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Foreword

This document presents the Mathematics 1 course. It is intended for first-year students
of the Science and Technology domain, and is designed to serve as a concise instructional
manual aligned with the official curriculum and the allotted teaching schedule.

The content is structured into six main chapters. The first half establishes the fundamen-
tal tools of mathematical reasoning and analysis: Chapter 1 introduces the methods of
mathematical logic and proof, including direct proof, contradiction, contrapositive, and
induction; Chapter 2 develops the theory of sets, relations, and functions, covering equiv-
alence and order relations, images, and bijectivity; Chapter 3 studies real functions of one
real variable, with a thorough treatment of limits, continuity, and differentiability.

The second half of the course builds on these foundations through the study of classi-
cal functions and algebraic structures. Chapter 4 is devoted to elementary functions,
including logarithmic, exponential, trigonometric, inverse trigonometric, and hyperbolic
functions. Chapter 5 introduces Taylor expansions (Taylor series) and their applications
to the computation of limits and local behaviour of functions. Chapter 6 provides an in-
troduction to linear algebra, covering groups, rings, fields, vector spaces, and linear maps.
Each chapter ends with fully solved exercises to reinforce understanding and promote
deeper assimilation of the concepts introduced.

Any remarks or suggestions are welcome to help improve the content of this work.

Senouci Assia



CHAPTER

Methods of Mathematical Reasoning

1.1 Mathematical Logic

Propositions
Definition 1.1 (Proposition).

A proposition (or statement) is a sentence that is either true or false, but not both.

Example 1.1. The following sentences are propositions:

1. 243 =15 (True)

2. 7> 10 (False)

3. Vz € R,z* > 0 (True)

4. The number 17 is prime. (True)

5. There are infinitely many prime numbers. (True)
The following sentences are not propositions:

1. x4+ 1 =75 (Depends on z)

2. What time is it? (Question)

3. This sentence is false. (Paradox)

4. n is an even number. (Depends on n)

Logical Connectives
Definition 1.2 (Negation).

The negation of a proposition P, denoted =P or P, is true when P is false, and false
when P is true.

-P




1.1. MATHEMATICAL LOGIC

Example 1.2.

1. P: "It is raining."  —P: "It is not raining."
2. Q:"24+2=4"  -Q:"24+2#4"
3. R: "All cats are black." —R: "There exists a cat that is not black."

Definition 1.3 (Conjunction - "and").

The statement "P and Q" (denoted P A Q) is true if P is true and @ is true, and false
otherwise.

SRR
R RN P
o>

Example 1.3.

1. (3 < 5) A (2 divides 4) is true.

2. 242=4)A(2x3=7) is false.
Definition 1.4 (Disjunction - "or").

The statement "P or Q" (denoted PV @) is true if at least one of the propositions P
or () is true. It is false if both P and @) are false.

PvaQ

Mo
B a0
M <

Example 1.4.

1. (242=4)V (3 x2=06) is true.

2. 2=4)V (4 x3=T7)is false.
Definition 1.5 (Implication).

The statement "P implies Q" (denoted P = Q) is false only when P is true and @ is
false.

P Q| P=0Q
T T T
T F F
F T T
F F T




1.1. MATHEMATICAL LOGIC

Example 1.5.

1. P: "It is raining."  @: "The streets are wet."
P = @: "If it is raining, then the streets are wet."
2. "242=05=+/2=2"is true! (If P is false then the statement P = () is always true.)

Definition 1.6 (Equivalence).

The statement "P is equivalent to Q" (denoted P < @) is true when P and @ have
the same truth value.

P Q|P&sqQ
T T T
T F F
F T F
F F T

Example 1.6. For x,y € R, the equivalence "zy =0< =0 or y = 0" is true.

Theorem 1.1 (Important Logical Equivalences).

Let P, QQ, and R be three propositions. We have the following equivalences:

1. Double Negation: =(-P) = P

2. De Morgan’s Laws:

e «(PANQ)=-PV-Q

e °(PVQ)=-PA-Q

Commutativity: PNQ=QANP, PVQ=QV P

Associativity: (PANQ)AR=PAN(QAR), (PVQ)VR=PV(QVR)
Distributivity: PAN(QV R)=(PANQ)V(PAR), PV(QAR)=(PVQ)AN(PVR)
Implication Equivalences:

e P=Q=-PVQ

e P = Q=-Q = —P (Contrapositive)

S G Lo

Example 1.7. Show that =(P = Q) = P A =Q.

Solution:
—(P=Q)=—-(-PVQ) (since P=Q=-PVQ)
= (-P)A—=Q (De Morgan’s Law)
= PA—-Q (Double Negation)
Quantifiers

Definition 1.7 (Universal Quantifier).

The quantifier V means "for all". The statement

Vo € E, P(x)



1.1. MATHEMATICAL LOGIC

I is true when the statements P(z) are true for all elements z of the set E.

Example 1.8.

1. Vz € R, 2% > 0 is true.
2. Vz € R,2? > 1 is false (take x = 0).

Definition 1.8 (Existential Quantifier).

The quantifier 3 means "there exists". The statement
dr € E, P(x)

is true when we can find at least one element x of E for which P(x) is true.

Example 1.9.

1. 3z € R,2? < 0 is true (for example z = 0).
2. dz € R, 2? < 0 is false.

Negation of Quantifiers
Theorem 1.2 (Negation of Quantifiers).

1. =(Vz € E,P(x)) =3Jz € E,-P(x)
2. =(3z € E,P(x)) =Vx € E,~P(x)

Example 1.10.

1. The negation of Vo € R,2? > 0is 3z € R, 22 < 0.
2. The negation of dr €e R,z < 0is Vx € R,z > 0.

Multiple Quantifiers

We can combine several quantifiers in a quantified proposition, but we must not change
their order if they are of different types.

Example 1.11.

1. VxeR,Jy e R:2x+y =2)and (Jy € R,Vz € R : 2z + y = 2) are two different
quantified propositions.

2 (FzeRIyeR:2r+y=2)and (Iy € R, 3z € R: 22 + y = 2) are two equivalent
quantified propositions.

Negation of a Quantified Proposition

When forming the negation of a quantified proposition, we replace the universal quantifier
V with the existential quantifier 3 and vice versa, and the property P(x) with its negation
—P(z).



1.2. REASONING METHODS

Example 1.12.

1. The negation of (Vx e R,1Jy e R:2x +y=2)isJx e R,Vy € R: 2z + y # 2.

2. The negation of (x e R,Vy e R: (z4+y=1)A(2zy <1))isVz e R, Iy e R: (z+y #
1)V (2zy > 1).

1.2 Reasoning Methods

Direct Proof

We want to show that the statement P = () is true. We assume that P is true and then
we show that () is true.

Example 1.13. Let a,b € R. Show that a = b = “T*b =b.

Solution: Take a = b, then%:g, SO
+b_b+b:>a+b_
2 2 2 2

a
= b.
2

Example 1.14. Show that the sum of two even integers is even.

Solution: Let a and b be even integers. Then there exist integers k and [ such that
a =2k and b = 2[. Then:
a+b=2k+20l=2(k+1)

Since k + [ is an integer, a + b is even.

Proof by Contrapositive

Proof by contrapositive is based on the equivalence: (P = Q) < (=Q = —P). So if we
want to show the statement P = (), we actually show that if =) is true then =P is true.

Example 1.15. Let # € R. Show that (v # 2 and x # —2) = (2% # 4).

Solution: By contrapositive, this is equivalent to (z? = 4) = (z = 2 or z = —2). Indeed,
take 22 = 4, then (x —2)(x +2)=0,s0 x =2 or x = —2.

Example 1.16. Show: If n? is even, then n is even.

Solution by contrapositive: We show: If n is odd, then n? is odd. Let n be odd. Then
n = 2k + 1 for some integer k. Then:

n®=(2k+1)> =4k + 4k + 1 = 2(2k* + 2k) + 1

which is odd.

Proof by Contradiction

Proof by contradiction to show P = @ relies on the following principle: We assume both
that P is true and that () is false and we look for a contradiction. Thus if P is true then
@ must be true, so P = @ is true.



1.2. REASONING METHODS

Example 1.17. Let a,b > 0. Show that it ;%5 = Hia then a = b.

Solution: We reason by contradiction by assuming % = 1+La and a # b. We have

a p—
1+b 1+a

sSala+1)=bb+1)ea®—b"=—(a—0b) < (a—b)(a+b) =—(a—b)

Since a — b # 0, we can divide by a — b, obtaining a + b = —1. The sum of two positive
numbers cannot be negative. We obtain a contradiction.
Example 1.18. Show that V2 is irrational.

Solution: Assume for contradiction that v/2 is rational. Then /2 = 7 where a and b are
coprime integers and b # 0.

Squaring: 2 = ‘;—j so a® = 20%. Thus a? is even, so a is even. Write a = 2k. Then:
(2k)? = 20" = 4k* = 2b* = b* = 2k?

So b? is even, hence b is even. But then a and b are both even, contradicting the fact that
they are coprime. Therefore, /2 is irrational.

Proof by Cases

When we want to verify a property P(x) for all elements x of a set F, we can divide this
set into n (non-empty) subsets Aq, As, ..., A, (according to the number of cases to treat)
and show that the property holds on each of them without exception, then conclude that
it holds everywhere on E.

Example 1.19. Let n € N. Show that a,, = sn(n +1) € N
Solution: Let n € N. We distinguish two cases.

o First case: n = 2k, k € N, then a, = $(2k)(2k +1) = k(2k + 1) e N.
e Second case: n=2k+1, k € N, then a, = 3(2k +1)(2k +2) = (2k + 1)(k + 1) € .

In all cases, a, = sn(n+1) € N.

Proof by Counterexample

If we want to show that a statement of the type (Vo € E : P(z)) is true, then for each x
in £ we must show that P(z) is true. On the other hand, to show that this statement is
false, it suffices to find = € E such that P(z) is false.

Example 1.20. Show that the statement (Vo € R, 22 — 1 > 1) is false.

Solution: A counterexample is z = 0 € R, because 0> — 1 = —1 > 1 is false.

Proof by Induction

The principle of induction allows us to show that a statement P(n), depending on n, is
true for all n € N.
A proof by induction proceeds in two steps:

1. We prove that P(0) is true (initialization).

A



1.3. EXERCISES AND SOLUTIONS

2. We assume n > 0 given with P(n) true (induction hypothesis), and we then show that
P(n+ 1) is true (heredity).

Finally, in the conclusion, we recall that by the principle of induction P(n) is true for all
n € N.

Example 1.21. Show that for all n € N : 2" > n.
Solution: Let P(n):2" > n, for all n € N.
1. For n =0 we have 2° =1 > 0, so P(0) is true.
2. Let n € N, assume P(n) is true. We will show that P(n + 1) is true.
2t = gm 4 on
>n+2" (since by P(n) we know that 2" > n)
>n+1 (since 2" > 1)

So P(n + 1) is true.
By the principle of induction, P(n) is true for all n € N.

n

Example 1.22. Show that 1 +2+4---+n = w for all n € N*,

Solution:
1. Initialization: Forn =1: 1 = % = 1. So P(1) is true.
2. Induction step: Assume P(k) is true for some k > 1: 1+2+---+k:@. Then
forn =k +1:
k(k+1 E(k+1)+2(k+1 k+1)(k+2
1+2+---+k+(l€+1):%+(/€+1): ( )2 ( ):( )2( )

which is the formula for n =k + 1. So P(k + 1) is true.
By induction, the formula holds for all n € N*.

1.3 Exercises and Solutions
Exercise 1.1 — Truth Tables and Logical Equivalences.

Construct the truth tables for the following statements and determine which pairs are
logically equivalent:
(a) PVQ=PAQ
) (PAQ) and —PV-Q
(c) 2(PVvQ®) and —-PA-Q
(d) P=@Q and -PVQ
) (P=@) and PA-Q
) P=¢ and -Q = -P

Exercise 1.2 — Negations and Truth Values.

For each of the following statements, give its negation and determine its truth value:

|
1 R, —L <=
() VeeR, 775 =3
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(2) Ve eR*, JyeR, 2?—zy+y>°=0
B) Ve eRy, VyeRy, z+y>uy

Exercise 1.3 — Proofs using Direct Methods and Counterexamples.

Prove or disprove the following statements:
(1) Let n and m be integers. If n and m are both even, then n 4+ m is even.

(2) Let x,y,2z € Z. f x +y =2+ z, then y = 2.
(3) For each n € N, if n is prime, then 2" — 1 is prime.

Exercise 1.4 — Proofs by Contrapositive, Contradiction, and Counterex-
ample.

Prove or disprove the following statements:

(1) If n is a positive integer with n? > 100, then n > 10.

(2) /3 is irrational.

(3) Let z € R. If 2* > 8, then = > 2.

(4) The statement Vo € R, (22 — 2z # 1) = (v # 1) is false.

Exercise 1.5 — Proofs by Mathematical Induction.

Prove the following statements by mathematical induction:
(1) For all n > 1:
3n—1
1+4+47++(3n—2) z%.

(2) For alln > 1:
n(n+1)(2n+ 1)

5 .
(3) For every positive integer n, the number 6" — 1 is divisible by 5.

P42 +3+ 40P =

Exercise 1.6 — Further Proofs by Induction.

Prove the following statements by mathematical induction:

(1) For all n > 1:
n(n+1)(n +2)

ki;k(kJrl): 5 :

(2) For every integer n > 0, the number n® + 2n is divisible by 3.
(3) For all n > 1 and all x > —1:

(I1+x)" > 14+ nz.

(This is known as Bernoulli’s inequality.)
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Solution — Exercise 1.1 — Truth Tables and Logical Equivalences.

Step 1 — Recall the method.
Two propositions are logically equivalent when their truth tables produce identical
columns.

Step 2 — Check each statement.

e (a) P= Q = PAQ: False. When P is true and @ is false, P = @ is false but
P A Q@ is also false, yet when P is false, P = @ is true but P A @ is false. Not
equivalent.

e (b) De Morgan’s Law: =(P A Q) =-P V —Q. v Equivalent
e (c) De Morgan’s Law: =(PV Q) = -P A =Q. v" Equivalent
e (d) P=Q=-PVAQ. v Equivalent
o (e) (P=Q)=PA-Q. v Equivalent
e (f) Contrapositive law: P = @ = -Q = —P. v Equivalent

Conclusion. Statement (a) is not a logical equivalence; all others (b)—(f) are valid
equivalences. [J

Solution — Exercise 1.2 — Negations and Truth Values.
1

Stat t (1):VeeR, —— < —.

atement (1): Vx 13233

Step 1 — Truth value.
Since (1 — x)? > 0, expanding gives 1 — 2z + 22 > 0, so 1 + z* > 2z. Dividing both

sides by 1+ 22 > 0:
x

1422~
True. v
Step 2 — Negation.

DN | —

T 1

Jr € R, > —.
. 1+22° 2

Statement (2): Vo € R*, Jy € R: 2% — 2y + y? = 0.

Step 3 — Truth value.
Viewing 22 — zy + 3?> = 0 as a quadratic in y: discriminant A = 2? — 42? = —32% < 0
for all x # 0. No real solution y exists. False.

Step 4 — Negation.

JreR*, Vy eR, a?—ay+y>#0.

Statement (3): Vz,y € Ry, z+y > zy.

Step 5 — Truth value.
Counterexample: z =2, y =2 gives x +y =4 = xy. So x + y > zy fails. False.
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Step 6 — Negation.
Jr,ye Ry, x+y <uzy.

Solution — Exercise 1.3 — Direct Methods and Counterexamples.

Statement (1): The sum of two even integers is even.

Step 1 — Direct proof.
Let n = 2k and m = 2¢ with k,¢ € Z. Then n+m = 2k +2( = 2(k + (), which is even.
v True

Statement (2): v +y=x+2=y==zinR.

Step 2 — Direct proof.
rt+y=z+z=>@+y —(r+2)=0=2y—2=0=>y=2=z v True

Statement (3): If n is prime, then 2" — 1 is prime.
Step 3 — Counterexample.

Take n = 11 (prime). Then 2!' — 1 = 2047 = 23 x 89, which is composite. False.

Solution — Exercise 1.4 — Contrapositive, Contradiction and Counterex-
ample.

Statement (1): n > 0 and n*> > 100 = n > 10.

Step 1 — Direct/contrapositive proof.
Since n > 0, the function x — z? is strictly increasing on R*. Thus:

n? > 100 = 10> = n > 10.
v' True
Statement (2): /3 is irrational.

Step 2 — Proof by contradiction.
Assume /3 = £ in lowest terms with p,q € N*. Then 3¢® = p?, so 3 | p?, hence 3 | p.

q
Write p = 3k:
3¢ =9k* = ¢* =3k = 3| ¢q.

Both p and ¢ are divisible by 3, contradicting ged(p, q) = 1. v Irrational

Statement (3): z° > 8=z > 2.

10
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Step 3 — Proof using monotonicity.
The function x — 23 is strictly increasing on R. So:

2 >8=2=1>2

v’ True
Statement (4): 2> —2r=1= 1z # 1.
Step 4 — Counterexample.
At = 1: premise 22 — 22 = 1 —2 = —1 # 1, so the premise is false. The implication is

vacuously true. However, recheck: the claim says the implication itself is a valid result
to prove. Testing 22 — 2z =1 = 2 = 1 £+/2, so indeed z # 1 when the premise holds.
v’ True

Solution — Exercise 1.5 — Mathematical Induction.

& n(3n —1)
St : —2)=——2.
atement (1) Z(3k: 2) 5
k=1
Step 1 — Base case (n = 1):
1-2
Step 2 — Induction step.
Assume the formula holds for some k& > 1. Then:
k+1
k(3k —1
> Bi-2) = %Jr (3(k+1)—2)
j=1
k(3k —1
= % +(3k+ 1)
_ k(Bk—-1)+2Bk+1) 3k*+5k+2 (k+1)(3k+2)
B 2 B 2 B 2 '

This is the formula for n = k£ + 1. Hence the result holds for all n > 1. O

- )(2n+1
Statement (2): Z k* = nin + )6( nt )
k=1

Step 3 — Base case (n = 1):

12=1 and

11
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Step 4 — Induction step.
Assume the formula holds for k. Then:

k+1
Zf: k‘(k‘—l—l)ﬁ(Qk‘—l—l) k)
=(k+1) [@—l—(/ﬂ—l—l)
k(2k+1)+6(k+1)
=(k+1)- 5
7(k+1)'2k;2+7k+67 (k+1)(k+2)(2k + 3)
B 6 B 6 '

Hence the result holds for all n > 1. O

Statement (3): 5| 6" — 1 for all n > 1.
Step 5 — Base case (n = 1):

6'—1=5 5|5 V

Step 6 — Induction step.
Assume 5 | 68 — 1, i.e., 6 = 5m + 1 for some m € Z. Then:

671 —1=6-6"-1=6(5bm+1)—1=30m+5=>56m+1).

