt ] B \
ﬂ dx B ;

———
udt

Ju .
P elongation rate along x
ov .

% elongation rate along y

The deformation of the particle is an elongation (or contraction)

Generalization to 3D

ou ov ow dv
—+—+—| dt =—
ox oy oz Vv

— _/
~—

Vv _Tr(e) =Tr(G)

The relative change in fluid

particle volume

The trace of G corresponds to the volume

expansion rate
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‘f—udx dt
oX
yA —
.................................................. ov
H i D'V dydt
(] o i
¢ :
dy : :
vdtI B’
A dx B X
—

udt

Notice

If the fluid is incompressible and the flow is conservative, then VW=0= d7V . In this case,

there is no volume variation.

Tensor of off-diagonal terms

1fou ov) ;(ou ow
0 sl—=+= | 3|l =+
oy Ox oz OX
5: %a_u+@ 0 %@4_@
oy OX oz oy
oz ox oz oy

Note that in this case, the component u along x of the velocity varies with y, z, the component

v along y of the velocity varies with x, z and the component v along z of the velocity varies

with X, y

The case of plane flow (e, €,)



|

YA
Ce
dy Q\(
AI
vdt] <\(
A dx
——-

Notice

udt

v

An Angular deformation of the particle

The symmetric tensor refers to the pure angular deformation

Antisymmetric part

S
I

It is a rotation around the

Z axis.

udt

Fluid Kinemtics

ov

——dxdt

oX
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» We define the rotation of the particle about the z axis as the average of the angular
motions of its edges

» Particles will only begin to rotate if they experience a torque caused by only surface
shear stresses. In contrast, weight force and normal forces (pressure) accelerate or
deform the particle, but cannot generate a torque.

» Rotation of fluid particles will always occur for flows in which we have shear stresses

(viscous fluid). unless the particles are initially rotating

We can then define an angular velocity of rotation according to z:

1({ov ou 11— .
g(g‘g] =§[VAV]Z

Generalizing, we define:

Q= %? AV
a_l
The angular velocity vector 4_/)
of rotation
OW/oy —ov/oz
V AV ={du/6z —ow/ox
The rotational ov/o
. X —ou
velocity is / / %
Recaputilization:
V(F +dr) =V(F) + dvV = V(F) + Gdr
G=e+w :Strain rate tensor
Z . pure strain rate tensor Selongatiqn + gngular deformationj)
T Diagonal term tensor D Off-diagonal term tensor
¢ : Pure rotation rate tensor
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dr = +

QO
g
[

I
g
_I_

R |

Pure Pure
deformations Rotation

111.8 Rotational flow
> ltis the flow for which there is a vortex vector field associated with the velocity field;

Q=1VAv=1rotv=0

» We define what is called vector of vorticity ¢ to be twice the rotation

& =20 = curlV = rot#
» The vorticity is a measure of the rotation of a fluid particle as it moves in the flow
field.

Notice:

we should not confuse rotation of a fluid particle with flow consisting of circular streamlines.
rotation of fluid particles will always occur for flows in which we have shear stresses it means

in viscous flows .

» The circulation, 77, is defined as the line integral of the tangential velocity component

about any closed curve fixed in this flow, it is a movement through a circuit.
= 36 .ds

» The circulation around a closed contour is equal to the total vorticity enclosed within it

(Stokes Theorem in two dimensions)

r:j; B.ds = ﬁg £, .dA
C A
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Examples
Rotational Flow =0

1- Inside a boundary layer, where viscous forces are important, the flow in this region is
rotational (¢ = 0).

Velocity profile

Rotational boundary layer region

C=0;I=0
Forced vortex (rigid-body motion):

For this flow the vorticity ¢ and the rotaion Q are constant and the circulation depends on the
area enclosed by the contour. It is the case for example at the eye of a tornado; the particles
rotates as it moves in a circular motion around the center of the flow , creating the "dead"
region at the very center and the streamlines are closer together as we move away from the
origin.

Vortex Lines: a line that is everywhere parallel to the local vorticity vector

Vortex Tube: a tube formed by all of the vortex lines that pass through a closed surface S

Fluid motion Vortex line

Vorticity vector ¢

\ortex tube

Vortex filament: It is a vortex tube of infinitesimal cross-section

Karman vortex: It is the rotation of the particles on theirselves behind an obstacle.
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Vortex line equations: The vortex lines are solution of the equations:

dx 3 dy 3 dz
Q,(%y,z,t)  Q(XY,zt) Q. (x,Y,z,t)

with Q=0Q,i+Q, j+Q,k

111.9 Irrotational or potential flow of velocities

The flow is said to be irrotational or at velocity potential when the fluid particles do

not undergo pure rotations:

—

= QO=1VAV=0

Ol
N[

=

ol

e

—_—

So the flow is irrotational when FOtV = 0 at any point in the fluid.

Examples of Irrotational Flow
1- Flow outside the boundary layer, where viscous forces are not important

Fluid particles not rotating

A© ________ ‘..© _____ -

Irrotational outer flow region

Velocity profile
Rotational boundary layer region

¢=0:T =0

2- Free vortex (irrotational motion):
It occurs, for example, outside the eye of a tornado (in such a large region viscous effects are
negligible), the particles do not rotate as it moves in a circular motion; also, the streamlines

are farther apart as we move away from the origin.

C=0;T=0
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111.10 Potential function

—_—

Irrotational flow means that 'OtV = 0 but from a mathematical point of view, the relation

VA (§(p) =0 YV @is always true. so there is a scalar function ¢ such as:
v =grad ¢

This means that in an irrotational flow the velocity field is derived from a scalar potential ¢ .

The flow is called potential flow and the function @ is called the velocity potential function

Properties of the velocity potential

It is then possible to express the components of the velocity vector from the potential of the
velocities:

_9 oy, =2

Yooy oz

_%

\72%{0 = VX—a
X

y V

If we assume that the fluid is also incompressible, we must check:

- ov
W0 = M, Ny N
ox oy oz

This leads to the relationship:

2 2 2
o (2p+8 420+8(20
OX oy oz

=0 = Ap=0 Laplace's equation

It must be concluded that the potential of the velocities must satisfy Laplace's equation. When

a flow is planar, the equation @(X, y) = cte defines, in the plane of the flow, a curve called

"equipotential”. Along this curve, @(X, ¥) =C* , s0:dp =0

Now, the differential can be written:
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o op
dp =—dx+—d
v== Y y

And as along an equipotential dp=0 , SO :

op o d
—dx+—dy =0 + = —=--X
o y vydx+v,dy =0

Relationship which is verified at any point of the equipotential

Streamline

At any point M(x,y) of the flow plane, the streamline and the equipotential are orthogonal.
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Calculation of the length of an arc element along a streamline

o o
@ 6x + y = Vv, dx +v,dy

Since V//dsso -

do = vds = v ds

SO:
ds,,_ce =0x% +dy? = _do
JVZ+ve
do
Either : dS‘I’:Cte - T

dS\PZCte is the distance between two equipotentials, it is inversely proportional to the speed

of the flow.
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If we choose to represent the equipotentials with a difference dg = c' , then the distance
between the equipotentials will be all the lower as the speed of the flow is high (and vice

versa).

111.11 Stream Function

If the flow of an incompressible fluid is conservative, then the continuity equation is written:

VV =0

However, from a mathematical point of view, the relation 6(6 A A) =0 VAis always true.

We are then entitled to define a vector Asuch as :
V=VAA
Or Atherefore corresponds to a vector potential. It follows:

Vy =0A, /0y —OA, [0z
V=VAA={v, =0A [o1-0A, /ox
v, = 0A /Ox —OA, [0y



Fluid Kinemtics

If we consider a flow in the plane_Lat Oz, and therefore invariant under translation along z,

then:
0
Vz = OAndE =0
_ oA, oA,
From where : Yx = oy and  Vy T Ox

So in the plan (Ex, éby) , the speed is at any point defined by means of the single scalar

quantity A, (X, Y) .

