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Introduction

These courses is part of the o¢ cial program of the Biostatistics module intended mainly

for students in the second year of a biology degree, but may possibly be useful for students

in other mathematics modules (within the framework of the L.M.D. system), and anyone

wishing to know probability Fundamentals with discrete and continuous random variables.

The required mathematical level is that of the second year of a Mathematics, economics,

engineering degree. The content of this subject is the basis of any introduction to probability

theory. It allows the student to acquire the maximum of mathematical techniques necessary

for most of the subjects studied throughout their course, namely: probability, discrete random

variables, continuous random variables, mathematical programming and...etc.

The theory of probability had its origin in gambling and games of chance. It owes much to

the curiosity of gamblers who pestered their friends in the mathematical world with all sorts

of questions. Unfortunately, this association with gambling contributed to very slow and

sporadic growth of probability theory as a mathematical discipline. The mathematicians of

the day took little or no interest in the development of any theory but looked only at the

combinatorial reasoning involved in each problem.

The �rst attempt at some mathematical rigor is credited to Laplace. In his monumental

work, Theorie analytique des probabilites (1812), Laplace gave the classical de�nition of the

probability of an event that can occur only in a �nite number of ways as the proportion of

the number of favorable outcomes to the total number of all possible outcomes, provided

that all the outcomes are equally likely. According to this de�nition, computation of the

probability of events was reduced to combinatorial counting problems. Even in those days,

this de�nition was found inadequate. In addition to being circular and restrictive, it did not
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Introduction

answer the question of what probability is; it only gave a practical method of computing the

probabilities of some simple events.

An extension of the classical de�nition of Laplace was used to evaluate the probabilities of

sets of events with in�nite outcomes. The notion of equal likelihood of certain events played

a key role in this development. According to this extension, if 
 is some region with a well-

de�ned measure (length, area, volume, etc.), the probability that a point chosen at random

lies in a subregion A of 
 is the ratio measure(A)=measure(
). Many problems of geometric

probability were solved using this extension. The trouble is that one can de�ne at random

in any way one pleases, and di¤erent de�nitions lead to di¤erent answers.

The mathematical theory of probability as we know it today is of comparatively recent origin.

It was A. N. Kolmogorov who axiomatized probability in his fundamental work, Foundations

of the Theory of Probability (Berlin), in 1933. According to this development, random

events are represented by sets and probability is just a normed measure de�ned on these

sets. This measure-theoretic development not only provided a logically consistent foundation

for probability theory but also joined it to the mainstream of modern mathematics.

This handout contains three main chapters, where are presented

1) Introduction to probability Fundamentals.

2) Some de�nitions and theorems on discrete random variables.

3) Some de�nitions and theorems on continuous random variables.

Each chapter ends with some corrected exercises to check the acquisition of the essential

concepts that have been introduced.

I could not end this foreword without a great, more personal tribute to my colleague teachers

who have seriously examined this handout. I would also like to thank our readers in particular.

Finally, errors may be found, please report them to the author.
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Chapter 1

Probability Fundamentals

1.1 Basic probability concepts

1.1.1 Introduction

The mathematical theory of probability gives us the basic tools for constructing and analyzing

mathematical models for random phenomena. In studying a random phenomenon, we are

dealing with an experiment of which the outcome is not predictable in advance. Experiments

of this type that immediately come to mind are those arising in games of chance. In fact,

the earliest development of probability theory in the �fteenth and sixteenth centuries was

motivated by problems of this type.

Our interest in the study of a random phenomenon is in the statements we can make con-

cerning the events that can occur. Events and combinations of events thus play a central role

in probability theory. The mathematics of events is closely tied to the theory of sets, and we

give in this section some of its basic concepts and algebraic operations.

1.1.2 Random experiment

De�nition 1. A random (or statistical) experiment is an experiment in which:

(a) All outcomes of the experiment are known in advance.

(b) Any performance of the experiment results in an outcome that is not known
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Chapter 1. PROBABILTY FUNDAMENTALS

in advance.

(c) The experiment can be repeated under identical conditions.

1.1.3 The sample space

De�nition 2. A sample space 
 is the set of possible outcomes of a random experiment.

Example 1.

� When �ipping a coin, 
 = f heads, tailsg = fH;Tg.

� When throwing a dice, 
 = f1; 2; 3; 4; 5; 6g

� When analysing �nancial data, 
 could be the set of all possible values of all stocks in

all of the world�s stockmarkets at all dates and times in the past, present and future.

� When designing a communication system, 
 could be the set of all the �les a user might

ever consider transmitting and all the random behaviours (noise) the transmission

medium (channel) may possibly exhibit in the past, present or future.

� When studying a physical process, 
 could be every observable quantity in the universe.

A sample space can be a discrete �nite set, a discrete countably in�nite set such as the set of

integers, or a continuous set such as the set of real numbers. Most examples in probability

textbooks tend to concentrate on simple random experiments such as �ipping a coin or

throwing a dice. However, most applications of probability theory typically concern much

larger sets 
. In any case, in order for probability theory to make sense, your sample space

must include all random quantities you may ever want to examine jointly.

Sample point

De�nition 3. Each possible outcome is called a sample point.

4



Chapter 1. PROBABILTY FUNDAMENTALS

1.1.4 Events

De�nition 4. An event is generally referred to as a subset of the sample space 
 having

one or more sample points as its elements.

Example 2. When throwing a dice

� The event A = f2:4:6g � 
 that the outcome is even.

� The event B = f1; 2; 3g that the outcome is 3 or less.

� The event C = f4g that the outcome is 4. This is both an outcome and an event. Some

call it an atomic" event because it contains just one outcome.

� The empty event D = ;

� The certain event E = 


The idea that an event is a subset of possible outcomes is not everyone�s cup of tea. Why

call it event" if it�s just a subset? Most people would not intuitively equate the notion of

event with the idea of a set or subset. However, you�ve all seen Venn diagrams below. This

diagrams are simply a pictorial representation of events as sets. An example Venn diagram

is drawn in Figure 1. The diagrams shows the sample space 
 and two events A and B.

The intersection A \ B, the union A [ B, the complement Ac = A are further events that

can be pictured in the Venn diagram.

Figure 1.1: Diagrams of intersection, union, and complement
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Chapter 1. PROBABILTY FUNDAMENTALS

De�nition 5. We call events A and B disjoint or mutually exclusive if A and B have no

outcomes in common; in set terminology: A \B = ;

De�nition 6. The complement of an event A � 
 . We denote the complement of A by

the symbol Ac or A.

De�nition 7. The intersection of two events A and B, denoted by the symbol A \ B, is

the event containing all elements that are common to A and B.

De�nition 8. The union of the two events A and B, denoted by the symbol A [B, is the

event containing all the elements that belong to A or B or both.

Example 3. Let the random experiment is a throw of a dice, 
 = f1; 2; 3; 4; 5; 6g , and

A = f2; 4; 6g and B = f1; 2; 3g. In set notation, it is obvious that A \ B = f2g, A [ B =

f1; 2; 3; 4; 6g, A = f1; 3; 5g and B = f4; 5; 6g. In event" terminology, it may be less easy to

specify some of these events.

� A (the event that the outcome is even), B (the event that the outcome is 3 or less).

� A (the event that the outcome is NOT even, i.e., odd) and B (the event that the

outcome is NOT 3 or less, i.e., 4 or more) are all easy to think about.

� However, A \ B (the event that the outcome is even AND 3 or less) or A [ B

(the event that the outcome is even OR 3 or less) are more di¢ cult to consider

intuitively.

The set analogy and its pictorial representation the Venn diagram are tools that help us

re�ne our intuition about events.

DeMorgan�s laws. For any two events A and B we have

A [B = A \B and A \B = A [B

6



Chapter 1. PROBABILTY FUNDAMENTALS

Table 1. Corresponding statements in set theory and probability

Set theory Probability theory

Space, 
 Sample space, sure event

empty set, ; Impossible event

Elements, a; b; ::: Sample points, a; b; :::

Sets, A;B Events, A;B

A Event A accurs

A Event A does not accur

A [B At least one of A and B occurs

A \B = AB Both A and B occur

A � B A is a subset of B

A \B = ; A and B are mutually exclusive

1.1.5 Probability of an event

Probability of an event A in 
 is de�ned as P (A) and equals to

P (A) =
number of possible points of the event
number of all possible points in 


=
n (A)

n (
)

Axioms of probability

Let 
 be a random sample space and A be an event within 
. Then

1) 0 � P (A) � 1

2) P (
) = 1

3) The sum of the probabilities of all simple events must be 1:e.g
P

i�1 Pi = 1

4) For any disjoint events Ei; i = 1; 2; :::; n e.g Ei \Ej = ; for i 6= j where ; is empty set, we

have

P (E1 [ E2 [ ::: [ En) = P (E1) + P (E2) + :::+ P (En)

Example 4. A spinner has 4 equal sectors colored yellow, blue, green and red. After spinning

the spinner, what is the probability of landing on each color?
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Chapter 1. PROBABILTY FUNDAMENTALS

The possible outcomes of this experiment are yellow, blue, green, and red.

P (yellow) =
number of ways to land on yellow

total number of colors
=
1

4

P (blue) =
number of ways to land on blue

total number of colors
=
1

4

Find P (green) and P (red)?

Example 5. Let us toss a coin. The sample space is (
; S), where 
 = fH;Tg

and S is the all subsets of 
. Let us de�ne P on S as follows:

P (H) =
1

2
; P (T ) =

1

2

Then P clearly de�nes a probability.

Example 6. Let 
 = f1; 2; 3; :::g be the set of positive integers, and let S be the

class of all subsets of 
. De�ne P on S as follows:

P (k) =
1

2k
; k = 1; 2; :::

Then
1P
k=1

P (k) = 1; we have P de�nes a probability.

Example 7. When throwing a dice. We have 
 = f1; 2; 3; 4; 5; 6g

� The event A = f2:4:6g � 
 that the outcome is even.

� The event B = f1; 2; 3g that the outcome is 3 or less.

� The event C = f4g that the outcome is 4.

The probability of the events A;B and C are given by

P (A) =
3

6
= 0:5; P (B) =

3

6
= 0:5; P (C) =

1

6

Theorem 1. P is monotone and subtractive; that is, if A;B are two events and A � B ,
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Chapter 1. PROBABILTY FUNDAMENTALS

then

P (A) < P (B)

and

P (B � A) = P (B)� P (A)

where B � A = B \ Ac, Ac being the complement of the event A.

Proof. If A � B , then

B = (A \B) + (B � A) = A+ (B � A);

and we obtain

P (B) = P (A) + P (B � A)

Remark if P (A) = 0 for any event A, we call A an event with zero probability or a null

event. However, it does not follow that A = ;.

Similarly, if P (B) = 1 for for any event, we call B a certain event, but it does not follow

that B = 
.

Theorem 2 (Addition Rule). If A;B are two events, then

P (A [B) = P (A) + P (B)� P (A \B)

Figure 1.2: Additive rule of probability
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Chapter 1. PROBABILTY FUNDAMENTALS

Corollary 1. P is subadditive, that is, if A;B are two events, then

P (A [B) � P (A) + P (B)

Corollary 1 can be extended to an arbitrary number of events Aj

P

 S
j

Aj

!
�
S
j

P (Aj)

Corollary 2. If B = Ac, then A and B are disjoint and

P (Ac) = P
�
A
�
= 1� P (A)

Example 8. A die is rolled twice. Let all the elementary events in 
 = f(i; j) : i; j =

1; 2; :::; 6g be assigned the same probability. Let C be the event that the �rst throw shows a

number � 2, and D be the event that the second throw shows at least 5. Then

C = f(i; j) : 1 � i � 2; j = 1; 2; :::; 6g

D = f(i; j) : 5 � j � 6; i = 1; 2; :::; 6g

and

C \D = f(1; 5); (1; 6); (2; 5); (2; 6)g

we have

P (C [D) = P (C) + P (D)� P (C \D) = 12

36
+
12

36
� 4

36
=
20

36
= 0:55

and

P
�
C
�
= 1� P (C) = 1� 12

36
=
24

36

where C = Cc = f(i; j) : i > 2; j = 1; 2; :::; 6g; P
�
C
�
= 24

36
:

10



Chapter 1. PROBABILTY FUNDAMENTALS

Theorem 3 (Boole�s Inequality). For any two events A and B

P (A \B) � 1� P
�
A
�
� P

�
B
�

Corollary 3.