So 5 | 651 — 1. Hence the result holds for all n > 1. [J

Solution — Exercise 1.6 — Further Proofs by Induction.

Statement (1): z": k(k+1) = n(n + 1?3(” i 2).

k=1

Step 1 — Base case (n = 1):

19
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Step 2 — Induction step.
Assume the formula holds for some k > 1. For n =k + 1:

d i+ = k(k+1?))<k+2>+(k+1)(k+2)

=(k+1)(k+2) {§+11

= (k) +2)

(k+1)(k+2)(k+3)

This is the formula for n = k£ + 1. Hence the result holds for all n > 1. O

Statement (2): 3 | n® + 2n for all n > 0.
Step 3 — Base case (n = 0):

0°+2-0=0=3-0. 3|0. v

Step 4 — Induction step.
Assume 3 | k* + 2k for some k > 0, i.e., k* + 2k = 3m for some m € Z. Then:

(k+1)°+2(k+1) =k +3k* + 3k + 1 + 2k + 2
= (k* + 2k) + 3k* + 3k + 3
=3m+3k*+k+1)
=3(m+k +k+1).

Since m + k* + k+ 1 € Z, we have 3 | (k +1)* + 2(k + 1). Hence the result holds for
alln > 0. O

Statement (3): Bernoulli’s Inequality. Foralln > 1and x > —1: (1+2)" > 14+nx.
Step 5 — Base case (n = 1):

1+ =1+2=1+1-2. V
Step 6 — Induction step.

Assume (1 + z)* > 1 + kx for some k& > 1 (induction hypothesis). Since x > —1, we
have 1+ z > 0. Multiplying both sides by (14 z) > 0:

I+ =0 +2)" Q4+2) >0+ kx)(1+2).

12
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Step 7 — Expand.
(1+kx)(1+2) =1+ (k+ Dz +ka*>1+ (k+ 1),

since kxz? > 0.

Conclusion. (1 +z)*! > 1+ (k+ 1)z. By induction, Bernoulli’s inequality holds for
aln>1and all x > —1. OO
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CHAPTER

Sets, Relations, and Functions

2.1 Set Theory
Definition 2.1 (Set).

A set is a collection of elements.

Among sets, one is special: the empty set, denoted ().

Let E be a set. We write x € E if z is an element of £, and z ¢ E otherwise.

Example 2.1. We have {0, 1}, {red,black}, and {0,1,2,...} = N are sets. Then 0 €
{0,1} and 2 ¢ {0, 1}.

Inclusion, Union, Intersection, Complement
Definition 2.2 (Subset).

A set F is included in a set F, if every element of E is also an element of F', and we
write £ C F. In other words:

Ve, z€FE=x¢€PF.

We then say that E is a subset of F' or a part of F.

Example 2.2. We have NC Z C Q C R.

Definition 2.3 (Set Equality).

Two sets E and F' are equal if and only if each is included in the other, i.e.,

F=F<«< FEFCFand FFCE.

15




2.1. SET THEORY

Example 2.3. If £ =R, then

A={zreR:|jz -1 <1}
={reR:-1<z-1<1}
={reR:0<z<2}=]0,2]

Definition 2.4 (Power Set).

Let E be a set. The set of all subsets of E, denoted P(F), is characterized by the
following relation:

P(E)={A: AC E}.

Example 2.4. If F = {1, 2,3}, then
P(E) = {0, {1}, {2}, {3}, {1, 2}, {1,3},{2,3}, {1, 2,3}},
so {1} € P(E) and E € P(E).

Definition 2.5 (Complement).

Let E be a set. The complement of A C E, denoted CgA or A, is the set of elements
of E that are not in A, i.e.,

CpA={zx € E:x ¢ A}

(g A = A° (Complement

N—

Definition 2.6 (Union).

The union of two sets A and B, denoted AU B, is the set of elements = that belong to
A or belong to B, i.e.,

AUB={zx € E:x € Aorx € B}.

AU B (Union)
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2.1. SET THEORY

Definition 2.7 (Intersection).

The intersection of two sets A and B, denoted A N B, is the set of elements x that
belong to A and belong to B, i.e.,

ANB={rx€ E:x€ Aandz € B}.

AN B (Intersection)

Example 2.5.If A = {1,2,3} and B = {2,3,4,5}, then AU B = {1,2,3,4,5} and
AN B ={2,3}.

Definition 2.8 (Finite Set, Cardinal).

A set E is said to be finite if the number of elements of E is finite. The number of
elements of F is called the cardinal of E, denoted Card(FE).

Example 2.6. If £ = {0, 1, 2,3}, then Card(F) = 4. The set N is not finite. Card(0)) = 0.

Definition 2.9 (Difference).

Let F be a set. The difference of A and B, denoted A\ B, is the set of elements x that
belong to A and do not belong to B, i.e.,

A\B={r € A:x ¢ B}.

A\ B (Difference)

Definition 2.10 (Symmetric Difference).

The symmetric difference of A and B, denoted AAB, is the set of elements x that
belong to AU B and do not belong to AN B, i.e.,

AAB = (AUB)\ (AN B).

17



2.1. SET THEORY

AAB (Symmetric Difference)

Example 2.7.If E =R, A =[0,1] and B =0, +o0], then

A\B=1{0}, B\A=|l,+00] and AAB = {0}U]1,+od].

Remark.

Let A, B, C' be subsets of a set E. It is clear that:

e Commutativity: ANB=BNAand AUB=BUA.
e Associativity: AN(BNC)=(ANB)NC and AU(BUC)=(AUB)UC.

Proposition 2.1 (Distributive Laws).

Let A, B, C be subsets of a set . Then:

e AN(BUC)=(ANB)U(ANC),
e AU(BNC)=(AUB)N(AUOQ).

We have

(xre AN(BUC)) < (re Aand x € BUC)

< (reAand (€ Borxe())

& ((reAandz e B)or (xre€ Aand xz € ())
s (reAnNBorzxe ANC)

sre(ANB)U(ANC),

so AN(BUC)=(ANB)U(ANC(C).

(xe AUBNC)) e (xreAorze BNO)

S (xeAor (xe€Bandzxe())

& ((reAorzeB)and (r € Aorz €(C))
& (reAUBandz e AUC)

sre(AUB)N(AUC),

so AU(BNC)=(AUuB)N(AUQC).
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2.1. SET THEORY

Proposition 2.2 (De Morgan’s Laws).
Let A and B be subsets of a set E. Then:

Proof. We have

(xeCg(ANB)) & (¢ ANB)< (x¢ Aorx ¢ B)
54 (33 S CE(A) or x € CE(B)) < T e CE(A) UCE(B),

(xreCp(AUB)) e (r¢ AUB)< ¢ Aand x ¢ B
= (CL’ € CE(A) and xz € CE(B)> = T E OE(A) ﬂOE<B),

Remark.

Let A be a subset of E. Then Cg(Cg(A)) = A. Indeed,

(z € Cp(Cr(A))) & (v ¢ Cr(A)) & (z € A).

Cartesian Product
Definition 2.11 (Cartesian Product).

The Cartesian product of two sets E and F', denoted E x F', is the set of ordered pairs
(z,y) where v € E and y € F.

ExF={(x,y):x€ Fandye F}.

Example 2.8. If £ = {1,2} and F = {3,5}, then

Ex F={(1,3),(1,5),(2,3),(2,5)},
We denote E? as the Cartesian square E x E. More generally, we define the Cartesian
product of n sets Ky, Es, ..., E, by

Ey X Ey x -+ X E, ={(21,29,...,2,) 12, € B, fori=1,...,n}.
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2.2. ORDER RELATIONS, EQUIVALENCE RELATIONS

Example 2.9. If £ = {1,2}, then
E*=ExE={(1,1),(1,2),(2,1),(2,2)}

E*=ExExFE={(1,1,1),(1,1,2),(1,2,1), (1,2,2), (2,1,1),(2,2,1),(2,1,2), (2,2,2)}.

2.2 Order Relations, Equivalence Relations

Binary Relations
Definition 2.12 (Binary Relation).

A binary relation on a set F is any statement between two objects, which can be verified
or not, denoted xRy and read as "x is related to y".

Example 2.10. On R, we define the relation R by:

TRy < x—y>0.

Definition 2.13 (Properties of Relations).
Let R be a binary relation on a set E. For all x,y, 2z € FE, we say that R is:
1. Reflexive if each element is related to itself, i.e.,
xRz, VreFE.
2. Symmetric if for all z,y € E, if x is related to y then y is related to z, i.e.,
xRy = yRx, Vr,ye L.

3. Transitive if for all x,y,z € F, if x is related to y and y is related to z, then x is

related to z, i.e.,
(xRy and yRz) = 2Rz, Vz,y,z € E.

4. Antisymmetric if whenever two elements are related to each other, they are equal,
ie.,
(zRy and yRzx) =z =y, Vr,y€ E.

Equivalence Relations
Definition 2.14 (Equivalence Relation).

A binary relation R on F is an equivalence relation if it is reflexive, symmetric, and
transitive.
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2.2. ORDER RELATIONS, EQUIVALENCE RELATIONS

Definition 2.15 (Equivalence Class).

Let R be an equivalence relation on E. The equivalence class of x € E is the set of
elements of F related to x by R, denoted & or cl(x) or C(x):

Clx)={y € E:yRax}.

The equivalence class C(z) is non-empty because R is reflexive and thus contains at
least z. We denote by
E/R={C(z):x € E}

the set of equivalence classes of E/ under the relation R.

Example 2.11. On R, define the relation R by:
TRy & x—yel.

This relation is indeed an equivalence relation.
e Reflexive: Forz e R,z — 2 =0 € Z, so xRx.
e Symmetric: Forz,y e R, 2Ry =r—y€eZ=y—xr=—(x—y) € Z= yRx.
e Transitive: For z,y, 2z € R,
(zRy and yRz) = (r —y€Z and y — 2z € Z)
= (r-—y+y—2€Z)
= (r—2€Z)= 2Rz

The equivalence class of x is:

Clx)={yeR:y—ze€Z}
={yeR:y=ax+kkeZ}

If x € Z, then C(x) = Z.

Order Relations
Definition 2.16 (Order Relation).

A binary relation R on F is said to be an order relation if it is reflexive, antisym-
metric, and transitive.

Example 2.12. Let R be the relation defined on N* by: x divides y, i.e.,
TRy < Jk e N* 1y = ka.

e Reflexive: For x € N*, z =1z, so 2Rx.

e Transitive: If 2Ry and yRz, then y = kyz and z = kyy, so z = (ki1ks)x, thus zRz.

e Antisymmetric: If Ry and yRx, then y = kix and x = kyy. Substituting, x =
ko(k1x) = (k1k2)x, so kiks = 1. Since ki, ko € N*, we have k; = ky = 1, hence = = y.

Thus R is an order relation.
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2.3. FUNCTIONS (APPLICATIONS)

Total Order and Partial Order
Definition 2.17 (Total and Partial Order).

Let R be an order relation defined on a set E. We say that R is a total order if for
all z,y € F,
xRy or yRz.

Otherwise, we say R is a partial order, i.e.,

Jx,y € E : neither 2Ry nor yRx.

Example 2.13. Let R be the order relation defined on N* by:
TRy < JkeN:y= k.

For z = 2 and y = 3, we have neither xRy nor yRz, so R is a partial order.

2.3 Functions (Applications)

Definition of a Function
Definition 2.18 (Function).

Let E and F be given sets. A function (or map) from E to F' is a correspondence f
between the elements of ' and those of F' that associates to every element of E one
and only one element of F'. We write

fiESF
x— f(z).

Example 2.14. Let f : N — C be defined by f(n) = n+ie". Then f is a function, with
EF=Nand F=C.

Definition 2.19 (Graph).
Let E and F be given sets. The graph of a function f : £ — F is:

I'y:={(z, f(z)):x € E} C EXF.

Definition 2.20 (Equality of Functions).
Let f,g: E — F be functions. f and g are said to be equal if and only if

forall z € E: f(x) = g(x).

We then write f = g.
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2.3. FUNCTIONS (APPLICATIONS)

Definition 2.21 (Composition).
Let E, F, and G be three sets, and f and g two functions such that

EL PSS

We can deduce a function from E to GG denoted g o f and called the composite
function of f and g, defined by

(go f)(z) =9g(f(z)), forallze E.

Definition 2.22 (Identity Function).

Let E be a set. The identity function, denoted idg : E — E, is the function that
satisfies idg(z) = x for all z € E.

Example 2.15. Let f: R — R* and g : Rt — [1, +o0o[ be defined by:
f(x)=2* Vo eR, gx)=22+1 VzecR".
Then go f: R — [1, 400 is given by

(go f)(z) =g(f(2)) = g(z*) =22 +1 VxR,

Definition 2.23 (Domain of Definition).

Let f : E — F be a function. The domain of definition of f, denoted Dy, is the set
of elements z € E for which there exists a unique element y € F such that y = f(x).

Example 2.16. Let f: R — R be defined by f(z) = vz + 1. Then

Di={rxeR:2+1>0} =[-1,4o00[.

Definition 2.24 (Restriction).

Let AC F and f: EF — F be a function. The restriction of f to A is the function
fla: E — F defined by

fla(x) = f(z), forallz e A
Definition 2.25 (Extension).

Let F C G and f: E — F be a function. An extension of f to G is any function
g : G — F whose restriction to E is f.
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2.3. FUNCTIONS (APPLICATIONS)

Direct Image, Inverse Image
Definition 2.26 (Direct Image).

Let AC F and f: E — F. The direct image of A under f is the set
flA)y={f(x):x € A} CF.

Example 2.17. Let f : R — R be defined by f(x) =2z + 1 for all z € R. If A =10,1],
then

f0, 1) =4{f(z) :z €[0,1]} = {22+ 1:2 € [0,1]}.
We have x € [0,1] @ 0<zx <1< 1<2x+1<3,s0 f([0,1]) =[1,3].

Definition 2.27 (Inverse Image).
Let BC F and f: E — F. The inverse image of B under f is the set

f Y B)={z€E: f(x) € B} CE.

Example 2.18. Let f be the function defined by f(z) = 2? from R to R™. Then

0, 1) ={zecR:0<2* <1}
={reR:0< |z| <1} =[-1,1].

Let g be defined by g(z) = sin(wz) from R to R. Then

“1({0}) ={z € R:sin(rz) =0} = {o : v =k, with k € Z} = Z.

Direct Image: f(A) Inverse Image: f~!(B)

Proposition 2.3 (Properties of Images).

Let E and F be any sets and let f : E — F be a function. For all A;B C E and
X, Y C F, we have the following properties:

(1) AcB=f(A)Cf(B)and X CY = f1(X)Cf~ 1( )

(2) f(ANB) C f(A)Nf(B) and f[H(XNY) = [

(3) fAUB)=f(A)Uf(B) and f(XUY)= fl(X)Uf‘l(Y)
(4) AcCfH(f(A) and f(f7H(X)) C X.
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2.3. FUNCTIONS (APPLICATIONS)

Injective, Surjective, Bijective Functions
Definition 2.28 (Injective Function).

Let f: E — F. f is said to be injective if and only if:

Vo, xe € B f(z1) = f(2) = 21 = 29

Definition 2.29 (Surjective Function).

Let f : E — F. f is said to be surjective if and only if every element of F' has at
least one preimage in E:
Vye F, 3z € E: f(z) =vy.

Definition 2.30 (Bijective Function).

Let f : E— F. fissaid to be bijective if and only if f is both injective and surjective,
i.e. every element of F' has exactly one preimage in E:

Vye F, e e E: f(z)=y.

Injective (one-to-one) Surjective (onto) Bijective (one-to-one & onto)

Example 2.19. Let f be the function defined by f(z) = x — 7 from Z to Z. Then f is
bijective. Indeed, let y € Z such that f(z) =y, then x = y + 7, so there exists a unique
x in Z such that y = f(z).

Remark.

If the function f is bijective, and only in this case, to every y € F' we can associate a
unique r € F.

Definition 2.31 (Inverse Function).

Let f : E — F be a bijective function. We define the function f~!: F — E, called the
inverse function of f, by f~!(y) = z if and only if f(x) =y.

Example 2.20. Let f be the function defined by f(z) = 22+ 1 from R* to [1, +00[. Then
f is bijective, because for every y € [1, 00|, the equation y = f(z) has a unique solution
r = +/y — 1. The inverse bijection is f~! : [1, +00[— R defined by:

fHx) =va —1, forallz € [l,+oo.
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2.4. EXERCISES AND SOLUTIONS

Proposition 2.4 (Characterization of Bijections).

Let B and F be sets and f : E — F be a function. The function f is bijective if and
only if there exists a function g : F — FE such that

fog=1idr and go f=1idg.

Example 2.21. Let f : R — R" be defined by f(x) = e* for all z € R. f is bijective,
and its inverse bijection is g : R™ — R defined by g(z) = Inz. We have fog: Rt — R
and go f: R — R, with

(fog)(x)=e"" =2 =idg+ () and (go f)(z)=Ine® =2 = idp(x).

Proposition 2.5 (Inverse of a Composition).

Let f: E — F and g : F — G be bijective functions. Then go f is bijective and its
wnverse bijection s

(gof)y ' =f"og

2.4 Exercises and Solutions

Exercise 2.1.

Let A, B and C be three parts of a set £ . Give a simplified writing of the following
subsets:
[AU(ANB)|UB

(ANB)U (AN B9
(AuB)N(BNC)N(AUC)
(AUB)°U (CU A9

Exercise 2.2.

1. What is the power set of {a,b,c,d} ?
2. Prove that (ANB=AUB)= A=DB

Exercise 2.3.
We define on R the relation R by:
TRy < sin?z + cos’y = 1.

1. Show that R is an equivalence relation.
2. Give the equivalence class of 0 and 7
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2.4. EXERCISES AND SOLUTIONS

Exercise 2.4.
We define on R? the relation T by:
(2, )T (@, y) = |z 2| <y —v.

1. Show that T is an order relation.
2. Is T a total order relation?

Exercise 2.5.
Let A, B be two sets and f an application. Show that:
AC B= f(A) C f(B).

f(ANB) C f(A) N f(B).
f(AUB) = f(A)U f(B).