We can then ask: A, (X, Y) = (X, y) current function
, oY
=
oy

And V. = — O constitutes what will be called the velocity field.

Y OX
Notice

0

In cylindrical coordinates, if V; = 0 And oz = O, then we have:

1o0Y¥Y
Vr = ——
r 00
T

Stream function properties

1) d¥ is an exact total differential

For an incompressible and conservative fluid (conservation of mass) we have VV = 0
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SO:

oY oY
= v

Vv
X ay And y OX

and like

oY ' _
thus X0y ByoxX

s0 dY is an exact total differential:
oY oY

d¥ = —dx+—dy
OX oy

It means that Y has one and only one primitive:

B
A

2) In the plane (x,y), the set of points for which the value of ‘¥ is constant represents

a streamline.

P(x,y)=C"® < y(X)isacurve along whichd¥ =0

aw— 2% ol T
On this curve, we must then verify that: ox oy
Either :
_Vy VX
dy _Vy
—v,dx+v,dy =0 ax v

dx v,
slope of the curve y(x) in M(x,y) .
vector slope V' in M(x,y)
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This is the definition of the streamline (X, y) = C™ is therefore a streamline

¥(x,y)=C*

Noticed :

Each current line is associated with a different constant. The analogy with contour lines in

cartography gives:

* Foncton e courant méticiem s I‘Atlantique '

P(x,y) < H(XY) (Alitude)

Y(x,y)=C* < H(x,y)=C™

power line level line
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Noticed:

If the flow is irrotational, the current function must also satisfy Laplace's equation:

oW /oy 0/ O oW /oy
V=1-0w/ox, VAU=0 =|0/dy|n|-0F/ox =0
0 0 0
2 2
—Zx—f—zy—fw AP =0

II1.12 Flow Rates and Streamlines

Let’s calculate the volume flow between 2 infinitely close streamlines:

X

Consider the elementary volume flow between points M and M":

dg, = @dy - @dx
P

oY

oy o

= dqg, =%{]dy+%{jdx =d¥
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SO dqv = dY¥ therefore, between any 2 current lines, constants ¥aAnd TB, the volume

B B
flow is given by: qv = jdqv = J‘d\P =Yg —¥a
A A

Y(x,y)="¥a

111.13 Examples of plane flows

Planar flow can be described by means of a current function ‘¥'(X, y) and a speed potential

(X, Y).
JIT 13.1 Uniform flow

Consider the plane flows given by the following functions:

{(ﬂ(x, y) =Ux
P(x,y) =Uy

. t te
The streamlines are such as: P(X, y) =Uy =C"® =y =C" VX they are horizontal lines.

The equipotentials are such that: (X, ¥) =Ux=C"® = x=C' VY they are vertical

lines.
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Determination of the velocity field:

VX:a_(Dza_\P:U
7 ox oy
op oY
oy OX
The speed is uniform: V =U €,
te
p=C
SIS te
v v__¥=¢
2 v
12 %
v v
’X

Uniform flow

II1. 13.2 Planar flow around a source or sink

Consider the plane flow modeled by the current function and the velocity potential:
o(r,0)=Cinr
¥(r,0)=Co where C is a real constant.
t
The streamlines are such as: ¥(r,0) =C6=C"
t
= 0=C®vr they are straight lines passing through the origin.

The equipotentials are such that: @(r, &) =ClInr = c'
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t . .
= r=C" V0 they are concentric circles centered on the origin.

Determination of the velocity field:

_Op _10¥

g—J) o raod

_10p 0¥

T ro0  or
\7 {Vr:C/r — C-»
) V= =V =—0=e
Either : Vg:0 r r

The speed is therefore radial and inversely proportional to the distance from the origin.

If C > 0, then the flow is directed outwards=divergent flow=>original source.

If C <0, then the flow is directed towards the origin=convergent flow=well at the origin.
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Physical meaning of constant C:
Let’s calculate the volume flow of this radial flow (source or sink):
q, = ﬁ v.fids
S
where S is a closed surface surrounding the origin.

The flow taking place in a plane_Lat the z axis, we can consider as integration surface a

cylinder of heightAz= 1, and therefore:

ﬁ...d8=§...Azdf
V4

S

It then remains to integrate on a circle of any radius r, centered on the origin.

7 V=C/ré
qv=Az§\7.ﬁrd9 =Azrj\7.ﬁd9 Or{ f

l 0

o 27
C B C
= q, =Azr ‘([7 do = Az I’? _(‘;de = ZEC& (Volume flow per unit height)
1

Qy
= C= 57 GV >0: source flow rate,<O: well flow

I1I. 13.2 Free Swirl

Consider the plane flow modeled by the current function and the velocity potential:

p(r,0)=C6o
¥(r,8)=-Clnr where C is a real constant.
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. t
The streamlines are such as: ¥(r,8) =—CInr=C*

t o .
= r=C*®Vve they are concentric circles centered on the origin.

The equipotentials are such that: @(r, @) =CEO=C" = 6 =C" Vr they are straight

lines passing through the origin.

Determination of the velocity field:

_Op _10¥
V= " or roo
10¢p oY
V6:——:——
r oo or
v, =0
_ . C.
Either : ¥ =y _C = v=—4g
0= r

The speed is therefore ortho radial and inversely proportional to the distance from the origin.

¥ =C'"

If C >0, then the flow is around the origin counterclockwise.
If C <0, then the flow is around the origin in a clockwise direction
Physical meaning of constant C:

Let's calculate the "circulation” of the velocity around the origin:
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Where df s travels any streamline, i.e. a circle of radius r.

2z

\7:9@9 d/=rdoe, = FzIErd0=2ﬂC

r r
0

r . : :
C=— OrT'is the circulation of the vortex (free

27

if T >0, the vortex rotates counter-clockwise. And if I'< 0, the vortex rotates clockwise.
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I11.14 Exercises

Exercisel

The two-dimensional flow of a fluid is defined by Lagrangian coordinates as follows:

X = Xo &%
y=Yoe'
Where Xo, Yo are constants.
1. Determine the pathlines of a fluid particle.
2. Find the components of the velocity.
3. Determine the streamlines.
4. Determine the streaklines corresponding to the source S(a. b).
5. flow is it stationary?

Exercise2
The velocity components of a stationary flow are given by:

u=2x2y, v =-2Xy?, W = Wo
Wo IS constant.
1. Determine the streamlines, what will be the pathlines?
2. Determine the coordinates x(t), y(t) and z(t) as a function of time of a particle located at x=xo y=Yo
and z=zo at time t=0.
3. Determine the streamlines relative to the source E (Xs, Vs, Zs).
4. Find the components of the acceleration by deriving twice the functions x(t), y(t), z(t) . Compare
this result with the acceleration obtained according to the particle derivative

Exercise 3
We consider the flow whose velocity field is :

V(M )=(—kx+bt B +atley,
1) Characterize this flow.
2) Determine the trajectories of the fluid particles and the streamlines, knowing that at t=0; x=Xo, y=Yo
3) Calculate the acceleration of a fluid particle in two different ways.

Exercise 4
We have the following two-dimensional flow where the velocity vector of a fluid particle is:

V(t) = (up + at)ey + voe,
Uo, Vo, o constants.
1- Characterize this flow.
2- Determine the streamlines, the streaklines corresponding to the point (a1, a2) at time to, and the
trajectory.


http://ielnx1.epfl.ch/e-lin/Ryhming/documents/sessions/documents_published/doc3.html
http://ielnx1.epfl.ch/e-lin/Ryhming/documents/sessions/documents_published/doc1.html
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Exercise 5

We are given the following velocity field: V= (x + at) & + (—y)&,

1.
2.
3.
4.