1) Let fBjg, j = 1; 2; ::: be a countable sequence of events; then

P (\Bj) � 1�
X

P (Bj)

2) (Implication Rule). If A;B and C are three events and A;B � C, then

P
�
C
�
� P

�
A
�
+ p

�
B
�

Fundamental principal of counting

Factorial Notation. Factorial n is denoted as n! and is de�ned as n! = 1� 2� 3� :::� n:

Note: If some procedure can be performed in n1 di¤erent ways and a second procedure can

be performed in n2 ways , third procedure can be performed in n3 ways, and so forth then

the number of ways the procedure can be performed in the order indicated is

n1 � n2 � n3 � ::::

For example. The number of di¤erent signals each consists of 8 �ags in a vertical line

formed from a set of 4 indistinguishable red �ags and 3 indistinguishable white �ags and one

blue �ag is 8!4!3!.

Combinations

A combination of n objects taken r at a time is denoted by Cnr or
�
n
r

�
where

Cnr =

�
n

r

�
=

n!

k! (n� k)!

11
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Example 9. The number of committees of 3 can be formed from 8 persons is

C83 =

�
8

3

�
=

8!

3! (8� 3)! = 56

Permutation

An arrangement of set of n objects in a given order is called a permutation. An arrangements

of any (r � n) objects from n objects taken at a time is denoted by

P nr = A
n
r =

n!

(n� r)!

Example 10. In one year, three awards (research, teaching, and service) will be given to a

class of 30 graduate students in a Mathematics department. If each student can receive at

most one award, how many possible selections are there?

Solution: Since the awards are distinguishable, it is a permutation problem. The total

number of sample points is

P 303 = A303 =
30!

(30� 3)! = 24360

Permutation with repetitions

The number of permutations of n objects of which n1 are alike, n2 are alike,... nk are alike

is given by
n!

n1!n2!:::nk!

Example 11. In a college football training session, the defensive coordinator needs to have

10 players standing in a row. Among these 10 players, there are 1 freshman, 2 sophomores, 4

juniors, and 3 seniors. How many di¤erent ways can they be arranged in a row if only their

class level will be distinguished?

Solution: Directly using precedent relation, we �nd that the total number of arrangements

is
10!

1!2!3!4!
= 12600

12



Chapter 1. PROBABILTY FUNDAMENTALS

1.1.6 Conditional probability

The probability of an event B occurring when it is known that some event A. has occurred

is called a conditional probability and is denoted by P (BjA). The symbol P (BjA) is usually

read �the probability that B occurs given that A occurs�or simply �the probability of B,

given A.�

De�nition 9. The conditional probability of A given B, denoted by P (AjB), is de�ned by

P (AjB) = P (A \B)
P (B)

; P (A) > 0

Example 12. Assume that the population of adults in a small town who have completed

the requirements for a college degree. We shall categorize them according to gender and

employment status. The data are given in Table 2.

Table 2. Categorization of the Adults in a Small Town.

Employed Unemployed Total

Male 460 40 500

Female 140 260 400

Total 600 300 900

We shall be concerned with the following events:

M: the one chosen is Male,

F: the one chosen is Female

E: the one chosen is employed.

T: the one is chosen.

Using the reduced sample space E, we �nd that

P (M jE) = P (M \ E)
P (E)

=
460

600
=
23

30

P (F jE) = P (F \ E)
P (E)

=
140

600
=
7

30

13
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Using the reduced sample space total T , we �nd that

P (M jT ) = P (M \ T )
P (T )

=
500

900
=
5

9

P (F jT ) = P (F \ T )
P (T )

=
400

600
=
2

3

Independent events

De�nition 10. Two events A and B are independent if and only if

P (BjA) = P (B) or P (AjB) = P (A)

,

assuming the existences of the conditional probabilities. Otherwise, A andB are dependent.

De�nition 11. If in an experiment the events A and B can both occur, then

P (A \B) = P (A)P (BjA); P (A) > 0

Theorem 4. Two events A and B are independent if and only if

P (A \B) = P (A)P (B)

Therefore, to obtain the probability that two independent events will both occur, we simply

�nd the product of their individual probabilities.

Proposition 1.

Let A;B 2 
 be events with P (A); P (B) > 0. Then

1) P (A \B) = P (A)P (B=A),

2) P (A) = P (A=B)P (B) + P (A=Bc)P (Bc);
�
Bc = B

�
:

3) P (Ac=B) = 1� P (A=B);
�
Ac = A

�
:

Example 13. A small town has one �re engine and one ambulance available for emergencies.

The probability that the �re engine is available when needed is 0:98, and the probability that

14
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the ambulance is available when called is 0:92. In the event of an injury resulting from a

burning building, �nd the probability that both the ambulance and the �re engine will be

available, assuming they operate independently.

Solution: Let A andB represent the respective events that the �re engine and the ambulance

are available. Then

P (A \B) = P (A)� P (B) = 0:98� 0:92 = 0:9016

Example 14. Phan wants to take either a Biology course or a Chemistry course. His adviser

estimates that the probability of scoring an A in Biology is 4
5
, while the probability of scoring

an A in Chemistry is 1
7
. If Phan decides randomly, by a coin toss, which course to take, what

is his probability of scoring an A in Chemistry?

Solution: denote by B the event that Phan takes Biology, and by C the event that Phan

takes Chemistry, and by A = the event that the score is an A. Then, since P (B) = P (C) = 1
2

we have

P (A \ C) = P (C)P (A=C) = 1

2
� 1
7
=
1

14

The identity P (A\B) = P (A)P (B=A) from Proposition 1 can be generalized to any number

of events in what is sometimes called the multiplication rule.

Proposition 2 (Multiplication rule)

Let A1; A2; :::; An 2 
 be events. Then

P (A1 \ A2 \ ::: \ An) = P (A1)P (A2=A1)P (A3=A1 \ A2)::: P (An=A1 \ A2 \ ::: \ An�1).

Example 15. An urn has 5 blue balls and 8 red balls. Each ball that is selected is returned

to the urn along with an additional ball of the same color. Suppose that 3 balls are drawn

in this way.

(a) What is the probability that the 3 balls are blue?

(b) What is the probability that only 1 ball is blue?

Solution: a) In this case, we can de ne the sequence of events B1; B2; B3; ::: where Bi is

15



Chapter 1. PROBABILTY FUNDAMENTALS

the event that the ith ball drawn is blue. Applying the multiplication rule yields

P (B1 \B2 \B3) = P (B1)P (B2=B1)P (B3=B1 \B2) =
5

13
� 6

14
� 7

15
=
1

13

b) denoting by Ri = the even that the ith ball drawn is red, we have

P (only 1 blue ball) = P (B1 \R2 \R3) +P (R1 \B2 \R3) +P (R1 \R2 \B3) = 3 5�6�7
13�14�15 =

3
13

1.1.7 Total probability

Theorem 5. (Bayes�Rule 1) If the events B1; B2; :::; Bk constitute a partition of the sample

space 
 such that P (Bi) 6= 0 for i = 1; 2; :::; k, then for any event A of 


P (A) =
kP
i=1

P (Bi \ A) =
kP
i=1

P (Bi)P (A=Bi)

Figure 1.3: Partitioning the sample space 


Example 16. In a certain assembly plant, three machines, B1; B2, and B3, make 30%, 45%,

and 25%, respectively, of the products. It is known from past experience that 2%, 3%, and

2% of the products made by each machine, respectively, are defective. Now, suppose that a

�nished product is randomly selected. What is the probability that it is defective?

Solution: Consider the following events:

16
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A: the product is defective,

B1: the product is made by machine B1,

B2: the product is made by machine B2,

B3: the product is made by machine B3.

Applying the rule of elimination, we can write

P (A) = P (B1)P (AjB1) + P (B2)P (AjB2) + P (B3)P (AjB3)

Referring to the tree diagram of Figure 1.4, we �nd that the three branches give the

probabilities

P (B1)P (AjB1) = (0:3)(0:02) = 0:006;

P (B2)P (AjB2) = (0:45)(0:03) = 0:0135;

P (B3)P (AjB3) = (0:25)(0:02) = 0:005;

and hence

P (A) = 0:006 + 0:0135 + 0:005 = 0:0245

Figure 1.4: Tree diagram for Example 14.

17
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Bayes�Rule

Theorem 6. If the events A1; A2; :::; Ak constitute a partition of the sample space 
 such

that P (Ai) 6= 0 for i = 1; 2; :::; k, then for any event B of 
 such that P (B) 6= 0

P (Aj=B) =
P (Aj \B)

i=kP
i=1

P (Ai \B)
=

P (Aj)P (B=Aj)
i=kP
i=1

P (Ai)P (B=Ai)

; j = 1; 2; :::; k

Example 17. With reference to Example 14, if a product was chosen randomly and found

to be defective, what is the probability that it was made by machine B3?

Solution: Using Bayes�rule to write

P (B3jA) =
P (B3)P (AjB3)

P (B1)P (AjB1) + P (B2)P (AjB2) + P (B3)P (AjB3)

and then substituting the probabilities calculated in Example 14, we have

P (B3jA) =
0:005

0:006 + 0:0135 + 0:005
=
0:005

0:0245
=
10

49

In view of the fact that a defective product was selected, this result suggests that it probably

was not made by machine B3.

1.2 Exercises with solutions

Exercise 1. Suppose the manufacturer�s speci�cations for the length of a certain type of

computer cable are 2000�10 millimeters. In this industry, it is known that small cable is just

as likely to be defective (not meeting speci�cations) as large cable. That is the probability of

randomly producing a cable with length exceeding 2010millimeters is equal to the probability

of producing a cable with length smaller than 1990 millimeters. The probability that the

production procedure meets speci�cations is known to be 0:99.

(a) What is the probability that a cable selected randomly is too large?

(b) What is the probability that a randomly selected cable is larger than 1990 millimeters?

18
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Solution: Let M be the event that a cable meets speci�cations. Let S and L be the events

that the cable is too small and too large, respectively. Then

(a) P (M) = 0:99 and P (S) = P (L) =
1� 0:99
2

= 0:005.

(b) Denoting by X the length of a randomly selected cable, we have

P (1990 � X � 2010) = P (M) = 0:99.

Since P (X � 2010) = P (L) = 0:005,

P (X � 1990) = P (M) + P (L) = 0:995.

This also can be solved by using Corollary 2.(P
�
A
�
= 1� P (A)):

P (X � 1990) + P (X < 1990) = 1.

Thus, P (X � 1990) = 1� P (S) = 1� 0:005 = 0:995.

Exercise 2. Suppose that each child born is equally likely to be a boy or a girl. Consider a

family with exactly three children.

1) List the 8 elements in the sample space whose outcomes are all possible

genders of the three children.

2) Write each of the following events as a set and �nd its probability :

a) The event that exactly one child is a girl.

b) The event that at least two children are girls.

c) The event that no child is a girl.

