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Chapter One: General Mathematical Concepts

1. Introduction

1.1. Mechanics

Mechanics is one of the most important branches of physics. It deals with the
study of the static, kinematic, and dynamic states of bodies in nature.

The mechanical motions studied are generally relative in nature. In most cases,
when studying the motion of a body relative to another, one of the bodies is
considered stationary and is referred to as a reference frame or coordinate
system.

Mechanics can be divided into three branches:

A. Statics: This branch concerns the static study of bodies and is called statics
mechanics. It focuses on the conditions that must be satisfied by bodies or
systems of bodies in order to remain in equilibrium relative to a reference frame
assumed to be fixed.

B. Kinematics: This branch deals with the motion of bodies without addressing
the causes of motion (i.e., without studying the forces that caused the motion). It
is referred to as kinematics.

C. Dynamics: This branch forms the core of mechanics. It studies both the
motion of bodies and the causes behind their motion and is known as dynamics
or kinetic mechanics.

1.2. Fundamental and Derived Quantities - Units

In mechanics, the number of units can be reduced to three: distance, mass, and
time.

All other quantities (which are infinite in number) are considered derived
quantities, such as (velocity, acceleration, force, pressure, work, power, ...).
Hence, the system of physical units can be divided into:

A. Fundamental Unit System: This is the commonly used system among

physicists. In mechanics, it mainly consists of M, L, T, where:
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- L is the meter (unit of length),

- M is the kilogram (unit of mass),

- T is the second (unit of time).

B. Derived Unit System: This system consists of an unlimited number of units.
In mechanics, these units are expressed in terms of the three fundamental units
mentioned above.

1.3. Dimensional Equations

In mechanics, the dimensions of the fundamental units are: Mass (M), Length
(L), and Time (T). All derived units can be obtained from the fundamental
quantities using dimensional analysis, also known as the  products method or
the Vaschy -Buckingham theorem.

The dimensional equation is written in the form:

Y = k MXLA TY

Or in dimension notation:

[Y]= k[M]*[L]? [T]

Where:

- k A numerical coefficient that is constant.

- a, B,y are constants (can be positive, negative, or zero).

Examples:

Quantity Dimensional Equation

Velocity vl = [L][T]™

Acceleration [v] = [L][T]™*

Force [F] = [N] = [M][L][T]™
Pressure [P] = [Pas] = [M][L]*[T]™
Work W] = [joule] = [M][L]*[T]™®
Power [p] = [watt] = [M][L]*[T]™
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1. 4. dimensional equations in other physical sciences.

If we extend our study to other areas of physics outside of mechanics, the basic

dimensions can be summarized in the following table:

1. 4. 1.Fundamental Quantities and Units

Quantity Mass | Length | Time | Electric | Temperature | Amount | Luminous

Current of Intensity
Substance

Symbol M L T | 0 N J

Unit Kilogram | Metre | Second | Ampere Kelvin Mole Candela

Name

Unit kg m S A K mol Cd

Symbol

The general dimensional equation is written as follows:

[Y]=k [M]*[L]? [T] [1]*[6]” [N]*[/]"
Warning: In addition to the base units, there are secondary units for certain
quantities and one supplementary unit.
a. Secondary units: Examples include the liter (), degree Celsius (°C), calorie
(Cal), millimeter of mercury (mm Hg), etc.
b. Supplementary unit: This is the official unit for plane angles, namely the
radian (rad).
1.5. Error Calculation (Uncertainty)
Let us consider a quantity y that depends on other (fundamental) quantities A, B,
C, and let y be the measurement of y, while a, b, c are respectively the
measurements of A, B, C.

Suppose we have the relationship: y = f(a, b,c)
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If we change each of a, b, and ¢ by a small amount 4a, 4b, Ac respectively, what

will be the resulting change 4y in y?

By definition: The ratio Ay/y represents the relative error committed in the

measurement of the quantity Y.

The change Ay is called the absolute error committed in the measurement of Y.

It is equal to the absolute value of the difference between the true (exact) value

and the experimental measurement result.

Usually, we deal with absolute uncertainty instead of absolute error, and

similarly with relative uncertainty instead of relative error.

= Special Cases:
1.5. 1. Addition
Let us consider:
y=a+b-c
Differentiating (taking the derivative), we obtain:
dy = da + db — dc
We deduce that the maximum absolute error is:
Ay = Aa + Ab + Ac
And the maximum relative error is:
Ay/y = Aa/y + Ab/y + Ac/y
1.5. 2. Multiplication
Let us consider:
y=a-b-c

Differentiation gives:

dy = bc-da + ac-db + ab-dc = Ay = bc-Aa + ac-Ab + ab:Ac
= Ay/y = Ay/(abc) = bc-Aa/(abc) + ac-Ab/(abc) + ab - Ac/(abc)

= Aa/a + Ab/b + Ac/c
1.5. 3. Division
Letusconsider: y =a/b

Taking logarithms: logy = loga — logb
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Differentiating:
dy/y = da/a — db/b = Ay/y = Aa/a + Ab/b = Ay = y(Aa/a + Ab/b)
1.5. 4. Power Function
Let us consider:
y = a" where n is an integer or a fraction
We write:
logy = n-loga
Differentiating:
dy/y = n-da/a = Ay/y = n-Aa/a = Ay = n-y-Aa/a
= General Case
Let us consider:
y = k-a%*-bP . cY where k is a constant and a, B, y are real constants (positive,
negative, or zero)
Taking logarithms:
logy = logk + a-loga + B-logb + y-logc
Differentiating:
dy/y = a-da/a + B-db/b + y-dc/c

Ay Aa+ Ab_l_ Ac
:—z . — " —_— o —_—
y * B b Ve

= Ay = y(a-Aa/a + B-Ab/b + y-Ac/c)

1.6. Gradient, Divergence, and Curl in Cartesian Coordinates

Definitions: We call a function f(x,y, z) a scalar field if it is a scalar function.

Similarly, we call V(x,y,z) a vector field if it is a vector-valued function.
We define the differential vector operator Nabla (7) as:

V =0/oxi + 8/dy] + 8/dzk
where d/0x, d/dy, and d/0z are partial derivatives.

The gradient, divergence, and curl are defined using this operator:
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A. Gradient: Iff(x,y,z)is a scalar function, then its gradient is a vector
quantity defined by:

of . of. of-

Vf=gradf=&1+ %’ +az

B. Divergence: IfV = v, T+ vyj + v,k is a vector field, the divergence of V is a

scalar quantity defined by:

C. Curl: If V
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» Laplacian of a scalar function:

T.9t= (7)) =2ty O8O
N ~ 0x?2  dy?  0z2

V.Vf = (V)z(f) = V.grad f = div(grad f)
Thus, the Laplacian of a scalar function is the divergence of its gradient.

» Laplacian of a vector function:
= = —\ 2 .
V.V® = (V) (v)
V.V.V = (V)Z(V) = V.div(¥) = grad (div(¥))

Hence, the Laplacian of a vector function is the gradient of its divergence.
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Chapter Two: Principles of Vector Calculus

2.1. Definitions:

A vector is a line segment [AB] supported by the line (AB), for which we choose

a starting point A and an endpoint B (Figure 2.1).

g Figure 2.1

A vector is defined by:
e Its origin or point of application.
e Its direction, which is the direction of the supporting line.
e [ts sense, which is the direction from the origin to the endpoint.
e [ts magnitude or intensity: the length separating the two endpoints of the
vector.
Notation: The vector is denoted by ABorV, and its magnitude is given by:
|AB| =V =AB =|V|
2.2. Types of Vectors:
Vectors can be classified into three types.
* Free vector: Only the direction, sense, and magnitude are specified. The
supporting line and the point of application are not defined (Figure 2.2).

Example: The vectors AB,CD and EF represent the same vector V.
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Figure 2.2

i

* Sliding Vector:

It is defined by its supporting line (A), while the point of application is not

specified (Figure 2.3).

Figure 2.3

(4)

Example: The vectors AB and CD represent the sliding vector V.

* Restricted vector: All elements that define the vector are given, including

the point of application.

Example: The vector V is defined with all the required conditions of a vector

(Figure 2.4).

Figure 2.4
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Note: If we have two bound vectors with their respective points of application
A and A (Figure 2.5),

these two vectors are considered equal if they have the same direction, sense,
and magnitude.

They represent the same free or sliding vector if their support line is the same

straight line (A).