Exercise 2.6.

Let A, B be two sets and f a bijective application. Show that:
ACB= f1A) cfB).

fLANB) C f7H(A) N f7(B).
fLAUB) = fTH(A)U fH(B).

Exercise 2.7.
Let the application f : R — R defined by

_2+ex
=

()

Show that f is bijective and find its reciprocal bijection f~! .

Solution — Exercise 2.1 — Simplifying Set Expressions.

Let A, B, C be subsets of a set E.

Expression 1: [AU(ANB)|UB
Step 1 — Since AN B C A, the absorption law gives AU (AN B) = A.

Step 2 — Therefore:
[AU(ANB)JUB=AUB.

Expression 2: (AN B)U (AN B°)
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2.4. EXERCISES AND SOLUTIONS

Step 3 — Factor out A using the distributive law:
(ANB)U (AN B°) = AN (BUB°).

Step 4 — Since BUB“=F and ANE = A:

Expression 3: (AUB)N(BNC)N(AUC)

Step 5 — Note that BNC C BC AUuBand BNC CC C AUC. So any element of
BN C automatically belongs to all three sets. Thus the intersection reduces to BN C.

Verification: [([AUB)N(AUC)|n(BNC)=[Au(BnNnC)N(BNC)=BnNC
(absorption).
BncC

Expression 4: (AU B)“U (C U A°)
Step 6 — Apply De Morgan’s law: (AU B)¢ = A°N B°. So:

(AN B°)uC U A
Step 7 — Since A°N B¢ C A° by absorption: A°U (A°N B¢) = A°. Thus:

Solution — Exercise 2.2 — Power Set and Equality Proof.

Part 1 — Power set of {a,b,c,d}.

Step 1 — A set with 4 elements has 2* = 16 subsets:
@; {CL}, {b}7 {C}7 {d}a

{a,0},{a,c} . {a,d},{b,c},{b,d} {c,d};
{a,b,c},{a,b,d}, {a,c,d},{b,c,d}; {a,b,c,d}.

Part 2 — Prove: ANB=AUB = A=DB.
Step 2 — Set up.
Let S=ANB=AUB.

Step 3 — Show A C B.
Let r€ A. Thenz e AUB=S=ANDB,sox € B.

Step 4 — Show B C A.
Let € B. Thenx €e AUB=S=ANDB,soz € A

Conclusion. A C B and B C A, therefore A = B. [
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2.4. EXERCISES AND SOLUTIONS

Solution — Exercise 2.3 — Equivalence Relation on R.

The relation is 2Ry < sin®x 4 cos?y = 1.

Step 1 — Simplify the condition.
sinz +cos’y =1 cos?y = 1 —sin®x = cos?z & | cosy| = | cos 7.

Step 2 — Reflexivity.

| cos x| = | cos x| is always true, so Rz for all z € R. v/

Step 3 — Symmetry.

If 2Ry then |cosy| = | cosz|, hence |cosz| = |cosy|, so yRx. v

Step 4 — Transitivity.

If xRy and yRz, then |cosy| = |cosz| and |cosz| = |cosy|, hence | cos z| = |cosz],
so TRz. v

Step 5 — Equivalence classes.
Class of 0: 2R0 < sinz +cos’0=1<sin*2 =0z =km, k € Z.

C0)={km:kelZ}
Class of g: :UR§<:>sin2x+COSQ§:1(:>sin233:1<:>x:g—i—lm, ke Z.

C(3)={5+kr:keZ}.

Solution — Exercise 2.4 — Order Relation on R?.
Recall the relation: (z,y)7T (2/,y) < |v —2'| <y —y.
Part 1 — T is an order relation.

Step 1 — Reflexivity.
Set (z,y) = (z,y): [t —2|=0<y—y=0. vV

Step 2 — Antisymmetry.
Suppose (x,y) T (', y') and (z/,y') T (z,y). Then:

[z —2| <y —y and |2 —z|<y-y.

Since |x — 2| = |2’ — 2| > 0, adding both inequalities: 2|z — 2’| < 0, so |z — 2’| = 0,
giving x =2’. Then 0 <y —yand 0<y—1v¢/,soy=1".

Step 3 — Transitivity.
Suppose (z,y) T (2',y') and (2’,y") T (2", y"). Then by the triangle inequality:

lz =" <|r 2|+ ]2 =" < (W -9+ -V)=9"—y.
So (x,y) T (", y"). v

Part 2 — T is not a total order.
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2.4. EXERCISES AND SOLUTIONS

Step 4 — Find incomparable elements.
Take (0,0) and (1,0):

(0,0)T(1,0): [0—1=1<0—0=0? False.

(1,0)7(0,0): |1-0[=1<0-0=07 False.

These two elements are incomparable, so T is only a partial order. [J

Solution — Exercise 2.5 — Images of Sets under a Function.

Let f: FE— Fand A, BCE.

Property 1: AC B = f(A) C f(B).
Step 1 — Let y € f(A). Then 3z € A with y = f(x). Since A C B, = € B, hence
y=[f(x) e f(B). v

Property 2: f(ANB) C f(A) N f(B).

Step 2 — Let y € f(ANB). Then 3z € AN B with y = f(x). Since x € A, y € f(A);
since x € B, y € f(B). Hence y € f(A) N f(B). v

Note: The reverse inclusion fails in general; equality holds if and only if f is injective.

Property 3: f(AUB) = f(A) U f(B).

Step 3 — (C). Let y € f(AUB). Then 3z € AU B with y = f(z). Either z € A (so
y€ f(A))orze B (soye f(B)). Thusy € f(A)U f(B).

Step 4 — (D). Let y € f(A)U f(B), say y € f(A). Then 3z € A C AU B with
flz)=vy,s0y € f(AUB). v

Solution — Exercise 2.6 — Preimages under a Bijective Function.

Let f: E — F be bijective and A, B C F.

Property 1: AC B= f~1(A) C f~4(B).
Step 1 — Let z € f~*(A). Then f(x) e AC B,sox € f~Y(B). v

Property 2: [~{(ANB) = f"1Y(A)nfYB).
Step 2 — (C). Let x € f7Y(ANB). Then f(z) € ANB, so f(z) € Agivesx € f~(A)
and f(z) € B gives x € f~1(B).

Step 3 — (D). Let x € f7Y(A) N fY(B). Then f(z) € A and f(x) € B, so
f(x) € AN B, hence z € f~1(AN B).

Note: This equality holds for any function (not just bijections).

Property 3: f'(AUB) = f1(A) U f(B).
Step 4 — (C). Let z € f'(AU B). Then f(z) € AUB. If f(z) € A, then
x € f~YA); if f(z) € B, then z € f~1(B).
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2.4. EXERCISES AND SOLUTIONS

Step 5 — (D). Let z € f~1(A)U f~1(B), say x € f}(A). Then f(z) e AC AUB,
sor € fTH(AUB). v

Solution — Exercise 2.7 — Bijectivity and Inverse of f.
2 x
Note: f(x) = —i:e = (2+ %) - ¥ = e 4 2¢”.
e x

Step 1 — Injectivity.
f'(z) = 2e** + 2e* = 2e%(e” + 1) > 0 for all z € R, so f is strictly increasing, hence
injective. v/

Step 2 — Surjectivity onto (0, +00).

As x — —o0: €2® — 0 and 2¢* — 0, so f(z) — 0.
As © — +oo: f(z) = +oo.

By continuity, f takes every value in (0, +00). v/

Step 3 — Computing f~!.
Set y = €2* 4+ 2e* > 0. Let u = €* > 0, so y = u? + 2u:

WH2u—y=0=u=

—2+4+4
. Yo STty —1.
Since u = e* > 0 we take the positive root: e* = /1 +y—1, hence z = In(y/1T +y—1).

f ) = 1n<\/1 +y— 1) . y>0.
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CHAPTER

Real Functions of One Real Variable

3.1 Basic Concepts of Functions

General Definitions
Definition 3.1 (Function).

A numerical function on a set D is any process that, for every element = of D,
associates at most one element of R, called the image of x and denoted f(x). The
elements of D that have an image under f form the domain of definition of f,
denoted Dy.

Example 3.1. The function f : z — y/x — 1 is defined for all x € R such that z —1 > 0.
Thus Dy = [1, +00].

Graph of a Function
Definition 3.2 (Graph).

The graph, or representative curve, of a function f defined on an interval D; C R is
the set

Cp={(z, f(x)) - w € Dy}

of points (z, f(z)) € R? in the plane with an orthonormal coordinate system (O, 7, ;).

—

Bounded Functions, Monotonic Functions
Definition 3.3 (Bounded Functions).

Let f: D — R be a function. We say that:

e f is bounded above on D if IM € R,Vx € D : f(z)

<
e f is bounded below on D if 3m € R,Vx € D : f(x) >

M.
m.
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3.1. BASIC CONCEPTS OF FUNCTIONS

e f is bounded on D if it is both bounded above and below, i.e., AM > 0,Vx € D :
|f(x)] < M.

Definition 3.4 (Monotonic Functions).

Let f: D — R be a function. We say that:

e fisincreasing on D if Vx,y € D,z >y = f(x) > f(y).

e f is strictly increasing on D if Vx,y € D,x >y = f(z) > f(y).

e fis decreasing on D if Vz,y € D,z >y = f(z) < f(y).

e [ is strictly decreasing on D if Vz,y € D,x >y = f(z) < f(y).

e f is monotonic (resp. strictly monotonic) on D if f is increasing or decreasing
(resp. strictly increasing or strictly decreasing) on D.

Example 3.2.

e The exponential function exp : R — R is strictly increasing.
e The absolute value function x +— |z| defined on R is not monotonic.

Even, Odd, Periodic Functions
Definition 3.5 (Even and Odd Functions).

Let I be an interval symmetric about 0 (i.e., if x € I, then —z € I). Let f: I — R be
a function. We say that:

o fisevenif Vx € I : f(—z) = f(z).
o fisoddifVz e I: f(—x)=—f(x).

Example 3.3.

e The function z + 2?" (n € N) defined on R is even.
e The function z — z*"*! (n € N) defined on R is odd.

Definition 3.6 (Periodic Function).

Let f: R — R be a function and T a positive real number. The function f is said to
be periodic with period T if

VeeR: f(z+T) = f(z).

Example 3.4. The functions sin and cos are 27-periodic. The tangent function is 7-
periodic.

Algebraic Operations on Functions

The set of functions from D C R to R is denoted F(D,R).
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3.2. LIMIT OF A FUNCTION

Definition 3.7 (Operations on Functions).

Let f,g € F(D,R) and A € R. We define:

e Sum of two functions: f+g:x— (f+9)(z) = f(x) + g(z).
e Scalar multiplication: For A € R, A\f : z — (A\f)(x) =
e Product of two functions: fg:z — (fg)(x) = f(x)g(x).

Remark.

The functions f + g, Af, and fg are all functions belonging to F(D,R).

Definition 3.8 (Order on Functions).

Let f,g € F(D,R). We say that:

e f<gifVxe D, f(x) <g(zx).
o f<gifVxe D, f(x) < g(z).

Example 3.5. Let f and g be two functions defined on |0, 1[ by f(z) = z, g(x) = z*. We
have g < f, because for all x €]0, 1], 22 < .

3.2 Limit of a Function

General Definitions

Let f: I — R be a function defined on an interval I of R. Let xy € R be a point in [ or
an endpoint of 1.

Definition 3.9 (Limit of a Function).
Let ¢ € R. We say that f has limit ¢ at zq if

Ve>0, 30>0, Veel, |z—zi<d=|f(x)—{<e.

In this case, we write lim f(z) = /.
T—rT0

Example 3.6. Consider the function f(z) = 2x — 1, defined on R. At z = 1, we have
lim,_,; f(x) = 1. Indeed, for any € > 0, we have |f(z) — 1| =2z — 1] < eif |z — 1] < ¢/2.
So we can choose § = £/2.
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3.2. LIMIT OF A FUNCTION

Uniqueness of the Limit
Proposition 3.1 (Uniqueness of the Limit).

If f has a limit at xg, this limit is unique.

Proof. If f has two limits ¢; and /5 at g, then for any € > 0,

3&>0Nm€Ln—xd<&:ﬂﬂ@—%ﬂ<g
3@>owxeLm—xd<@:4ﬂ@—wg<g

Let § = min(dy,02) > 0. Then for z with |x — x¢| < J, we have
6= bo| < |f(z) = li| + | f(z) — bo] < e

Since ¢ is arbitrary, taking € = |€12;€2| forces 0 = {s. O

Right-hand Limit, Left-hand Limit
Definition 3.10 (Right-hand Limit).

We say that f has right-hand limit ¢ at xo, or that f(x) tends to ¢ as x approaches xg
from the right, if for every ¢ > 0, there exists 6 > 0 such that zy < x < xg + 0 implies
|f(z) — €] <e. We denote this by:

lim, f(z) =¢.

Z‘—).Z’O

Definition 3.11 (Left-hand Limit).

We say that f has left-hand limit ¢ at z, or that f(z) tends to ¢ as x approaches x
from the left, if for every € > 0, there exists 6 > 0 such that o — § < z < x( implies
|f(z) — €] < e. We denote this by:

lim f(z)=~¢.

(E*)%O

Example 3.7. The function z € R* — /x tends to 0 as © — 0.

Remark.

If f has a left-hand limit ¢ and a right-hand limit ¢’ at zq, for f to have a limit at x,
it is necessary and sufficient that ¢ = /.

Example 3.8. Consider the function defined by

1, if x>0,

J(x) = {—1, it 7 < 0.

It has right-hand limit 1 at 0 and left-hand limit —1 at 0. But it has no limit at 0.

23=¢



3.2. LIMIT OF A FUNCTION

Limits at Infinity

We define by convention:
o lim f(x)=1/ifVe>0,3A > 0such that x > A= |f(z) — /] <e.

T—+00

o lim f(x)=1/ifVe>0,3A > 0such that < —A = |f(z) — (| <e.

T—r—00

Infinite Limits

Let zp € R. We define by convention:
e lim f(z)=+o0if VA > 0,36 > 0 such that |z — zo| < 6 = f(z) > A.

. igrgf;f(x) — o0 if YA > 0,35 > 0 such that [z — zo| < 6 = f(z) < —A.
If xg = +00 or xg = —o0, we define:

o IEIJPoof( x) =400 if VA > 0,3B > 0 such that > B = f(z) > A

e lim f(x)=-+o0if VA > 0,3B > 0 such that x < —B = f(z) >

. Er_{l: (2) = o0 if VA > 0,3B > 0 such that = > B = f(z) < —

. mgmoof(:c) = —o0 if VA > 0,3B > 0 such that < —B = f(z) < —A.

Theorems on Limits
Theorem 3.2 (Sequential Characterization of Limits).

Let f : [a,b] = R and xy €la,b]. The following two properties are equivalent:

(1) lim f(x) =

T—T0

(2) For every sequence (xy)nen C la, b with lilil Ty = X,
n—-+0o0

we have ngglrlmf(x") = /.

Example 3.9. The function f : z € R* — sin(1/z) has no limit at 0. Consider the

sequences

1 1
. and y,=———— meN.
(n+l)m ey "

Tp = )
2nm + 5
We have x,, — 0 and y,, — 0 as n — +o0, but

sin(1/x,) =sin((n + 1)7) =0, sin(1/y,) = sin <2n7r + g) = 1.

Thus the limits are different, so f has no limit at 0.

Operations on Limits
Theorem 3.3 (Limit Laws).

Let f,g:[a,b] — R and xy €a,b], with lim,_,,, f(x) = { and lim,_,,, g(x) = {'. Then:
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3.3. CONTINUITY OF A FUNCTION

T [£(x) + g@)] = €+ £.
o lim (Af(x)) = N, for any X € R.

T—T0

o lim f(x)g(x) = L0
)| = |
) —

T

* @l =1
" M - =
@,

Jzazm—wf”o-

T

Theorem 3.4 (Limit of a Composition).
Let f :[a,b] = [c,d], g : [c,d] = R, and xy €]a,b], yo € [c,d], such that

lim f(z) =y and lim g(y) = /.

T—T0 Y—Yo

Then lim, ., (go f)(x) = ¢.

Proposition 3.5 (Properties of Infinite Limits).
Let f,g:[a,b] = R and o €]a,b[. Then:

o Iflim, 4, f(z) = +00, then lim, .y, 775 = 0.

e Iflim, .., f(z) = —o0, then lim, ﬁ =0.

o If f <g, and lim,_,,, f(x) =, lim,_,,, g(x) =¥, then £ < (.
o If f <g andlim,,, f(x) =400, then lim,_,,, g(x) = 400.

Theorem 3.6 (Squeeze Theorem).
Let f,g,h: [a,b] = R and zq €|a, b, with:

e f(x) < g(z) < h(z) for all x €la,b],
o lim, ,,, f(x) = lim,_,, h(z) = ¢ € R.

Then lim,_,,, g(x) = €.

Remark (Indeterminate Forms).

Here is a list of indeterminate forms:

00
+o0o—00, Oxo0, —, =, 1%
00

3.3 Continuity of a Function

General Definitions

Q7



3.3. CONTINUITY OF A FUNCTION

Definition 3.12 (Continuity at a Point).

Let f: I — R be a function, where [ is an interval of R. f is said to be continuous
at xg € I if

lim f(x) = f(zo),

T—T0
i.e., if
Ve>0, 30>0, Veecl, |zv—ml<d=|f(x)— flzxo)l<e.

Example 3.10. Consider the real function f defined by

B xsin(%), if © £ 0,
ﬂ@_{a it = 0.

At g = 0, we have |f(x) — f(0)| = |zsin(1/z)| < |z|. For any € > 0, choose § = . Then
|z| < ¢ implies |f(xz) — f(0)] <e. Hence f is continuous at 0.

Definition 3.13 (Continuity on an Interval).

A function defined on an interval I is continuous on [ if it is continuous at every
point of I. The set of continuous functions on I is denoted C(I).

Left and Right Continuity
Definition 3.14 (Left and Right Continuity).

Let f: I — R be a function.

L. f is left continuous at o if lim,_, - f(x) = f(zo)-
2. f is right continuous at zo if lim_, + f(z) = f(zo).

Remark.

f is continuous at x if and only if f is both left continuous and right continuous at x:

f is continuous at xp < lim f(z) = lim f(z) = f(zo).

+ —
IE—XEO CE—).TO

Example 3.11. The function defined by

f@ﬁz{L if 2> 0,

-1, ifx <0,

is continuous on R*. At zy = 0, f is left continuous, but not right continuous because

lim, o+ f(z) =1# f(0) = —1.
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3.4. DIFFERENTIABLE FUNCTIONS

Continuity Extension
Definition 3.15 (Extension by Continuity).