Solution:

1) All possible genders are expressed as :


 = fBBB;BBG;BGB;BGG;GBB;GBG;GGB;GGGg

2) a) Let A denote the event : A ={exactly one child is a girl}

A = fBBG;BGB;GBBg

P (A) =
3

8

b) Let B denote the event that at least two children are girls.

B = fGGB;GBG;BGG;GGGg,

P (B) = 4
8

c) Let C denote the event : C ={no child is a girl }

19
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C = fBBBg

P (C) = 1
8
:

Exercise 3. A typical PIN (personal identi�cation number) is a sequence of any four symbols

chosen from the 26 letters in the alphabet and the 10 digits. If all PINs are equally likely,

what is the probability that a randomly chosen PIN contains a repeated symbol?

Solution: A PIN is a sequence of four symbols selected from 36 (26 letters + 10 digits)

symbols.

By the fundamental principle of counting, there are 36� 36� 36� 36 = 364 = 1; 679; 616

PINs in all. When repetition is not allowed the multiplication rule can be applied to conclude

that there are

36� 35� 34� 33 = 1; 413; 720 di¤erent PINs.

The number of PINs that contain at least one repeated symbol

= 1; 679; 616� 1; 413; 720 = 2; 65; 896

Thus, the probability that a randomly chosen PIN contains a repeated symbol is

265; 896

1; 679; 616
= 0:1583

Exercise 4. An urn contains twenty white slips of paper numbered from 1 through 20, ten

red slips of paper numbered from 1 through 10, forty yellow slips of paper numbered from

1 through 40, and ten blue slips of paper numbered from 1 through 10. If these 80 slips

of paper are thoroughly shu­ ed so that each slip has the same probability of being drawn.

Find the probabilities of drawing a slip of paper that is

(a) blue or white

(b) numbered 1; 2; 3; 4 or 5

(c) red or yellow and numbered 1; 2; 3 or 4

(d) numbered 5; 15; 25, or 35

(e) white and numbered higher than 12 or yellow and numbered higher than 26:

Solution: (a) P (BlueorWhite) = P (Blue) + P (White)(Why?) = 10
80
+ 20

80
= 3

8

(b) P (numbered1; 2; 3; 4 or 5) = P (1 of any colour) +P (2 of any colour)
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+P (3 of any colour) +P (4 of any colour) +P (5 of any colour)

= 4
80
+ 4

80
+ 4

80
+ 4

80
4
80
= 1

4

(c) P (Red or yellow and numbered 1; 2; 3 or 4) =

P (Red numbered 1; 2; 3 or 4) +P (yellow numbered 1; 2; 3 or 4) = 4
80
+ 4

80
= 1

10
= 0:1

(d) P (numbered 5; 15; 25 or 35)= P (5) + P (15) + P (25) + P (35)

= P (5 of White, Red, Yellow, Blue) +P (15 of White, Yellow) +P (25 of Yellow)

+P (35 of Yellow)= 4
80
+ 2

80
+ 1

80
+ 1

80

(e) P (White and numbered higher than 12 or Yellow and numbered higher than 26)

= P (White and numbered higher than 12)+P (Yellow and numbered higher than 26)

= 8
80
+ 14

80
= 11

40
:

Exercise 5. Suppose 30% of the women in a class received an A on the test and 25% of the

men received an A. The class is 60% women. Given that a person chosen at random received

an A, what is the probability this person is a women?

Solution: Let A be the event of receiving an A, W be the event of being a woman, and M

the event of being a man. We are given P (A=W ) = 0:30; P (A=M) = 0:25; P (W ) = 0:60

and we want P (W=A). From the de�nition

P (W=A) =
P (W \ A)
P (A)

We have

P (W \ A) = P (A=W )P (W ) = (0:30)(0:60) = 0:18

To �nd P (A), we write

P (A) = P (W \ A) + P (M \ A) :

Since the class is 40% men,

P (M \ A) = P (A=M)P (M) = (0:25)(0:40) = 0:10
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So

P (A) = P (W \ A) + P (M \ A) = 0:18 + 0:10 = 0:28

Finally,

P (W=A) =
P (WnA)
P (A)

=
0:18

0:28

Exercise 6. Sarah and Bob draw 13 cards each from a standard deck of 52. Given

that Sarah has exactly two aces, what is the probability that Bob has exactly one ace?

Solution: Let A = Sarah has two aces, and let B = Bob has exactly one ace. In order to

compute P (B=A), we need to calculate P (A) and P (A \B). On the one hand, Sarah could

have any of
�
52

13

�
possible hands. Of these hands,

�
14

2

��
48

11

�
will have exactly two aces so

that

P (A) =

�
4

2

��
48

11

�
�
52

13

�
On the other hand, the number of ways in which Sarah can pick a hand and Bob another

(di¤erent) is
�
52

13

�
�
�
39

13

�
. The the number of ways in which A and B can simultaneously

occur is
�
4

2

�
�
�
48

11

�
�
�
2

1

�
�
�
37

12

�
and hence

P (A \B) =

�
4

2

�
�
�
48

11

�
�
�
2

1

�
�
�
37

12

�
�
52

13

��
39

13

�

Applying the de�nition of conditional probability we �nally get

P (B=A) =
P (B \ A)
P (A)

=

�
4

2

�
�
�
48

11

�
�
�
2

1

�
�
�
37

12

�
�
52

13

��
39

13

� �

�
52

13

�
�
4

2

��
48

11

� = 2

�
37

12

�
�
39

13

�

Exercise 7. A manufacturing �rm employs three analytical plans for the design and devel-

opment of a particular product. For cost reasons, all three are used at varying times. In fact,

plans 1, 2, and 3 are used for 30%; 20%, and 50% of the products, respectively. The defect
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rate is di¤erent for the three procedures as follows:

P (DjP1) = 0:01; P (DjP2) = 0:03; P (DjP3) = 0:02

where P (DjPj) is the probability of a defective product, given plan j.

If a random product was observed and found to be defective, which plan was most likely used

and thus responsible?

Solution: From the statement of the problem

P (P1) = 0:30; P (P2) = 0:20; P (P3) = 0:50

,

we must �nd P (PjjD) for j = 1; 2; 3. Bayes�rule (Theorem 6) shows

P (P1jD) =
P (P1)P (DjP1)

P (P1)P (DjP1) + P (P2)P (DjP2) + P (P3)P (DjP3)

=
(0:30)(0:01)

(0:3)(0:01) + (0:20)(0:03) + (0:50)(0:02)

=
0:003

0:019

= 0:158

Similarly,

P (P2jD) =
(0:03)(0:20)

0:019
= 0:316 and P (P3jD) =

(0:02)(0:50)

0:019
= 0:526

The conditional probability of a defect given plan 3 is the largest of the three; thus a defective

for a random product is most likely the result of the use of plan 3. Using Bayes� rule,

a statistical methodology called the Bayesian approach has attracted a lot of attention in

applications.

Exercice 8. One bag contains 4 white balls and 3 black balls, and a second bag contains 3

white balls and 5 black balls. One ball is drawn from the �rst bag and placed unseen in the

second bag. What is the probability that a ball now drawn from the second bag is black?

Solution: Let B1, B2, and W1 represent, respectively, the drawing of a black ball from bag
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1, a black ball from bag 2, and a white ball from bag 1. We are interested in the union

of the mutually exclusive events B1 \ B2 and W1 \ B2. The various possibilities and their

probabilities are illustrated in Figure 1.5. Now

P [(B1 \B2) [ (W1 \B2)] = P (B1 \B2) + P (W1 \B2)

= P (B1)P (B2jB1) + P (W1)P (B2jW1)

= 3769 + 4759

= 3863

Figure 1.5: Tree diagram for Exercise 8.

Exercise 9. Suppose that 60% of UConn students will be at random exposed to the �u.

If you are exposed and did not get a �u shot, then the probability that you will get the �u

(after being exposed) is 80%. If you did get a �u shot, then the probability that you will get

the �u (after being exposed) is only 15%.

(a) What is the probability that a person who got a �u shot will get the �u?

(b) What is the probability that a person who did not get a �u shot will get the �u?

Solution: a) Suppose we look at students who have gotten the �u shot.
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Denote by

E = {the event that a student is exposed to the �u}, and by F = {the event that a student

gets the �u}. We know that P (E) = 0:6 and P (F=E) = 0:15. This means that

P (E \ F ) = (0:6)(0:15) = 0:09, and it is clear that P (Ec \ F ) = 0. Since

P (F ) = P (E \ F ) + P (Ec \ F ),

we see that P (F ) = 0:09.

b) Suppose we look at students who have not gotten the �u shot.

Let

E = {the event that a student is exposed to the �u}, and F = {the event that a student

gets the �u}. We know that P (E) = 0:6 and P (F=E) = 0:15. This means that

P (E \ F ) = (0:6)(0:8) = 0:48, and it is clear that P (Ec \ F ) = 0. Since

P (F ) = P (E \ F ) + P (Ec \ F ),

we see that P (F ) = 0:48.

Exercise 10. Two factories supply light bulbs to the market. Bulbs from factory X work

for over 5000 hours in 99% of cases, whereas bulbs from factory Y work for over 5000 hours

in 95% of cases. It is known that factory X supplies 60% of the total bulbs available in the

market.

1) What is the probability that a purchased bulb will work for longer than 5000 hours?

2) Given that a light bulb works for more than 5000 hours, what is the probability that it

was supplied by factory Y ?

3) Given that a light bulb work does not work for more than 5000 hours, what is the

probability that it was supplied by factory X?

Solution: 1) let H be the event a bulb works over 5000 hours, X be the event that a bulb

comes from factory X, and Y be the event a bulb comes from factory Y .
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Then by the law of total probability

P (H) = P (H=X)P (X) + P (H=Y )P (Y )

= (0:99)(0:6) + (0:95)(0:4)

= 0:974

2) By Part (1) we have

P (Y=H) =
P (H=Y )P (Y )

P (H)

=
0:95� 0:4
0:974

= 0:39

3) We again use the result from Part (1)

P
�
X=H

�
=
P
�
H=X

�
P (X)

P
�
H
�

=
(1� P (H=X))P (X)

1� P (H)

=
(1� 0:99) 0:6
1� 0:974

= 0:23

Exercise 11. Two eventsA andB are such that P (A) = 0:5; P (B) = 0:3 and P (A\B) = 0:1.

Calculate

(a) P (AjB);

(b) P (BjA);

(c) P (AjA [B);

(d) P (AjA \B);

(e) P (A \BjA [B):

Solution: (a) P (AjB) = P (A \B)=P (B) = 1
3

(b) P (BjA) = P (A \B)=P (A) = 1
5
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(c) P (A [B) = P (A) + P (B)� P (A \B) = 0:7; and the event A \ (A [B) = A, so

P (AjA [B) = P (A)=P (A [B) = 5
7

(d) P (AjA \B) = P (A \B)=P (A \B) = 1, since A \ (A \B) = A \B.

(e) P (A \BjA [B) = P (A \B)=P (A [B) = 1
7
, since A \B \ (A [B) = A \B.
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Chapter 2

Discrete Random Variables

2.1 Random variables

Random variables are the most useful objects of probability theory. Intuitively, random vari-

ables are numerical variables whose value is determined by underlying randomness. However,

the formal de�nition of a random variable follows from the axiomatic approach in the previous

section as follows.

De�nition 1. A random variable is a scalar-valued function of the outcomes of a random

experiment, i.e., a function that assigns elements in 
 to numbers

X : 
 �! numbers

We will use upper case letters, e.g., X, to denote random variables. Some may �nd this

formal de�nition hard to reconcile with their intuition.In applications of probability theory,

we often handle a large number of random variables. The temptation would be to view them

each as the outcomes of individual random experiments. However, probablity theory, as

stated in the previous section, is unable to deal with distinct random experiments. Viewing

all random variables across space and time as functions of an underlying common random

experiment has the advantage that all variables remain comparable within the framework of

probability theory.
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2.1.1 Discrete and continuous random variable

De�nition 2. A random variable is called a discrete random variable if its set of possible

outcomes is countable. In this case, random variable takes on discrete values, and it is

possible to enumerate all the values it may assume.