Figure 2.5

= Two vectors are said to be opposite if they have the same magnitude and lie
along the same line of action but have opposite directions.

They are said to be exactly opposite if their common line of action is the straight

line (A).

* Unit Vector: A unit vector U is a vector whose magnitude is equal to one.
For example, a vector Vand its corresponding unit vector U are linearly
dependent (i.e., parallel), and we write: V=V.U.

2.3. Orthogonal Projection of a Vector onto an Axis:

Let us consider the vector AB = V.

Its projection is defined by the segment A;B;, determined by the perpendiculars

dropped from its initial and terminal points (see Figure 2.6).

Proj(A)(V) = A;B; = |\7| .COS X
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(4)

Figure 2.6

Thus, the projection of a vector onto an axis is equal to the product of the
magnitude of this vector and the cosine of the angle between it and the axis onto

which it is projected.
Proj(A)(V) =V cos(a)
2.4. Basic Operations on Free Vectors:
= Vector Addition:
The sum of two free (unbound) vectors Vl and \—/)2 is defined as the free vector V that

connects the origin of vector Vl to the endpoint of vector 72 (see Figure 2.7).

Figure 2.7

We write: V = 71) + 72)
This definition constitutes the parallelogram rule of vector addition.
Vector addition is commutative: V = 71) + 72) = V_)z + Vl)

= Addition of multiple free vectors:
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The result is a vector polygon (see Figure 2.8).

Figure2.8

Cumulative Addition of Several Free Vectors:

=]

=l

V=V1+VZ +V3 +V4+Vn=(vl +VZ)+(V3 +V4)+Vn=

 Difference between two vectors:
The difference between two vectors Vl and Vz , taken in this order, is the vector V

that must be added to the second vector VZ to obtain the first vector Vl (Figure 2.9).

Figure 2.9

We write: V = 71) — V;

= Vector Decomposition:

A vector can be decomposed, in various ways, into the sum of two or more
vectors.

To uniquely determine a pair of components, it is sufficient to specify their
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directions that is, to draw two axes (A;) and (A;) in a plane, or three axes

(Ay), (Ay) and (Ay) in space (Figure 2.10 and 2.11)

(43)
L
A
V3 ) |
|
/.
0 V,i B (42)
- >
S~ V \\\ } //
d Vz _____ A _________\5](/
— @
Figure 2.11
Figure 2.10 (8

We denote the vectors Vl, \72, and 73 as the components of the vector V.
2.5. Analytical Representation of Vectors:

Operations on vectors are greatly simplified when using an orthogonal
coordinate system ox, oy, oz (Figure 2. 12).

The directions of the orthogonal axes ox, 0y, 0z are defined by the unit vectors
1,7,k respectively.
The vectorV is fully defined if its components 71 ,VZ and 73 along the axes

0X,0Y,0Z are known:V = Vl + 72 + Vg

Figure 2.12
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We can write, along the directions of the axesox,oy and ozthe following
relations: V, = x1,V, = yJ, V5 = zk
Where x,y,z are the projections of the vector Von the coordinate axes
0x,0y and oz respectively.
x=Vcosa,y=Vcosf,z=Vcosy

The analytical form of the vector V is written as:

V =xi+yj+zk = Vcosal+ CcosB]+ Vcosyk
= Analytical form of a vector sum:

Let us consider several free vectors 71,72,73 ,\_)/n defined by their

projections on the three axes ox, oy and oz.

Vl(xer1 »Z1 )rVZ(XZ;YZ yZ2 ),V3(X3,Y3 » 23 )1 -rVn(XnJYn »Zn )
The vector sum of the vectors Vl, Vz, 73 ., Vn is the vector V.
n n n n
V= ZVi =V, 4V, + Vot o 4V, = XiT+ZyiT+ z;k
i=1 i=1 i=1 i=1
= XT + Y] + ZK

Thus, the analytical form of the vector V is:V = X1 + Y] + ZK
Where: X = Zin:1 Xj ,Y = Zin:1 Yi, 7= Zin:1 Z;.

The magnitude of the vector V is: |\7| = VX2 +Y2+72,
= The direction cosines of the vector (directional angles) are:
X y Z
,Cos 3 = ,COSY =
VX2 + Y2+ 72 VX2 + Y2 + 72 VX2 + Y2 + 72

= Special Case: For a set of vectors lying in a plane:

cosa =

X =Xy + Xg + Xg F covee e +x,
Y =y, 4y, Fyg e +y,

The analytical form of the resultant vector is: V = X7 + YJ.
And its magnitude is: |\7| = VX2 +Y2

The direction of the vector V is defined by the angle it makes with the ox axis:
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2.6. The Scalar (Dot) Product of Two Vectors:

Definition:

The scalar product (dot product) of two vectors A and B, which form an angle 0

between them, is equal to the product of their magnitudes multiplied by the

cosine of the angle between them (see Figure 2.13).

B

B
\Z*

Figure 2.13

We write: A.B = |K| |§| cos(AB) = |K| |§| cos O

1.

Properties:
If the vectors A and B are parallel, the dot product equals the product of their

magnitudes: AB= $|K| |§|

. If the vectors are perpendicular, the dot product is zero: A.B=0

Example: 7-7=0,7-k=0,k-7=0.

-

. Dot product of a vector with itself: 4 - 4 = A2 =| 4 2= A- A = A2

Example: .7=1,7.7=1,k.k=1.

. The dot product is commutative: AB=B.A

5. The scalar product is distributive with respect to vector addition:

A(B+C)=AB+AC
The scalar product of two vectors is associative with respect to scalar
multiplication: m. ( A §) = mA. ( §) =A. ( mﬁ).
Analytical expression of the scalar product:
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Let two vectors A and B be defined by their components along the axes
0x,0Y,0Z:
A=AJ+AT+AK
B = B,i+ B, + B,k
Applying the above properties, we find:
A.B = (AJd + AjJ+ AzK). (ByT + Byj + B,k) = A,B, + A,B, + A, B,
e The angle between two vectors A and B:

AyBy + AyB, + A,B,

cos 6 =

18] JAX2+Ay2+AZZ\/BXZ+By2+BZZ

>l >l
wl| ool

e Condition for orthogonality of two vectors:
Two vectors are orthogonal if their scalar product is zero:
We write: AyBy + AyB, + A,B, =0
2.7. The vector product of two vectors:
The vector product of two vectors A and B is a free vector V such that: (Figure 2.14)
- Direction: V is perpendicular to both A andB.
- Orientation: (ff, B, I7) forms a right-handed system.
- Magnitude: |V°| = |A”||B|sin(6), where 0 is the angle between A and B.

We write: \7 = K/\E)
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Figure2.14

= Properties:
1. The magnitude of the vector (cross) product equals the area of the
parallelogram formed by the two vectors.

2. If the two vectors are parallel, the cross product is zero:
A//B=>AAB=0
3.The cross product of a vector with itself is zero: ANA=0
Example:TAT=]AJ=KkAk=0

4. The cross product is not commutative: AAB=-BAA.

Example: TAJ=—JAT=k ,jJAk=—kAT =1,kAT=—IAk=7

5. The cross product is distributive over vector addition:

AA(B+C)=AAB+AAC

6. The cross product of two vectors is associative with respect to scalar
multiplication: m. ( AN ﬁ) = mAA ( §) =AA ( mﬁ)

= Analytical Expression of the Vector (Cross) Product

Starting from the projections of the vectors on the coordinate axes

0X,0y and OZ
Let: A = A, i+ A, + Ak and B = B, + B,j + B,k .

The vector (cross) product of vectors AandBis given by:
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V= (AAB) = (A +A,j+ AK) A (B, + B, + B,K)
Considering the previously mentioned properties, we obtain:
V=(A,B,—A,B, )T— (A,B, — AB,)j + (ABy — A,B, )k

The previous result can also be written as the determinant of the following

matrix:
I O A 'S VA A A A, Ayl
V=AAB=|A, A, A, :|By BZ i |fx Bely BX By|k
B B B y z X z X y

N

y
V = (A/B, — A,B, )T — (A,B, — A,B,)j + (A,B, — A,B, )k

2.8. Scalar Triple Product

The scalar triple product of three vectors A, B and Cis defined as the dot

product of A with the cross product BAC ( see Figure 2.15).