Let I be an interval and zy € I. If f is not defined at xy but has a finite limit ¢ at z,
the function defined by

2oy fla) i w# @,
f(x)_{ﬁ if x = x9

is called the extension by continuity of f at z.

Example 3.12. The function f(x) = xsin(1/z) is defined and continuous on R*. Since
lim,_,o f(x) = 0, the extension by continuity at 0 is

~ zsin(l/x) ifz #0,
0 itz =0.

Operations on Continuous Functions

Theorem 3.7 (Algebra of Continuous Functions).

Let I be an interval, and f and g functions defined on I and continuous at xo € I.
Then:

1. \f 1is continuous at xq, for X € R.
2. f+ g is continuous at xg.

3. fg 1s continuous at xg.

4. § is continuous at xq if g(xo) # 0.

Continuity of Composite Functions

Theorem 3.8 (Continuity of Composite Functions).

Let f : I — J and g : J — R be functions, where I and J are intervals of R. If f
is continuous at xy € I and g is continuous at yo = f(xo) € J, then the composite
function go f : I — R is continuous at xg.

3.4 Differentiable Functions

Definition and Properties
Definition 3.16 (Derivative).

Let I be an open interval of R, g € I, and f : I — R a function. f is said to be
differentiable at x( if the limit

o @) = flw)

T—rT(Q Tr — xo
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3.4. DIFFERENTIABLE FUNCTIONS

I exists and is finite. This limit is called the derivative of f at z( and is denoted f'(zo).

Remark.

Setting x = xy + h, we have

f/($0> = lim

h—0

f(wo +h) — f(x0)
- :

We can also write

F(zo + h) = f(ao) + hf'(xo) + he(h), lime(h) = 0.

1
h—0
Example 3.13. Let f be the real function defined on R by f(x) = z2. The derivative of

fatxgeRis

f(xo+h) — f(xo) (w0 + h)?* — a3

! _ . . .
L L
. h2 + 25(70}7, .
ST it =2

Definition 3.17 (Derivative Function).

The function that assigns to every z in [ the derivative f’(x) is called the derivative

. . df
function of f and is denoted f’ or 7-.

Proposition 3.9 (Differentiability Implies Continuity).

Every function differentiable at a point is continuous at that point.

Proof. 1If f is differentiable at x(, then for h sufficiently small,

f(xo+h) = f(xg) + hf (o) + he(h), lime(h) = 0.

h—0

Hence limy,_,o f(xo + h) = f(z0). O

Higher Order Derivatives
Definition 3.18 (Higher Order Derivatives).

The derivative f’ of f : I — R is a function on [. If f’ is itself differentiable, its
derivative, denoted f” = (f’)’, is called the second derivative of f. This notion can
be generalized to order n. The n-th order derivative of f is defined by

FP(@) = (") (@).
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3.4. DIFFERENTIABLE FUNCTIONS

Example 3.14. Let f(z) = sinz defined on R. The first and second derivatives are

f'(z) = cosz = sin (3: + g) , f"(xr) = —sinz = sin <£L’ + Qg) )

By induction, the n-th derivative is

sin™ (z) = sin (m + n%) :

Class C" Functions
Definition 3.19 (C" Functions).

Let n € N*. A function defined on an interval I is said to be of class C”, or n times
continuously differentiable, if it is n times differentiable and f™ is continuous on I.
We denote C™(I) the set of functions of class C™.

Definition 3.20 (C° and C* Functions).

A function is said to be of class C° if it is continuous on I, and of class C*° if it is
infinitely differentiable on I (i.e., f™ exists for all n).

Example 3.15. The function z — |z| defined on R is of class C°(R), but not of class
C1(R), because it is not differentiable at the origin.

Left and Right Derivatives
Definition 3.21 (Left and Right Derivatives).

f is said to be right differentiable at x if the limit
o 1) = Iw)

x—)war T — o

exists and is finite. Similarly, f is left differentiable at x; if the corresponding left-
hand limit exists and is finite. We denote:

f,;(fo) = lim M, f;(xo) = lim M

x%mg T — Xy T—Ty T — Xy

Remark.

The derivative of f at x exists if and only if both fj(xo) and f} (7o) exist and are equal:

[ is differentiable at 2o < fj(x0) = f;(20) = f'(x0).
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3.4. DIFFERENTIABLE FUNCTIONS

Definition 3.22 (Angular Point).

If the left and right derivatives exist but are different, there exist two half-tangents to
the curve C} at the point (zg, f(zo)), called an angular point.

Example 3.16. Consider the function f(x) = |22 — x|, defined on R. Tt has two angular
points: (0,0) and (1,0).

e At (0,0):
g = Jip HO=F = - =1
o At (1,0):
poty = i FO = i () = 1,
g = i B = =1

At the origin, there are two half-tangents: y = x and y = —x. At (1,0), the half-tangents
arey=x—land y=—x+ 1.

Differentiation Rules
Theorem 3.10 (Differentiation Rules).

Let f and g be two functions defined on an interval I C R, differentiable at xq € I.
Then:

1. Ya € R, af is differentiable at xo and (af) (zo) = af'(xo).
2. [+ g is differentiable at xo and (f + g)'(z0) = f'(z0) + ¢'(z0).

3. fg is differentiable at xo and (fg) (xo) = f'(x0)g(z0) + f(x0)g' (x0) (Product Rule).
4. If g(xo) # 0, then g is differentiable at xg and

([)/ (20) = f'(20)9(20) — f(20)g'(x0)
g

9*(20)

! /
In particular, <£—1]> (z0) = —4 (ac(()))'

Derivative of Composite Functions
Theorem 3.11 (Chain Rule).

Let I and J be intervals of R, f: I — J and g : J — R. If f is differentiable at xq € 1
and g is differentiable at f(xo) € J, then go f: I — R is differentiable at xo and

(go f)/(l'o) = f/(l'o) gl(f(i’fo))-
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3.4. DIFFERENTIABLE FUNCTIONS

Derivative of Inverse Functions
Theorem 3.12 (Derivative of an Inverse Function).

Let J be an interval of R and f : I — J a continuous bijection. The inverse function
[t J — I is also continuous on J. If f is differentiable at xy € I and f'(z¢) # 0,
then f=% is differentiable at yo = f(xo) and

Rolle’s Theorem
Theorem 3.13 (Rolle’s Theorem).

Let f : [a,b] — R be a function continuous on |a,b] and differentiable on la,b|, with
f(a) = f(b). Then there exists ¢ €]a,b] such that f'(c) = 0.

Mean Value Theorem
Theorem 3.14 (Mean Value Theorem).

Let f : [a,b] — R be a function continuous on [a,b] and differentiable on ]a,b[. Then
there exists ¢ €]a,b] such that

Proof. Define
o) = f(@) = fla) - T (o~ a),

¢ is continuous on [a, b], differentiable on Ja, b], and ¢(a) = ¢(b) = 0. By Rolle’s theorem,
there exists ¢ €]a, b such that ¢/(c) =0, i.e.,

p&) - O=T o 5) — fla) = £ 0 - a).
U

Example 3.17. Show that 1+ < 14 5 for # > 0. Let f(t) = V14t Then

f(t) = 2\/1? and f(0) = 1. For x > 0, applying the Mean Value Theorem on [0, |, there

exists ¢ €]0, [ such that

fle)=fo) ., . 1
z—0 7f<c)72 c+

Thus f(z) —1< 4, ie, vV1+2 <1+ 7. For x> 0, the inequality is strict.

<

[a—
N | —

Corollary 3.15 (Monotonicity and Derivative).

Let f :]a,b[— R be differentiable on |a,b]. Then:

1. f'(x) =0 for all x €]a,b[ if and only if f is constant on a,b|.
2. If f'(x) > 0 (resp. f'(x) > 0) for all © €]a,b], then f is increasing (resp. strictly
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3.4. DIFFERENTIABLE FUNCTIONS

increasing) on la, b|.
3. 1If f'(x) <0 (resp. f'(x) <0) for all x €]a,b], then f is decreasing (resp. strictly
decreasing) on |a, b].

Generalized Mean Value Theorem (Cauchy’s Theorem)
Theorem 3.16 (Cauchy’s Mean Value Theorem).

Let f and g be two functions continuous on [a,b] and differentiable on |a,b| such that
g'(z) # 0 on this interval and g(a) # g(b). Then there exists ¢ €]a,b| such that

f(b) = fla) _ f'(c)

g9(b) —g(a)  g'(c)

Proof. Define

¢ is continuous on [a, b], differentiable on ]a, b[, and ¢(a) = ¢(b) = 0. By Rolle’s theorem,
there exists ¢ €]a, b] such that ¢'(c) =0, i.e.,

[f () = f(a)]g'(c) — [9(b) — g(a)]f'(c) =0 = : -

L’Hoépital’s Rule
Theorem 3.17 (L’Hoépital’s Rule (0/0 case)).

Let f and g be two differentiable functions on ]a,b[, both tending to 0 as x — a*.

Assume ¢'(x) # 0 in a neighborhood of a and that lim, .+ ]gc:((g = /(. Then

lim @: lim M:K

r—a™t g(l’) r—a™t g/ (ZE)

This result holds whether € is finite, +00, or —oo.

Remark.

The theorem also holds when f and g tend to 0 as x — b™.

Theorem 3.18 (L’Hépital’s Rule (Guillaume de ’Hopital)).
Let f and g be differentiable functions on |a,b[. Assume ¢'(x) # 0 on |a,b] and that
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3.5. EQUIVALENT FUNCTIONS

s

@) — ¢ at 2 €]a,b]. Then

hmx—)xo g ($)

) @) )
) = glwo) A )

Proof. Apply Cauchy’s Mean Value Theorem to the interval [zg, x]:

. !
f(x) = f(z0) — f/(Cx)’ with ¢, €]xg, x].
g(m) — g({ljo) g (Cx)
As ¥ — w, ¢ — To, S0 ?]c:gzg - L -

In (22 1)—In3
Example 3.18. Consider ¢(z) = n(z”+etl)-ln

nx
z+1) and g(x) =Inz. Then f(1) =1In3, g(1) =0, and

for z €10,2[. Let f(z) =In(z* +

20+ 1

! —
f<x)_x2—|—x—|—1’

g'(x) = i

Since f(z) — f(1) =In(2> + 2+ 1) —In3 — 0 and g(z) —g(1) =lnz — 0 as x — 1, we

have a 2 form and Theorem 3.18 applies:

fa) = fO) o ) 20l 3

= —-1=1
3

li = .
P g(r) —g(l) e g)  evia? ol

3.5 Equivalent Functions

Definition 3.23 (Equivalent Functions).

Let f and g be two functions defined near xy € R, except possibly at xy. f is said to
be equivalent to g as © — xo (or near xg), denoted f ~ g, if

i 1) _

Example 3.19. Let P be a polynomial of degree n written as
P(z) = apx™ + ap_12™ " + - 4+ ayz + ag.
Then P(x) ~ a,z™ as x — +oo. Indeed,

P .
lim 29 _ gy (1+“” L ):1,

T—=+00 Ay L™ T—+00 anT anp,x"
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3.6. EXERCISES AND SOLUTIONS

Proposition 3.19 (Properties of Equivalence).

Let f1, g1, f2, g2 be functions from I to R.

1. If fi ~ g1 and fa ~ ga, then f1fo ~ gi1g2 and % ~
2. If f1 ~ g1 and lim,_,,, f1(x) = £, then lim,_,,, g1(x) = L.

9

Classical Equivalences Near 0

e’ —1~zx, sinx ~ x, tanz ~ x,
72
1—cosx~3, In(l+2z)~z, 1+x)*—-1~ az.

3.6 Exercises and Solutions

Exercise 3.1.
Define the following definition set of functions:

In(z+1)
Inz

2.9(x) = /In(z + 2)

r—1
3.h(zx) = 73]

Va2 —3x+2

2 —4

Lf(a) =

4.k(z) =

Exercise 3.2.

Calculate the limits if they exist:

I ve+1-—1
im -———
=0 /1 +x—1

x—0 €T

limInzIn(1 — )
z—0
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Exercise 3.3.

Study the continuity of the following functions:

In(e* +x), >0

o) = {

x+ 2, z <0
22+, <0
g(x) =< sinz, O<z<m
1+cosx, z>7
Vr—1-1
h(z) = > T <H
T+ 2, r>5H

Exercise 3.4.

We define the following function: f(x) = %

1. Determine the definition set of the function f .

2. Calculate the limit of f at o = —1 . Is f continuous there?
3. Does f accept extension by continuity at g = —2 7

Using the derived number definition, calculate the following limits:

e3T+2 _ o2

1. hmxg)o z

2. lim,_,o @=L
3. lim,_,; 2222

. exp(cosz)—1

Exercise 3.6.

Do the following functions accept differentiation?

Exercise 3.7.

ar+b ,x<0
Let a,b € R and f(x):{ T
14%3: , x>0

‘ Exercise 3.5.

A7

e 1 x>0
— ex+17

ro={ T 120
el/®, <0

g(x) =< 0, r=0
rlne —z, x>0
Vz2+2—V/2

h(z) = - , r#0
0, x=0



3.6. EXERCISES AND SOLUTIONS

1. Give a condition for b such that f is continuous on R.
2. Find a and b such that f is differentiable on R . Find f’(0)

Solution — Exercise 3.1 — Domains of Definition.
| 1
Function 1: f(z) = In(z+1)
Inx

Step 1 — Numerator: In(z 4 1) requires z + 1> 0=z > —1.
Step 2 — Denominator: Inz requires x > 0 and Inz # 0 = = # 1.
Step 3 — Intersection: z > 0 and = # 1:

D; = (0,1) U (1, +00)

Function 2: g(z) = y/In(z + 2)
Step 4 — Inner logarithm requires x +2 > 0= x > —2.
Step 5 — Square root requires In(z +2) > 0=z +2> 1=z > —1.

Dg = [_17 —|—OO)

v
o3

Step 6 — Numerator: z —1>0= 2 > 1.
Step 7 — Denominator: |z — 3| # 0= z # 3.

Function 3: h(x)

Dy, = [1,3) U (3, +00)

Va? =3z +2

x?2 —4
Step 8 — Numerator: 2> =3z +2=(z—1)(z —2) > 0=z <lorz > 2.
Step 9 — Denominator: 22 — 4 # 0 = x # +2.

Step 10 — At x = —2: numerator =446+ 2 = 12 > 0, denominator = 0 — exclude.
At x = 2: both numerator and denominator equal 0 — undefined.

Function 4: k(x) =

Dy = (=00, —2) U (—=2,1] U (2, 4+00)

Solution — Exercise 3.2 — Limits.

2

2
Limit (1): lim v+ 2]
z—0

AR



3.6. EXERCISES AND SOLUTIONS

2
2 e
Step 1 — Right limit. For o > 0: © =% — 5 42 220, o
xXr
12 — 2 z—0"

Step 2 — Left limit. For x < 0: =xr—2— -2

x
Conclusion. Left and right limits differ. The limit does not exist.

24
Limit (2): lim ——
=2 12 — 3z + 2

Step 3 — Factor.

=4 (z-2)(x+2) x+42 gHgé_l_

2 —-3x+2 (z—-2(x—-1) z-1 T
vV 1-1
Limit (3): lim Yo' =~
e=0 /1 +x—1

Step 4 — Use standard equivalences near = = 0.

\/x—t—l—lz(l—l—x)l/Q—lNgand \3/1—1—37—1:(14—1;)1/3—1/\/%.
z/2 |3

Step 5 — Thus the limit equals x_/3 =3t

2 _
Limit (4): :cgrfoo ; — 2

Step 6 — Divide by z*.

> =3  1/2*=3/x" i 0 _[0]
-2 1-2/z! 1
I—vI—2?
Limit (5): lim Vot vi-e
z—0 X
Step 7 — Rationalize.
(x4+1)—(1—2?) x + 2?

Ve+1l-—vV1—a?= = :
Ve+1+vV1—-22 Vo+1+V1—22

Step 8 — Dividing by «:

z(1+ x) eo0, 1 1

c(WVrrl+vl—a?)  1+1 2]

Limit (6): lim Inz-In(1 — x)

z—0t
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3.6. EXERCISES AND SOLUTIONS

Step 9 — Asz — 0": In(1 — z) ~ —x, so:

Inz-In(l—2)~—xnz.

Step 10 — Standard limit: lim xlnx = 0. Therefore the limit equals @

r—0t

Solution — Exercise 3.3 — Continuity of Piecewise Functions.

Function f.
Step 1 — Atz =0: f(0)=0+2=2and lim In(e? + z) = In(e?) = 2. The limits
z—0

match f(0). Both pieces are continuous on their respective domains. So f is continuous
on R.

Function g.
Step 2 — At 2 =0: g(0) =0 and lim sinz = 0. Continuous at 0.

z—0t

Step 3 — Atz =7 lim sinz =0, g(7) = sinm = 0, and lim+(1—|—cos r)=14+(-1) =
T =T
0. All values agree. So g is continuous on R.

Function h.
Step 4 — At x = 5: h(5) = 7. Compute the left limit:
o Vr—1-1 V4-1 1
lim = == —00 #£ 7.

r—5~ r—2>5 0~

So h is discontinuous at x = 5.

341
Solution — Exercise 3.4 — Analysis of f(z) = L
2+ 3z +2

Part 1 — Domain.

Step 1 — Denominator: (z+ 1)(z +2)=0=2z=—1orx = —2.

Dy =R\ {-1,-2}

Part 2 — Limit at o = —1.
Step 2 — Factor. 2+ 1= (x + 1)(2? — x + 1), so for x # —1:

(x4+1)(@*—2z+1) 2*—z+1

J(w) = (x+1)(z+2) z+2
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3.6. EXERCISES AND SOLUTIONS

Step 3 — Compute the limit at ro = —1.

1+1+1
].. = - =
Jm f@) = =5

Since f(—1) is undefined, f has a removable discontinuity at —1; it can be extended
by setting f(—1) = 3.

Part 3 — Behaviour at xy = —2.
Step 4 — Numerator at —2: (—8 + 1) = —7 # 0; denominator = 0.
Step 5 — One-sided limits.

e © — —2": denominator — 07, numerator — —7 < 0, so f(z) — +oc.
e © — —27: denominator — 0%, numerator — —7 < 0, so f(x) — —o0.

The limit is £00: no continuous extension exists at z = —2.