Example 1. Statisticians use sampling plans to either accept or reject batches or lots of

material. Suppose one of these sampling plans involves sampling independently 10 items

from a lot of 100 items in which 12 are defective.

Let X be the random variable de�ned as the number of items found defective in the sample

of 10. In this case, the random variable takes on the values 0; 1; 2; :::; 9; 10:

De�nition 3. A random variable whose set of possible values is an entire interval of numbers

is not discrete. When a random variable can take on values on a continuous scale, it is called

a continuous random variable.

Example 2. Let X be the random variable de�ned by the waiting time, in hours, between

successive speeders spotted by a radar unit. The random variable X takes on all values x for

which x � 0.

2.2 Discrete probability distributions

De�nition 4. If a sample space contains a �nite number of possibilities or an unending

sequence with as many elements as there are whole numbers, it is called a discrete sample

space.

The behavior of a random variable is characterized by its probability distribution, that is, by

the way probabilities are distributed over the values it assumes.

A probability distribution function and a probability mass function are two ways to charac-

terize this distribution for a discrete random variable. They are equivalent in the sense that

the knowledge of either one completely speci�es the random variable. The corresponding

functions for a continuous random variable are the probability distribution function, de�ned

in the same way as in the case of a discrete random variable, and the probability density
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function. The de�nitions of these functions now follow.

2.2.1 Probability distribution and cumulative probability func-

tion

For any random experiment with sample space 
, conditions on random variables such as

� is X equal to 1?

� is Y smaller or equal to 1?

de�ne events, in that the condition can be stated as (the set of outcomes for which X is 1)

or (the

set of outcomes for which Y is 1 or less). Hence, we can rightfully use our probability

measure to denote the probability of such events, e.g., p(X = 1) and p(Y � 1). We will use

the notation

PX (x) = P (X = x)

for the probability that the random variable X takes on the value x. PX is called the

probability distribution or the probability mass function (PMF) of X. Note that we use

upper case letters to denote the random variable and lower case letters to denote possible

values.

We will also use the notation

FX (x) = P (X � x)

and call FX the cumulative probability function or distribution function of X .

The event corresponding to this statement is the intersection of the two events and we use

the notation

PXY (x; y) = p(X = x \ Y = y)

Example 3. Consider the throw of a fair dice, 
 = f1; 2; 3; 4; 5; 6g; n (
) = j
j = 6.

� let X be a random variable that takes the value 0 if the outcome is even and 1 if the

outcome is odd.
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� let Y be a random variable that takes on the value 0 if the outcome is in f1; 4g; 1 if the

outcome is in f2; 5g, and 2 if the outcome is in f3; 6g.

The values of X are f0; 1g; and the values of Y are f0; 1; 2g i.e

X =

8><>: 0 if the outcome is even

1 if the outcome is odd

and

Y =

8>>>><>>>>:
0 if the outcome in f1; 4g

1 if the outcome in f2; 5g

2 if the outcome in f3; 6g

The probability distribution of X and Y

xi 0 1

P (X = xi)
3
6

3
6

and
yi 0 1 2

P (X = yi)
2
6

2
6

2
6

We have

FX (1) = P (x � 1) = P (X = 0) + P (X = 1) =
3

6
+
3

6
= 1

FX (0) = P (x � 0) = P (X = 0) =
3

6

Hence, the distribution function of the random variable X

FX (x) =

8>>>><>>>>:
1 for x � 1
3
6
for 0 � x < 1

0 for x < 0

Venn diagrams for events indicate the subset of the sample space 
 corresponding to the

event, i.e., the event is "true" for outcomes of the random experiment within the subset and

"false" for outcomes outside the subset. Figure 2.1 shows what the equivalent for a random

variable would be, though this representation is not comonly called a Venn diagram. The

random variable partitions the sample space 
 into subsets corresponding to its possible
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values.

Figure 2.1: The "Venn Diagram" of a Random Variable.

Now that we�ve de�ned random variables and distributions, there are a number of derived

measures of a distribution that are useful.

Mean

The �rst is the expectation of a random variable, also called the mean or average, de�ned

as

E (X) =
NX
i=1

xiP (X = xi)

where X is random variable and x1; x2; :::; xN are values of X which corresponding the prob-

ability measures P (X = xi) ; i = 1; 2; :::; N:

Remark: We can also take the expectation of a function of a random variable

E (f (X)) =
NX
i=1

f (xi)P (X = xi)

Properties of E(X)

1) If c is a constant then E(c) = c

2) If X and Y are random variables such that X � Y then E(X) � E(Y )

3) E(X + Y ) = E(X) + E(Y )

4) E(X + c) = E(X) + c
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5) E(aX) = aE(X)

Variance of a distribution

There are a few expectations of particular interest:

E
�
X2
�
=

NX
i=1

x2iP (X = xi)

is called the second moment of a distribution. The expectation or mean E (X) is also

called the �rst moment. Another quantity of interest is called the central second moment or

variance and is de�ned as

V ar(X) = E(X � E (X))2

If a distribution is tightly concentrated around its mean, its variance will be small. Using

linearity, we can re-write the variance as

V ar(X) = E(X2)� (E (X))2

Properties of V ar(X)

1) V (X + k) = V (X);

2) V ar(aX) = a2V (X)

Standard deviation

It is de�ned as the square root of variance i.e,

� =
p
V ar (X)

Example 4. Let X be a random variable taking on the value of the outcome of a throw of

a fair dice. Then


 = f1; 2; 3; 4; 5; 6g
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The probability distribution of X is given by the table below

xi 1 2 3 4 5 6

P (X = xi)
1
6

1
6

1
6

1
6

1
6

1
6

The mean of X is

E (X) =
6X
i=1

xiP (X = xi) = 1:
1

6
+ 2:

1

6
+ 3:

1

6
+ 4:

1

6
+ 5:

1

6
+ 6:

1

6
=
21

6

Also we can calculate these quantities

E
�
X2
�
=

6X
i=1

x2iP (X = xi) = 1
2:
1

6
+ 22:

1

6
+ 32:

1

6
+ 42:

1

6
+ 52:

1

6
+ 62:

1

6
=
91

6

E (2X) =
6X
i=1

2xiP (X = xi) = 2

�
1:
1

6
+ 2:

1

6
+ 3:

1

6
+ 4:

1

6
+ 5:

1

6
+ 6:

1

6

�
=
21

3

The variance and Standard deviation of X

V ar (X) = E(X2)� (E (X))2 = 91

6
�
�
21

6

�2
= 2: 916 7

� =
p
V ar (X) =

p
2:9157 = 1: 707 5

Covariance

If X and Y are two random variables then the extent to which two random variables vary

together (co-vary) is measured by an indicator known as Covariance and it is denoted by

Cov(X; Y ) and given by

Cov(X; Y ) = E ([X � E(X)][Y � E(Y )])

= E(XY )� E(X)E(Y )
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where

E(XY ) =
NX
i=1

xiyiPXY (xi; yi) =

NX
i=1

xiyip(X = xi \ Y = yi)

Note:

V ar(X + Y ) = V ar(X) + V ar(Y ) + 2Cov(X; Y )

Properties of the Covariance

If X;Y;W , and V are real-valued random variables and a; b; c; d are constant ("constant" in

this context means non-random), then the following can be proved easily.

1) Cov(X; a) = 0,

2) Cov(X; Y ) = Cov(Y;X)

3) Cov(aX; bY ) = abCov(X; Y )

4) Cov(X + a; Y + b) = Cov(X;Y )

5) Cov(aX + bY; cW + dV ) = acCov(X;W ) + adCov(X; Y ) + bcCov(Y;W ) + bdCov(Y; V )

Correlation coe¢ cient

The correlation coe¢ cient �xy between two random variables X and Y with expected values

�X (E (X)) and �Y (E (Y )) and standard deviations �X and �Y is de�ned as

�xy =
E (x� �x)E (y � �Y )

�X�Y
= Corr (X; y)

=
Cov (X; Y )

�X�Y

Example 5. A pair of fair dice is tossed. Let X = max(a; b) and Y = a + b where (a; b)

is any ordered pair belongs to 
. For calculate the covariance between X and Y using the

table below.

p(X = 3 \ Y = 5) = 2=36

35



Chapter 2. DISCRETE RANDOM VARIABLES

E(XY ) = 1� 2� 1

36
+ 2� 3� 2

36
+ 2� 4� 1

36
+ :::+ 6� 12� 1

36

=
1232

36
= 34:2

E (X) = 4:47; �X = 1:4

E (Y ) = 7; �Y = 2:4

Thus the covariance Cov (X; Y ) and the correlation coe¢ cient �xy

Cov (X; Y ) = 34:2� 4:47� 7 = 2: 91

�xy =
Cov (X; Y )

�X�Y
=

2:91

2:4� 1:4 = 0:866

2.3 Special discrete random variables

2.3.1 The Bernoulli distribution

We begin with a simple binary distribution. A binary random variable X with a probability

distribution PX(1) = p and PX(0) = 1 � p = q is said to have a Bernoulli distribution with

parameter p, denoted by

X � Ber (p)

We�ve already established that

E (X) =
2P
i=1

pixi = 1� p+ 0� (1� p) = p
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for any binary random variable in the previous chapter. The other expectations of interest

are the second moment

E
�
X2
�
=

2P
i=1

pix
2
i = 1

2 � p+ 02 � (1� p) = p

and the variance,

V ar (X) = E
�
X2
�
� (E (X))2 = p (1� p) = pq

Example 6. One dice was thrown. Let the random variable X be the number 6 shown

by the dice face. Find

1) The probability distribution and the distribution function of X .

2) Calculate E(X) and V ar(X).

3) Compute the probabilities P (�3 � X < 0); P (�2 � X < 1); P (0 � X < 2) and

P (X � 3):

Solution:

If the number 6 appears, then X = 1 (success).

If the number 1; 2; 3; 4, or 5 appear, then X = 0 (failure).