Characterize the flow.

Calculate the velocity potential and determine the equipotential lines
Calculate the stream function and determine the streamlines.
Calculate the components of the acceleration

Exercise 6
The two-dimensional flow of a fluid can be described using the velocity function:

No g pk~owbdRE

oY) = == xy?

Determine the equipotential lines.
Find the components of the velocity.
Is the flow permanent?

Is the flow incompressible?

Determine the stream function ¥(x,y) and the streamlines.

What is the streamline ¥(1,1), ¥(0,0).
Calculate the mass flow rate between points (1.1) and (0.0). The density of the fluid is p.

Exercise 7

Consider the permanent flow defined with Euler variable by the velocity field:

ok wNE

V= (2x— 3y)é; + (3x — 2y)é,

Demonstrate that the fluid is incompressible.
Determine the acceleration vector field.
Calculate the current function ¥(x,y). What is the shape of the streamlines?

Is the flow rotational?
Determine the angular velocity of rotation and vortex lines.

Determine the strain rate tensor D.
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I11. 15 Exercise Solutions
Solution 1.

The two-dimensional flow of a fluid is defined in Lagrangian coordinates by :

X = Xg e

y=Yoe"
where Xo, Yo are constants.

1. To determine the trajectory of a fluid particle, it is necessary to eliminate (t)

2
2 =0
X0

Yy X

2. The components of velocity.
Vis expressed as a function of the Lagrangian coordinates

= _dr - >
V=E=-2X0€_2tl-yoe't]

3. Is the flow steady?

To determine whether the flow is steady, the velocity vector must be expressed in terms of Eulerian
coordinates :

—_

V=-=2xe%l-yoe'j=-2x1-yJ

1% .
We can observe that Fyie 0 — The flow is steady

4. The streamlines and the streak lines coincide with the particle trajectories. They are represented by
the same equation :

y2=Ax
Solution 2.

The velocity components of a stationary flow are given by:

u=2x%y, vV =-2Xy?, W =Wp
Wpo IS constant.

—

. o . . . _ v
1. The streamlines coincide with the pathlines because the flow is stationary (steady). Frie 0

To determine the streamlines, it is necessary to solve the following equation at constant t:

dx dy dz
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de dy  dz
2x%y  —2xy? W,
dx dy 2Adz

X -y W
xy = A= x5Yo xy = A= XoYo
—2Az —2A(z-20)
y=Bewo L[> {y=ye ™o
24z 2A(z—-z0)
x = C ewo X =Xpge Wo

A, B, and C are determined by the initial conditions, Xx=xo y=Yo and z=zoat time t=0

2. the coordinates x(t), y(t) and z(t) as a function of time of a particle located at x=xo y=Yo and z=zo at
time t=0.

dx dy dz
Vy Uy Uy
dx d dz
- T dt
2x%y  —2xy? Wy
(dx  dx .
2x2y  2Ax
d d
== 2
—2xy —2Ay
dz
— =dt
\ o

Z = wWot+ z,

3. The streaklines coincide with the streamlines in the case of a stationary flow; they have the same
profile.

Demonstration:

E(xs, ys, zs) verifies the trajectory equation so:

X, e2XoYotg

=
wn
I

— yO e_szyOtE

o~
I

Zs = Wotg + Zg
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Xo = Xg e 2XoYotg
— 2x9Yot

Yo=DYs€ 070 E

Zog = — Wstg + Zg

x = xg e 2XoYotg g2XoYol
— 2X t —-2x t
y — ys e 0YolE e 0Yo
Z= Wot — Wetg + Zg

To determine the streaklines, it is necessary to vary te and fix the time t, then we look for a relation
between X, y, and z without te . We end up with the same profile as the streamlines:

{ Xy = XsYs
2x0Y0 (2—25)

X =x5€ Wo
—2 XoYo(2—2s)

Yy=DXYs¢€ wo

4. The components of the acceleration are obtained by differentiating twice the functions x(t), y(t), and

z(t) .

x = x, e?*0Yot

— —2x0Ynt
y =y, e 0
Z= wWot+ 2z,

x" = 2 x5y, e 2ot

Y = —2xgyt e B0t

Z = W,

a, = x" = 4x3y% e oot

— 2 = 2,3 5,—2x0Yyt

a, =y =A4xpy, e 0
a,=z =0

a; = x" = 4x x§y?

ay =y~ =4y x(y;

From the equation of the streamlines, we have Xy = XoYo, thus

a, = 4 x3y?
a, = 4 x%y3
a,=0

- the acceleration obtained according to the particulate derivative:

D17_ %

Dt ot

+ I7grad V;



(L 0% Ok
= e T o Y 0y Z 0z
Ja =D,y O 0%
YT T ey T ey T gy
Loy, vy, av, v,
e A A T
(W % Ol
a"_V"aerVyay“LVZaz
v,  av, av, av,
< —_— R R R
b 6t+anx+V3'6y+Vzaz
v, oV, av, v,
R A P

a, = 4x3y?

a, = 4x%y?

a, =

Note that both descriptions lead to the same result.
Solution 3.
We consider the flow whose velocity field is :
(M, )=(—kx+bt ) &x +at {2 &

1) Characterize this flow.
P
- Unsteady flow : a—: #=0

- Planar flow (two-dimensional): vz =0

- Irrotational flow: rotv = 0

divi= %4+ %0

- The flow is compressible 2 9y

Fluid Kinematics

2) The pathlines of the fluid particles in the case of unsteady (non-stationary) flow? knowing that at

t=0; X =Xo; Y= Yo

dx d
T
vy Uy

d d
ad Y _ dt

—-kx +bt =at2

dx _
—kx +bt

E:dt

dt



& kx=bt
ae T F T
a3
y=§t + Yo
b b
_ —kt 4 Zp_
X = Xxge +k 2
a.3
y=§t *+ Yo

Thus, we obtain the equation of the pathlines as follows :

( N
-k /_(_ ) b3|3 b
x = xpe A +o ’;(Y_Yo)—ﬁ

3(3
t= |-
\ 2 (y_¥o)
- The streamlines:
dx dy .
— = — Qatconstant
Ve Uy
dx dy

“kx +bt at?
Hence, the equation of the streamlines is:

-k
e (o)

3) The acceleration of a fluid particle in two different ways.
Acceleration according to Lagrange:

_ -kt . b b .. _ b
X = Xxgpe +;t—k—2 x° = —kxge Ft + =
= k

a o
y=3t+yo y = at?

Acceleration according to Euler:

v, v,  av,
= Tx gy 2,y O
%= T gy T %y
v, v oV,
_ 0%, 9%
B =3t vy

So:
{ax = k?x + b(1 — kt)
a, = 2at

Fluid Kinematics

a, =x" = kZxoe " = k%x + b(1 — kt)
a, =y =2at
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Solution 4.
We have the following two-dimensional flow, so that the velocity vector of a fluid particle is:

Uo, Vo, o0 constants.

The streamlines:

dx dy
vy V),
dx dy

(uo + aty)  vo

Vo
y=———x+C
uy + at

The streakline corresponding to the point (ai, a2) at an instant (t = to)

dx dy
vx_vy_

dt

2

1 2
{x:_at +u0t+x0
Yy = Vot + Y

1
{al = Eat§+u0 tg + xo

a; = Votg + Yo

L
{xo =aq- (Eata‘Hlo ta)

Yo = Az — Vplg

1, L
{x:Eat Fuot +ar-(Fatituota)

Yy =vVot +a, —vpoty e .o (D

The streakline at t = to is determined by replacing the expression for t; taken from equation 2 in
equation 1, we find:

1 Voto + a; — y)° Voto + a; —
x=—at§+(u0t0+a1)-(—a(0° 22 Y) +u0(00 2 Y))
2 2 Vo Vo

_ (Voto +az —y)
k a Vo
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Returning to the equations: and eliminating the time between the two equations we obtain the equation

1 .2
of the pathlines :{x =at*+upt + X

Y = Vot + Yo
(_1 Y=o, Y—Yo
{x Za(—VO )+ ug v + X,
k tz)")’o
Vo

Solution 5.