Solution — Exercise 3.5 — Limits via the Derivative Definition.

f(@) — f(20)

Recall: lim = f'(zo).
T—rxT0 xr — ,Z‘O
3z+2 __ 62
Limit 1: lim
z—0 x
3r 1

Step 1 — Write as €2 - - . Let f(x) =€, f(0) =1, f'(z) = 3e3*, f'(0) = 3.

Limit = ¢? - 3 = | 3¢2]

1
Limit 2: lim 0 — ~
x—0 x

cosx — cos0

Step 2 — This equals . Let f(z) =cosz, f'(0) = —sin0 = 0.

xz—0
Limit = [0].
In(2 —
Limit 3: lim 22— %)
r—1 xr — 1
In(2—x)—1In1 —1
Step 3 — Write as al x)l B2 Let flz) =In(2—2x), f(1) =0, f'(z) = 5 ,
xr — —x
F1) = 1.
Limit = | —1].
L ' cosz _ 1
Limit 4: lim

z—7/2 .CE—7I'/2
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3.6. EXERCISES AND SOLUTIONS

cosT __ 60

Step 4 — Write as ———
P o xr—m/2

f(m/2) = —1.

. Let f(x) = %, f(n/2) =1, f'(z) = —sinx - 7,
Limit = | —1].

Solution — Exercise 3.6 — Differentiability of Piecewise Functions.
e —1

Function 1: f(z) = e*+ 1’
l—e™™ <0

Step 1 — Continuity at 9 Lo
. e” —

Step 2 — Left derivative. (1 —e™®) =e¢* so f (0) = 1.

x>0

= 0. Continuous. v

T -1\ 2¢” 2 1
Step 3 — Right derivative. (zz I 1) = ﬁ, SO f_/f_(O) = 4_1 = 5

1
Conclusion. f'(0) =1# 5= f1.(0): f is not differentiable at 0.

et/ <0
Function 2: g(z) =} 0, r=0
rlnz—z, x>0

Step 4 — Continuity at 0.

lim e'/* = 0 (since 1/z — —o0); lim+(x Inz — x) = 0 (standard); g(0) = 0. Continu-
z—0~ z—0
ous. v’

Step 5 — Right derivative.

h hlnh — h
tim 9 gy PR k- 1) = —o.

h—0t h h—0t h h—0t

Conclusion. g is not differentiable at 0.

Vit +2—+/2 0
Function 3: h(x) = T , o7

0, z=0
Step 6 — Continuity at 0.

V2P +2-V2 a? : x
lim = lim = lim =0="n(0). vV
=0 T w0 £(\/22 +24+1/2) 220 /22 424 /2

Step 7 — Derivative at 0.

h(z) —h(0) Va24+2-+2 1 0 1
T N 2 B V2 +2++/2 22
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3.6. EXERCISES AND SOLUTIONS

1
=37

Conclusion. h is differentiable at 0 with A/(0)

Solution — Exercise 3.7 — Finding a and b for Differentiability.

ar+b, <0

Let f(z) = 1 :
, x>0
1+
Part 1 — Condition on b for continuity.
1
Step 1 — At x =0: f(0) =0 and gglir(lgl+ 52— 1. For continuity:
b=1|

Part 2 — Condition on a for differentiability.
Step 2 — Left derivative (with b = 1):

I ARl () N (T ) el
h—0~ h h—0~ h
Step 3 — Right derivative:
_fh)—fO) ol —h
lim 1Y I8 g = lim — = 1.
hoot h oot h hoot I(1 + h)

Step 4 — For differentiability, left and right derivatives must match: a = —1.

a=-1, b=1, f(0)=—L.
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CHAPTER

Applications to Elementary Functions

4.1 Logarithm, Exponential, and Power Functions

Logarithm Function
Definition 4.1 (Natural Logarithm).

The natural logarithm is the unique primitive that vanishes at 1 of the function
T — % defined on RY:

In:R} =R, z—=Inzr= @
1t
Y
1,,
x
1
_9l

Remark.

The function x + Inzx is continuous, strictly increasing, and defines a bijection from
R* to R.
+

54




4.1. LOGARITHM, EXPONENTIAL, AND POWER FUNCTIONS

Theorem 4.1 (Properties of Logarithms).

Fora,b>0 and a € R:

Product: In(ab) =Ina + Inb
Inverse: In (%) = —Ina
Quotient: In (%) =1Ina—1Inb
Power: In(a®) = alna
Square root: In(\/a) = 3Ina
Ina=Inb <= a=0»
Ina>Inb < a>5b
Ina<lnb < a<b

Inha<0 < 0<a<landlna >0 < a>1

Theorem 4.2 (Special Limits).

. , . Inxz
lim Inx = 400, lim Inzx = —o0, lim — =0,
T—+00 z—0t r—+oo T

lim xzlnx =0, lim M
z—0+ z—0 €T

=1.

Exponential Function
Definition 4.2 (Exponential Function).

The inverse function of In : R} — R is called the exponential function, denoted
exp: R =R} ore”: R — RI.

Remark.

The function exp : R — R? is continuous, strictly increasing, differentiable on R, and

(expx) =expx, forall xeR.
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4.1. LOGARITHM, EXPONENTIAL, AND POWER FUNCTIONS

Theorem 4.3 (Properties of Exponentials).

Fora,b e R andn € R:

b +b

e Product: e x ¢’ = e
e Inverse: eia =e°
e Quotient: Z—Z = e’
e Power: (e*)" = ¢
o In(e*) =a

o M =g >0
ec?’=b < a=1Inb

o CLb — eblna

b

Theorem 4.4 (Equations and Inequalities with Exponentials).

e c®>b>0 «= a>Inb
e " <b << a<Inb, withd>0

Theorem 4.5 (Special Limits).

6:17

lim e* = 400, lim e* =0, lim — = o0,
T—r+00 T——00 T—+00 I
. .oet—1
lim ze® =0, lim =1
T——00 z—0 x

Power Function
Definition 4.3 (Power Function).

The power function =™ with real exponent m is defined for x > 0 by

m mlnzx

y=a"=e

Example 4.1. Graphs of power functions for several values of m:

56



4.2. TRIGONOMETRIC FUNCTIONS AND THEIR INVERSES

Theorem 4.6 (Variation of z™).

If m > 0, ™ is strictly increasing; if m < 0, it is strictly decreasing.

4.2 Trigonometric Functions and Their Inverses

Basic Trigonometric Functions
Definition 4.4 (Sine and Cosine).

For an angle 6 (in radians) measured counterclockwise from the positive z-axis to the
terminal side, if (z,y) is the point on the unit circle corresponding to 6, then:

cos) =z, sinf =y

y=4Sinf -----

Figure 4.1: Definition of sine and cosine on the unit circle

r |0 § |5 15|57
sinxz | 0 % \/75 \/Tg 1 0
cosx | 1 \/Tg \/75 % 0| —1

Table 4.1: Values of sine and cosine

y —sinx
RN 1-+< ---cosT
N ,’ N v
\\ ,', \\ ”
‘\ ’ \\ /,
. : \ / Vi
N \
Lo L N T
2\ , N 2
\\ / N ,’
AN . Mo -,
~_ - _1 ~_ -

R7



4.2. TRIGONOMETRIC FUNCTIONS AND THEIR INVERSES

Theorem 4.7 (Fundamental Properties).
The sine and cosine functions satisfy the following properties for all x € R:
cos’z +sin’x = 1
cos’ T = %(1 + cos 2x)
sin®z = %(1 — cos 2x)

cos 2z = cos’x — sin?

sin2x = 2cosxsinx

Theorem 4.8 (Addition Formulas).

For all x,y € R:
cos(x +y) = cosxcosy — sinzxsiny

)
)
)
)

sin(x — y) = sinx cosy — cosx siny

cos(x —y) = cosxcosy + sinxsiny

(
sin(x 4+ y) = sinx cosy + cos rsiny

Theorem 4.9 (Product-to-Sum Formulas).

1
COST COSY = é[cos(x +y) + cos(z — y)]
sinxsiny = E[cos(x —y) — cos(x + y)]
1
sinx cosy = E[sin(x +y) + sin(z — y)]

cosxsiny = §[Sin(x +y) —sin(x — y)]

Theorem 4.10 (Sum-to-Product Formulas).

. . T+Y\ . [(T—Y
sinx —siny = 2cos | ——— | sin
2 2
Tty . [T—y
cosx —cosy = —2sin [ ——— | sin
2 2
+y (:E—y)
cos | ——
2

x
cos T + cosy = 2cos (T)
sinz + siny = 2sin (%) cos (.2: _ y)

2

R



4.2. TRIGONOMETRIC FUNCTIONS AND THEIR INVERSES

Definition 4.5 (Tangent and Cotangent).
The tangent function tan (or tg) is defined by:

, forallz e R\ A,

where A = {7 +kr: k€ Z}.
The cotangent function cot is defined by:

cotr = Césx, for all z € R\ B,

ST

where B = {kn : k € Z}.

Theorem 4.11 (Properties of Tangent and Cotangent).

o Forallz e R\ (AUB), cotz-tanx = 1.
e Both functions are periodic with period m. We can restrict their study to intervals of
length 7, e.g., | — 5, 5[ for tangent and |0, [ for cotangent.
e Tangent and cotangent are continuous and differentiable on their domains, with:
1

1
tan'(r) = —5— = 1 +tan’z, cot'(z) = ———— = —(1 + cot®z).
cos? x

sin”“ x

Inverse Circular Functions
Arcsin Function

The sine function has a strictly positive derivative on | — 7, [, hence it is a bijection from

[—%,5] to [=1,1]. The inverse bijection is called the arcsine function and is denoted

arcsin:
T

arcsin : [—1,1] — [—5, 5] , x> arcsinz.
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4.2. TRIGONOMETRIC FUNCTIONS AND THEIR INVERSES

05T Ay
y=arcsin(x) y=x

y=sin(x)

&

r

P

Lo

[
A ¥

—0.5m+

Figure 4.2: Graph of y = arcsin(x) and its relation to y = sin(z) (reflected about y = z).

Theorem 4.12 (Properties of Arcsin).

1. Vz € [-1,1], sin(arcsinz) = x.

2. Vx € [—% 7], arcsin(sinz) = .

8. Vo e[-3,3], sine =y <= r=arcsiny.
4. Vx € [—1,1], cos(arcsinz) = /1 — 22.

5. arcsin is dzﬁerentzable on | —1,1[, and

1
V1—a2?

(arcsinz)’ =

Arccos Function

The cosine function has a strictly negative derivative on |0, 7[, hence it is a bijection from
[0,7] to [—1,1]. The inverse bijection is called the arccosine function and is denoted
arccos:

arccos : [—1,1] — [0,7], x> arccosx.
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4.2. TRIGONOMETRIC FUNCTIONS AND THEIR INVERSES

1
y=x
y=arccos(x)
05w
X
-0.5m D.:’\n
y=cos(x)
—05mT

Figure 4.3: Graph of y = arccos(x) and its relation to y = cos(z) (reflected about y = x).

Theorem 4.13 (Properties of Arccos).

Vo € [—1,1], sin(arccosz) = /1 — 2.

arccos is differentiable on | —1,1[, and

1. Yz € [-1,1], cos(arccosz) = x.

2. Yx € [0, 7|, arccos(cosx) = x.

3. Vr €[0,7|, cosx =y <= z = arccosy.
4

d.

1
V1—22

(arccosx) = —

Arctan Function

The tangent function has a strictly positive derivative on | — 7, 7[, hence it is a bijection
from | — 7, 7[ to R. The inverse bijection is called the arctangent function and is denoted

arctan:
T
arctan : R — ] —5 E[’ T +— arctan .
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4.2. TRIGONOMETRIC FUNCTIONS AND THEIR INVERSES

y=tan(x) Y=
D5+
.-""-——'—-_
y=arctan(x)
X
0.5 0.5
03T+

Figure 4.4: Graph of y = arctan(z) and its relation to y = tan(x) (reflected about y = x).

Theorem 4.14 (Properties of Arctan).

1. Yz € R, tan(arctanz) = x.
2. Vr €] — 7,7, arctan(tanz) = x.
3. arctan s differentiable on R, and

1
1+ 22

(arctan )’ =

Arccot Function

The cotangent function has a strictly negative derivative on |0, 7[, hence it is a bijection
from ]0, [ to R. The inverse bijection is called the arccotangent function and is denoted
arccot:

arccot : R — |0, [, x ~— arccot .
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4.3. HYPERBOLIC FUNCTIONS AND THEIR INVERSES

le
y=cot(x)

Ittt

N

y=arccot(x)
X

in

Figure 4.5: Graph of y = arccot(x) and its relation to y = cot(z) (reflected about y = x).

Theorem 4.15 (Properties of Arccot).

1. Vx € R, cot(arccotz) = x.
2. Vx €]0, ], arccot(cotz) = .
3. arccot is differentiable on R, and

1
1+ 22

(arccotx) = —

4. For all x € R: arctan x + arccotx = g

4.3 Hyperbolic Functions and Their Inverses

Hyperbolic Functions
Definition 4.6 (Hyperbolic Functions).

For x € R, we define:

T —x r __ ,—x inh 2x_1
coshz = & te , sinhz = & , tanhz = o2 _ € ,
2 coshz e?* 41
1 h 2z 4
cothz = B (x #0).

tanhx  sinhz  e2r —1’

These are called, respectively, hyperbolic cosine, hyperbolic sine, hyperbolic tangent,
and hyperbolic cotangent.

Theorem 4.16 (Properties of Hyperbolic Functions).

1. cosh s even; sinh, tanh, and coth are odd.
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4.3. HYPERBOLIC FUNCTIONS AND THEIR INVERSES

. For all x € R:
coshx +sinhx = e*, coshx —sinhz =¢e™7,
1
cosh?z — sinh?z = 1, 1 —tanh®z = 5 coth?z — 1 = — 5
cosh” x sinh” x
. For all x,y e R:
cosh(z + y) = cosh z cosh y + sinh z sinh ¥,
sinh(z + y) = sinh x cosh y + cosh x sinh y,
tanh x 4 tanh y
tanh = .
anh(z +y) 1 + tanh z tanh y
. cosh, sinh, tanh are infinitely differentiable on R:
1
(coshx) =sinhx, (sinhz) =coshz, (tanhz) = -— =1—tanh’z.
cosh” z

. coth is infinitely differentiable on R*:
1

sinh?

(cothz) = —
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4.3. HYPERBOLIC FUNCTIONS AND THEIR INVERSES

f(x) = sinh(zx)

f(x) =|cosh(z) ',‘/

eT — e el +e %
(a) y = sinh(x) = — shown via graph-  (b) y = cosh(z) = — shown via graph-
ical addition of %e‘” and —%e*z. ical addition of %ex and %e*x.

f(x) = coth(x)

f(z) = tanh(z) s y=1

y=-
y=-1

(c) y = tanh(x), with horizontal asymptotes  (d) y = coth(x), with vertical asymptote x = 0
y = +1. and horizontal asymptotes y = £1.

Figure 4.6: Graphs of the four basic hyperbolic functions.

Argsh Function

The hyperbolic sine function has a strictly positive derivative on R, hence it is a bijection
from R onto R. The inverse function is called the argument of hyperbolic sine and is
denoted Argsh:

Argsh: R — R, z+ Argshzx.
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4.3. HYPERBOLIC FUNCTIONS AND THEIR INVERSES

Theorem 4.17 (Properties of Argsh).

1. Yz € R, sinh(Argshz) = 2 and Argsh(sinhx) = x.

2. Vx € R, Argshx =In (\/m2 +1 +x).

3. Argsh s continuous and differentiable on R, with
1

Argshz) = ———.
(Argshe) 2?2 +1

y = sinh™Y(x)

Figure 4.7: Graph of y = sinh () = Argsh(x), defined for all z € R.

Argch Function

The hyperbolic cosine function has a strictly positive derivative on R, hence it is a bijec-
tion from R onto [1, +o0o[. The inverse function is called the argument of hyperbolic
cosine and is denoted Argch:

Argch : [1,400[— [0, +00[, x+— Argchz.
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4.3. HYPERBOLIC FUNCTIONS AND THEIR INVERSES

Theorem 4.18 (Properties of Argch).

1. Yz € [1,+0o0[, cosh(Argchz) = x.

2. Vx € [0,400[, Argch(coshz) = z.

3. Vx € [1,+o0[, Argchz = In (\/952 -1+ a:)

4. Argch is continuous on [1,+oo[ and differentiable on |1, +oo[, with

(Argchx) =

2—1

Figure 4.8: Graph of y = cosh™'(x) = Argch(z), defined for > 1, with starting point
(1,0).

Argth Function

The hyperbolic tangent function has a strictly positive derivative on R, hence it is a
bijection from R onto |—1, 1[. The inverse function is called the argument of hyperbolic
tangent and is denoted Argth:

Argth ;] — 1,1[—» R, =+ Argthz.

Figure 4.9: Graph of y = tanh™'(z) = Argth(z), defined on ] — 1,1[, with vertical
asymptotes r = £1.
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4.4. EXERCISES AND SOLUTIONS

Theorem 4.19 (Properties of Argth).

1. Vx €] — 1,1], tanh(Argthx) = z.

2. Vz € R, Argth(tanhz) = x.

3. Vo €] — 1,1, Argthz = $1n (1£).

4. Argth is continuous and differentiable on | — 1, 1], with

(Argthz)" =

1 =22

Argcoth Function

The hyperbolic cotangent function has a strictly positive derivative on R*, hence it is a
bijection from R* onto | — 0o, —1[U]1, +00[. The inverse function is called the argument
of hyperbolic cotangent and is denoted Argcoth:

Argcoth :] — oo, —1[U]1, +o0[— R*, x> Argcothzx.

Theorem 4.20 (Properties of Argcoth).

1. Yz € R*, coth(Argcothx) = z.

2. Vx €] — oo, —1[U]1, +00], Argcoth(cothz) = x.

3. Va €] — 0o, —1[U]1, +oo[, Argcothz = §1In (£4).

4. Argcoth is continuous and differentiable on its domain, with

(Argcothx) =

x?2—1

Figure 4.10: Graph of y = coth™!(x) = Argcoth(z), defined on | — oo, —1[U]1, +-00[, with
vertical asymptotes x = £1 and horizontal asymptote y = 0.

4.4 Exercises and Solutions
I Exercise 4.1.
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4.4. EXERCISES AND SOLUTIONS

I. Let f and g be two functions defined by:

f(z) = 2arcsin(1 — x) — 5arccos <%) :

2
g(x) = arctan <1 ° ) + zarcsin (2 — z7) .