-
______

Figure 2.15

We write: A. (§ A 6) =AD= |K| |ﬁ| CoSs
Given that:

(BAC) =D,

ﬁ| = twise the area of triangle (obc) = 2.A(obc),h = |K| COS @

Then: A. (E)/\(_f) =AD= |K| |ﬁ| cos @ = 2.A(obc) .h.
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From this, we conclude that the scalar triple product of the three vectors A

B and C represents the volume of the parallelepiped constructed on these

three vectors (see Figure 2.15).

= Properties:

o The scalar triple product of three vectors A, B and C is zero if and only if
either two of the vectors are parallel or the three vectors lie in the same
plane.

o The scalar triple product remains invariant under cyclic permutations of the
vectors:A. (BAC) = B.(CAA) = C.(AAB).

o It also remains invariant under swapping the dot and cross product
operations as follows:

Z.(BAT)=B.(CAR) =C.(AAB) = (BAC).A= (CAK).B= (AAE).C
= Analytical Expression of the Scalar Triple Product:

Starting from the analytical expressions of vectors:

A=AT+AJ+AK

oel}

= B,i + B,j + B,k
C=C I+ CJ+Ck

The scalar triple product is expressed using the determinant form:

Ay A, A,
A.(BAC)= By By B,|=A(B,C,—CB,)—Ay(BC, — C;B,) + A,(B,C,y — C,By)
¢ C G

2.9. The vector triple product of three vectors
Definition:
The vector triple product of three vectors A, B and C is the vector product of

vector A with the vector product (§ A 6)
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Chapter three: Kinematics (Motion of a Material Point)

3. Introduction:

Kinematics is the branch of mechanics concerned with the study of the motion of
a point relative to a reference frame, without addressing the causes of motion

(i.e., without considering the forces that cause the body to move).
3.1. Path of a Point:

Let us consider the three-dimensional Cartesian coordinate system: oxyz

Figure 3.1

The position of the moving object M with respect to the reference frame is

defined by the position vector at instant t, where: ¥ = OM = r(t)(see Figure 3.1).

It can be written as: £ = OM = x(t)T + y(t)] + z(DK

Where: x(t),y(t), and z(t) are the coordinates of point M at time t.

The curve (i.e., the geometric locus of the successive positions of the moving

point) is called the trajectory of the moving point with respect to the reference

frame.

» [f the trajectory is a straight line, the motion of the point is said to be
rectilinear.

= [fthe trajectory is curved, the motion is said to be curvilinear.
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3.2. Velocity Vector and Acceleration Vector:
Let M(t) be the position of the moving point at instant t, and M'(t + At) be its

position at instant (t + A4t). I_/;Vg

W : the displacement vector of the point:
MM = 2(t + At) — £(t) = AR
= Average Velocity Vector:
The average velocity vector of a moving point between two instants is defined as
the vector I_/;Vg, obtained by dividing the displacement Vectormby the time

interval At:

. = MM  F(t+At)-TF(t AF
And we write: V,,, = =K ©_4
8 At At At

= Instantaneous Velocity Vector:
The instantaneous velocity vector of a moving point is defined as the limit of

the average velocity vector when the time interval At approaches zero

—

And we write: Vi, = limpe,g (‘ng) = limue (%) = limy,., (r(t+At)—r(t)) _

At

lim (AF)
At—>0 At

As M — M the chord MM’ tends toward the tangent to the trajectory (I") at point
M, and thus the velocity vector V becomes tangent to the path.

Result:

The velocity vector of a point is equal to the time derivative of the position

vector

Q.
=

5
=r

T
dt
d_F
dt

5
=r

Hence: Vins = V=
= Average Acceleration Vector:

The average acceleration vector of a moving point between two instants is
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the vector Vavg , defined as the change in velocity vectorAV = (V(t + At) —

V(t)) divided by the time interval At :

AV V([t+AD-V(b)

And we write: Y,y = n "

= Instantaneous Acceleration Vector:
The instantaneous acceleration vector of a moving point is defined as the limit of

the average acceleration vector as the time interval At approaches zero.

o . - : AV . V(t+At)-V(t)
And write: Yins = limpeo (Yavg) = limyeg (E) = limp¢, (T)

Result:
The acceleration vector of a point is equal to the derivative of the velocity vector,

or the second derivative of the position vector with respect to time.

= d? 5
Yy = V'::aEE::r

-

Note:

The total acceleration vector y’ always points toward the concave side of the
curve.

3.3. Position, Velocity, and Acceleration Vectors in Different Coordinate
Systems:

3.3.1 Position, Velocity, and Acceleration Vectors in Cartesian
Coordinates:

The position of the point is defined by its time-dependent coordinates:
x(t),y(t) and z(t)These equations represent the parametric equations of the

trajectory (I") of the moving point (Figure 3.2)
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=l

e~
v
4

Figure 3.2

= Position Vector: ¥ = OM = x(t)T + y(t)] + 2(DK.

= Velocity Vector: ¥ = OM = X(O1+ y(t)j + Z(DK.

Thus, the components of the velocity vector along the coordinate axes are:
dx dy dz

NGt =— =7

- Magnitude (Speed):V = |V| = /X2 +y2 4722,

Vx —X,Vy=d—t—y,vz—a—

Note: The velocity vector can also be directly calculated from the elemental
displacement vector (see Figure 3.3)

where: dt = dOM = dx ()T + dy (V)] + dz(Hk

A

VA

o~ dz

L,
d

v =

N

X

dy
Figure 3.3
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The infinitesimal displacement occurs over a very short time interval (an

infinitesimal time), thus:

j dr_domr _dx (O + = (O + (DK
T odr . dt 1 :
= Acceleration vector:
S dir dPOM
V=y= @ - ae dtz (t)l + (t)] + (t)k
Hence, the components of acceleration along the axes are:
d2x . d? d?z
hEgE T W T T e =

- Magnitude : [y| = /X2 + §2 + 72

3.3.2. Position, Velocity, and Acceleration Vectors in Polar Coordinates:

Y4 3 Al
x| /7
- 40,
Ye SN M(r,0)
7 (T)
— AU,
Ue j’
8 x
"""""" o1 "
Figure 3.4

Let O be the pole and Ox the polar axis.
The position of a point in polar coordinates is defined by:

o r =r(t): the radial distance.

« 0 = 0(t): the polar angle. (See Figure 3.4).

Using the unit vectors: I_fr (parallel to ), and ﬁe (perpendicular to I_jr), we can

write:

U, = cos 7 + sin 6
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Ug =dU,/d® = —sin6T+cos6]”
Alternatively, fje can be obtained by adding g to 8 in I_fr :
x4 x4 T - - - —
Ug = U, (9 + E) = cos(0 + m/2)1+sin(0 + /2)] = —sin O1 + cos 6]

Now, differentiating the unit vectors ﬁr and ﬁe with respect to time, we obtain:

., dU, du,de . L
U, = % - do .EZG(—Sln91+cosej)=9Ue
dUp dU, do
dt ~ do "dt

_[:I)g = = —0(cos BT +sin 6)) = —HU,

—_— —

# Position vector: OM = r = rU,.

=l

= Velocity vector:

— NI dF . — = — . — — . —
V=0M :E:F = iU, + rU, = iU, 4+ 1r(8Ug) = iU, +réU,
Or using components: V= Vrfjr + Vel_fe
V. = % =r
Therefore: dg .
Vo = r— = ro

» Magnitude of velocity: V = |[V| = \/Vf + V% = \/1’*2 + (ré)z

Note:
The velocity vector can also be directly computed from the elemental

displacement vector dr over a small-time interval dt:(see Figure 3.5).
dtt = drU, + rdoU,
Dividing by dt:

g de—> el o« —> — —
V== +r--Ug = iU + 18Ug = V.U, + VeUs
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, h \” o_
& U,
'. é llllll e Y
A : H
AH
,‘f::: do T
t 4 i
] _:
. :F i. x

> >

Figure 3.5

e Acceleration Vector:

d?t  d’r— dUr

V= U, +1

V= = + 200 + rS2Tg + 1 9“‘”e
=0, + iU, + féﬁe + 18Uq + 16U, = iU, + féffe + 10U, + réﬁe — 162U,
= ( I — réz)l_jr + (2r9 + ré)ﬁ)e = Yrﬁr + Yeﬁe
Thus, the components of the acceleration are:

Ve = (£ —10%) ,yg = (200 +rb)

Magnitude : 7] = 72+ vo? = (i~ r2) + (214 + 6)".