Hence, X � Ber(p) with p = 1
6
and q = 1� p = 5

6

1) The probability distribution

PX (k) = P (X = k) =

8><>:
�
1
6

�k �5
6

�1�k
; k = 0; 1

0 elsewhere

The distribution function of X

Fx (x) = P (X � x) =

8>>>><>>>>:
0 x < 0

5
6

0 � x < 1

1 x > 1

2) E(X) = p = 1
6
and

V ar(X) = E(X2)� [E(X)]2 = p�q = 1
6
� 5

6
= 5

36
:
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3)

� P (�3 � X < 0) = 0:

� P (0 � X < 2) = p(X = 0) + p(X = 1) = 5
6
+ 1

6
= 1:

� P (�2 � X < 1) = p(X = �2) + p(X = �1) + p(X = 0) = 0 + 0 + 5
6
= 5

6

� P (X � 3) = 0:

2.3.2 The Binomial distribution

Consider n independent Ber(p) distributed random variables X1; X2; :::; Xn. The random

variable Y =
Pn

k=1Xk is said to follow a binomial distribution with parameters n and p,

denoted

Y � B (n; p)

We�ve now de�ned an expression for the binomial distribution

PY (k) =

�
n

k

�
pk (1� p)n�k = Cnk pk (1� p)

n�k

where
�
n

k

�
= Cnk =

n!

k! (n� k)!and k = 0; 1; :::; n:

Conditions For Applicability of Binomial Distributions:

1. Number of trials must be �nite (n is �nite)

2. The trails are independent

3. There are only two possible outcomes in any event i.e., success and failure.

4. Probability of success in each trail remains constant.

Examples:

1. Tossing a coin n times.

2. Throwing a die.

3. Number of defective items in the box.

For the binomial distribution with n = 10 and p = 0:2 are plotted in Figure 2.2.
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Figure 2.2: (a) Probability mass function, P (X = x), and (b) probability distribution func-
tion, FX (x), for the discrete random variable X:

Mean of the Binomial Distribution

The expected value of the binomial distribution can be computed tediously using the de�ni-

tion of the expectation

E (Y ) =
nX
k=1

k

�
n

k

�
pk (1� p)n�k

or, alternatively, we can use the linearity properties developed in the previous section to note

that,

if Y = X1 +X2 + :::+Xn where each Xk is Ber(p), then

E (Y ) = E (X1) + E (X2) + :::+ E (Xn) = np

Variance of the Binomial Distribution

We can compute the second moment of a binomial distribution using the expectation product

rule for independent random variables

E
�
Y 2
�
= E[(X1 +X2 + :::+Xn)

2] = nE
�
X2
1

�
+ 2

�
n

2

�
E [X1]

2 = np+ n (n� 1) p2
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and the variance follows as

V ar (Y ) = E
�
Y 2
�
� (E (Y ))2 = np+ n (n� 1) p2 + np = np (1� p)

Example 7. A hypothetical student "C." has a probability of p = 1
3
of failing to wake up in

time for lectures on any given morning. What is the probability that "C." attends of the 6

IB Paper 7 "probability and statistics" lectures?.

The random variable Y counting the number of lectures attended is binomial B(6; 1
3
). Figure

2.3 illustrates the distribution graphically. Observe that this particular distributon has two

modes (largest probabilities) at 1 and 2 lectures. In general, the mode of a random variable

X � B(n; p) is the largest integer smaller than np, except when np is an integer as is the case

here, when you get two modes at np and np � 1. We will compute the mean and standard

deviation of binomial distributions below.

We have

X � B(n; p) = B
�
6;
1

3

�
yields

PX (1) = C
6
1

�
1

3

�1�
1� 1

3

�6�1
= 0:263 37; k = 1

PX (2) = C
6
2

�
1

3

�2�
1� 1

3

�6�2
= 0:329 22; k = 2

and

E (X) = np = 6� 1
3
= 2

V ar (X) = np (1� p) = 6� 1
3

�
1� 1

3

�
=
4

3
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Figure 2.3: Binomial distribution B(6; 1
3
)

2.3.3 The geometric distribution

The next two distributions we will study concern random variables taking on values in the

countably in�nite set of integers 1; 2; 3; ::: as opposed to the Bernoulli and binomial distri-

butions that both had �nite sets of possible values. The geometric distribution can also be

derived from a collection of independent Bernoulli random variable as the distribution of the

index of the �rst 1 in the sequence. Hence, Y is a geometric distributed random variable

Y � Geom(p)

derived from an in�nite collection X1; X2; ::: of independent Ber(p) random variables, and

therefore

PY (k) = p (1� p)k�1 ; k = 1; 2; ::

i.e., the probability that the �rst k - 1 variables are zero and that the k-th variable is one.

We leave it as an exercise to verify that

E (Y ) =
1

p
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The variance can also be obtained by the relation

V ar (Y ) =
1� p
p2

Exemple 8. For a certain manufacturing process, it is known that, on the average, 1 in

every 100 items is defective. What is the probability that the 5 item inspected is the �rst

defective item found?

Solution: Using the geometric distribution with k = 5 and p = 0:01, we have

PX (5) = 0:01 (1� 0:01)5�1 = 0:01� 0:994 = 0:0096

and

E (X) =
1

p
=

1

0:01
= 100

V ar (X) =
1� p
p2

=
1� 0:01
0:012

= 9900

2.3.4 The Poisson distribution

The Poisson distribution, named after the French scientist Siméon Poisson, is used to model

the probability of the number of incidents in a time interval when incidents happen inde-

pendently at a given rate of � incidents per time interval. The incidents in this context are

assumed to be of zero duration.

Rather than postulate an expression for the Poisson distribution, we will derive it from �rst

principles. Let Y be the random variable counting the number of incidents in the time

interval of interest.

Y � Poisson (�)

Hence, we can de�ne indicator random variablesX1; X2; :::; Xn that are 1 if an incident occurs

in the corresponding sub-interval and 0 otherwise. This is therefore well approximated by a
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sequence of independent Bernoulli random variables with parameter � = n, i.e.,Xk � Ber(
�

n
)

for k = 1; 2; ::; n, and the approximation is exact in the limit as n goes to in�nity. Since

Y = X1 + X2 + ::: + Xn, Y follows a binomial distribution Y � B(n;
�

n
). The Poisson

distribution is the limit of a binomial distribution B(n;
�

n
) as n goes to in�nity. We need

to evaluate

PY (k) = lim
n�!1

�
n

k

��
�

n

�k �
1� �

n

�n�k
This limit gives

PY (k) =
�k

k!
e��; k = 0; 1; 2; :::

Since we�ve derived the Poisson distribution as an approximation to a binomial, it is

clear that the Poisson distribution can also be used in reverse to approximate a binomial

distribution. This works for small p and large n and is useful when the binomial distribution

is di¢ cult to compute numerically due to the di¢ culty of evaluating
�
n

k

�
. Hence, for large

n and small p,

B (n; p) =

�
n

k

�
(p)k (1� p)n�k ' (pn)k

k!
e�pn = Poisson (np)

i.e., a Poisson distribution with parameter � = pn.

Conditions For Poisson Distribution

1. The number of trials are very large (in�nite)

2. The probability of occurrence of an event is very small (� = np)

3. � = np = �nite

Examples:

1. The number of printing mistakes per page in a large text

2. The number of telephone calls per minute at a switch board

3. The number of defective items manufactured by a company.

For the Poisson distribution with some values of � (� = 1; 4; 10) are plotted in Figure 2.4.

The Poisson distribution unusally has identical expectation and variance (which we won�t
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derive but is again a fun exercise if you enjoy juggling around with algebra and derivatives)

E (Y ) = V ar (Y ) = �

Figure 2.4: Poisson distributions for � = 1 (red), � = 4 (green) and � = 10 (blue)

Example 9. During a laboratory experiment, the average number of radioactive particles

passing through a counter in 1 millisecond is 4. What is the probability that 6 particles enter

the counter in a given millisecond?

Solution: Using the Poisson distribution (X) with k = 6 and � = 4, we have

PX (k) =
�k

k!
e�� =

46

6!
e�4 = 0:1042

and

E (X) = V ar (X) = � = 4

Example 10. The number of errors in an essay ismodelled by a poisson distribution with

3:8 errors per page on overage. Find the probability that there are

1) no error on the next page.

2) Fewer than 2 errors on the 5 page.

3) more than 7 errorson the last 2 page.

Solution:
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X represents the number of errors made on a page on an essay

X � P0 (3:8)

1) P (X = 0) = e�3:8 = 2: 237 1� 10�2:

2) P (X < 2) = P (X � 1) = P (X = 0) + P (X = 1) = e�3:8 + 3:8e�3:8 = 0:107 38:

Y represents the number of errors made on two page on an essay

Y � P0 (7:6)

3) P (Y > 7) = 1� P (Y < 7) = 1� 0:51 = 0:49:

2.4 Exercices with solutions

Exercise 1. Suppose that a coin is tossed three times and the sequence of heads and tails

is noted.Now let the random variable X be the number of heads in three coin tosses.

1) Determine the sample space 
:

2) Determine the probability distribution of X:

3) Calculate the probability mesures P (X � 2) ; P (X > 2) ; P (0 � X < 2) :

4) Determine mean, variance and Standard deviation of random variable X:

Solution:

1) The sample space for this experiment evaluates to:


 = fHHH;HHT;HTH;HTT; THH; THT; TTH; TTTg and n (
) = 8

2) The random variable X assigns each outcome in 
 a number from the set xi = f0; 1; 2; 3g.

The table below lists the eight outcomes of 
 and the corresponding values of X

Outcome HHH HHT HTH THH HTT TTH THT TTT

X 3 2 2 2 1 1 1 0

The table below shows the probability distribution of X
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xi 0 1 2 3

P (X = xi)
1
8

3
8

2
8

1
8

3) We have P (X � 2) = P (X = 2) + P (X = 1) + P (X = 0) = 2
8
+ 3

8
+ 1

8
= 3

4

P (X > 2) = P (X = 3) = 1
8

P (0 � X < 2) = P (X = 1) + P (X = 0) = 3
8
+ 1

8
= 1

2

4) The mean of X

E (X) =
4X
i=1

xiP (X = xi) = 0�
1

8
+ 1� 3

8
+ 2� 2

8
+ 3� 1

8
=
10

8

The second moment of X

E
�
X2
�
=

4X
i=1

x2iP (X = xi) = 0
2 � 1

8
+ 12 � 3

8
+ 22 � 2

8
+ 32 � 1

8
=
20

8

The variance of X

V ar (X) = E
�
X2
�
� (E (X))2 = 20

8
�
�
10

8

�2
= 0:937 5

Exercise 2. A random variable X has the following probability distribution

xi �3 6 9

P (X = xi) = pi
1
6

1
2

1
3

1) Find the mean E (X) ;

2) Determine E (X2) ; V ar (X)

3) Evaluate E
�
(2X + 1)2

�
Solution:

1) The mean

E (X) =
3X
i=1

xipi = �3�
1

6
+ 6� 1

2
+ 9� 1

3
=
11

2

2) we calculate E (X2) ; V ar (X)
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The second moment of X

E
�
X2
�
=

4X
i=1

x2i pi = (�3)
2 � 1

6
+ 62 � 1

2
+ 92 � 1

3
=
93

2

The variance of X

V ar (X) = E
�
X2
�
� (E (X))2 = 93

2
�
�
11

2

�2
= 16: 25

3) E
�
(2X + 1)2

�
= E (4X2 + 4X + 1) = 4E (X2) + 4E (X) + 1 = 4� 93

2
+ 4� 11

2
+ 1 = 209

Exercise 3. Let X be a random variable of maximum of two numbers in throwing two

fair dice simultaneously.