We are given the following velocity field: v = (x + at) & + (—y)€,
1. Characterize the flow.
- The flow is two-dimensional: v; = 0

. d
- Unsteady flow (unstatlonary):% #=0

- The flow is irrotational: 70t V=0

. : .o Ou, d
- The flow is incompressible: divv = £+a_; =0

2. Calculate the velocity potential and determine the equipotential lines.

Since the flow is irrotational, a velocity potential exists such that :

V= grade
_0O¢

{vx ~ ox

_%

W = dy

dy
do
JX-l—OLt— 3
dp
\ V7%
( 1
o(x,y) = EXZ + atx + C(y)
do(x,y) __9C(y)
dy - Y= dy
1 2
| =-zy"+C
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Thus, the expression of ¢(X,y) is given as :

1 1
o(xy) = EXZ + atx + —Eyz + C

The equipotential lines are those that satisfy the equation ¢ (x,y) = const

1 1
Ex2—§y2+atx=c

2. The stream function and the streamlines.

dy
vx—@
dy
vy_—a
g_;/,/: (x+ at)
dy
—ao=
(p(x,y) = (x+at)y + C(x)
dy dC(x)
s Yt T
3 dC(x)
O0x -
C(x) = cont
\

Consequently:  y(x,y) = x+at)y+ C
The equation of the streamlines is given by : y(x,y) = const so with:

(x + at)y = Const

3. Calculate the components of the acceleration.

L Tl Sl

= 5 TRy T Gy
v, o, v
_Wy 0, 0
&=t vy

{ax= a+ (x+ at)
a, =y
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Solution 6.

The two-dimensional flow of a fluid can be described using the velocity function:

— x3 2
Q(xy) =5 —xy
3

1. The equipotential lines  @(X,y) = const =——> % —xy?=c

2. Velocity components

(, _2

{”"‘ax

d¢p

\"» =3y

v, = x2 —y?
{vy=—2xy

Is the flow steady?

-

ov o~
5= 0 — The flow is steady

Is the flow incompressible?

du OJv
divv = P + 3y = 0 - The flow is incompressible

. The stream function. ¥(x,y) and the streamlines. .

We have :
dy
__%v
kvy 0x
dy
2 _ 2 27
dy
-2 = —_7
k Xy 0x
So
2 1 3
w(xy) =x y=-3Y + C(x)
1% dC(x)
—o = —2xy = —2xy S - C(x) = const

1
w(x,y) = x%y —§y3 +C
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6. The streamline ¥(1,1), ¥(0,0).
1 2
w(1,1) = x2y—§y3 +C =§+C

1
v (0,0) = x2y —§y3 +C=C
7. The mass flow rate passing between the points (1,1) and (0,0). The fluid density is p.
am = w(1,1) — v (0,0)

2
dQm = §+C —C

Qm:§

Solution 7.

Consider the steady flow defined in Eulerian variables by the velocity field :
V= (2x— 3y)é + (3x — 2y)é,

1. The fluid is incompressible.

divv = —+—=2—2 = 0 - The stream is incompressible

v, av,  av,
=Xy Xy X
= 3 T gy T %y
v, oV v,
_oy 0 9
&=t v vy
a, = —5x
{ay:_Sy

3. The stream function w(x,y). and the shape of the streamlines?

In the same way, the stream function is calculated.
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_ov
Uy ay
dy
Uy = —a
dy
2x — 3y = —
X y ay
dy
—y=——_
3x y I
So
( _ 3,
v (xy) =2xy —5y°+C()
dy dC(x) dC(x)
{ - = — = — — = —
0x 3x =2y 2y dx - dx
3
\ C(x) = —Exz + const
3 3
w(xy) =2xy—5y> —-x*+C
2 2
Streamlines:
3 3
w(x,y) = const - 2xy —Eyz —Exz =C
4. s the flow rotational?
rot =6k —— The flow is rotational
5. The vorticity vector field
By definition, the vorticity vector field is:
— 1 —> 5 g
W=7 rotv =3k

Vortex lines are curves that are tangent at every point to the vorticity vector.

Therefore: di /I & (dxi+dyj+dzk)x(3k)=0
(Bdxi—-3dy])=0
dx =0
dy =0
z=12z
x=0C , C; constant for the same line, the constant changes from one line to another.

y = C,, C, constant for the same line if we change the line the constant changes
zZ=12z



6. the strain tensor field G.

with definition :

o]
1]
IEEIEEIE

eyl
Rl¥RITR|R

Qi

g

2
3
0

-3
-2
0

o O O
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Chapter 1V: Inviscid Fluid Dynamics

In this chapter, we are interested in establishing the fundamental equations that govern
the dynamics of perfect incompressible fluids.

IV.1 Fundamental equation for a perfect fluid - Euler's theorem

1V.1.1 Reynolds transport theorem

Consider a scalar quantity f (r,t) function of the space and time coordinates:

Over the volume Vs of a system of fluid particles, the integral of f (T,t) is written:

F=mv f (F,t)dV

If we want to evaluate the variations of F over time, we need to calculate:

dt Tt ”Ivs(t) frodv

The problem is that here Vs is a function of time: it means the system of fluid particles is in
motion. The transport theorem consists of using a fixed volume Vc (control volume),

delimited by a surface Sc (control surface) through which we can calculate the flow of f:

dt dt -[I-[Vs ) HrHdV

mv < gv +:Uscf\7.ﬁdjs
;S

Vit+dd)  |ocal derivative  Convective derivative

Vs = Ve

Instantaneous variations of Flux of f through the Sc
f over the Vc
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IV.1.2 Transport theorem applied to momentum

The momentum of a fluid system in volume Vs is written:

i, 7V

However, the fundamental principle of dynamics states that the derivative with respect to time
of the momentum must be equal to the sum of the forces acting on the system:

d
o j j | AV =R+P
/ \ volume forces (weight)

surface forces

P= j f\/S pgav trivial
ﬁ — TidS e it is usually more easy to
JJSs difficult access calculate the change in the
momentum
So:

Pl
+

= Gl ey =X I v

-3 ] 8(’;:i)dv+j (ov;) Vi ds |6

[0 of], [ s

(I, "5 v ], memas

~—

Momentum flux through the control

Instantaneous derivative surface
momentum

For a stationary flow, the instantaneous derivative is zero, so we will have:
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R+ P :ﬂs (V) VA dS

1V.1.3 Euler’'s theorem

Let’s apply the previous result to the case of a stream tube:

We will assume that the speed is constant at any point of the same section (the average

speed), and the flow is stationary.

ﬁ+ﬁ:“ (V) VA dS
S5+S,+S,

R+P = ”51 (Nl)@ - +”sz (WZ)\Z&YF];Z’ ® +HS€ (Wf)mfs

-V1 -V

—_—

_:0‘/1\7181 [7\/2\7282

Where : R+ P =—pqVi S + pVpV,S,

However, we know that in a current tube the mass flow is conserved:
Om = V1S = PV, S,
Hence we obtain the following simple result:

R+P= qn (V, —Vy) Euler's theorem
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Theorem statement:

The resultant (XFext ) of the external mechanical actions exerted on an isolated fluid (fluid
contained in the envelope limited by S1 and S2 ) is equal to the variation of the quantity of
movement of the fluid which enters S1 with a speed V1 and leaves through S2 with a speed V2.