= Relation between Cartesian and Polar Coordinates:

We have the position vector in polar coordinates expressed as:

—_—

OM = # = rU, = r(cos 67 + sin 67).

And in Cartesian coordinates, it is:

= x(OT + y (O] + z(DK.

By comparing both expressions, we find:

>
r
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x =rcosh ... .... (1)
{y =rsinf......(2)

By squaring and adding equations (1) and (2), we obtain:

r= Ay

By dividing equation (2) by equation (1), we get:
y y
=2 = 0 = arctne (=
tngb ” = arctng (X)

3.3.3. Position, Velocity, and Acceleration Vectors in Cylindrical

Coordinates:

The position of a point in cylindrical coordinates is defined by (p, 6, z), using the

unit vectors (I_fp ,l_fe,ﬁ) (see Figure 3.6.a and 3.6.b)

A VA
z A -
. ka il k
=] —
P /—\p e
M(p.6.z U, S~ ~
i B
7/ 7/
E A IT A i
Ty
0 ]> N TR S 3 \]> T y >
i p y 1 .
m
6 /
: Figure 3.6.a
X Figure 3.6.b g ~
X

Using the unit vectors ﬁp (parallel to p), ﬁ)e and k, we can write:

p

I_J) = COS 9_i>+ sinej_>
ﬁe = dl_J)p/dG = —sin 0] + cos E)j_>

Alternatively, I_fe can be found by adding g to 0 in ﬁp :
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— — Tt
Ug =U, (8 + E) = cos(0 + m/2)T +sin(0 + m/2)] = —sin 61+ cos O]

— —

k=k
Differentiating the unit vectors ﬁp and fje with respect to time, we get:

ﬁ—dﬁp—dﬁpde—e( in 67 + cos 6]") = 6T
P e R e sin 07 + cos 0)) = 0Ugq

= dﬁe dﬁe de . N . - . —
Ug = PR TR —0(cos 61 +sin6)) = —06U,

= Position vector: OM = t = pﬁ)p + zK

= Velocity vector: V = OM :j—iz? = pﬁp+pﬁ;p+ZE
V=0M =¥ -t =0, + pU, + 7k
=O0M =T =1 =pU, +pU, +2

= pUy + p(8Up) + Zk = pU, + pbUp + 7k

V = V,U, + VolUp + V,k

_dp _ .
Vp—a—p
. de .
Thus: v :pa:pe
V, =1z

» Magnitude of velocity: V = |[V| = \/sz +V,% + Vg2 = \/pz + 22+(p9)2
Note: The velocity vector can be directly calculated from the elemental
displacement vector dr, over an elemental time dt (Figure 3.7).

di = dpU, + pd8Uq + dzk
Dividing by dtdtdt, we obtain:

_ df dp— o dz- o o - - S
V=E=EUp+ane+ak=pUr+p9U9+Zk=VpUp+V9U9+VZk
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z4 ka
Ug
iy a9 dp U,
p# ........ Y 1l
P
h : rdo
I
O Mer— 4 >
..J ...... borden
0 p .,...’.,?:::da eay
x /& 0 -
Figure 3.7
Acceleration Vector:
SV G oy L dly dpun L d0p sl o
Y= dt_V_dt2 N dtZUF’-I_p dt +dt9Ue+pdt2U9+p9 dt +2k

= pU, + pﬁp + pOU, + pbU, + pbU,y + 7K
= pU, + pOUq + pOUg + pBU, — p62U,, + 7K
V= (5 —pb62)U, + (206 + pB)Ug + 7k = v, U, + ygUg + 7K
Hence, the components of the acceleration are:

Yo = (p—p0%) ,ve = (206 +pB),y, = 2

Magnitude : |y| = Jypz + Vo2 + V.2 = \/( p— pé)z)2 +72+ (2p0 + pé)2

= Relationship Between Cartesian and Cylindrical Coordinates:

The position vector in cylindrical coordinates is:
OM= F= pﬁp + zKk = p(cos 7 + sin O)") + zKk

And in Cartesian coordinates:

t = OM = x(D)7 + y(O)] + z(DK
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X = pcosh ... .... (1)

By comparison, we obtain:{y = psin 0 ... .... (2)
Z=7Z ociuew. (3)

By squaring equations (1) and (2) and adding, we find: p = {/x? + y?
By dividing equation (2) by equation (1), we find:
y y
tngd === 0 = arctng (=
ng ” arctng (X)
3.3.4 Position, Velocity, and Acceleration Vectors in Spherical

Coordinates:
The position of point M in spherical coordinates is defined by (r, 6, @), using

the unit vectors (I_fr,l_fe,ﬁ(p)(see Figures 3.8.a and 3.8.b).

L. _1sind

Figure3.8.b

Figure 3.8.a

Position Vector in Spherical Coordinates: OM =t = rU,
The components of this vector in Cartesian coordinates are:
OM = F = r(sin 0 cos @1 + sin@ sing] + cosO k )

By comparing both forms, we obtain:

U, = sin 0 cos @T + sin@ sing] + cosO k
Computation ofﬁe :

= First Method: By differentiating ﬁr with respect to 8, we get:
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du, B Lo
—— = c0s 8 cos @1 + cosO sin@j — sinB k

Us de

= Second Method: By adding g to 0 in ﬁr, we find:

Up = U, (g+ 6) = sin(g+ 6)coscpf+ sin(g+ B)Sin(pf+ cos(g+ B)E

Using trigonometric identities:

Up = cos 0 cos @7 + cosO sing] — sin0 k
Computation ofﬁ(p:
= First Method:

It can be computed geometrically in the same way as in polar coordinates

(see Figure 3.9).

v

Figure 3.9

Thus: U)(p = —sin@i+ cos@]

= Second method: ﬁr, ﬁee and ﬁ(p form a direct (right-handed) triad.

-

Thus: U, = U, AUg = |sinBcos¢@ sinBOsing  cosO
cosBcos@ cosBsing —sinH

I_J:p = —(sin 62 sin @ + cos 82 sin @)1 + (sin 62 cos ¢ + cos 6% cos )]
+ (sin 6 cos @ cos 0 sin ¢ — sin 6 cos ¢ cos O sin ¢ )k

U)(p = —sin ¢ (sin 6% + cos 82)T + cos @ (sin 82 + cos 62)
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U, =—singi+cos@]

(0]
. x4 d_> . - -
* Third method: U, = colsedicpe = —sin@1i+ cos @]
3 d—) . -> -
* Fourth method:U, = Sirlle d[:pr = —sin@i+cos@]

» Time derivatives of I_fr, I_fe and I_f(p ;
v' Time derivative of U, :

Then: U, = sin 6 cos i + sin® singj + cosO k

du,

dt

~ 0.

ﬁr = —(—H cos B cos ¢ + ¢sin95in<p)?+(9cos@sin(p+cpsinﬂcoscp)f—GsinGE

—

U, = 0(cos 0 cos @1+ cosOsing] — sinGE) + @sin® (—sin@ T+ cos @)
ﬁr = éﬁe + @ sin Gﬁ(p
v' Time derivative of Uy :
Given: fje = cos 0 cos @1 + cosB sin@ ] — sind K
Then: dd—ﬁs’ = ﬁe
= —(9 sin 0 cos @ + ('pcosesincp)f+ (—G sin@sin @ + ('pcosﬂcoscp)f— 6 cosOKk
ﬁe = —0(sinBcos T+ sinOsin@j + COS@E) + @ cosO (—sin@1+ cos@y)
179 = —éﬁr + ('pcosﬂfl)(p
v' Time derivative of I_fq,:
Given:fj(p = —sin@i+ cosq@]

dﬁ(p = . > .. >
F: Uq) = —@CoOS@P1— pSIQ]

Now using the base transformation:

Uy sinfcos¢@ sinOsing cosO | [T

fje = |cosB cos¢@ cosOsing —sind|.|]

U —sin @ COS 0 k
@
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U, i
Ug| =A|T
Uy K

Using the transpose of matrix A, we obtain:

T U;

j) = AT ﬁ)e

k Uy
U sinBcos@ cosB cos —sine Ur
j| =|sin@sing cosBsing cosg ||Ug
k cos 0 —sin0 0 fj(p