— 12

1. Find the domain of definition of f and g .
2. find the derivatives of the given functions f and g .

I1. Solve the following trigonometric equation:

7+ 3arccos(x + 1) = 0.

Exercise 4.2.

1. Calculate cosh® z — sinh? .
2. Find the derivatives of the given functions:

f(z) = 3 Argsh (V) 4+ Argth (1 + 52),

g(z) = Argch (V) — Argth (2?) .

Solution — Exercise 4.1 — Inverse Trigonometric Functions.

Part I — Domains and Derivatives.

. . 1
Function f(x) = 2arcsin(1 — x) — 5arccos (%)
Step 1 — Domain of arcsin(l — z).

Requires -1 <1 -2 <1=0<2x<2.

Step 2 — Domain of arccos(\%).
Requiresx>0and0<\%SliﬁZléle.
Step 3 — Intersection.

Dy =11,2]

Step 4 — Derivative of f.
/

u
—2 —2 5

5
+ = + ,
V1= (1—1x)? 2x3/2\/1—l V2r —a? 2y x(r —1)

_u/

Using (arcsinu)’ = and (arccosu) =

flx) = z € (1,2).

2
Function g(x) = arctan(1 ‘

2) + xarcsin(2 — z?):
—
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4.4. EXERCISES AND SOLUTIONS

Step 5 — Domain of arctan(72%;).
Requires 22 # 1, i.e., v # %1.

Step 6 — Domain of arcsin(2 — z?).
Requires —1 <2 —-22<1=1<2?2<3=2¢c[-V/3,-1]U[1,V3]

Step 7 — Intersection (excluding = = +£1).

D, =[-V3,-1)U(1,V3]

Step 8 — Derivative of g.
Using the identity zabrctam(lz";2
care at the boundary):

) = 2arctanz (valid for [z| < 1; must be applied with

d ; 2x 2
— arctan = )
dzx 1— 22 1+ 22
Hence: ) 02
"(x) = + arcsin(2 — 2?) — * .
() = s+ wesin(2 - 0%) -

Part II — Solving 7 + 3 arccos(z + 1) = 0.

Step 9 — Solve for z.

arccos(x + 1) = —g.

The range of arccos is [0, 7], but —g < 0 is outside this range. No real solution.

Solution — Exercise 4.2 — Hyperbolic Identity and Derivatives.
Part (1) — Verify cosh’z — sinh®*z = 1.
Step 1 — Expand using definitions.

(ew + ef:r)Q (ex _ ef:p)Z (ex + efa:)Q _ (6:v _ efx)Q

cosh? r — sinh?x = — =

4 4 4

Step 2 — Use difference of squares.

() = (e ) = (o) (e —e (e )~ (¢ )] = 27 2677 =4,
2 . 2 4
Step 3 — Therefore cosh” z — sinh“x = 1= 1. v

Part (2) — Derivatives.

/ / !/

u u
——, (Argch u) = ——, (Argth u)’ =
Function f(x) = 3 Argsh(y/z) + Argth(1 + 5z):

Recall: (Argsh u) = o

70



4.4. EXERCISES AND SOLUTIONS

Step 4 — Domain of Argth(1 + 5z).
Requires |1 +5z2) <1 = —2 < 2 < 0. Combined with Argsh(y/z) requiring z > 0:
domain reduces to {0}, but practically # € (—2,0) for the Argth part.

Step 5 — Compute f'(x).

1
et . . B—
Vitr 1-(01+52)? 2y/ay/IT+ax 1—(1+52)%

Function g(z) = Argch(y/z) — Argth(z?):

u’ 1
Step 6 — Using (Argch u)) = —— with u = /z, v = ——:
1
2/ 2x 1 2x
gx) =22 — i i
r—1 1—2 2\/z(x-1) 1-=
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CHAPTER

Taylor Expansions

5.1 Taylor’s Formula

Taylor-Young Formula
Theorem 5.1 (Taylor-Young Formula).
Let f :la,b[— R, zy €]a,b. Suppose f is of class C"~* and ) (xo) exists (and is
finite). Then for oll x € [a, ],

f' (o)
1!

S (o)

n!

f" (o)
21

f(x) = f(wo)+ (x—w0)+ (x—m0)*+- -+ (—20)" + (7 —m0)"e(),

where € is a function defined on la,b[ such that lim,_,,, £(x) = 0.

Remark.

The term (z — zg)"e(x) with e(z) — 0 as * — x is often abbreviated as o((z — x¢)").

Maclaurin-Young Formula

When zg = 0 in the previous formula, we obtain the Maclaurin formula of order n with
Young’s remainder:
£ (0)

fx) = f(0) + fll(!o)x + f/;(!o)xQ +- 4 — " + x"e(x),

with e(z) — 0 as x — 0.

5.2 Taylor Expansions Near a Point

Definition and Existence
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5.2. TAYLOR EXPANSIONS NEAR A POINT

Definition 5.1 (Taylor Expansion).

Let I be an open interval. For a € I and n € N, we say that f has a Taylor expansion
(LE) at a of order n if there exist real numbers ¢, ¢1, ..., ¢, and a function € : I — R
such that lim, ,,e(z) = 0 and for all z € I,

f@)=co+ca(z—a)+ -+ cp(z—a)"+ (x —a)"e(z).

e The equality above is called a Taylor expansion of f near a of order n.

e The term P,(x) =cy+ci1(z —a)+ -+ + ¢,(x — a)™ is called the polynomial part of
the Taylor expansion.

e The term (z — a)"e(z) is called the remainder of the Taylor expansion.

Example 5.1. The function f(z) = e” is defined on R and f(™(x) = ¢®, so f(™(0) = 1.

Hence

2 [E3 n

z_l T T n
cr=ltat ot gttt ().

Example 5.2. The function ¢(z) = sinz is defined on R. For all n € N,

™ (x) = sin (:c + @> . ©™(0) = sin <@> :
2 2
Thus
n 0, if n =2p,
P (0) = .
(=1)?, ifn=2p+1.

Therefore ; - _—

e —r— T — pL 2p+2
SNz = — op + oy + +(=1) (2p+1)!+x e(x).
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5.2. TAYLOR EXPANSIONS NEAR A POINT

Standard Taylor Expansions at the Origin

The following Taylor expansions at 0 come from the Maclaurin-Young formula:

2 28 "

2 4 2n
coshx:1+x——|—x_+...+ z? + 22 (g)

2! 4! (2n|
] = — i - 2n+2
sinhz =z + i + = +- 4 on 1] + 22" 2e(x)

2 [[A [L'Qn
cosx:1—§+j+...+(_1)n(2n|+x2n+1€($)
Sinx:x—x—3+x_5_|_..._|_<_1)n z?r +:L’2”+2€(x)

3! 5l (2n+1)!

2?28 ot
1H(1+l’):l‘—?—|—§+...+(_1) ;—l-[EE([E)
-1 —1).-- — 1
(1+x)a:1+06$+%'>$2+...+a(a ) '<Oé n+ >$n+l‘n€<l‘>
: n!
1
1+x:1—33'—|—$2—x3+...+(_1>nxn_|_$n€($)
1
m:1+£U+952+:U3—|----+:B”+:U"5(:v)

r  2? 1-3-5---(2n — 3)

1 :1 _— — .. _1n_1 n n
vi+z +2 8—|— +(=1) 2-4-6---(2n) " + x"e(x)

Taylor Expansion at an Arbitrary Point
Proposition 5.2 (Change of Variable).

f has a Taylor expansion of order n at a if and only if the function g(x) = f(x + a)
has a Taylor expansion of order n at 0.

Example 5.3. Find the Taylor expansion of f(x) = e at 1. Let h = 2 — 1. Aszx
approaches 1, h approaches 0. Then

flz)=e"=eth=¢.¢"

h? h"
:e<1+h+—+~~~+m+h"s(h))

2!
€ € 2 € n n
:e+ﬂ(x—1)+§(x—1) —|—~~+m(ac—1) +(z—1)"e(z — 1),
where lim, ,;e(z — 1) = 0.
Example 5.4. Find the Taylor expansion of f(z) = cosz at 5. We know cos z = — sin(z—
7). Let h =2 — % — 0. Then
n? o P 2n+2
cosa::—81nh:—h+§+-~-+(—1) m—l—h e(h)
T (_1)n+1 s 2n+1 T 2n+2 T
=—(-3) *'“*W@‘—g) He=3) e(e-3)
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5.3. OPERATIONS ON TAYLOR EXPANSIONS

5.3 Operations on Taylor Expansions

Suppose f and g have Taylor expansions at 0 of order n:

flz) =ao+ a1z + -+ apa™ + 2" (x) = Py(z) + 2" (),
g(x) =bo+ brz + - - - 4+ bya” + 2”2 (x) = Qn(x) + 2"es(),

where lim, g1 (x) = lim,_,o&2(z) = 0.

Sum and Product
e f + g has a Taylor expansion of order n at 0 given by:

f(x)+g(x) = (ap+ bo) + (a1 + b))z + - - + (a, + by)z" + 2"e(x).
e [ g has a Taylor expansion of order n at 0 given by:

(f X g)(x) = Po(2)@n(x) + 2"e(x),
where we keep only terms of degree < n.

Example 5.5. Let f(z) = == — " defined on | — 00, 1[. Find its expansion at order 3
near 0.

2 3

=1+a+2°+ 2%+ 2% (2), ex:1+x+§+%+x352(a:).

11—z
Hence )

flx) = % + gx?’ + 2%e(z).

Example 5.6. Find the expansion at order 5 of ¢(z) = cosz sinx near 0.

$3+x5 | x2+x4 2$3+2x5+5()
T— =t ——+ | =1— =+ — +2%(2).
6 120 2 24 3 15

Quotient

To compute the quotient of two Taylor expansions, we can use polynomial division in
increasing powers.

Example 5.7. Find the expansion of tanz = 2= at order 3.
x? x?
sinx:az—g—l—af‘e(:c), cos:czl—?—i-:c:sg(:c).

Performing division:
3

T ,
tanx =z + 3 + z%¢(z).

rd=S



5.3. OPERATIONS ON TAYLOR EXPANSIONS

Integration
Proposition 5.3 (Integration of Taylor Expansions).
If [ is continuous on an interval containing 0 and has a Taylor expansion f(r) =

ap + a1z + - - - + aa™ + o(x™), then any primitive F' of f with F(0) = 0 has the Taylor
ETpPansion:

F(.T) = Qogx —+ @$2 + -+ a_”xn—i-l + 0($n+1).

2 n+1
Example 5.8. From H—Lx =1—az+a2? -2+ + (—1)"2" + o(z"), integrating from 0
to x gives:
r? "
In(1 =r—— 4+ — (=)= .
n(l+z)=x 5 T3 + (=1) n—l—o(az)

Composition

If g(0) = 0 (i.e., by = 0), then fog has a Taylor expansion of order n at 0 whose polynomial
part is obtained by composing the polynomials.

Example 5.9. Find the expansion of f(z) = e¥"* at 0 of order 4.

$3

sinr =x — 5 + zte(z).
Let u =1 — & +a'(z). Then

w oo ot

uzl - - hall 4 ]
e +u+2+6+24+ua(u)

Substituting and keeping terms up to degree 4:

x2 4

eSnT — 1+x+§ - %+w45(m).

Taylor Expansion at Infinity
Definition 5.2 (Taylor Expansion at Infinity).

A function f defined on an interval I =]z,, +oo[ has a Taylor expansion at +oo of
order n if there exist real numbers ¢, cq, ..., ¢, such that

c c Cn, 1 1
f(x):co+—1+—22+---+—n+—n€<—>,
X T X T X

where lim,_,, € (%) =0.
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5.4. APPLICATIONS OF TAYLOR EXPANSIONS

Example 5.10. For f(z) = /% defined on ]0, +oo[, let u = 1/x. As 2 — +o0, u — 0.
Then

2 n

u_ 1 u U n
e’ = ~|—u+§+---+m+u5(u),
SO
e 11 11 /1
M=l S —+ —c ([~ ).
x  2lg? nlen " \x

5.4 Applications of Taylor Expansions

Computing Limits

Taylor expansions are particularly useful for resolving indeterminate forms.

Example 5.11. Compute lim,_, Smﬂﬁ# Using sinz = x — %3 + x%¢(x), we have
sinx —x 1 te(z) - 1
—— = ——+¢e(x ——.
x3 6 6

Position of the Curve Relative to its Tangent

Suppose f has a Taylor expansion at x( of order n > 2:
f(z) = ap+ ar(z — x0) + az(x — 20)* + - + an(x — 20)" + (z — 3)"e().

This implies that f (or its extension if not defined at z;) is continuous and differentiable
at xg, with f(xg) = ag and f'(zo) = ay.
The equation of the tangent is y = ag + a1(x — x¢). The sign of f(z) — (ap + a1(z — x0))
near xq is determined by the first non-zero coefficient among as, ..., a,.
Let m be the smallest integer such that a,, # 0. Then:
e If m is even, the sign of f(z) — (ap + a1(z — o)) is locally the same as a,,:

— If a,, > 0, the curve is locally above its tangent.

— If a,, <0, the curve is locally below its tangent.
e If m is odd, the curve crosses its tangent at (zg, f(zo)); this is an inflection point.

Example 5.12. For f(z) =sinz, f(z) =2 — %3 + 23¢(z). The tangent at 0 is y = x, and
since m = 3 is odd, the curve crosses the tangent.

Example 5.13. For f(z) = %, f(x) = z + 2% 4+ 2°¢(x). The tangent at 0 is y = z, and

0

since m = 2 is even with a; = 1 > 0, the curve is above its tangent.
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5.5. EXERCISES AND SOLUTIONS

Position of the Curve Relative to an Asymptote

Suppose f has an asymptote y = ag + ayx. To find ag and a;, we compute:

_ o @) _ g
@ = mggloo T’ %0 = xggloo(f(x) B Cll.fE).

Using Taylor expansions, we can find these coefficients by expanding f(1/y) near 0.
Ifyf(l/y) =ao+ a1y +-- -+ a,y" + y"e(y) near 0, then

flx)=ag+ax+—+--+ — + ——¢( - | near +oo.
T e T T

Let m be the smallest integer > 2 such that a,, # 0. Then:

o Ifa, >0, f(z) — (ap + a1x) > 0 near 400, so the curve is above the asymptote.
e If a,, <0, the curve is below the asymptote.

Example 5.14. Consider f(z) = ze/* for x > 0. Let y = 1/x. Then

1.1 2 1 y
1y) = —e¥ == (1 AT T I R AT
f(1/y) ye y( +y+2!+ ) y—i— +2!+

Thus yf(1/y) =1+ y+ %—? +-,80a0 =1, a; =1, ap = 1/2, etc. Therefore f(x) =
r+1+ % +---. The line y = x + 1 is an asymptote, and since as; > 0, the curve is above
the asymptote.

Remark.

2

In this example, the expansion ¢ =1+ y + g + .-+ is a Taylor series (an infinite

2!
sum). The purpose here is to identify the asymptote and the position of the curve

relative to it, which only requires reading off the coefficients ag, a;, and the sign of a,.
The rest of the course deals with finite Taylor expansions (truncated sums with a
remainder), not infinite series.

5.5 Exercises and Solutions

Exercise 5.1.
Find the Taylor expansion of the given functions LD3(0):

eSine — In(1 + 2z) e —1
1+In(1+x)"  sin(2z) ~ arctan(4z)’

cos T
)

Exercise 5.2.
Using the Taylor expansion to calculate the limits:

) )
T —cosx 1—cosz eSmT — e”

e

x? ’ sinz sin 23
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5.5. EXERCISES AND SOLUTIONS

Hint:
2 3 3
e”zl—l—m—l—?—i—g—l—o(x?’), sinx:x—g—i-o(ac:s),
2 2 3 3
CoST = 1—%4—0 (:vg) , In(l4+z) = x—%+%+o (:v?’) , arctanx = x—%+0 (z?’) .
Solution — Exercise 5.1 — Taylor Expansions LD;3(0).
Standard expansions at 0 (order 3):
u 2w 3 - @’ 3 @’ 3
e zl—i—u—i—?—I—E—f—o(u ), sm:zc:x—g—f—o(x ), cosle—;—i—o(m ),
2,3 e
In(l+v)=v— 5 + ) +0(v*), arctanv =uv — 3 + o(v?).
Expression 1: e®**
2
Step 1 — Write cosz = 1 + u where u = —% + o(x3), s0 % = ¢ - ev.

Step 2 — Since u? = O(z?), at order 3:

sin x T

ST —e
1+ In(1+z)
Step 3 — Numerator.

3

Expression 2:

333

6

. x i ino— . ..
sing =gz — + o(x3), so % = ¥ . 5% Now sinx —x = —— + o(x?), giving:

3 3

esinx = e (1 o % 4 0(1'3)) = esinx — et = _% 4 0(.(13'3).

Step 4 — Denominator.

2 3
1+1n(1+x):1+x—5+%+0(x3)ﬂl.
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5.5. EXERCISES AND SOLUTIONS

Step 5 — Divide.

sin x T 3

€ — €
1+In(l+2) 6

In(1 + 2x)
sin(2x)
Step 6 — Expand.

Expression 3:

2 2 2 3 3
In(1 + 2z) = 2x — % + % + o(z?) = 20 — 22% + 8% + o(z?).
21)3 43
sin(2x) = 2z — ( ? + o(z?) = 22 — % + o(z?).

Step 7 — Divide. Factor 2z from both:

2x<1—x+£) A2 942
° :<1—x+i)<1+i+o(:€2)> =1—x+22° +o(2”).

20(1 — 22) 3 3

In(1 + 22)

=1—x+ 22 %).
Sn(27) x4 22 4 o(x”)

|
arctan(4x)
Step 8 — Expand.

Expression 4:

43
62‘”—1:2x—|—2x2—|—i+0(x3),

3
4x)3 6423
arctan(4z) = 4x — ( g) + o(z?®) = 4w — sl o(z?).

Step 9 — Divide. Factor 2x and 4x:

2$<1 to+ 2%) 1 22? 1622 1z 2217
=_(1 — 1 A I 3y
4x(1_%) 2( +z+ 3 >< + 3 + o(z )> 2+2+ 5 + o(z”)

e* —1 1 =z
ezt T g 3).
arctan(4x) 2 R + o)

Solution — Exercise 5.2 — Limits Using Taylor Expansions.