Noticed

This theorem makes it possible to determine the forces exerted by the moving fluid on the
objects which surround them. A direct application of Euler's theorem is the evaluation of the
forces exerted by water jets. These are exploited in various fields: production of electrical
energy from hydraulic energy using turbines. On the other hand, it makes it possible to simply
obtain the resultant of the surface forces (in particular the friction forces) without having to

calculate the tensor of the constraints
IVV.2 Bernoulli's Equation

In this paragraph we will determine the fundamental equation of the flow of a fluid which will
verify the following hypotheses:

- The fluid is perfect and incompressible.
- The flow is permanent.
- The flow isin a perfectly smooth pipe.

Let’s consider a stream tube of an incompressible fluid of density p animated by a permanent

flow

s

[
dmi dxy

We denote by:
- Spand S; respectively the inlet section and the outlet section of the fluid at time t.

- S'1and S’ respectively the inlet and outlet sections of the fluid at time t'=(t+dt).

- V1 and V2 the flow velocity vectors respectively through the sections S1 and S; of the tube.



Inviscid Fluid Dynamics

- dx1 and dx; respectively the displacements of sections S; and Sy during the time interval dt,
- dmy: incoming elementary mass between sections S; and S'y,

- dmgy: outgoing elementary mass between sections S; and S*,

- dV1: incoming elementary volume between sections S; and S';,

- dV2: outgoing elementary volume between sections S; and S',

By conservation of mass:

dmy = dm

So p1.dVi=p2.dV>

Or p1.S1.dX1=p2.S2 .d%2
By dividing by dt we ended up with:

S dx; S dx,
Pl1dt P2s2 dt

P1S1V1 =P2SyVo

Since the fluid is incompressible: p = p1 = p2,, We can simplify and arrive at the following
continuity equation:

S1V1 =S,V

We consider a vertical axis OZ directed upwards.
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We note Z1, Z, respectively the altitudes of the centers of gravity of the masses dmi, dm;
And we designate by F1 and F respectively the forces of the fluid pressure acting on the
sections S and S.

At time t the fluid of mass dmy is between S; and S'1. Its mechanical energy is:
_ _ 1 2
Em = Epot + Ecin =dmg z; +5dm1v1

At time t+dt the fluid of mass dm; is between S, and S'. Its mechanical energy is:

LI ' 1 _ 1 2
E'm=E"pot+E'cin=0dm,g 2, +5dm,v;

We apply the theorem of mechanical energy (The variation of mechanical energy is equal to

the sum of the works of the external forces) to the fluid between tand t":

E'm—Em = Wiorcesdeprssion = F10% — FodX, = P S,dx; — P,S,dx,

P, P
= PdVv, - P,dV, = p—ldm1 —p—z
1 2

dm,

By conservation of mass: dm1 = dm2 and since the fluid is incompressible: pl = p2 = p, We

arrive at Bernoulli's equation:

2 2
P, —P +V2 —Vi
Yo 2

+9(Z,-2,)=0
P +pgZ; +1 N2 =P, + pgZ, + 1 pV.2
1T P8LLT5 PV, 2 TP8LH T5 PV
Bernoulli's equation along the same streamline:

P+pgZ+3pV? = cont

V.3 Interpretation of Bernoulli's equation



Inviscid Fluid Dynamics

IV.3.1 Interpretation in terms of energy

Let's multiply all the terms of Bernoulli's equation by a volume V:
pV +pgzV + 3 pv°V =C* xV

PV : Work of pressure forces: potential energy due to pressure forces.

£ 9ZV =mMQzZ: pPotential energy due to the forces of gravity.
2 2
%,OV V = %mV - Kinetic energy
t
C®xV = En : Total energy: mechanical energy.

E
1 4,2 _=m . .
- Consequently : P+pQ9z+5 V" = Vv corresponds to mechanical energy per unit
of volume.

- The mechanical energy then remains constant along a streamline (there is no energy

dissipation).

IV.3.2 Interpretation in terms of pressure
+pgz+in?=C"*
P+pQZ+5;V =

P: Static pressure (it exists even if there is no movement)
*
P+pgdz=p . Driving pressure (it generates the movement)
1 ,y2
5:0 : Dynamic pressure (it results from the movement)

1 4y2 —
P+p009Z+5 PV = Total pressure (or load)
Bernoulli's equation then shows that the charge remains constant along the same streamline

(no charge loss in the flow of an ideal fluid).
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IV. Applications 4
IV.4.1 The pressure upstream of an obstacle
The pressure upstream of an obstacle (aircraft) can be calculated using Bernoulli's theorem.

Point A on the attack front of the object is a stationary point.

{ obstacle

Consider the streamline passing through the stopping point and apply Bernoulli between point

A and a point located far upstream. Along the same streamline, we check:

p+pgz+gn° =C"

P, + PG +ENE = Pa+ P U2 +%>\gi0:> P+ P U2, +3pU2 = pa + P02
Uz

In the case of plane flow : z = Cte, so:
1 2
Pos +Eono = Pa

The pressure Pa is called stagnation pressure.
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IV.4.2 Pitot tube

Different Types of Prandtl Probes
(pitot-double tubes)

At O and O', the flow is supposed to be uniform, of speed U. Streamlines are supposed to be
rectilinear and parallel, so the pressure is the same at O and O' = po = po’
For the same reasons, the pressure is the same in B and B'=pB = pB'

The fluid is immobile inside the probe; thereby, the pressure is uniform and equal to the
pressure at B.

- The first manometer gives the pressure at A Pa — Pg = pgAD
- The second manometer gives the pressure at B

By applying Bernoulli's equation between O and A, we have:
1 2 _
Po+5PU" =pa
Then between O'and B

po +5PU% = pg + 5 Vg

We can then assume that the flow has become uniform again far after the front of the object:

vg =U
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where: Po' = Pg' However, we have seenthat: P = Po, Psr = Pg = Po = Pg

Asaresult: P +%,0U2 = Pa
= %PUZ =Pa—Pg =pgAh

= U =,/2gAh

IV.4.3 Venturi tube - Flow rate measurement
It is an instrument for measuring with accuracy the flow rate of fluids in pipes. It consists of a

tube with a constricted center section and widened ends

There are 3 pressure probes (manometers) placed:

- at the Upstream of the constriction = Pa

- At the constriction = Pg

- At the Downstream of the constriction = Pc (optional probe)
Under each pressure probe, the streamlines can be considered rectilinear and parallel in the
perpendicular direction (along z). The hydrostatic law can be used to calculate the pressure at
points A, B, and C as follows.

Pa = Pa +P9Zp
Pe =Pe +P8%8  \here  Pa = Pg = Po = Patm
Pc = Pc + p9Zc

Applying Bernoulli’s equation to the streamline passing through A, B, and C:
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P +PW2a +3PVA = Pg + pORg +75 PV = Pc + pOE +3 PVE
Ip=2g=2c =0

= Fag T PT + 1 PVA = D + 0025 + 3PV Vg + PTG + 4 V2

V2
g g

knowing that the volume flow rate is conserved and assuming that the velocity is uniform

over the same section:

Oy =SaAVa = SgVg = ScVc

Note that: SA>Sg = VaA<Vg = Ip>1Ig

(constriction)  (acceleration)  (depression)

1. Andif Sp=Sc then Vao =Vc and, Zn =Zc: the 3rd probe will only be used

for a study of pressure drops (loss of charge)

V3 v 1
1 VA _ 1VB _ _ 2 _\,2
In+t5—=Ig+t5;— = Az_zA.—zB._Z—(vB—vA)
9 9
SAVa = SgVg = Vg =Vp oA
AVA =9BVB B=VAg

1 2 2 2 2gAZ
. A7=—Vx(Sa/Sg -1 NVa =
So: 29 Al A/ B —1) thereby YA \/(SA/SB)2 1

The flow rate in the pipe is obtained by:

20Az
qv:SA\/ J

(Sa/Sg)? -1
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As a function of the diameter D of the pipe and the diameter d of the constriction, the flow

q_ﬂDZ 2gAz
4 \(D/d)* -1

1V.4.4 Flow through an orifice (draining of a tank)

rate is expressed by:

Torricelli formula

Consider the draining of a tank through an orifice placed under the free surface:

Let's apply Bernoulli’s equation between a point A at the free surface and a point M at the
jet:

Pa +P9Zp "‘%PV%\ = Pm t092m +%PV§A

Assumption 1: In the jet, the streamlines are rectilinear and parallel, the altitude variations

being negligible, the static pressure can then be considered uniform throughout the jet.