Hence, we obtain:
= sin0 cos (pﬁ)r + cosO cos (pﬁe — sin cpfl)(p

] = sin@ sin @ fjr + cos 6 sin (pl_fe + cos (pff(P

k=cos0U — sinﬂﬁ)e

Substituting the expressions of T and j into the expression of l_jq,, we find:

dU
dt

= — ¢ cos ¢ (sinf cos QU + cosB cos ¢ Ug — sin @U,,)

17 = —@pcos@i— Psin@]=

— @ sin @ ( sin@ sin @ ﬁr + cos B sin (pl_fe + cos (pl_f(p)
= — ¢ sinB(cos @2 + sin 2)U, — @ cos B(cos ? + sin ?) Uy
U:, = — ('psineffr — c'pcosel_fe
= Position vector: OM = t = rU,

= Velocity vector:

{ﬁr 9U9+('psin Gﬁ)(p
We have : ! U(p = —0U, + ('pcosﬂﬁ)(p
ll_])(pz—cpsinﬁﬁr—(pcosﬂﬁ)e
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V

V.=r
Therefore: {Vy =10

I"ﬁr + rﬁr = f‘ﬁ)r + r(éﬁg + @ sin Bﬁ)(p)
ff + réﬁg + (r sin 0) ¢ I_J)(p)

(
iv _
V="r= V.U, + VoUp + V, U,

Vo = (rsin0)¢

Thus, the magnitude: |V| = \]Vrz +Vo® + V(p2 = \/1’“2 + 162 + ((rsin 8)¢ )2

Note:

The velocity vector can be computed directly from the

infinitesimal

displacement vector d7 over an infinitesimal time interval dt (see Figure 3.10).

- Infinitesimal displacement vector :

By dividing by dt, we o
(

!

<l <Zl

<l
Il

dtt = drU, + réUg + (rsin® )de U)(p
btain:

dr de

dt t dt

F iU, + roUq + (rsin8)¢ U(p)
= V.U, + VoUp + V, U,

- _ de -
—=— I'—U9+(rsm9)—U(p

rsinfde

Figure 3.10
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Acceleration Vector
We have: V=t = fﬁr + réﬁe + (r sin0) ¢ ﬁ(p)
Y= V= iU, + f‘ﬁr +10Uq + rbUg + réﬁe + (Fsin0)¢ ﬁ)(p + (rb cos 0) ¢ ﬁ)(p

+ (rsin0)® ﬁ)(p + (rsin0)¢ _U)(p
We substitute the expressions for ﬁr, ﬁe, and Tl)w into the expression for y, and
we obtain:

Y = (¥ — rd? — r?sin6?) U, + (18 + 216 — rp?sind cos 6 ) Uy

+(répsin © + 2@ sin 8 + 2r¢0 cos 0) ﬁ)(p
¥ = VrUr +veUp + YUy

vr = (f — r6? — r¢?sind?)
Yo = (rf + 210 — r¢?sinb cos 0 )
Yo = (rédsin® + 2r@ sin 6 + Zr('pé cos 0)

Magnitude : |y| = \]yrz + vp? + Y<p2

7 = ('f — 162 — rc’pzsinez)2 + (r® + 20 — r2sinB cos 6 )2
+(rép sin® + 2f¢ sin 8 + 2r¢8 cos 0)?2

= Relationship Between Cartesian and Spherical Coordinates:

Position vector in Cartesian coordinates:
£ =OM = x(D)7 + y(O)] + z(DK
Position vector in spherical coordinates:
OM =t =rU,
Its components in Cartesian coordinates:
OM = F = r(sin 0 cos T + sin@ sing] + cosO k )
By matching components:

X = rsinf cos @
y = rsinf sin ¢
Z = rcoso
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x? +y% + z% = r?((sin®?(sin@? + cos@?) + cosb?))

x? +y?+2z%=r?

r=x2+y2+z2

y y
—=1t = to (—
L= Be=>0¢ arcg(x)

Z v/ Z
cosf =-= = 0 = arccos( )
r/x%+y?+z2 Jx2 +y2 + 72

3.4 Study of Some Types of Motion

3.4.1. Uniform Rectilinear Motion:

Definition: The position of the moving object M at time ¢ is defined by:
x = OM = x (t) (Figure 3.11).

This equation is called the time equation of motion.

0 Mo(t=0) M(it) V x
* g > >
M
. x(t) j

Figure 3.11

Definition: A moving object undergoes uniform linear motion if its trajectory
is a straight line and its time-position equation is a first-degree function of time.

Uniform linear motion implies: V = cste,y = 0

dx
V=—=dx=Vdt
dt

Initial conditions:t =0 — x(t =0) = x,
By integration: fx); dx =V fot dt 2 x=Vt+x,

Hence, the time-position equation of the motionis: x =Vt +x, .

= Position-time and velocity-time diagrams: (Figure 3.12)
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V(t
b (t)A (O
. Scheme of spacers 4 Scheme of speeds
“0
> >
0 (a) t 0 (b) t
Figure 3.12

3.4.2. Uniformly Accelerated Rectilinear Motion:

Definition: An object is said to undergo uniformly accelerated rectilinear

motion if its trajectory is a straight line and its position-time equation is a

second-degree function with respect to time, while the acceleration of the object

is constant (y = cste) (see Figure 3.13).

0 My(t=0) y, M(t) ¥ 7
> — >
w
Figure 3.13

Given: y = cste
av dv dt
= — =
Y dt Y

Initial conditions:t =0 - x(t=0) =x, = V(t=0) =V,
By integration, we obtain: f\y dv=y fot dt = [V]¥0 = y[t]§
0

We also have: V = % = yt+V, = dx = ytdt + V,dt

By integration, we obtain:fx); dx = vy fot tdt + V, fot dt & [x]¥, = %y[tz]

+ Vo [t]§
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1 . : : :
X = Eyt2 + Vot + X, : This is the time equation of motion.

Displacement, velocity, and acceleration diagrams: (Figure 3.14).

y| [Scheme of accelerators Scheme of speeds

Figure 3.14

Note: A motion is said to be accelerated or decelerated if:

= Accelerated: (The velocity V increases in absolute value).

y>0,V>0

or V>0 :{y<O,V<O
» Decelerated: (The velocity V decreases in absolute value).

y>0,V<O0

Or y.v<Oo0 z{y<0,V>0

= Relationship between the displacement and velocity over a given time:

We have: {x _ %ytz + Vot + %,

V-V
Also:t = 0

Thus: x —x, = %y (V_YVO)Z +V, (V—YVo)

After expansion, we get: V2 — V2 = 2y( X — X,)
Special case: If the initial conditions are null( V, = 0,x, = 0)

V=,2yx
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3.4.3. Simple Harmonic Rectilinear Motion (Sinusoidal):
The time-dependent equation of motion is given by:

X = Asin(wt + @)
Where:

« x: displacement (amplitude)

« A:amplitude
o : angular frequency

o : initial phase
- Period: T=2=
w
- Frequency: f=%

= Velocity: V=x= Awcos(wt + ¢)

= Acceleration: y =V = x? = —Aw?sin(wt + @) = —w?x

We observe that the position (displacement), velocity, and acceleration are all

periodic sinusoidal functions of time.

3.4.4. Circular Motion:

A particle is said to be in circular motion if its trajectory is a circle (see

Figure 3.15).
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\{

Figure 3.15

The position of the moving object M at time t is defined either by the curvilinear

abscissa 8(t), or by the angle 0 :

6 = (OM,, OM) = 6(t)
8(t): represents the equation of motion with respect to time.
i and t: represent the unit normal and tangent vectors, respectively.

Using the unit vectors n” and t, we write:
n = —cos 01 —sin 6y

t= —sin 67 + cos 0]
Alternatively, £ can be obtained by adding g to 0 inn:
e - T - . - . — —
t=n (9 + E) = —cos(0 + m/2)1 —sin(0 + m/2)] = —sin O1 + cos 6]

By differentiating the unit vectors 11 and t with respect to time, we obtain:

., dn_dn de_e - or

=== (sinB1 —cos0)")

= —0(—sin BT + cos 6]") = —Ot = —wt
%_d?_df de_é( 67 — sin67) = 67 = wF
iR cos 01 —sin0)) = 6n = wn
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We define:

(:: = w : Angular velocity [rad/s |.