1) Find the probability distribution of X

2) Determine the mean

3) Determine the variance

4) Compute P (1 < x < 4)

5) Compute P (2 � X � 4)

Solution: 1) Sample space of throwing two dices


 = f(1; 1); (1; 2); (1; 3); (1; 4); (1; 5); (1; 6)

(2; 1); (2; 2); (2; 3); (2; 4); (2; 5); (2; 6)

(3; 1); (3; 2); (3; 3); (3; 4); (3; 5); (3; 6)

(4; 1); (4; 2); (4; 3); (4; 4); (4; 5); (4; 6)

(5; 1); (5; 2); (5; 3); (5; 4); (5; 5); (5; 6)

(6; 1); (6; 2); (6; 3); (6; 4); (6; 5); (6; 6)g

n (
) = 36:

Let X = Maximum of two numbers in throwing two dice = f1; 2; 3; 4; 5; 6g
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X Favorable cases
Number of

Favorable cases
pi

1 (1; 1) 1 1
36

2 (2; 1); )(1; 2); (2; 2) 3 3
36

3 (3; 1); (1; 3); (2; 3)(3; 3); (3; 2) 5 5
36

4 (1; 4); (4; 1); (4; 2); (2; 4)(4; 3); (3; 4); (4; 4) 7 7
36

5 (1; 5); (5; 1); (2; 5); (5; 2)(3; 5); (5; 3); (5; 4); (4; 5); (5; 5) 9 9
36

6 (1; 6)(6; 1); (6; 2); (2; 6); (6; 3); (3; 6); (4; 6); (6; 4); (6; 5)(5; 6); (6; 6) 11 11
36

Clearly ,p(xi) > 0 and
P6

i=1 p(xi) = 1

Probability distribution of X is given by

xi 1 2 3 4 5 6

pi
1
36

3
36

5
36

7
36

9
36

11
36

2) The mean of X

E (X) =
6X
i=1

xipi = 1

�
1

36

�
+ :::+ 6

�
11

36

�
= 4:47

The variance of X

V ar (X) = E
�
X2
�
� (E (X))2 = 12

�
1

36

�
+ :::+ 62

�
11

36

�
� (4:47)2 ' 2

4) P (1 < x < 4) = p2 + p3 = 3
36
+ 5

36
= 2

9

5) P (2 � X � 4) = p2 + p3 + p4 = 3
36
+ 5

36
+ 7

36
= 15

36

Exercise 4. A random variable X has the following probability function

xi �3 �2 �1 0 1 2 3

pi k 0:1 k 0:2 2k 0:4 2k
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1) Find the number k,

2) Calculate the mean and the variance of X:

Solution: 1) We know that
P7

i=1 pi = 1 i.e k + 0:1 + k + 0:2 + 2k + 0:4 + 2k = 1

i.e 6k + 0:7 = 1; we get k = 0:05

2) The mean E (X) =
P7

i=1 xipi = k(�3) + 0:1(�2) + k(�1) + 2k(1) + 2(0:4) + 3(2k) = 0:8

Variance V ar (X) = E (X2) � (E (X))2 = k(�3)2 + 0:1(�2)2 + k(�1)2 + 2k(1)2 + 4(0:4) +

9(2k)� 0:82 = 2:86:

Exercise 5. In tossing a coin 10 times simultaneously. Find the probability of getting

a) at least 7 heads

b) almost 3 heads

c) exactly 6 heads

Solution: Given n = 10

Probability of getting a head in tossing a coin p = 1
2

Probability of getting no head q = 1� p = 1
2
:

The random variable X to follow a binomial distribution with parameters n = 10 and p = 1
2

i.e X � B
�
10; 1

2

�
and P (X = k) =

�
10

k

��
1
2

�k �1
2

�10�k
; k = 0; 1; :::; 10:

1) Probability of getting at least seven heads is given by

P (X � 7) = P (X = 7) + P (X = 8) + P (X = 9) + P (X = 10)

=

�
10

7

��
1

2

�7�
1

2

�10�7
+

�
10

8

��
1

2

�8�
1

2

�10�8
+

�
10

9

��
1

2

�9�
1

2

�10�9
+

�
10

10

��
1

2

�10�
1

2

�10�10
=

1

210
�
C107 + C

10
8 + C

10
9 + C

10
10

�
=

1

210
(120 + 45 + 10 + 1) =

176

1024
' 0:1719

2) Probability of getting at most 3 heads is given by

P (X � 3) = P (X = 0) + P (X = 1) + P (X = 2) + P (X = 3)

=

�
10

0

��
1

2

�0�
1

2

�10�0
+

�
10

1

��
1

2

�1�
1

2

�10�1
+

�
10

2

��
1

2

�2�
1

2

�10�2
+

�
10

3

��
1

2

�3�
1

2

�10�3
=

1

210
�
C107 + C

10
8 + C

10
9 + C

10
10

�
=

1

210
(120 + 45 + 10 + 1) =

176

1024
' 0:1719
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3) Probability of getting exactly 6 heads is given by

P (X = 6) =

�
10

6

��
1

2

�6�
1

2

�10�6
= 0:205

Exercise 6. A hospital switch board receives an average of 4 emergency calls in a 10�minute

interval. What is the probability that

1) there are at most 2 emergency calls in a 10 minute interval

2) there are exactly 3 emergency calls in a 10�minute interval.

Solution: Mean, �= (4 calls/10 minutes) = 4 calls, then the random variable X to follow

a Poisson distribution with parameter � = 4 i.e

P (X = k) =
�k

k!
e�� =

4k

k!
e�4

1) P (at most 2 calls) = P (X � 2)

= P (X = 0) + P (X = 1) + P (X = 2)

= 40

0!
e�4 + 41

1!
e�4 + 42

2!
e�4 = 0:2381

2) P (exactly 3 calls) = P (X = 3) = 43

3!
e�4 = 0:1954:

Exercise 7. You play a game of chance that you can either win or lose (there are no other

possibilities) until you lose. Your probability of losing is p = 0:57. What is the probability

that it takes 5 games until you lose? Let X = the number of games you play until you lose

(includes the losing game).

Calculate E (X) and V ar (X).

Solution: Let X = the number of games you play until you lose (includes the losing game).

Then X takes on the values 1; 2; 3; ::: (could go on inde�nitely). The probability question is

P (X = 5).

Using the geometric distribution with k = 5 and p = 0:57, we have

PX (5) = p (1� p)k�1 = 0:57 (1� 0:57)5�1 = 0:57� 0:434 = 0:01948

and
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E (X) =
1

p
=

1

0:57
= 1:7544

V ar (X) =
1� p
p2

=
1� 0:57
0:572

= 1:3235

Exercise 8. A manufacturer of television set known that on an average 5% of their product

is defective. They sell television sets in consignment of 100 and guarantees that not more

than 2 set will be defective. What is the probability that the TV set will fail to meet the

guaranteed quality?

Solution: The probability of TV Set to be defective p = 5% = 0:05

Total number of TV sets , n = 100

Mean, � = np = 100(0:05) = 5

We have by Poisson distribution P (X = k) =
�k

k!
e�� =

5k

k!
e�5

P (a TV set will fail to meet the guarantee) = P (X > 2) = 1� P (X � 2)

= 1� (P (X = 0) + P (X = 1) + P (X = 2)) = 1�
�
50

0!
e�5 +

51

1!
e�5 +

52

2!
e�5
�
= 0:8753:

Exercise 9. The probability that a patient recovers from a rare blood disease is 0:4. If 15

people are known to have contracted this disease, we assume that X follow the binomiale

distribution. What is the probability that

(a) at least 10 survive,

(b) from 3 to 8 survive,

(c) exactly 5 survive?

Solution: Let X be the number of people who survive which X � B (15; 0:4).

P (X = k) =

�
n

k

�
pk (1� p)n�k (n = 15; p = 0:4)

(a) P (X � 10) = 1� P (X < 10) = 1�
P9

k=0 P (X = k) = 1� 0:9662 = 0:0338

(b) P (3 � X � 8) =
P8

k=3 P (X = k) = 0:9050� 0:0271 = 0:8779

(c) P (X = 5) =

�
15

5

�
0:45 (1� 0:4)15�5 = 0:1859
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Chapter 3

Continuous Random Variables

3.1 Fundamentals of continuous random variables

De�nition 1. A random variable whose set of possible values is an entire interval of numbers

is not discrete. When a random variable can take on values on a continuous scale, it is called

a continuous random variable.

Example 1. Let X be the random variable de�ned by the waiting time, in hours, between

successive speeders spotted by a radar unit. The random variable X takes on all values x for

which x � 0.

3.1.1 Cumulative probability function

We will in general refrain from considering events with a �nite number of outcomes and

hence not consider probability distributions PX(x) = p(X = x) as we did for discrete random

variables. This distribution would in general be zero everywhere and hence be of little use.

However, we can still consider events corresponding to intervals, and in particular, use the

cumulative probability function de�ned in Chapter II:

FX (x) = P (X � x)

52



Chapter 3. CONTINUOUS RANDOM VARIABLES

This is still well de�ned and satis�es the following properties

8>>>>>>>><>>>>>>>>:

FX (x) � 0

lim
x�!+1

FX (x) = 1

lim
x�1

FX (x) = 0

FX(x) is non-decreasing in x

Example 2. The probability that the car speed recorded by speed camera A is zero or less

(assuming that the camera records the magnitude of the speed only) is 0, hence FX(x) = 0

for all x � 0. The probability that the speed is less than 1000 mph is 1 as there are no cars

that can drive that fast, hence FX(1000) = lim
x�!+1

FX (x) = 1.

Properties: For a; b 2 R+ and let X is continuous random variable

1) P (X � a) = 1� P (X � a) = 1� FX (a)

2) P (X � �a) = 1� P (X � a) = 1� FX (a)

3) P (a � X � b) = P (X � b)� P (X � a) = FX (b)� FX (a)

Joint cumulative probability functions are de�ned similarly to joint distributions for discrete

random variables

FXY (x; y) = p(X � x \ Y � y)

and independence of continuous random variables is de�ned as the independence of all events

associated with the random variables, e.g.,

FXY (x; y) = p(X � x \ Y � y) = p(X � x)p(Y � y) = FX(x)FY (y)

for all (x; y) 2 X � Y , where the condition "for all" speci�es an in�nity of conditions in the

continuous case.

3.1.2 The probability density function

For a discrete random variable X taking values over a set S = fx1; x2; :::; xng such that
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x1 � x2 � ::: � xn, we have

PX (xk) = FX (xk)� FX (xk�1) ; for k = 2; 3; :::; n

Can we apply a similar approach to continuous random variables in order to obtain something

along the lines of a probability distribution from the well de�ned cumulative probability

function?

If we try to apply the expression above to a continuous random variable for an in�nitesimal

interval, we obtain in general

lim
�x�!0

(FX (x+�x)� FX (x)) = 0

De�nition 5. The probability density function noted by fX (x) is the derivative of the

cumulative probability function FX (x) de�ned by

fX (x) =
dFX
dx

= F 0X (x)

Conditions of the probability density function fX (x)

1) fX (x) � 0 and f is continuous for all x

2)
R +1
�1 fX (x) dx = 1

3) P (a � X � b) = FX (b)� FX (a) =
R b
a
fX (x) dx

The probability density function is a very useful quantity that often takes precedence over

the cumulative probability function in people�s perception because it acts like a probability

distribution in helping us visualise the probabilistic behaviour of random variables. Figure

3.1 shows the cumulative probability distribution and the probability density function for

two random variables.

Joint probability density functions are obtained from the cumulative density function through
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a multiple di¤erentiation, e.g.,

fXY (x; y) =
@

@x

@

@y
FXY (x; y)

and independent random variables satisfy

fXY (x; y) =
@

@x

@

@y
FXY (x; y) = fX (x) fY (y)

Figure 3.1: Cumulative probability function (left) and probability density function (right)
for two random variables, X uniform and Y triangular.

Mean of the random variable

The probability density function can also be used to compute expectations

E (g (X)) =

Z +1

�1
g (x) fX (x) dx

for any function g (:). In particular, we will be interested in the mean (also called "�rst

moment")

E (X) =

Z +1

�1
xfX (x) dx
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the "second moment"

E
�
X2
�
=

Z +1

�1
x2fX (x) dx

and the n� th moment

E (Xn) =

Z +1

�1
xnfX (x) dx

Variance of random variable

The variance is de�ned by the same relation

V ar (X) = E
�
X2
�
� (E (X))2

Example 3. The probability density function of X is denoted by f (x), and is given by

f (x) =

8><>: kx 0 � x � 12

0 elsewhere

1) Show that k = 1
72
:

2) Determine P (X > 5):

3) Show by calculation that E (X) = V ar (X).