Since there is no pressure discontinuity at the jet-atmosphere interface, the static pressure in the

jet is equal to atmospheric pressure.
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Asaresult: Pa = Pm = Patm

Wy PUZa +3 VA =Ry + LU +3 AV

Pat ﬂ Pat

PYZp +%PV§\ = P9y +%PV|%/|

Assumption 2: The speed of the descent level of the free surface can be considered negligible

compared to that of the fluid flowing inthe jet:  Va <<V

therefore, we get the Torricelli velocity:

PI(Za —2y) =1 p(viy —Va) * 1 pviy = vy =4/2gh
h

Flow rate calculation:

gy =oVy =042gh oro=C.S
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Cc is the coefficient of contraction.

The coefficient of contraction depends on the geometry of the orifice. In general, Cc is

determined experimentally :

Thinwalls Cc=0.61

Orifice with profiled edges Cc = 1.00

Re-entrant orifice CC =0.50

IV.4.5 Cavitation phenomenon

The phenomenon of cavitation corresponds to the formation of bubbles of vapor within a

moving liquid.

As a consequence of Bernoulli's equation, as the speed increases, the pressure decreases. If
the pressure falls below the saturation vapor pressure, then the liquid evaporates, which
involves the formation of bubbles. In practice, and most cases, this phenomenon is

troublesome. For example:

- Cavitation consumes energy: the energy consumed for the formation of bubbles (phase

transition) + stresses

- Cavitation is the cause of the premature deterioration of ship propellers.
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The bubbles created by cavitation migrate spontaneously to areas where the fluid pressure is higher:
they burst, and the mechanical shock causes damage.
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IVV. 5 Exercises

Exercise 1

The figure below represents a horizontal jet of water striking an obstacle with a mass flow rate of

gm=2 Kkg/s. The obstacle deflects the jet by an angle = 120 °.

v, denotes the water flow velocity at the inlet of the obstacle. It is directed along the X-axis.

v, denotes the water flow velocity at the outlet of the obstacle. It is directed along a line making an
angle p=120° with respect to the X-axis.

Assume that: ||v;]l = l|v;]l =3 m/s

1. By applying Euler’s theorem, give the vector expression of the force F exerted by the liquid on
the obstacle as a function of qm, v;, and v; . Then calculate its components Fx and Fy.
2. What is its inclination angle a?

‘obstacle [, ; Z :\ ‘ X
\\
F

Exercise 2

Water (assumed to be a perfect fluid) flows from point A to point B with a volume flow rate of 350
L/s. The pressure at A is 0.70 bar. Calculate the pressure at B (detail the calculations, then the
numerical applications).

Data: Diameters at points A and B: DA = 35.0 cm, DB = 64.0 cm.

Figure.2
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Exercise 3

We consider the horizontal convergent in Figure 3 in which air (assumed perfect incompressible fluid)
circulates. The volume flow rate is: qv = 220 Is. S; = 6.5%102 m? and

S, = 2.0x102% m?.

1- Calculate the mass flow rate gm . Assume the density of the air is constant p (air) = 3.20 kg.m-3.

2- Calculate the average speeds V1 and Vo.

3- Calculate the pressure difference AP = P1 - P> at the terminals of the convergent. Give its value in

Pascal and mbar.
4- Calculate the difference in level h of a water differential manometer connected between points 1 and

2.

Figure.3

Exercise 4

We want to accelerate the circulation of a perfect fluid in a pipe so that its speed is multiplied by 4. For
this, the pipe has a convergent characterized by the angle a (Figure.4).

1- Calculate the radius ratio R1/R2. Numerical application.
2- Calculate (R1- R2) as a function of L and a. Deduce the length L. (R1 =50 mm, a = 15°)

R1 w‘ﬁ—m‘
- -
V1 /— V2
| < ; >
Figure. 4

Exercise 5

A vertical tank (see figure.5) filled with water; we assumed that the level A in the tank is constant. The
fluid flows through an orifice of diameter D located at the bottom of the tank. Water is considered an

incompressible perfect fluid.
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1- Apply Bernoulli's relation between points A and B and determine the literal expression of the
velocity Vg at the level of the orifice

2- Numerically calculate the velocity Vg and the volume flow rate qy at point B.

3- In fact, the actual flow rate is 0.92 L/s. Compare to the value found in question 2. Justify?

B
1T

Figure 5

4- This difference is partly explained by a contraction of the liquid vein at the outlet of the orifice.
Deduce the diameter D' of the liquid stream at the outlet of the tank.

Numerical values:

H=0.82 m, D=2.0 cm.

p(water) = 1000 kg.m?.

g =9.81 ms?.

IV. 6 Exercise Solutions

Solution 1
Given Data :
Mass flow rate: Qm=2 kg/s
Speed magnitude: |[v7]l = ||v,ll =3 m/s
Deflection angle: p=120°
Applying Euler’s theorem (momentum theorem) for a steady flow gives:
SF = Qn(@; — 7))

This equation gives the force exerted by the obstacle on the fluid. But the problem asks for the force
exerted by the liquid on the obstacle.

According to Newton’s third law:
ﬁ = —0n (V_z) - 17_1))

Therefore:
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ﬁ = Qm(_v_f_b?)

Velocity vectors

Inlet velocity: The inlet velocity is along the positive X-axis:
v, =31

Outlet velocity: The outlet velocity makes an angle of 120° with the X-axis:

v, =3¢c0s120 U+ 3sin120 J

Thus : v, =T+ 22

Calculate the force vector

F=Qn@-7)=2031-T+ ;]
Simplify:
F=(7-3V3))N

Components Fx and Fy

Fx=9N, Fy=-5.20 N

Inclination angle o

The angle is measured below the positive X-axis. Using:

Bl 1
tan o = r = NG
Therefore: 0=30°
Solution 2
Given data :

Volume flow rate: Q=350 L/s = 0.350 m3/s
Pressure at A: PA=0.70 bar =7.0x10* Pa
Diameters: Da=35.0cm=0.35m
De=64.0cm=0.64 m
Density of water: p = 1000 kg/m®
We assume points A and B are at the same height: za=zg
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1) The velocities at A and B
Using the continuity equation. Q=S v

m DB?

= 0.0962m? and Sz = — = = 0.3217 m?

1 DA?

Thus v, =2 =~ 364 m/s and v, =2 =-~1.09 m/s
Sa Sa
2) Apply Bernoulli’s equation for an inviscid fluid:

Pat 21 pVA® + pgza= P+ 21 pVe® + pgzs
Since za=zp
Pat 21 pVA2 = Pp+ 21 pVB2
Pg= Pat —p (Va2 - V&? )
Ps = 76030 Pa = 0.76 bar

Because the diameter at B is larger, the velocity decreases, and therefore the pressure increases
according to Bernoulli’s principle.