_d%0 _do : 2
€ =—5 =~ : Angularacceleration [rad/s* ]
= Position vector:OM = = —R#

= Velocity vector: V= 0M ==

I = —Rn = —R(—6%) = ROt

dt
= Magnitude of velocity:|V| = V = R8
s g )
= Acceleration vector: y = i—\t/ =V= j? = R@t + RG—

— Rt + ROt = RBT + ROZT
Y = ROt + R6%n
We know that the curvilinear abscissa is:

8(t) =RO = 4(t) = RO = Rw = §(t) = RO = Re
Hence, the velocity vector becomes: V = 4(t)t = ROE.

The velocity vector is tangent to the circular path and its magnitude is:

V|=V =R = Rw
V-RB-s(t)-Rw:ﬁzézw:@:Y
We have: de R R
(t)— —RB—Rs

The total acceleration vector is directed toward the concavity:

5_)_dvt+vz = V0 + Vit

Therefore, the total acceleration vector y can be decomposed into two

Y = RBt + RO = 3(O)T +

components:
» Tangential component (tangential acceleration) y,: along the tangent,

characterizing the change in the magnitude of velocity.

.. dv
yt=5(t)=R9=R(b=Rs=E
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# Normal component (normal acceleration)y,, y,: directed toward the center
of the circle, representing the change in direction of the velocity vector.
&2 V2

= — =RO%2 = Rw? =
Yn =g w R

Magnitude and direction of total acceleration:

. dn?  [vz\?
|y|=m=j(a) +(%)

And

tng(p:ﬁ:@=2_ €

Yn <V_> W w?
R
(R : is called the radius of curvature).
3.4.4. 1. Uniform Circular Motion:
Definition: A circular motion in which the speed of the object is constant, and its
trajectory is circular (see Fig 3.16)
|\7|=V =RO=Rw=cste=>w=cste 2e=0

The angular velocity is constant:

2 . ,
w="-=X2 (n rotations per minute ).
60 30
yt V =Rw
Y
Lo\ n
R A 8
t
i 0 X
o ) "
®
Figure 3.16
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We write:w = 0 =§=>d6=oodt

Initial conditions:t =0 - 6(t =0) = 0,
By integration: fei de = oofot dt & [9]80 = w[t]§

Hence: 6 = wt+ 0,
This is the time equation of motion in the case of uniform circular motion.
Note: The time equation of motion can also be obtained directly from the arc

length.

® Uniform rectilinear motion: x = V t + x,.

» Uniform circular motion: s(t) = 8t + 8,
where: (8 = R0,4 = RO = Rw, 8, = RO,)
Thus: R@ = ROt + R, = B = wt + 0,

3.4.4. 2. Uniformly Accelerated Circular Motion:
A particle undergoes uniformly accelerated circular motion if its path is circular

and its tangential acceleration y; is constant (see Figure 3.17).

yA

v

Figure 3.17

Yi = cste = Re = ¢ = cste

Since the angular acceleration is constant, we can write:
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_dw
Cdt
Initial conditions: t=0-0(t=0) =0, » w(t=0) = w,

W = e=>dw = edt
By integration: f;‘) dw = sfot dt = [w]$, = e[t]g
0
w=¢et+ w,

Also, we have: w = % =¢et+ wy > d6 = (et + w,)dt
By inte ration'fe de = ft(£t+ wy)dt =[0]8 = [ltz + w t]t
y g Jo, — Jo 0 0y — 2 0 0

12
9=Et +(1)0t+90

This is the time equation for uniformly accelerated rotational motion.

= We can also find the time equation directly from the curvilinear displacement

1 1
5(t) == Eﬁtz +4§0t+:50 == Re —= ERE —+ R(l)o + Reo

12
9=Et +(1)0t+90

yt=;s'(t)=Ré=R<‘o=Rs=‘;—t

Where: 2 _ V2
Yn=7% = RO? = Rw? =—= R (gt + wg)?

Note: The motion is said to be accelerated or decelerated depending on:

= Accelerated: w.e >0

» lagging : w.e<0
The relationship between the surveyed angle and angular velocity in a given
time:

W =¢et+ w

1 =t =
0 =>t%+ wot + wg £
2

We have: {

. _l 2 _l wW—Wy 2 w—wWy
Andfromhlm.G—Zt +oo0t+90—2( . ) +oo0( . )+ 0o
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After publication and distribution, we find :(w? — wy2) = 2g(0 — 0,)
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Chapter four: Relative Motion of a Material Point

4.1. Absolute Motion, Relative Motion, and Transport Motion :

Y1

i FiglJre 4.1

In our previous studies, we examined the motion of point M relative to a fixed
reference frame 0;x;y;. In most cases, it is also easier to study the same motion
of point M with respect to a moving reference frame Oxy.
Therefore, it is necessary to determine the motion of point M relative to the
moving frame Ox, as well as the motion of the moving frame Oxy relative to the
fixed frame O,x;y;, in order to fully understand the motion of point M with
respect to the fixed reference frame 0;x;y;.
Let us consider (Figure 4.1) :
e M: A material point moving in the fixed plane O,x;y;, whose unit vectors
are1y,]; -
« Oxy: A moving reference frame attached to the rigid body (S ), whose unit
vectors are 1, (t), ], (t).
. 7,: The position vector of the moving origin O with respect to the fixed
origin O, (i.e., relative to the fixed frame 0;x;y;).
« T, : The position vector of point M with respect to the fixed origin 0, (i.e.,

relative to the fixed frame 0;x;y; ).
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« 7: The position vector of point M with respect to the moving origin O (i.e.,
relative to the moving frame Oxy).
o x(t),y(t): The coordinates of point M with respect to the moving axes
0x, 0Y.

Definitions:

A. Absolute Motion:
The absolute motion refers to the motion of point M relative to the fixed
frame 0;x;1y;-
The absolute velocity and absolute acceleration represent the velocity and
acceleration of point M with respect to the fixed reference frame 0;x;y;.

B. Relative Motion:
Relative motion refers to the motion of point M with respect to the moving
reference frame Oxy.
The relative velocity and relative acceleration represent the velocity and
acceleration of point M with respect to the moving frame Oxy.

C. Transport Motion (Convective Motion):
Transport motion refers to the motion of point M with respect to the fixed
frame 0,x;y;, when this point coincides with the rigid body (S) (i.e., it
represents the motion of the moving frame Oxy relative to the fixed frame
01X1Yy1)-
The transport velocity and transport acceleration represent the velocity and

acceleration of the moving frame Oxy with respect to the fixed frame 0;x;y;.
4.2 Absolute Velocity Calculation

The position vector of point M with respect to the fixed reference frame 0;x;y;

iS' {OlM:O]_O‘l‘OM:Fl:Fo"‘F
- (F=0M =x(O)T+ y(O)]
U= cos 01 +sinby,

W k th t: - - 1 7 T
e kKnow tha { =di/d0 = —sin0i; +cos0];

Alternatively,] can be obtained by adding g to0inT.
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- -

Tt
] = 1(9 + E) = cos(0 + 1/2)1; +sin(® + 1/2)]’; = —sinO1; + cos 67

Now, we differentiate the unit vectors1 and J with respect to time:

. di di de o > ar: o
lza—ﬁa—e( —sin 01; + cos 0)) = 6] = w]
> d] d] de . - . = AT T
I=qt=ae qr - 0(cosOl +sinfyy) = 00 = —wi

Thus, the derivative of the position vector O;M is:
VM/01 = V0/01 + VM/O N 010 + OM = ?0 +F

Va/o, = 0;0 + X1+ y7 + X1 + y] = 0,0 + X + §j + xwj — yoi

We know that. @ = ok, £ = OM = x(O7 + y(t)]
T E 0 0l
Also: WAT=10 0 @ « y‘kz (—wy)T + xwj
x y O
Thus:
Vo, =Va=0,0 + X+ §7+ BAT = [dol + 3@ /\r] + [XT + ]
d0,0
Wehave:{ dt
WAT

which respectively represent the translation of (0/0,) and the rotation of (1,}),

(i.e., the rotation of the frame Oxy).

do,0

Thus: Ve = Vioxy)/0,xy) = [ to /\r]

V; = Vo = [XT+ ]
Therefore:

\73 = Ve + Vr (which is the velocity composition relation).
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VM/O1 = Va = Ve + Vr : Absolute velosity

Vi =Vy0o=%I+y] : Relative velosity

—

Ve = _\70/01 +WAT : Transport velosity

4.3. Absolute Acceleration Calculation:

We have:
— — — R s N N dO]_O — - .o .o
M=Va=010+x1+y]+wAr=T+w/\r+x1+y]
0,

And also: {1;:0_1)\/[ =%X(t)1;)+ygt)] oo 5 N
r=xi+yj+xi+yj=x1+yj+x0j—ywl =V, + 0 AT

Therefore:

—_ -

Va=Vm/0, = Vmjo, = Va = 0,0 + KT+ Jj+ X+ y] + BAF+ G A

J.