Solution:

1) By de�nition

Z 12

0

kxdx = 1�
k
x2

2

�12
0

= 1

yields k = 1
72
:

2) P (X > 5) =
R 12
5

1
72
xdx = 119

144
:

3) E (X) =
R 12
0
x 1
72
xdx =

R 12
0

1
72
x2dx = 8 and E (X2) =

R 12
0
x2 1

72
xdx =

R 12
0

1
72
x3dx = 72

we have V ar (X) = E (X2)� (E (X))2 = 72� 82 = 8 we get E (X) = V ar (X) :
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3.2 Special continuous random variables

3.2.1 Continuous uniform distribution

One of the simplest continuous distributions in all of statistics is the continuous uniform

distribution. This distribution is characterized by a density function that is ��at,� and

thus the probability is uniform in a closed interval, say [a; b]. Although applications of the

continuous uniform distribution are not as abundant as those for other distributions discussed

in this chapter, it is appropriate for the novice to begin this introduction to continuous

distributions with the uniform distribution.

De�nition 3. The density function of the continuous uniform random variable X on the

interval [a; b] is

fX (x) =

8><>:
1
b�a for a � x � b

0 elsewhere

The density function forms a rectangle with base b� a and constant height 1
b�a . As a result,

the uniform distribution is often called the rectangular distribution. Note, however, that the

interval may not always be closed: [a; b]. It can be (a; b) as well. The density function for

a uniform random variable on the interval [1; 3] is shown in Figure 3.2. Probabilities are

simple to calculate for the uniform distribution because of the simple nature of the density

function. However, note that the application of this distribution is based on the assumption

that the probability of falling in an interval of �xed length within [a; b] is constant.

Figure 3.2: The density function for a random variable on the interval [1; 3].
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Mean and variance of uniform distribution

The mean and variance of the uniform distribution are

E (X) =
a+ b

2
; V ar (X) =

(a� b)2

12

Example 4. Suppose that a large conference room at a certain company can be reserved for

no more than 5 hours. Both long and short conferences occur quite often. In fact, it can be

assumed that the length X of a conference has a uniform distribution on the interval [0; 5].

1) Determine the probability density function?

2) What is the probability that any given conference lasts at least 3 hours?

3) Calculate mean and variance of this distribution.

Solution: 1) The appropriate density function for the uniformly distributed random variable

X in this case is

f (x) =

8><>:
1
5
; 0 � x � 5

0 elsewhere

2) The probability that any given conference lasts at least 3 hours

P (X � 3) =
Z 5

3

f (x) dx =

�
1

5
x

�5
3

= 1� 3
5
=
2

5

3) We have

E (X) =
a+ b

2
=
0 + 5

2
= 2:5

V ar (X) =
(a� b)2

12
=
(0� 5)2

12
=
25

12

3.2.2 The exponential density

The exponential density can be derived from the Poisson distribution we studied in the

previous lecture. The exponential density for the continuous random variable X is de�ned
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by

fX (x) =

8><>: �e��x; � � 0; x � 0

0 elsewhere

and hence

FX (x) = 1� e��x; � � 0; x � 0

The exponential random variable is noted by

X � Exp (�)

Remark: The Poisson distribution is

PY (k) =
(�t)k

k!
e��t

Note that the � in our original expression for the Poisson distribution has been replaced by

�t in this expression simply because we are considering an interval of length t and � is the

rate of arrival per unit of time, it was the rate of arrival for the time interval considered.

We express the cumulative probability function of the inter-arrrival time as

FX (x) = P (X � t) = 1� P (X > t)

X can only be larger than t if no arrivals occur in the interval, implying

P (X > t) = PY (0) = e
��t

and hence

FX (x) = 1� e��t

We now derive the probability density function of X above.

As mentioned above, the exponential density is used to model the time intervals in a Poisson

process with independent arrival times. Figure 3.3 shows the probability density functions
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for exponentially distributed random variables for various values of �.

Figure 3.3: Exponential probability density functions for � = 2; 1 and 1
2
:

The mean of exponential variable

The mean of an exponential density function can be calculated easily using integration by

parts

E (X) =

Z 1

0

tfX (t) dt =
1

�

and the second moment

E
�
X2
�
=

Z 1

0

t2fX (t) dt =
2E (X)

�
=
2

�2

The variance of exponential variable

By using the same relation, we get

V ar (X) = E
�
X2
�
� (E (X))2 = 1

�2
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Example 5. Suppose that on a certain stretch of highway, cars pass at an average rate of

5 cars per minute. Assume that the duration of time between successive cars follows the

exponential distribution.

1) On average, how many seconds elapse between two successive cars?

2) After a car passes by, how long on average will it take for another 7 cars to pass by?

3) Find the probability that after a car passes by, the next car will pass within the next 20

seconds.

4) Find the probability that after a car passes by, the next car will not pass for at least

another 15 seconds.

Solution:

1) At a rate of �ve cars per minute, we expect 60
5
= 12 seconds to pass between successive

cars on average.

2) Using the answer from part a, we see that it takes 12� 7 = 84 seconds for the next seven

cars to pass by.

3) Let X�the time (in seconds) between successive cars.

The mean of X is 12 seconds, so the decay parameter is 1
12
and X � exp

�
1
12

�
. The cumulative

distribution function of X is P (X < x) = 1 � e� 1
12
x . Then P (X < 20) = 1 � e� 1

12
20 =

0:811 12:

4) P (X > 15) = 1� P (X < 15) = 1�
�
1� e� 1

12
15
�
= e�

15
12 = 0:286 5:

3.2.3 The Gaussian density

The Gaussian density, named after the German mathematician Carl Friedrich Gauss (1777�

1855), is of central importance in the study of probability It arises whenever a quantity is

the sum of many smaller e¤ects. Theremore, the most important continuous probability

distribution in the entire �eld of statistics is the normal distribution. Its graph, called

the normal curve, is the bell-shaped curve of Figure 3.4, which approximately describes

many phenomena that occur in nature, industry, and research. It is a good model (sometimes

provably accurate) for many quantities, such as
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� the velocities of particles in an ideal gas,

� noise added to a signal by a variety of parasitic e¤ects in a communications receiver,

� measurement noise,

� quantities in biology (e.g. height or weight of humans);

� quantities in �nance (price indices),

� quantities in social studies (IQ test results).

Figure 3.4: The normal curve.

De�nition 5. The density of the normal random variable X, with mean � and variance �2,

is

fX (x) =
1p
2��

e�
1
2�2

(x��)2 ; x 2 R

noted by

X � N (�; �)

where � = 3:14159::; e = 2:71828.

Once � and � are speci�ed, the normal curve is completely determined. For example, if �

= 50 and � = 5, then the ordinates X � N (50; 5) can be computed for various values of x

and the curve drawn. In Figure 3.5, we have sketched two normal curves having the same

standard deviation but di¤erent means. The two curves are identical in form but are centered
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at di¤erent positions along the horizontal axis. In Figure 3.6, we have sketched two normal

curves with the same mean but di¤erent standard deviations. This time we see that the two

curves are centered at exactly the same position on the horizontal axis.

Figure 3.7 shows two normal curves having di¤erent means and di¤erent standard deviations.

Clearly, they are centered at di¤erent positions on the horizontal axis and their shapes re�ect

the two di¤erent values of �.

Figure 3.5: Normal curves with �1 < �2 and �1 = �2.

Figure 3.6: Normal curves with �1 = �2 and �1 < �2

Based on inspection of Figures 3.4 through 3.7 and examination of the �rst and second

derivatives of N (�; �), we list the following properties of the normal curve:

1. The mode, which is the point on the horizontal axis where the curve is a

maximum, occurs at x = �.
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Figure 3.7: Normal curves with �1 < �2 and �1 < �2

2. The curve is symmetric about a vertical axis through the mean �.

3. The curve has its points of in�ection at x = �� �; it is concave downward if

�� � < X < �+ � and is concave upward otherwise.

4. The normal curve approaches the horizontal axis asymptotically as we proceed

in either direction away from the mean.

5. The total area under the curve and above the horizontal axis is equal to 1.

Theorem 1. The mean and variance of N (�; �) are � and �2, respectively. Hence, the

standard deviation is �:

Standard normal distribution

De�nition 5. The distribution of a normal random variable with mean � = 0 and variance

�2 = 1 is called a standard normal distribution i.e

X � N (0; 1)

fX (x) =
1p
2�
e
�
x2

2

The original and transformed distributions are illustrated in Figure 3.8. Since all the values

of X falling between x1 and x2 have corresponding z values between z1 and z2, the area under

the X�curve between the ordinates x = x1 and x = x2 in Figure 3.8 equals the area under
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the Z�curve between the transformed ordinates z = z1 and z = z2.

We have now reduced the required number of tables of normal-curve (see Table 2 below)

areas to one, that of the standard normal distribution. Table 2. indicates the area under the

standard normal curve corresponding to P (Z < z) for values of z ranging from 0 to 3:49:

Figure 3.8: The original and transformed normal distributions.

Exemple 6. Given a standard normal distribution X � N (0; 1), Find by using table 2 the

probability that X assumes a value

1) greater than 1:53

2) less than �2:45

3) between 0:86 and 1:2

4) Calculate P (jXj < 1:25) ; P (jXj > 2:75)

Solution: 1) P (X � 1:53) = 1� P (X � 1:53) = 1� 0:9370 = 0:063

2) P (X � �2:45) = 1� P (X � 2:45) = 1� 0:9929 = 0:007 1

3) P (0:86 � X � 1:2) = P (X � 1:2)� P (X � 0:86) = 0:8849� 0:8051 = 0:079 8
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4) We have

P (jXj < 1:25) = P (�1:25 < X < 1:25)

= P (X � 1:25)� P (X � �1:25)

= 2P (X � 1:25)� 1

= 2� 0:8944� 1

= 0:788 8

and

P (jXj > 2:75) = P (X > 2:75 or X < �2:75)

= P ((X > 2:75) [ (X < �2:75))

= P (X > 2:75) + P (X < �2:75)

= 2� 2� P (X < 2:75)

= 2� 2� 0:9599

= 0:080 2

Transformation between standard normal distribution and normal distribution

We are able to transform all the observations of any normal random variable Y (Y � N (�; �))

into a new set of observations of a normal random variable X with mean � = 0 and variance

�2 = 1 (X � N (0; 1)). This can be done by means of the transformation

X =
Y � �
�

we have

P (Y � A) = P
�
Y � �
�

� A� �
�

�
= P

�
X � A� �

�

�
we can be �nd P

�
X � A��

�

�
by using tables below 2 and 3.

Exemple 7. Let Y has a normal distribution with � = 300 and � = 50, �nd the probability
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that Y assumes a value greater than 362:

Solution: The normal probability distribution with the desired area shaded is shown in

Figure 3.9. To �nd P (Y > 362), we need to evaluate the area under the normal curve to the

right of y = 362: Thus

P (Y > 362) = P

�
Y � 300
50

>
362� 300

50

�
= P (X > 1:24)

= 1� P (X � 1:24)

= 1� 0:8925

= 0:107 5

Figure 3.9: Area for Example 5.

Theorem 7. IfX1; X2; :::; Xn are independent random variables having normal distributions

with means �1; �2; :::; �n and variances �1; �2; :::; �n, respectively, then the random variable

Y = a1X1 + a2X2 + :::+ anXn

has a normal distribution with mean

�Y = a1�1 + a2�2 + :::+ an�n
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and variance

�2Y = a
2
1�1 + a

2
2�2 + :::+ a

2
n�n

It is now evident that the Poisson distribution and the normal distribution possess a repro-

ductive property in that the sum of independent random variables having either of these

distributions is a random variable that also has the same type of distribution.

3.2.4 Lognormal distribution

The lognormal distribution is used for a wide variety of applications. The distribution applies

in cases where a natural log transformation results in a normal distribution.

The continuous random variable X has a lognormal distribution if the random variable

Y = ln(X) has a normal distribution with mean � and standard deviation �. The resulting

density function of X is

fX (x) =

8><>:
1p
2��x

e�
1
2�2

(lnx��)2 ; x > 0

0; x � 0

Figure 3.10: Lognormal distributions.