Solution 3

1. Mass flow rate Qm

Qm=p Qv =3.20 x 0.220 = 0.704 Kg/s

2. Average velocities V1, Vo

Applying the continuity equation: qv=SV

At section 1:
_ Qv _ 0220 _
V1= 51 T ssx10-2 3.38m/s
At section 2:
_ 0220 _ .
V2 =50z LM/

3. Pressure difference AP = P1-P2

Bernoulli equation (horizontal flow):

1 2 1 2
P, +§pv1 =P, +§,m)2



1
AP =5 p(v; = vi)

AP = 0.5 x 3.2 x (112 — 3.382)
AP = 1.6 x (109.58) ~ 175.3 Pa

Thus: AP ~ 175.3 Pa = 1.75 mbar

AP = 1.75 mbar

4. \Water manometer height difference h

AP = pwate g h
Take:
pwater= 1000 kg/m® and g = 9.81m/s?
175.3
h=———=0.0179m
1000x9.81
h=179cm

Solution 4

The fluid velocity is multiplied by 4: V2 =4V,
The pipe contains a convergent section.
Given: Ry =50 mm , a=150

Calculate the radius ratio % :
2

For an incompressible perfect fluid, the continuity equation gives:

Q=S1vi=Sw
Here S=nR?
Thus: Simplify:
TR vi=nRi?2w
Since:
Vo2 = 4 V1
We get:

R12 = 4R22

Take the square root:

Inviscid Fluid Dynamics



Inviscid Fluid Dynamics

B,
R,
Numerical Application
Given: R1=50 mm, then: R2 =25 mm
Calculate (R1—R2) as a function of L and «
from the geometry of the convergent:
R1—R2
tano =
Therefore:
R1-R2 =L tana
Deduce the length L
R1—R2
L=

tan o

Substitute the values:

25
tan 15

R1-R2=25 mm then L=

we obtain: L=93.3mm=9.3cm

Solution 5

Given data:

Height of water: H=0.82 m Orifice diameter:
D =2.0cm=0.020 m

Density of water: p =1000 kg/m?

g =9.81 m/s?

Flow rate: qVrea=0.92 L/s

1) Apply Bernoulli’s equation between A and B

We apply Bernoulli’s theorem between:

e Point A is in the free surface of the tank
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« Point B is at the outlet orifice
For a perfect incompressible fluid:
Pat — pVa? + pgza= Pa+ — pVe? + pyze
We notice that both points are exposed to atmospheric pressure:
Pa= Ps = Pam
The tank is large compared with the orifice, so: va~0
Height difference : za—zg = H

Therefore:

gH=21vB

Hence:

vg =+ 29H
This is Torricelli’s formula.

2) Numerical calculation of Vg and gy

Velocity at B: ve=4.01m/s

Volume flow rate : qv = Sg vs Where: S; = ”TDZ = 3.14x10* m?

Thus: qv=1.26x10° ms=1.26 L/s

3) Compare with the actual flow rate

The theoretical value: qvin=1.26 L/s
Actual value: qVv,rea=0.92 L/s
We observe: Qu,real< Qu,thg

4) Determine the diameter D' of the contracted jet

The actual flow rate is:
Qv,rea=S’ VB

where:
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D 2
Thus: qv,reaI: z 4’ VB
4
D' = /M D'=1.71 ¢cm
T vp
Comparison

Qv.real < Qvith because of viscosity, turbulence, and contraction of the jet.
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Chapter V: Real Fluid Dynamics

This approach considers the various forces acting on fluid particles in motion, from which
a quantitative description of the flow can be derived using local fundamental equations.

V.1 Application of the Fundamental Principle of Dynamics
To establish the fundamental equation of the dynamics, we apply the fundamental principle of
the dynamics to an element of fluid volume in motion. We must therefore take the balance of

the forces acting on the surface and in volume.

gl

Surface forces  Volume forces (weight forces)
dR, = pdVg
» If V is a vector field in Euler description, we should use the particle derivative:

av DV
So;, —=—
dt Dt
V.1.1 Surface Forces - Stress Tensor

For a real (viscous) fluid in motion, surface forces are no longer just normal to the surface:
there are tangential stresses due to viscosity (friction).

At a point M of a surface dS, the surface force is expressed as:

dF =T,dS

Yet, fn is the stress acting on the normal surface fi .

Consider a surface L to the x-axis. The normal to this surface is : N =€,
The stress exerted on this surface is then noted T, and can be broken
down as: Ty = O &, + O\ €y +0xE,

We notice that the components o, And o, are tangential components: we will

rather denote themz,, And z,, to distinguish them from the normal component

Oy -
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We can also consider the surface L to the y axis. we thereby have the stress force:

—

Ty =78 +0oy€ +7,8€

And for the surface L at the z axis the stress is expressed:

—

;, =Ty, +7,€, +0,,6,

T

Let’s now consider a surface whose orientation is arbitrary. In the Cartesian coordinate
system, its normal can be broken down into:

ZA
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Expanding, we get:

) (O Ny Ty + ;7)€
To=[+Ny (7€ +Oy € +7,€,) =1(nTy +N 0o, +N,7,,)E,
) |(nyTy +NyT, +0,0,,)E,

GXX Z-Xy z-XZ nX
Th=l7tyw oy Ty Ny | T =Th
TZX sz GZZ nZ

Stress Tensor

Using the divergence theorem (the surface integral of a vecteur field over a closed suface,
which is called the flux through the surface, is equal to the volume integral of the divergence

over the region inside the surface) the surface forces dF are written
dF =T,dS == dF =TfdS = dF =VTdV

Substitute in the forces balance, we get :

dF =dF +dF, :pdVd—V

l l dt
= Va4 pgad = pdl <

—

-= dv
= VIi+pg=p—
P9 'Odt

We can then show the two parts of the stress tensor:

T piaT
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_ p 0 0} _
VI=-V|0 p O|+VT'
0 0 p
— Vp+VT'

Finally the fundamental equation of the dynamics (local equation):

p(:l—\: =—§p+§$+p§

V.2 Newtonian fluid and Navier-Stokes equation

By definition, “Newtonian” fluids are those for which the components of the viscosity stress

tensor T depend linearly on the tensor components of the pure strain rates € .

Notice

- A pure rotation generates no deformation: consequently there is no constraint (stress).

That is Why'F And Z are not related.

- All the fluids which will be studied can be considered Newtonian.

Consider the strain tensor elements of € :

this tensor is symmetric, because €ij = €ji

We then admit that for an isotropic fluid, the tensorial elements of T' And € are linked by the

following relationship:

G'ij = Zzueij + 4 (8 + €y + ezz)é‘ij

\

viscosity  Viscosity of Kronecker
dilation symbol
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v Yy v
Note that : € +eyy +€, = ox + 6y oz

So, if the fluid is incompressible, we have VV = 0 and in this case :

G'ij = 2,ueij = 1?':2;1;

Let’s take the fundamental equation of the dynamics:

pz—\t/:—ﬁp+§?'+p§

Case of a Newtonian incompressible fluid

For a Newtonian incompressible fluid, this equation therefore becomes:

—

p((jj—\t/: —§p+2,u§;+p§

Meaning of the term Ve

. PL 0%V,
= Ve= il
ZZJ:[Z o] Zaxiaxij |

%, o [ oY <

_1 e+ Y e =LAV +LV(WW)
Dy

%(_J H_J
AV, Vv Incompressible
N J [
N ~ fluid
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Thus, It remains: V€ =3 AV Which leads to :

— —

av - = -
p—=-Vp+2uVe+pgJ = p(;—\t/:—Vp+yA\7+pC]

dt {} {}

Fundamental equation of Navier_Stok _
dynamics for an incompressibl avier—Stokes equation
Newtonian fluid (local equation)

D

The particle derivative of the velocity is as follows:

dv

2

— =4 (V)V
dt ot
The instantaneous The convective derivative

:p(%ﬂvﬁ)vj:—%pwmnpg

By putting § = —0€, , the projection of the Navier-Stokes equation on the 3 axes of the

Cartesian coordinate system gives:

2 2 2
P(avx+v aV"+v 8VX+V oy :_6_p+ 8vx+8vx+8va

o Cax Yy ta) ax a2 o
ov ov v v o%v, 0%v, 0%
pl —L+v,—L+v, —L+v, :—a—p+y LA AT |
ot OX oy oz oy x?  oyr oz

v, v, v, v, op o%v, %, o4,
pl =L +V —L+V, —L+V, =ty —E+—F+—L |- pg
ot OX oy 0z 0z OX oy 0z
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V.3 Application on particular real flows

Solving complex Navier-Stokes equations is difficult and most of the time requires the
adoption of simplifying assumptions. In the following real flows, we will present some
assumptions that will allow us to simplify the Navier-Stokes equations and determine the
velocity field.