— -

Va = 0,0 + X1+ §] + %0] — ol + BAL + BA
We know: E=W=¢k,E=V.+ BAT
Thus: ¥, = 0;0 + X1 + §] + x@] — yoi + EAT + B A (V. + G AT)

= Vo = 0,0 + X0 + §] + x0] — oI + EAT+ (B AV,) + BA (B AT

We have:
. 17 k 0 w 0 w 0 0]y
WAV, = 0 0 ®l =y o 1_|5< 0 [ y|k=(—my)1+xu)]
x y 0
Thus:
Va=00 + X+ 57+ BAV, + AT+ (GAV,) + BA(BAT)

> Y2 =00+ +EAT+BA @ AD]| + [+ 57 + 28 A T]

0,0 =Yoo,
EAT =Yt

BOA(@AD) =Vn
Where:

” 70/01 : represents the acceleration of point O with respect to O;.
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= [EAT+ WA (0 AT)]:represents the rotational motion of the moving frame
p g

Oxy with respect to the fixed frame 0;x;y;.

Thus:

= The translational acceleration is: y, = [010 ++EAT+ WA (WA F)]

# The relative acceleration is: Yr = [XT+ 7]
= The Coriolis acceleration is: Ye = [2a8 A Vr]
It is a fictitious acceleration and is also referred to as the complementary or

compensatory acceleration.

= Therefore, the absolute acceleration is :

Vo= [0:0++EAT+BA@AD)] + [+ 7] + [26 A V]
That is: Ya =Ye + ¥r t Ve
This is the acceleration composition formula.

- Special case:

The Coriolis acceleration vanishes when:

Then: =>7a:[010++§/\F+6’/\(8/\r)]+[x1+yf]
Thus: = Va =Ye + Vr
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Chapter five: Dynamics (Motion of a Material Point)

5. Introduction:
While kinematics is concerned with describing motions, dynamics focuses on
studying the relationship between the motion of a body and the causes of that
motion. In a deeper sense, the study of dynamics is the study of the relationship
between force and the changes in a body’s motion.
5.1. Newton’s Three Laws:
1 - Newton'’s First Law (Galileo’s Inertia Principle):
Statement of the Principle:
If a material body is not subjected to any force, then it:

« Either moves in uniform straight-line motion,

« Orremains at rest if it was initially at rest.
For a particle, the principle of inertia states:
A free and isolated particle moves along a straight path at a constant speed.
Therefore, an accelerating particle is neither isolated nor free, but rather
undoubtedly subjected to a force.
¢ Momentum:

The momentum of a particle is defined as the product of its mass and its velocity

vector: P =mV (see figure 5.1)

m V T)’
% > >

3

0
ety

6«

o,

&

Figure 5.1

Thus, linear momentum is a vector quantity, and it is a very important concept
because it encompasses two elements that characterize the dynamic state of a
particle.

A new formulation of Newton’s First Law (Law of Inertia) can now be stated as

follows:
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A free particle always moves with a constant linear momentum.
* Conservation of Linear Momentum:
If there is any change in velocity or momentum, this indicates that the
particle is not free.
Let us assume the existence of two free particles, subjected only to mutual
interactions between them. Consequently, they are isolated from the rest of the

universe.

At the instant ¢: {mﬁ Pa=maiVs _ﬁl + _ﬁz = mlvl + m2V2

N
my— Pz =m2V2

. P,=m,V, = 23 =3 =
. L )ymq—-> 1 1vi -
At the instant t: {mz*ﬁzzmﬁ‘z =>P+P=mV, +m,V,
Momentum is conserved if: f’)l + 1_52 = 1_3)1 + 1_3)2 < ml\_l)l + mz\_l)z = mﬁl + mz\_l)z
2. Newton’s Second Law: This is more of a definition than a law.

The time derivative of the momentum of a particle is called the force. That is, the

resultant of the forces acting on a particle is:

B R T T :
=1
Special case: if m = cste
n —
y T Mg M

3. Newton’s Third Law:
Law statement: When two particles are in mutual interaction, the force acting
on one is equal in magnitude and opposite in direction to the force acting on the

other.

-~
~

> - n-
ml@ Fy > _ Fy 4 a2

5

<
L

&

Figure 5.2

— —
Fi_,=F,4
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5.2. Some Types of Forces:

A. Contact Forces or Bonding Forces:

Here, we understand that we are referring to the forces exerted mutually

between two bodies in contact (Figure 5.3).

ZF=?1_2 Zi..:fsz—l

Figure 5.3

F:1—2 = l_52—1
B. Friction Forces:
Whenever there is contact between two rough surfaces of solid bodies, a
resistance force arises that opposes their relative motion. There are different
types of friction forces.
B.1. Static Friction Forces:
These are the forces that keep a body at rest even in the presence of external

forces ( Figure 5.4).

3

\ 4
Rough contact surfaces The contact surfaces are smooth

Figure 5.4
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» Coefficient of Roughness (Coefficient of Static Friction):
We place a body on an inclined plane forming an angle a with respect to the
horizontal surface.
In the presence of frictional forces between the inclined plane and the body,
the body remains at rest despite the increase in angle «, as long as the
sequence of values taken by a remains less than a critical value «(, which

corresponds to the onset of sliding and loss of equilibrium (Figure 5.5).

R

[ 6)) x

7, R/ PP |

Figure 5.5

By applying the fundamental principle of dynamics:

The body is at rest, therefore:

By projecting along the axes of motion:

{—RT + mg.sin x=0 — along ox
Ry —mg.cos x=0 - along oy

= mg. si R
{RT mg. sin & =>—T=tgoc=fs

Ry = mg. cos « Ry

Page 53




Where f; is the static friction coefficient.

B.2. Kinetic Friction Forces:

These are the forces that oppose the motion of a body when it slides over a
rough surface (i.e., the body continues to move despite their presence) (see

Figure 5.6).

-
’ E "~ /
Ry
ﬁr 3
/
o+ £ 13.
a+e+B o+ € X
IS S S

Figure 5.6

» Kinetic Friction Coefficient:
Let us continue the previous experiment by slightly increasing the angle a by
a very small amount ¢, such that a + € > «a,, causing the object to start sliding
with an accelerated motion.

Applying the fundamental principle of dynamics:

n

ﬁ_zﬁ dP AV
B T T

i=1

Y F=F+R=my
Projecting onto the axes:
Along ox : —Rt + mg.sin(« +¢) = my

Alongoy : Ry — mg.cos( +€) =0

—R1 + mg.sin(« +¢) = my

Hence:{ Ry — mg.cos(x +€) = 0
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Therefore: E—T — mesin(xte)-my tg(oc +€) —

N mg.cos(x+¢g)

—y e
g.cos(cx+¢)

C

Where f is the kinetic friction coefficient .
B.3. Viscous Friction Forces:
When a solid body moves through a fluid (gas or liquid) at relatively low speed,
a friction force arises and is calculated by the equation:
1_3} = —kn\—f
Note: In the case of motion at relatively high speed, the friction force becomes:
Ff = knV?

k : A coefficient that depends on the shape of the object moving within the fluid.
For example, in the case of a sphere: F‘)f = F)S = —61TnRV (This is known as
Stokes’ viscous force).

n: The internal friction of fluids () is called the viscosity coefficient,
specifically dynamic viscosity.
Note: In liquids, the viscosity coefficient decreases with increasing temperature,

while in gases, it increases with temperature. (Figure 5.7).

kg
n[m.s]
F 3

Fluids Gases

T[K]

Figureb5.7

C. Elastic Forces: These forces lead to periodic motions. For example, in our

study of simple harmonic motion, we have seen that the acceleration is given by:

¥ = —w?0M
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By applying the fundamental principle of dynamics:

k—) g

ZF‘) = my = -mw?0M = —mEOM = —kOM

This means that in simple harmonic motion, the net force acting on a material
point is directly proportional to the position vector and directed oppositely. It
always points toward the center, which is why it is called a central force. It only
vanishes at the origin.