2
eCE
Limit 1: lim
z—0 ,],‘2

— COS T

0



5.5. EXERCISES AND SOLUTIONS

Step 1 — Expand numerator to order 4.
4 22 gt
=1-"=—4+= H.
cos T 2+24+0(:v)

e = 1+:r2~|—%+0(934),

Step 2 — Subtract the expansions.
3x2 112t
o(z*).

x2 o _
COS T 5 24

e
Step 3 — Divide by z2.
e —cosz 3 1la? 3
- 2y *—0
—_— = — | =.
22 o o Tl 2
.. . 1—coszx
Limit 2: lim ——
z—0 sIn“x
Step 4 — Expand to order 4.
2 4 3\ 2 4
1 —cosz = % — §—4 + o(z*), sinz = <x — %) +o(zt) = 2% — % + o(z?)
Step 5 — Divide and take the limit.
1 —cosx l—‘r—z x? 1 2?2 2 ) o | 1
sin® z -z a7 (2 24) ( 3 Tole )> 2
sinz ez

Limit 3: lim
z—0  sin(z3)
Step 6 — Numerator (from Exercise 5.1, Expression 2).

esin:v et = _[L’_ + O(ZL’3)
6
Step 7 — Denominator.
sin(z®) = 2° + o(2?).

Step 8 — Divide.

sin x T z3 3

€ —€ __F—{_O(x):c—)()\ _1

sin(z3) 3+ o(2?) 6
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CHAPTER

Linear Algebra

6.1 Internal Composition Laws

Definition 6.1 (Internal Composition Law).

Let G be a set. An internal composition law on G is a map from G x G to G. If
we denote it by (a,b) — a*b, we speak of the law x and say that a * b is the composite
of a and b under the law x.

Example 6.1.

e On G = Z, addition + and multiplication x are internal composition laws.
e On G = R?, addition R? x R? — R? defined by ((x1,%1), (v2,92)) > (x1 + T2, y1 + o)
is an internal law.

Example 6.2. On R*, define the law 0 by:
xdy = +y + In|zyl.
Then ¢ is an internal law on R*. Indeed, let x,y € R*. We show that xdy € R*:

(xéy =0) & (r+y+In|zy| =0)
In|zy| = —(z +y))
jzy| = e )

x #0and y #0)

~—~~ /N

=
54
=
Thus zdéy € R*, so ¢ is an internal law.

Definition 6.2 (Properties of Internal Laws).

Let %= be an internal law on a set G. We say that:

1. % is commutative if Vr,y € G, x xy = y x x.
2. x is associative if Vx,y,z € G, (x *xy) x 2 = x * (y * 2).
3. * admits an identity element on GG, denoted ¢, if de € G, Vx € G, xxe = exx = .

9




6.1. INTERNAL COMPOSITION LAWS

I 4. Tf, moreover, * is commutative, it suffices to check that Vx € G, x x e = x.

Example 6.3. On R\ {3}, define the internal law x by:
rxy=x+y—2xy.
e Internal: For z,y € R\ {3}, we have

1 1 1 1
Try =5 = (1-2y)(z—=)=0 <= y=gore=g.

2

Since x,y # 3, we have x * y # 1, so * is internal.
e Commutative: zxy=c+y— 20y =y +x — 2yr =y * x.
e Associative:
(xxy)xz=(x+y—2zy)*x2z=(x+y—2zy)+2—2+y—2xy)2
=z+y+z—2xy —2xz— 2yz + dayz
=z+(y+2z—2yz) —2x(y+ 2z — 2yz)
=z x*(yx*2z2).

e Identity: Let e be such that x xe = z for all z. Then x + e — 2ze = x = e(1 — 22) =
0 = e =0. Thus e = 0 is the identity element.

Definition 6.3 (Symmetric Element).

Let % be an internal law on a set (G, possessing an identity element e. Let z € G. We
say that z admits a symmetric element 2’ under the law x if

rxx' =1 xx=e.

Example 6.4. On R\ {%} with the law z x y = z 4+ y — 22y, the identity is e = 0. For
z € R\ {3}, we look for 2’ such that z % 2/ = 0:

x
=2z =0=2'(1-22)=—2x=2" = :
T+ xx x'( x) T =5
We need to check that x’' # % Indeed,
1 x 1
== == 2r =2x — 1 0=-1
v=g = 5o 1" 3 = 2r =2 = ,

T
2x—1"°

which is impossible. Thus every element has a symmetric element 2/ =

Definition 6.4 (Distributivity).

Let G be a set equipped with two internal composition laws, denoted A and x. We say
that x is distributive over A if

Ve,y,2 € G, xx (yAz) = (zxy)A(z * 2).

Q2



6.2. GROUP STRUCTURE

6.2 Group Structure
Definition 6.5 (Group).

Let G be a set equipped with an internal composition law x. We say that (G, %) is a
group if the law x satisfies the following three conditions:

1. * is associative.
2. * admits an identity element.
3. Every element of G admits a symmetric element under .

If, in addition, the law is commutative, we say that the group is commutative or
abelian.

Example 6.5.

e (Z,+) is a commutative group.
e (R, x) is not a group because 0 has no symmetric element.
e (R*, x) is a commutative group.

Definition 6.6 (Subgroup).

Let (G, *) be a group. A non-empty subset H C G is a subgroup of G if the restriction
of the operation x to H endows H with a group structure.

Proposition 6.1 (Characterization of Subgroups).

Let H be a non-empty subset of a group G. Then H is a subgroup of G if and only if:

1. forallz,y e H,zxy € H,
2. for all x € H, the symmetric element ©' of x belongs to H.

Example 6.6.
e (R, x) is a subgroup of (R*, x). Indeed:
— If 2,y € RT, then z x y € R,
— If z € RT, then 27! = 2 € R*.
e 27 ={2z:z € Z} is a subgroup of (Z,+). Indeed:
— If 2 =21, y =2y, € 2Z, then x +y = 2(x; + y1) € 2Z.
— If o =22y € 2Z, then —x = —2x; = 2(—x;) € 2Z.
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6.3. RING STRUCTURE

6.3 Ring Structure
Definition 6.7 (Ring).

Let A be a set equipped with two internal composition laws, which we will denote by
A and x. We say that (A, A, x) is a ring if the following conditions are satisfied:

1. (A, A) is a commutative group.
2. The law * is associative.
3. The law * is distributive over the law A.

If, in addition, the law % is commutative, we say that the ring (A, A, *) is commuta-
tive. If the law x admits an identity element, we say that the ring is unitary.

Example 6.7. (Z,+,-) is a commutative unitary ring.

Definition 6.8 (Subring).

If (A,A, %) is a ring and B is a subset of A, we say that B is a subring of A if,
equipped with the laws induced by A, it is itself a ring, i.e., (B, A, %) is a ring.

Proposition 6.2 (Characterization of Subrings).

A subset B of a ring A is a subring of A if and only if:

1. foralla,be B, a—be B,
2. foralla,b€e B, a xbée B.

Example 6.8. 27 = {2z : z € Z} is a subring of (Z,+, ). Indeed, for x = 2n, y = 2m €
27, we have r —y = 2(n —m) € 2Z and zy = 2(2nm) € 2Z.

6.4 Field Structure
Definition 6.9 (Field).

Let K be a set equipped with two internal composition laws, still denoted A and .
We say that (K, A, x) is a field if the following conditions are satisfied:

1. (K, A, %) is a ring.
2. (K\ {e}, ) is a group, where e is the identity element of A.

If, in addition, * is commutative, we say that (K, A, %) is a commutative field.

Example 6.9. (R, +,-) is a commutative field.

Definition 6.10 (Subfield).

If K is a field and H is a non-empty subset of K, then H is said to be a subfield of K
if the restrictions of the two operations of K endow H with a field structure.
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Proposition 6.3 (Characterization of Subfields).

If H s a non-empty subset of a field K, then H is a subfield of K if and only if:

1.aeHandbe H=a—-be H,
2.a€ Handbe H\ {0} =a-b' € H.

Example 6.10.

e R is a subfield of (C, +, x).
e Q is a subfield of (R, +, x) and hence of (C, +, x).

6.5 Vector Spaces

Definitions and Elementary Properties

Let K be a commutative field (generally R or C) and let E be a non-empty set equipped
with an internal operation denoted +:

(+):EXE—E, (z,y)—1+y,
and an external operation denoted -:

() KxE—=E, (\z)— Az

Definition 6.11 (Vector Space).

A vector space over the field K, or a K-vector space, is a triple (E, +,-) such that:

1. (E,+) is a commutative group (its identity element is denoted Op).
VAEK, Yo,y € B, - (x+y) = A-a+ -y

VipeK Vee E, A +p)-a=X-z+p-x.

VipueK Vee E, (Ap)-z=X-(u-x).

Ve e FE, Ix-x = x.

Ol W

The elements of a vector space are called vectors, and the elements of K are called
scalars.

Example 6.11.

(R, +,-) is an R-vector space.

(C, +, ) is a C-vector space.

(C,+,-) is also an R-vector space.

R", equipped with component-wise addition and scalar multiplication, is an R-vector
space.

I Proposition 6.4 (Properties of Vector Spaces).
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If E is a K-vector space, then we have the following properties:

(1) VxeFE, Ogx-x=0pg,

(2) VezekFE, (-1k) -x=—ux,

(3) VYAeK, \-0g =0g,

(4) VAeEK, Vo,ye B, ANz —y) =z — \y,

(5) YAeK, Ve € E, e =0 < A\=0x orx=0g.

Subspaces
Definition 6.12 (Subspace).

Let (E,+,-) be a K-vector space and let F' be a non-empty subset of E. We say that
F' is a subspace of F if (F,+,-) is also a K-vector space.

Remark.

1. If F'is a subspace of F, then O € F.
2. If 0g ¢ F, then F cannot be a subspace of E.

Theorem 6.5 (Characterization of Subspaces).

Let (E,+,-) be a K-vector space and F C E, F # (). The following are equivalent:

1. F s a subspace of E.
2. F s closed under addition and scalar multiplication, i.e.:

VAeK, Ve,ye F, \v € Fandz+y € F.

3V pekK Ve,ye F, \e +puy € F.

In other words,

F#40,

F is a subspace <
Y\ pekK, Ve,ye F, \e + py € F.

Example 6.12. Let F' = {(z,y) € R*: z —y = 0} C R% Then F is a subspace.

e Ogz = (0,0) € F, because 0 — 0 = 0.
e VA, u R VY(z,y),(2,y) € F, we have x —y = 0 and 2’ — ¢y’ = 0. Then

M —y) + @’ —y) = A\ + pa'’) — Ay + ') = 0,
i.e., Nz,y) +p(2',y') € F. Hence F is a subspace of R?.

Proposition 6.6.

The intersection of any non-empty family of subspaces is a subspace.

Q7
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Remark.

The union of two subspaces is not necessarily a subspace. For example, let F} =
{(x,0): z € R} and F, = {(0,y) : y € R} be two subspaces of R?. Then F; U F, is not
a subspace because (1,0) € Fy, (0,1) € F, but (1,0) + (0,1) = (1,1) ¢ F; U F>.

Sum of Two Subspaces
Definition 6.13 (Sum of Subspaces).

Let E1 and E5 be two subspaces of a K-vector space . The sum of E; and FEs,, denoted
Ey + Es, is the set

Ey+ FEy={x € E: 3z, € Ey,3xy € Ey such that x = x; + z5}.

Example 6.13. Let E; = {(z,y) € R? : x = 0} and Fy = {(z,y) € R? : y = 0} be
subspaces of R?. For any (z,y) € R?,

(LE, y) = (07 y) + (337 0)7
S~ S~
S5 (S}

SO (l',y) € El + EQ. Thus El + EQ = RQ.
Proposition 6.7.

The sum of two subspaces Ey and Ey (of the same K-vector space E) is a subspace of
E containing E1 U Es, i.e.,
EyUE, C By + Es.

Direct Sum of Two Subspaces
Definition 6.14 (Direct Sum).

Let E; and E5 be two subspaces of the same K-vector space E. The sum F; + Fj is
said to be direct if Fy N Ey = {0g}. We write E; @ Es.

Proposition 6.8.

Let Ey and Es be two subspaces of the same K-vector space E. The sum E; + FEy is
direct if and only if every vector x € Ey + Es can be written uniquely as x = x1 + x-
with x1 € Eq, x9 € Es.

Example 6.14. Let F} = {(z,y,2) € R®: 2 =0} and I, = {(z,y,2) e R} : y = 2 = 0}
be subspaces of R3.

e For any (z,y,2) € R3,

(z,y,2) = (0,y,2) + (2,0,0),
—— Y=
€ S

SO F1+F2:R3.
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e Let (x,y,2) € Fy N Fy. Then (z,y,2) € F1 = x =0, and (z,y,2) € Fo = y=2=0.
Thus (z,y,2) = (0,0,0) = Ogs, so Fy N Fy = {0}.

Therefore, R® = F}, @ F.

Generating Families, Free Families, and Bases

Definition 6.15 (Linear Independence, Generating Families, Bases).

Let E be a vector space and eq, eo, ..., e, elements of E.
1. {e1,eq,...,e,} are said to be linearly independent (or free) if for all a4, ..., a, €
K:
are] +ases + -+ ape, =0 => a1 =0y =---=a, = 0.

Otherwise, they are said to be linearly dependent.
2. {ey,eq,...,¢e,} is called a generating family of F, or that F is generated by

{61,62, Ce 7€n}7 if
Ve e E, day, s, ...,qa, € Ksuch that x = aje; + ases + -+ - + ae,.

3. If {ey,e9,...,¢e,} is a free and generating family of E, then {ej,e,...,e,} is called
a basis of F.

Example 6.15. On R?, let u; = (1,0), up = (1, —1). Then {u, us} is a basis of R

e Linear independence: For aq,as € R,

auy + oy = 0= (o + a9, —an) = (0,0) = as =0, ay = 0.
e Generating: For any (z,y) € R?,

(z,y) = aquy + oug = (g + o, —g) = g = —y, a1 =T+ ¥.

Remark.

In a vector space E, any non-zero vector by itself is free.

Example 6.16. In the set of polynomials of degree at most 2 with real coefficients:
Ry[z] = {P(x) = a + bx + cx® : a,b,c € R},
{pi1(z) =1, po(2) =z, ps(x) = 2} is a basis.
e Linear independence: Let o, 3,7 € R such that for all x € R, a + Bz + vz = 0.
This implies « = § =~y = 0.
e Generating: Any polynomial a + bz + cx® can be written as a-1+b-x +c- 22

6.6 Linear Maps

Definition
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Definition 6.16 (Linear Map).

Let E and F be two K-vector spaces. A map f : E — F is called linear (or a
homomorphism) if it satisfies:

Ve,y€ E, VA€K, flx+y)=f(z)+ f(y) and f(Az)=Af(x).
Equivalently,

Vo,y € B, VA, p €K, f(Az+ py) = Af(z) + nf(y).

Remark.

The set of linear maps from E to F' is denoted L(E, F).

Example 6.17. The map f defined by

[ R = R?
({E,y,Z)P—)f(JI,y,Z) = (2x—|—y,y—z)

is linear. Indeed, for (x,y,2), (2/,y/,2") € R? and X € R,

[z, y,2) + (2, 2) = fla+ 2"y + ¢, 2+ 2)

Qr+2)+y+y),y+y)—(2+2))
=Qr+2+y+y,y+y —z-2")
2x+y,y—2)+ 2 +y,y —2)
flx,y,2) + f(2', 9, 2)

and

FMz,y,2) = fAx, \y, Az) = Az + Ay, \y — A\2) = A2z + 4,y — 2) = Af(z,y, 2).

Remark.

Not all maps are linear. For example, f(z) = z? is not linear.

Definition 6.17 (Isomorphism, Endomorphism, Automorphism).

Let E and F be two K-vector spaces, and let f € L(E, F).

1. fis an isomorphism from FE to F' if f is bijective.
2. fis an endomorphism if £ = F (ie., f: E — E).
3. f is an automorphism if f is both an isomorphism and an endomorphism.
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Example 6.18. The map f defined by

fR—=>R
r— f(r) = —2x

is an automorphism. Tt is linear, and its inverse is f~!(z) = —ix.

The zero map Oz g,y is given by f(x) = Op for all x € E. The identity map idg is given
by idg(z) = x for all x € E.

Proposition 6.9 (Properties of Linear Maps).
Let f be a linear map from E to F. Then:

1) f(08) = 0p, 2 Vo€ B f(—a) = —f(x).
Proof. For x € E,

1) f(0g) = f(Ok - 0g) = 0k - f(Op) = Op,
2) f(—z) = f((=1) - z) = (=1)- f(z) = = f(2).

Kernel, Image, and Rank of a Linear Map
Definition 6.18 (Kernel and Image).

Let f: E — F be a linear map.
1. The set f(FE) is called the image of f and is denoted Im f:

Imf={f(z):z€ E} CF.
2. The set f~'({0f}) is called the kernel of f and is denoted Ker f:

Kerf={ze€E: f(x)=0p} C E.

Example 6.19. Let f : R? — R be defined by f(z,y) =z — .

e Ker f={(z,y) eR*:x —y =0} ={(z,2) : # € R} = Span{(1,1)}, so dimKer f = 1.
elmf={r—y:(r,y) € R*} =R, sodimIm f = 1.

Proposition 6.10.

Let f: E — F be a linear map. Then:

1. Im f is a subspace of F.
2. Ker f is a subspace of E.

Definition 6.19 (Rank).

Let f: E— F be a linear map. If dimIm f = n < 400, then n is called the rank of
f and is denoted rg(f).
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Proposition 6.11 (Injectivity and Surjectivity).
Let f: E — F be a linear map. Then:

e f is surjective if and only if Im f = F.
e f is injective if and only if Ker f = {0g}.

Example 6.20. Let f: R* — R? be defined by f(z,y) = (y, ).

Im f = {(y,7) : (z,y) € R?} =R?, Ker f = {(0,0)}.

Thus f is bijective.

Linear Maps on Finite-Dimensional Spaces

Proposition 6.12 (Linear Maps are Determined by Images of Basis).

Let E and F be two K-vector spaces, and let f and g be two linear maps from E to F.
If E has finite dimension n and {ey,es,...,e,} is a basis of E, then

Vk e {1,2,...,n}: flex) = glex) & Vo € E: f(z) = g(x).

Proof. The implication (<) is obvious. For (=), since E is generated by {e1,...,e,},
any x € F can be written as x = \je; + -+ 4+ \,e,. Then

f(x)=Aifler) + -+ Auflen) = Migler) + -+ + Anglen) = g(2).
O

Example 6.21. Define f : R?> — R by f(1,0) = —1 and f(0,1) = 4. Then for any
(z,y) € R?,
f(x,y) = 2f(1,0) +yf(0,1) = —x + 4y.