V.3.1 Couette flow

A stationary flow of an incompressible viscous fluid occurs between 2 horizontal plates
separated by a distance h, one of which is moving tangentially relative to the other with a
constant speed U. The relative motion of the surfaces imposes a shear stress on the fluid and
induces flow in the direction x without pressure gradient The effects of the gravitational field
are neglected.

[
—_—
— -
— L
—_—
X
—

Two-dimensional flow C——> v=v(x,y)e,

v

Incompressible flow ——> divi =0 in the present case i 0
v doesnotdependonxso v =v(y)e,
v ov oV ov op o%v, o%v, 0%
ol == +v, X+HVAD AV, | E et Ut
IR IR 2 T T
ovy ov, v,  ov,)  op [0%v, 8%, O,
2, p +V, p +Vy Vs =——+ U t—t—
N, v, v, v, | dp . o, Y, o,
o, at+VXa +\X1' +V, = + 1 >ttt
QX Ry, ) (K &
0 0 o 0 0 0 0 0
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The Navier Stokes equations reduce to:

0%v,
”<%ﬂ>_0

After integration we obtain the velocity field:
U= (Ay + B)ey

Using boundary conditions v(0) =0 and v(h) = U, we obtain the following linear velocity
profile:

U
vwrvﬁy

V.3.2 Poiseuille plane flow

Stationary flow of an incompressible fluid between two fixed plates of length L, separated by

a width h, and oriented along the direction x. The flow is done by a pressure gradient along
the direction x

L.

E— \'V

_—

—_—

—_—

—

—_—
I

The Navier-Stokes equations reduce in

- 2 2
0:—8—p+/,l 8\/2)( :>6—p:d—p:lu dVZX
OX oy ox dx dy

Y0-_9P
Yooe=> p=px
g _9P
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After integration we will have:

@:yldp —L%+Ay+8
dy L dx X

Non-slip conditions on the plates, V(0) =Vv(h) =0, determine the integration constants to

give:
v(0)=0=8B B=0
) —>
v(hy=0=1"9P ap p-_h dp
2 dx 2 dx

The velocity field of Poiseuille plane flow is:

v(y)=2y—ﬂj—§(y—h)

V.3.3 Couette-Poiseuille plane shear flow

We consider a stationary flow between two infinite plates, one of which is immobile while the
other is driven by a constant speed U. The flow undergoes a pressure gradient along the

direction X

Same equation of motion as that of the plane Poiseuille flow is obtained after simplification of

the Navier-Stokes equations:
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The velocities at the two plates, ux (y = 0) = 0 and ux (y = h) = U, determine the integration
constants to give the velocity profile:

dp y
v(y)=——y(y—h)+u
(y) 2ﬂdxy(y )+ ™

V.3.4 Laminar flow in a cylindrical conduit: Poiseuille’s law

The resolution of the Navier-Stokes equations for the flow of an incompressible Newtonian
fluid in the laminar regime leads to the Poiseuille law, which describes the pressure drop due

to fluid viscosity.

The Navier-Stokes equations in cylindrical coordinates (X, r,0):

T  ax T Tpax  \arz Ty ar Trzaer Toxz

ou ou vy ou ou 1 dp <62u 10u 10d%u 62u>
dt

Jt r 00 ox r p 0 2 rzo6
dvg N dvg Vg 0vy dvg vvy 1 dp 4 (A vg 2 6vr>
at "9 r 90 ' “ox T pr 00 VIAPe T2 T2

The continuity equation in cylindrical coordinates:

o(rur)  dug , dux _
ror rod ox

Simplification of the Navier-Stokes equations according to the hypotheses of this flow:
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0

Steady flow ——» Pyl 0

The radial and azimuthal components of the fluid velocity are zero ( Vr = Vp=0).
(streamlines are parallel to the x axe ; there is no rotation around the axis)

. . . 0
- The flow is axisymmetric ~——» 0= 0
. ov
- Incompressible flow —» P 0

We obtain :

1o, (aulavj 0

L OX or?> ror
g _op

=0= P(x,r,0 X
20 ( )= p(x)

Knowing that:

@A@_lﬁ(r@)
or> ror ror or

Transforming the resulting equation:

dv, 1dp

__( )=

rdr  dr- g dx

After integration it comes:

2
v(r):r—d—p+AIn r+B
41 dx

V (r=0)— < ; Knowing that the velocity has a finite value at r = 0, so A=0

The non-slip boundary condition at the pipe wall requires that v (r =R) =0, which gives

de

- 4y dx

Thus the parabolic velocity profile is written:
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1dp
4 dx
average velocity can be obtained by integrating over the pipe cross-section,

The maximum velocity occurs at the pipe centerline (r = 0), Umax = R? . This is

R
Ugpg = mfo 2nrudr = > Umax

The volumetric flow rate Q = TR? Uayg.

The rearrangement of the equation gives the Hagen—Poiseuille equation

_ 8uQL
P = "R
V.3.5 Cylindrical Couette flow
This is the axisymmetric version of plane Couette flow; the viscous fluid is contained between

two concentric cylinders of radius Riand R> and angular velocity w; and w>

The Navier-Stokes equations in cylindrical coordinates, neglecting the effects of gravity, are

written:
6ur+ur6ur+u_98ur+uzaur_£:
ot o r 00 oz r
2 2 2
_ia_pﬂ/6uzr+i26u2r+auzr+iaur_%aug_u_£
p or or r< oo 0z r or r-o0 r
OUy fu, OUy +u_gau9 ‘u, Uy Uy _
ot or r oo oz r
2 2 2
_ia_p+va_u29+i26u29+8u23+i8u0_£26ur_u_g
pr oo or r< 0o 0z r or r°o0 r
6uzJruréu“ru_@@u“ruz ou, Uy _
ot o r 06 0z r

1 0p {azuz +i62uz +<’52ur +i%}
2

=y
p o1 o? r?90*  a: r or


https://en.wikipedia.org/wiki/Cross_section_(geometry)
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The continuity equation in cylindrical coordinates:

<’9(rur)+ Ous , QU _

ror rog oz

According to the hypotheses of the flow, it comes:

0
The movement is permanent ——» a =0
. . 0
Axisymmetrical flow - 5 20" 0

The direction along z is assumed to be infinite and speedless — V; =0

The flow is incompressible — Vi=0

The Navier-Stokes equations give, according to the three projections:

U _
r or

0:ﬂ£82u9+1%_u_e+%j

or2 ror % 72

Which give :

p(r.6.2)= p(r)

u2 _ro Ug(r,0,2) = u,(r)
p or

Integrating the second equation gives:

dzu‘9+1dﬁ_£20@_
or> rdr r? dr

d  du,

QY du, u,
dr

u ld(ru
+-2)=0, so —Z2+L=A — - (rus) _
r dar r rodr

soit:ue(r):grnt? and u,(R)=eR, and u,(R,)=w,R,



Real Fluid Dynamics

The velocity profile of this type of flow is written as follows:

_ 2n2 2 2 _ 2n2 2 2
(e Rf’j):; R %+ “’22; = ;’;Rl r, avec, B= {2 R;"_z)RF} Rl and A= 2—“’223 - E’;Rl
2 1 2 1 2 1 2 1

ue(r) =

And the expression of the pressure field is:

A8 , B2
P(r)= p(? r<+ ABIn(r) —?) + Po
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