The graphs of the lognormal distributions are illustrated in Figure 3.10.
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Theorem 6. The mean and variance of the lognormal distribution are

E (X) = e�+
�2

2 ; V ar (X) = e2�+�
2
�
e�

2 � 1
�

The cumulative distribution function is quite simple due to its relationship to the normal

distribution. The use of the distribution function is illustrated by the following example.

Example 8. Concentrations of pollutants produced by chemical plants historically are known

to exhibit behavior that resembles a lognormal distribution. This is important when one

considers issues regarding compliance with government regulations. Suppose it is assumed

that the concentration of a certain pollutant, in parts per million, has a lognormal distribution

with parameters � = 3:2 and � = 1. What is the

probability that the concentration exceeds 8 parts per million?

Solution: Let the random variable X be pollutant concentration. Then

P (X > 8) = 1� P (X � 8)

Since ln(X) has a normal distribution with mean � = 3:2 and standard deviation � = 1,

.

P (X � 8) = �
�
ln(8)� 3:2

1

�
= �(�1:12) = 0:1314

Here, we use � to denote the cumulative distribution function of the standard normal dis-

tribution. As a result, the probability that the pollutant concentration exceeds 8 parts per

million is 0:1314.

Example 9. The life, in thousands of miles, of a certain type of electronic control for

locomotives has an approximately lognormal distribution with � = 5:149 and � = 0:737.

Find the 5th percentile of the life of such an electronic control.

Solution: From Table 3, we know that P (Z < �1:645) = 0:05. Denote by X the life

of such an electronic control. Since ln(X) has a normal distribution with mean

� = 5:149 and � = 0:737, the 5th percentile of X can be calculated as

ln(x) = 5:149 + (0:737)(�1:645) = 3:937.
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Hence, x = 51:265. This means that only 5% of the controls will have lifetimes less than

51; 265 miles.
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3.3 Exercises with solutions

Exercise 1. Let the function f de�ned by

f (x) =

8><>:
1
8
x; x 2 [0; 4]

0 elsewhere

1) Show that the function f is the probability density on [0; 4].

2) Let X is a random variable of probability density f , calculate P (1 � X � 3) ; P (X � 2) :

Solution:1) f is continuous on [0; 4] and f (x) � 0 and

Z +1

�1
f (x) dx =

Z 4

0

1

8
xdx =

�
1

8

1

2
x2
�4
0

= 1

show that f is a probability density.

2) P (1 � X � 3) =
R 3
1
f (x) dx =

R 3
1
1
8
xdx =

�
1
8
1
2
x2
�3
1
= 0:5

P (X � 2) =
R 4
2
f (x) dx =

R 4
2
1
8
xdx =

�
1
8
1
2
x2
�4
2
= 0:75

Exercise 2. Since it is more economical to limit long-distance telephone calls to three

minutes or less, the probability density function (PDF) of X � the duration in minutes of

long-distance calls �may be of the form

FX (x) =

8>>>><>>>>:
0 for x < 0

1� e�x
3 ; for 0 � x < 3

1� e
�x
3

2
; for x � 3

Determine by two methods the probability that X is

(a) more than two minutes and,

(b) between two and six minutes.

Solution: The Probability distribution function, FX(x), of X is plotted in Figure 3.11,

showing that X has a mixedtype distribution. The desired probabilities can be found from

the probability density function (PDF) as before.
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(a) The probability that X is more than two minutes

P (X > 2) = 1� P (X � 2) = 1� FX (2)

= 1�
�
1� e� 2

3

�
= e�

2
3

Figure 3.11: Probability distribution function, FX(x), of X, as described in Exercise 1.

(b) The probability that X is between two and six minutes

P (2 � X � 6) = FX (6)� FX (2)

= 1� e
� 6
3

2
�
�
1� e� 2

3

�
= e�

2
3 � e

�2

2

Figure 3.12 shows pX(x) for the discrete portion and fX(x) for the continuous portion of X.

They are given by

PX (x) =

8><>:
1

2e
at x = 3

0 elsewhere
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and

fX (x) = F
0
X (x)

8>>>><>>>>:
0 for x < 0

1
3
e�

x
3 ; for 0 � x < 3

1
6
e�

x
3 ; for x � 3

Note again that the area under fX(x) is no longer one but is

1� PX (3) = 1�
1

2e

To obtain P (X > 2) and P (2 < X � 6), both the discrete and continuous portions come

into play, and we have, for part (a),

P (X > 2) =

Z 1

2

fX (x) dx+ PX (3)

=

Z 3

2

1

3
e�

x
3 dx+

Z 1

3

1

6
e�

x
3 dx+

1

2e

= e�
2
3

and, for part (b),

P (2 < X � 6) =
Z 6

2

fX (x) dx+ PX (3)Z 3

2

1

3
e�

x
3 dx+

Z 6

3

1

6
e�

x
3 dx+

1

2e

= e�
2
3 � e

�2

2

These results are, of course, the same as those obtained earlier using the PDF.

Exercise 3. Given a standard normal distribution X � N (0; 1) , �nd the value of k such

that

1) P (X > k) = 0:3015

2) P (k < X < �0:18) = 0:4197:

Solution: 1) if P (X > k) = 1�P (X � k) = 0:3015 then P (X � k) = 1�0:3015 = 0:698 5
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Figure 3.12: (a) Partial probability mass function, pX(x), and (b) partial probability density
function, fX(x), of X, as described in Exercise 1.

yields (see table 2)

P (X � k) = 0:698 5

k = 0:52

2)We have P (k < X < �0:18) = P (X < �0:18)�P (X < k) = 0:4197 implies that P (X < k) =

1� P (X < 0:18)� 0:4197:

we get P (X < k) = 1� 0:5714� 0:4197 = 0:008 9 i.e k = �2:37 (see table 3).

Exercise 4. Let a random variable Y having a normal distribution with � = 50 and � = 10,

�nd the following probabilities

1) P (Y < 55)

2) P (45 � Y � 62).

2) P (Y � 30)

Solution: 1) We have

P (Y < 55) = P

�
Y � 50
10

<
55� 50
10

�
= P (X < 0:5)

= 0:6915
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2) Thus

P (45 � Y � 62) = P
�
45� 50
10

� Y � 50
10

� 62� 50
10

�
= P (�0:5 � X � 1:2)

= P (X � 1:2)� P (X � �0:5)

= P (X � 1:2)� 1 + P (X � 0:5)

= 0:8849� 1 + 0:6915

= 0:576 4

3) We have

P (Y > 30) = P

�
Y � 50
10

>
30� 50
10

�
= P (X > �2)

= 1� P (X < �2)

= P (X < 2)

= 09772

Exercise 5. In a normal distribution 31% of the items are under 45 and 8% of the items are

over 64. Find mean and variance of the distribution.

Solution: Given P (X < 45) = 31% = 0:31

And P (X > 64) = 8% = 0:08

Let Mean and variances of the normal distributions are �; �2.

Standard normal variate for X is

z =
x� �
�

Standard normal variate for X1 = 45 is

z1 =
X1 � �
�

=
45� �
�

�! �+ �z1 = 45:::::: (1)
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Standard normal variate for X2 = 64 is

z2 =
X2 � �
�

=
64� �
�

�! �+ �z2 = 64:::::: (2)

From normal tables, we have P (�z1 � z � 0) = 0:19

yields z1 = �0:5:

and P(0 � z � z2) = 0:42 �! z2 = 1:41

substituting the values of z1; z2 in (1) and (2), we get � = 50; � = 98:

Exercise 6. Let X is a random variable wich it follow the probability density function

f (x) = Ke�jxj;�1 < x < +1

1) Find the value of K,

2) Find mean and variance of X

Solution: 1) Since total area under the probability curve is 1 i. e
R +1
�1 f (x) dx = 1

Z +1

�1
Ke�jxjdx = 1

2

Z +1

0

Ke�jxjdx = 1

2
�
�Ke�jxj

�+1
0

= 1

we obtain K = 1
2
:

2) Mean: � = E (X) =
R +1
�1 xf (x) dx =

R +1
�1

x
2
e�jxjdx = 0 since xe�jxj is the odd function.
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Variance: by using the integration by parts, we get

V ar (X) =

Z +1

�1
x2f (x) dx� �2

=
1

2

Z +1

�1
x2e�jxjdx

=
1

2

Z +1

0

2x2e�xdx

=
�
�x2e�x � 2xe�x � 2e�x

�+1
0

= 2

Exercise 7. The diameter of ban electric cable assumed to be a continuous random variable

X with probability density function

f (x) = kx (1� x) ; 0 � x � 1

1) Find k

2) Determine b such that P (x < b) = P (x > b).

Solution: Given probability density function of a random variable X is

f (x) = kx (1� x) ; 0 � x � 1

1) Since total probability of the distribution is unity i.e,
R +1
�1 f (x) dx = 1

Z 1

0

f (x) dx = 1Z 1

0

kx (1� x) dx = 1�
k
x2

2
� kx

3

3

�1
0

= 1

we get k = 1
6
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2) Given that P (x < b) = P (x > b)

Z b

0

f (x) dx =

Z 1

b

f (x) dxZ b

0

1

6
x (1� x) dx =

Z 1

b

1

6
x (1� x) dx�

x2

2
� x

3

3

�b
0

=

�
x2

2
� x

3

3

�1
b

b2

2
� b

3

3
=

�
1

2
� 1
3

�
� b

2

2
+
b3

3

yields the equation of three degree 6b2 � 2b3 � 1 = 0

6b2 � 2b3 � 1 = 0, Solution is: f[b = 2: 942 2] ; [b = �0:384 37] ; [b = 0:442 13]g

Solving above equation, we get b = 0:44 ( by neglecting other roots which do not belong to

(0; 1)).

Exercise 8. Suppose that the error in the reaction temperature, in C, for a controlled

laboratory experiment is a continuous random variable X having the probability density

function

f (x) =

8><>:
x2

3
; � 1 � x � 2

0; elsewhere

1) Verify that f(x) is a density function.

2) Find P (0 < X � 1).

3) Compute E (X) and V ar (X) :

4) Find F (x) is the probability distribution, and use it to evaluate P (0 < X � 1):

5) Find the expected value of g(X) = 4X + 3 i.e E (g (X))

Solution: 1) We have

a) f (x) � 0 and f is continuous on [�1; 2]

b)
R +1
�1 f (x) dx =

R 2
�1

x2

3
dx =

h
x3

9

i2
�1
= 1

2) P (0 < X � 1) =
R 1
0
f (x) dx =

R 1
0
x2

3
dx =

h
x3

9

i1
0
= 1

9
:

3) E (X) = � =
R +1
�1 xf (x) dx =

R 2
�1

x3

3
dx =

h
x4

12

i2
�1
= 15

12

V ar (X) =
R +1
�1 x2f (x) dx� �2 =

R 2
�1

x4

3
dx�

�
15
12

�2
=
h
x5

15

i2
�1
�
�
15
12

�2
= 33

15
�
�
15
12

�2
= 0:637 5
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4) The probability distribution is

F (x) =

Z x

�1
f (t) dt =

Z x

�1

t2

3
dt =

�
t3

9

�x
�1
=
x3 + 1

9

Also we obtain P (0 < X � 1) = F (1)� F (0) = 2
9
� 1

9
= 1

9
:

5) E (g (X)) = E (4X + 3) =
R 2
�1

(4x+3)x2

3
dx = 1

3

R 2
�1 (4x

3 + 3x2) dx = 8
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Table 2. The areas under the standard normal distribution curve.
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Table 3. The areas under the standard normal distribution curve.
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