Theorem 6.13 (Rank-Nullity Theorem).
Let f: E — F be a linear map, with E finite-dimensional. Then

dim F = dim Ker f 4+ dim Im f.

Example 6.22. Let f : R? — R be defined by f(x,y) = —x + 5y.
Ker f = {(z,y) € R*: —x + 5y = 0} = {5y,y) : y € R} = Span{(5, 1)},
so dim Ker f = 1. Since dimR? = 2, we have dimIm f =2 — 1 = 1.

Theorem 6.14 (Characterization of Isomorphisms).

Let f : E — F be a linear map with dim E = dim F' = n. Then the following are
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equivalent:
f 1s an isomorphism < f is surjective < dimIm f = dim F
& f s injective & Im f = F
< dimKer f =0« Ker f = {0g}.
Remark.

From this theorem, if f is an isomorphism from F to I’ and FE is finite-dimensional,
then necessarily dim £ = dim F'. In other words, if dim F # dim F, then f cannot be
an isomorphism.

Example 6.23. Let f: R? — R? be defined by f(z,y) = 2z —y, x).
Ker f = {(z,y) € R*: 20 —y =0 and v = 0} = {(0,0)}.

Since dim R? = 2 and Ker f = {0}, f is an isomorphism.
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6.7 Exercises and Solutions

Exercise 6.1.

On G =| — 1, 1], define the internal law * as:

r+y
1+ a2y

V(izg,y) e G X G:axxy=
Show that (G, *) is a commutative group.

Exercise 6.2.

Consider Z[v2] = {a + bv/2 : a,b € Z} . Show that (Z[v/2], 4, x) is a ring.

Exercise 6.3.

Let D be the set of decimal numbers:

n

D:{—: 7 }
ToF neZkeN

1. Show that (D, +, x) is a ring.
2. What are its invertible elements?

Exercise 6.4.
Let d € N such that vd ¢ Q . Define
QIVd] = {a+bVd : a,b € Q}.

Show that (Q[v/d], +, x) is a field.

Define two laws @ and ® on R2 as follows:
V(z,y), (@',y) e R*: (z,y) ® (2,y) = (x+ 2",y + /),
V(z,y), (2, y) €R”: (z,y) @ (/. y) = (x2’, yy/).

Is (R? @, ®) a commutative field?

Exercise 6.6.

Consider the subset E of R? defined by:
E={(z,y,2) ER*:z+y+2=0}.

1. Show that E is a subspace of R3
2. Give a basis of E/

‘ Exercise 6.5.
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Exercise 6.7.

Let E={(z,y,2) ER*: x+y— 22 =22 —y— 2z =0} be a subset of R?

1. Show that F is a subspace of R3

2. Find a generating family of E and extract a basis.

3. Let F'={(z,y,2) € R®: x+y— 2z =0} be a subspace of R3
a) Find a generating family of F'
b) Do we have E® F = R3

Exercise 6.8.
Let f : R® — R? be defined by:
flz,y,2)=(x+y+222+y—2), forall(x,y,2)cR>
1. Show that f is linear.
2. Find Ker f

Exercise 6.9.
Consider the map f : R? — R? defined by:

1. Show that f is a linear map.
2. Give a basis of its kernel and a basis of its image.
3. Find fof

Exercise 6.10.
Let f : R® — R? be defined by:

1. Show that f is a linear map.
2. Give a basis of Ker f , and deduce dimIm f .
3. Give a basis of Im f .

Exercise 6.11.
Let f:R* — R* be defined for all (z,y, 2,t) € R* by:
f(l‘,y,Z,t) = (33_2%35_2?/70>I—y_2_t)

1. Show that f is a linear map.
2. Find the kernel and the image of f .
3. Do we have Ker f @ Im f = R* ?
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Solution — Exercise 6.1 — Commutative Group on | —1,1].
We verify the five group axioms for (G, %) where x x y = Ty .
14+ 2y
Step 1 — Internal law (closure).
Let x,y €] — 1,1[. We must show |z xy| < 1, i.e., Y ‘<1
1+ 2y

Since —1 <z < land -1 <y <1, wehave (1—z)(1—y)>0and (1+2z)(1+y) >0,
S0

1—-2)1-9*)>0 = 1-22—y* +2%° >0 = (v +y)* < (1 +ay)
Taking square roots: |z + y| < |1 + zy|, which gives |x xy| < 1. Hence x xy €] — 1, 1].

Step 2 — Associativity.
A direct computation shows:

%+z Tt y+ztayz

T * * z = = =T * * Z).
So * is associative.
Step 3 — Identity element.
For any x € G:
x+0 0+
x 5 2.0 x an * T 502 x
Therefore 0 €] — 1, 1] is the identity element.
Step 4 — Inverse element.
For x € G, set x7! = —x. Since |—z| = |z| < 1, we have —z € G, and:
— 0
m*(—x)—z+< ) _ = 0.

Sl a(-x) 11— a2
So every element has an inverse —z € G.

Step 5 — Commutativity.

Conclusion. (G, *) is a commutative (abelian) group. O
Solution — Exercise 6.2 — Z[v/2] is a Ring.

We show Z[v/2] is a subring of (R, 4, x) using the subring criterion. Let z = a + bv/2
and y = ¢ + dv/2 with a,b,¢,d € Z.
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Step 1 — Non-empty.
0=0+0-vV2€Z[V2. v

Step 2 — Stable under subtraction.
r—y=(a—c)+(b-dV2eZV2],
since a — ¢, b—d € Z.
Step 3 — Stable under multiplication.
z Xy = (a+bV2)(c+dV2) = (ac+ 2bd) + (ad + bc)V/2 € Z[V?2],
since ac + 2bd, ad + bc € 7.
Step 4 — Multiplicative identity.

1=1+0-vV2€2Z[V2].
Conclusion. By the subring criterion, Z[v/2] is a subring of R, hence a ring. O]

Solution — Exercise 6.3 — The Ring D and its Invertible Elements.
Part 1 — (D, +, x) is a ring.

Letleiokandyz%withn,méZ,k,ﬁEN.

Step 1 — Stable under subtraction.

n m n- 10t —m - 10"
rT—Y=——=— =

m D.
10F 107 108+ <

Step 2 — Stable under multiplication.

n m nm

107 10¢ ~ 1oRw €2

T XY=

Step 3 — Multiplicative identity.

10*
1=—¢eD.
108 ©

Hence D is a subring of (Q, 4+, x), so it is a ring.

Part 2 — Invertible elements of D.
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Step 1 — Necessary condition.

Let x = %k € D be invertible with inverse y = % € D. Then:

zy =1 = nm = 108+ = 2kt g+t
So n must divide a power of 10, meaning n = 42?7 - 57 for some p,q € N.

Step 2 — Sufficient condition.

, 20 . 54 +10F  £10F b ob ek
Conversely, if x = SETCER set y = 50 51— 9p .5’ Since 10 = 2% - 5% we get
y = £2FP. 589 if k > p, k > g, which belongs to D, and zy = 1.
P . 51
Conclusion. The invertible elements of D are exactly the numbers of the form + ok

with p,q, k € N.

Solution — Exercise 6.4 — Q[v/d] is a Field.

We show Q[v/d] is a subfield of (R, +, x). Let z = a; + bVd, y = ay + bov/d with
(Zi,bi € Q

Step 1 — Non-empty. 0 =04 0-+vd € QVd]. v
Step 2 — Stable under subtraction.

v —y=(a1—as) + (b — bx)Vd € Q[Vd],
since a1 — ag, by — by € Q.

Step 3 — Inverse for multiplication.
Let y = ay +by\/d # 0. Note that a3 — b3d # 0 because v/d ¢ Q (if a3 = b3d and by # 0
then vVd = |ay/by| € Q, contradiction). So:

—_ 1 Ao — b \/_d b
1 _ 2 2 (05} —boy
ao + — d S Q d .

Step 4 — Stable under multiplication.
Since z x y~' € Q[v/d] by a similar computation (product of two elements of Q[v/d]).

Conclusion. Q[/d] is a subfield of R, hence a field. [

Solution — Exercise 6.5 — (R? ¢, ®) is Not a Field.

Step 1 — (R?,®,®) is a commutative ring.

(R?, ) is an abelian group: identity (0,0), inverse —(z,y) = (—x, —y).

® is associative and commutative: (z,y) ® (z/,y') = (z2’,yy') = (2'x, y'y).
® distributes over @: (z,y) @ ((2/,y') ® (2", y")) = (x2’ + z2”, yy' + yy").
The identity for ® is (1,1).
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Step 2 — It is NOT a field.

A field requires every non-zero element to have a multiplicative inverse. Consider
(2,0) # (0,0). Its inverse (z/,y') would satisty (22/,0-7') = (1,1), i.e., 22’ = 1 and
0 = 1. The second equation is impossible.

More generally, any element of the form (z,0) or (0,y) with x,y # 0 has no inverse
under ®.

Conclusion. (R? ®,®) is a commutative ring but not a field.

Solution — Exercise 6.6 — Subspace and Basis of F = {z +y + z = 0}.
Part 1 — FE is a subspace of R3.

Step 1 — Zero vector. 0 = (0,0,0) satisfies 0+0+0=0,s0 0 € E.

Step 2 — Stability under linear combinations.
Let (z,y,2),(2',y,2') € EF and A\, u € R. Then:

Ay, 2) + p(a,y, 2) = (Ao + pa!, Ay + py', Az + p2').
The sum of coordinates:

A+ px’)+ Ny +py)+ Az +p) =Xz +y+2)+p(@ +y +2)=0.

NS > NS >
TV TV
=0 =0

So Az,y, z) + u(a’,y,2") € E. Hence E is a subspace.
Part 2 — Basis of E.

Step 3 — Parametric form.
Fromx+y+ 2 =0 we get 2 = —x — vy, so:

E = {(xayv —x—y) | z,y € R} - {x(l,O,—l)-I—y(O,l,—l) | x,y € R}

Step 4 — Linear independence.
Set (1,0, —1) 4+ 5(0,1,—1) = (0,0,0): this gives « = 0,8 = 0, —a — = 0. Indepen-
dent. v/

Conclusion. B = {(1,0,—1), (0,1,—1)} is a basis of E, so dim E' = 2.

Solution — Exercise 6.7 — Subspaces F, F' and Direct Sum.
Let E={(z,y,2) ER®: 2 +y—22=0and 2v —y — z = 0}.

Part 1 — FE is a subspace.

E is the intersection of two hyperplanes (kernels of linear maps), so it is a subspace.
Explicitly:

e 0cF:04+0-0=0and0—-0—-0=0. v

o If u,v € E and A\, u € R, then Au + pv satisfies both equations by linearity.

09



6.7. EXERCISES AND SOLUTIONS

Part 2 — Basis of E.

Step 1 — Solve the system.

r+y—22=0
2v —y—2=0

Adding: 3z — 32 = 0 = z = z. Substituting into the first: 2 +y —22=0=y = 2.

Step 2 — Parametric form.
E={(z,2,2)| z € R} = Span{(1,1,1)}.

Conclusion. By = {u; = (1,1,1)} is a basis of F, and dim E = 1.

Part 3 — Basis of F = {z +y — 2z =0}.

Step 3 — From z =z + v:
F={(z,y,x+vy) |2,y € R} = {x(1,0,1) + y(0,1,1)}.

So Br = {uz = (1,0,1), ug = (0,1,1)} is a basis of F, and dim F' = 2.

Part 4 — Direct sum F & F = R3?

Step 4 — Check E N F = {0}.
A vector in EN F must have the form (z, z, z) and satisfy z+2z— 2 =0, i.e., 2 = 0. So
ENF ={(0,0,0)}.

Step 5 — Dimension check. dim F +dim FF =1+ 2 = 3 = dimR3.

Step 6 — Linear independence of {uj, us, us}.
)\1(1, 1, 1) + )\2(1, 0, 1) + )\3(0, 1, 1) - (0, O, 0)

A+ =0
=< AN +A3=0 = A =X =3 =0.
M+A+A3=0

Conclusion. {u,us,uz} is a basis of R, hence £ @ F = R3.

Solution — Exercise 6.8 — Linear Map f : R?® — R2, Kernel.
Let f(x,y,2) = (r+y+ 2z, 2x+y— 2).

Part 1 — f is linear.
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Step 1 — Let u = (x,y,2), v=(2,y,2), a, f € R:

flau+ pv) = (o + 2’ + oy + By + az + B2,
2(ax + ') + (ay + By') — (az + 52))
=alr+y+z,2v+y—2)+ B +y +2, 2+ —2)
= af(u) + 5f(v).
Hence f is linear.

Part 2 — Kernel of f.

Step 2 — Set up system.

Kerf:{(x,y,z)€R3:{x+y+zzo }

2r+y—2=0

Step 3 — Solve.
Subtracting the first from the second: © — 22z =0 = x = 2z.
Substituting into the first: 2z +y+2=0=y = —3z.

So every solution has the form (z,y,2) = (22, —3z,2) = 2(2, -3, 1).

Step 4 — Conclusion.
Ker f = Span{(2,—3,1)}, dimKer f = 1.
By the rank-nullity theorem: dimIm f =3 — 1 = 2, so f is surjective.

Solution — Exercise 6.9 — Linear Map f : R?> — R?, Kernel, Image, Com-
position.

Part 1 — f is linear.

Step 1 — f(a(z,y) + B(2',y)) = flax + B2',ay + BY) = ((ax + B2') — (ay +
By'), =3(ax + Br') + 3(ay + BY')) = a(r —y, =3z + 3y) + B2’ — ¥y, =32" + 3y') =
af(z,y)+Bf(y). v

Part 2 — Kernel and Image.

Step 2 — Kernel.
Kerf={(z,y):x—y=0and —32z+3y =0} ={(z,y): =y} = Span{(1,1)}.

Basis of Ker f: {(1,1)}.
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Step 3 — Image.
Im f ={(z -y, =3(x —y)) | z,y € R} = {(t, =3¢) | t € R} = Span{(1,-3)}.
Basis of Im f: {(1,—3)}.
Part 3 — Compute f o f.
Step 4 — Verify fo f = 4f.
(fof)z,y) = flz— y, —3z + 3y)
= ((z - (=3z +3y), —3(z — y) + 3(—3z + 3y))

= (4z — 4y, —12z + 12y)
A(r —y, =37+ 3y) =4 f(z,y).

Conclusion. fo f =4f. In particular, f is a dilatation in the sense that applying f
twice equals scaling f by 4.

Solution — Exercise 6.10 — Linear Map f : R® — R3, Kernel, Image.
Let f(z,y,2) =(—2z+y+2z, 2—2y+2z x+y—2z).
Part 1 — f is linear.

Step 1 — Each component of f is a linear combination of z,y, z, so f is linear (linear
maps R” — R™ are exactly those defined by matrix multiplication). v/

Part 2 — Kernel of f.

Step 2 — Set up and solve.

—2r+y+z2=0
r—2y+z=0
r+y—22=0

Adding all three equations: 0 = 0 (dependent system). From equations (1) and (2):
adding gives —x —y + 2z = 0, i.e.,, z + y = 2z. Equation (3) says x + y = 2z. These
are identical, so the system reduces to one independent equation. Set z = t: then
r+y =2t From (1): -2z +y+t=0 =y = 2z —t. Substituting: z + (2o —t) =
A=3r=3t=>x=1ts0y=t.

Step 3 — Describe Ker f and find its basis.
Ker f = {(t,t,t) | t € R} = Span{(1,1,1)}.
Basis of Ker f: {(1,1,1)}, and dim Ker f = 1.

Part 3 — Dimension and Basis of Im f.
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Step 4 — Rank-Nullity.

dimIm f = dimR?® —dimKer f =3 — 1 =2.

Step 5 — Generating family.

Imf = Span{f(el), f(62>7 f(e3)} = Span{(—2, 1’ 1)7 (1v _2v 1)’ (17 1? _2)}'

Note: (—=2,1,1)+(1,—2,1) 4+ (1,1,-2) = (0,0, 0), so the three are linearly dependent.
But any two are independent.

Step 6 — Extract a basis.
Check (—2,1,1) and (1,—2,1) are independent: A(—2,1,1) + u(1,—2,1) = (0,0,0)
gives A\ =pu=0. v

Conclusion. A basis of Im f is {(—2,1,1), (1,—2,1)}.

Solution — Exercise 6.11 — Linear Map f : R* — R*, Kernel, Image, Direct
Sum.

Let f(x,y,2,t) = (x — 2y, © — 2y, 0, x —y — z — 1).

Part 1 — f is linear.

Step 1 — Each component is a linear combination of x,y, 2, ¢, so f is linear. v/
Part 2 — Kernel and Image.

Step 2 — Kernel.

2y =0
Kerf—{(:v,y,z,t):{z_yy_z_tzo }

From equation (1): x = 2y. Substituting into (2): 2y —y—z—t=0=>t=y — 2.
So the free variables are y and z:

(x,y,2,t) = 2y,y,2,y —2) =y(2,1,0,1) + 2(0,0,1, —1).
Basis of Ker f: By, = {v1 = (2,1,0,1), v = (0,0,1,—1)}, and dim Ker f = 2.
Step 3 — Image.
Imf={(x—2y,v—2y,0,0—y—z—1t)|(x,y,21) € R*}.
Setting A =z — 2y and = x — y — z — t (which are independent):

Imf = {)\(17 17070) +/JJ<070707 1) | )‘nu € R}
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Basis of Im f: By, = {w; = (1,1,0,0), we = (0,0,0,1)}, and dimIm f = 2.
Verification: dimKer f + dimIm f =2 +2 =4 = dimR* v
Part 3 — Direct sum Ker f @ Im f = R*?

Step 4 — Check intersection.
A vector in Ker f NIm f has the form (2a,a,b,a — b) (from Ker f) and also (A, \, 0, p)
(from Im f). Equating components:

20a=A, a=A, b=0, a—b=p.

From the first two: 2a = a = a =0, then b =0, A =0, = 0. So Ker f N Im f = {0}.
v

Step 5 — Verify {vi, vy, w;,wy} is a basis of R*%.
M (2,1,0,1) + X0(0,0,1, —1) + A3(1,1,0,0) + A\(0,0,0,1) = (0,0,0,0)

System:
2M1+2A3=0
AM+A3=0
A2 =0
M=+ =0

:>>\3:0, /\1:0, )\2:0, A = 0.

The four vectors are linearly independent, hence form a basis of R*.

Conclusion. Ker f @ Im f = R*. [
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