By projecting onto the x-axis, we obtain the equation:
F = —kx = my = mX

D. Inertial (Fictitious) Forces:
Previously, in our study of relative motion, we encountered the composition of

accelerations:y, = V. + y, + Y.

For the absolute inertial frame, the observer associated with it writes:

ﬁ_iﬁ_ L dV, dV
__1 I TR TS
l=

For the relative frame, which is non-inertial, the observer associated with it

writes:

n

_F) 4 Z_ﬁl = mVr = m(?a _Ve _Vc)
i=1

Therefore: F=YL F =my, =my, — Vo — Vo) = F, + Fo + F,
F

Where: _)e = —my, , F)c = —my,

Conclusion: In a non-Galilean frame, it is necessary to add the two fictitious

forces F‘)e and l?C to the real force l?a , SO:
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Illustrative Example:

Consider a body moving on an inclined plane. The inclined plane makes a time-

dependent angle a(t) with the horizontal (see Figure 5.8).

- To carry out a dynamic (Kinematic) study of the body relative to the non-

Galilean frame (oxy), it is necessary to:

1. Conduct a dynamic study of the body with respect to the Galilean frame
(01%1y;), and

2. Conduct a dynamic study of the inclined plane (oxy) with respect to the
same Galilean frame(o;x,y,).

» This means that the resultant force acting on the body in a moving reference
frame: [F) = Z{Llﬁi = m?r] is equal to the force acting on the body in a fixed
reference frame [ﬁa],plus the force acting on the moving frame relative to the

fixed frame [ﬁe], and also includes the fictitious (imaginary) Coriolis force

[Fe].

y
y1t A
R\ /
R,
R: ™\
N
y
« |P
o<
Xl'
7 /7 S S
0, S %
Figure5.8

5.3. Moment of a Force:

Let the axis (A) have a unit vectoru , where (U and (4)) are parallel and
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oriented in the same direction. Let O be a point on the axis (A) (see Figures 5.9

and 5.10).
The moment of a force F applied at point M with respect to the axis (A) is
defined as: ]V[/ (ﬁ) = OMAF
o
To compute the moment of the force, one can either decompose the force vector

F into its components or decompose the position vector OM into its components.

» Decomposition of the force vector into its components: (see Figure 5.9).

A
A y

u Fsina 1 M

Vk

Fcosa j

Figure 5.9

—_—

]V[/O(ﬁ) = OMAF = OMTA (Fsina T+ Fcosa]) = OMI A Fcosaj = OM. Fcosa K
Longitudinal Component: M/o (F)) = OM. Fcosa

» Decomposition of the vector OM into its components: (see Figure 5.10)
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h .7
(8)  oMsina 1"

—

up .7

\
\
\
\ a
\

\
\ -
\—OMcosa j
\
\

Figure 5.10

e
P

M/o(ﬁ) = OM A F = (OMsinaT— OMcosa7) A (F1)

= —OMcosaj A F1= OM.Fcosa k
Longitudinal Component : M/o (F)) = OM. Fcosa
5.4. Angular Momentum:
Its expression is written in the following form:
L,=0MAP
# Time derivative of angular momentum:
d(L/,)/dt = d(OM A P)/dt
» We assume that OM and m are constant:

d(Lo) d(OMAP) . &V . o —
1 2 o —OMAmE—OMAF—M/O(F)

Conclusion: The time derivative of angular momentum is equal to the torque of

the force.
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Chapter Six: Work and Energy

6. Introduction:

The principle of force leading to exerted effort is linked to the principle of
energy and work.

6.1 Work: Work is defined as the transformation of energy from one form to
another whenever the point of application of a force is displaced.

- This relationship between energy and force exists for all types of energy
relevant to mechanical phenomena.

- Energy is a scalar quantity.

- Work is defined as the scalar product of a force F applied to a point M during

the infinitesimal time interval dt:

dw = F.Vdt
Where:
V= dg—tM : is the velocity of point M.
6.2 Power:

Power is defined as the ratio of the elemental work dW to the elemental time

dt:

W%y
P=qx "
The SI unit of power is the watt:
Watt=joule/ second
The SI unit of work is the joule:

joule = (joule = kg.m?.s72) .
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Definition of the joule: A joule is the work done by a force of 1 newton when its
point of application moves a distance of 1 meter.

Thus, calculating work requires knowing the force as a function of the point M in
the spatial region where the displacement occurs.

If the displacement is defined between two points A and B (see Figure 6.1), then:

Figure 6.1

B B
Wp = f dw = j Fdl
A A
By decomposing the force into its tangential and normal components:
dW = Fdl = (Fy + Fy )dl = Fp.dl + Fy.dl
Fr.dl = Fr.dl.cos0 = Fp.dl
ﬁN.dzz Fy.dl. cos (E) =0
2

Hence: dW = Fdl = Fr.dl
The work done between two points Aand Bis: W/ = ff aw = ff Fr.dl
6.3. The Kinetic Energy Theorem:

This theorem is also known as the theorem of effective forces, and the first to

name it as such was the scientist Leibniz
The Kkinetic energy of a material point is defined as: E. = EmVZand its value
depends on the reference frame in which the motion is studied.

If F is the external force applied to the considered material point, then the

elemental work of this force is:
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- - d7—> - = 1
dW = Fdl = md—tv. dt = mVdV = mvV dV = d(zm V?)

During the motion from point A to point B:

B B B 1
w£=f dw=mj VdV=j d(zm V?)
A A A 2

1 B 1 1
WAB = [Em VZ]A = Em VBZ - Em
WAB = ECB - ECA = AEC
Therefore: AE. = Y W(Fox)

This is known as the Kinetic Energy Theorem.

Application Example:

We consider a horizontal path of length AB (see figure 6.2). A particle starts
from point A with initial speed V, and reaches point B.

#» We apply the kinetic energy theorem in two cases:

When the path is smooth, and when it is rough with a kinetic friction coefficient
f., in order to derive the expression of the velocity at point B.

a. Case of a smooth surface:

A

B 4
A

R = RN

A %,
Y7777 7777777770/ 777777777777 /777,77 //ﬂB
J' P
Figure 6.2

# Applying the Kinetic Energy Theorem between points A and B:

AE, = ZW(ﬁext) = Eeg — Ec, = W(P) + W(Ry)
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Because P and ﬁN are perpendicular to the path.

{W@)=0

W(Ry) = 0

Therefore: %m Vg2 — %m Vo2 =2V, = Vg

b. Case of a rough surface:

F 3

Ff = RT R = RN
A o X
N P TP TPl

oV

v ]

Y Figure 6.3

= By applying the fundamental principle of dynamics:
D F=my=F+R
By projecting onto the oy axis, we find:
mg— Ry =0
» Now, by applying the Kinetic Energy Theorem between points A and B:

AE, = Z W(Feyt) = Ecp — Ec, = W(P) + W(Ry) + W(Rry)

Because P and ﬁN are perpendicular to the path.

{W(ﬁ)=0

W(Ry) =0

Therefore: AE. = ZW(ﬁext) =Ecg — ECA = W(R})

1 2 1 2
Em VB —EmVA = —RT(AB)
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We have: f.=—= Ry =f.Ry =f..mg

Hence: %m Vg2 — %m Vo2 = —Rr(AB) = —f..mg( AB)

= Vg* =V % — 2f. g.(AB) = Vg =\/VA2—2ng.(AB)

6.4. Potential Energy:

In reality, the forces applied on bodies can take different forms. At every point in

space, the moving object is subjected to a force F, where Fis a conservative force
derived from a potential (i.e., the work done does not depend on the path or the

time).

_ —grad E, = —VEp =F
It mathematically means that: { _—, | ay .
Rot(F)=VAF=0

The displacement of the point of application of the force leads to an energy
expenditure (interaction energy), denoted as (—dEp), which is expressed as the

work done by the interaction force:
dW = Fdl = dE. = —dEp

During the transition from point A to point B:

B B B
WAB=f de dEC=—j dEp
A A A

Ecg — ECA = _(EPB - EPA)
= (Ecg + Ep,) = (Ec, + Ep,) = Ey = Er = cste

Where: (Ey) is the mechanical energy or (Et) is the total energy.
6.5. Principle of Conservation of Total (Mechanical) Energy:

We have:
[AEC]R = _[AEP]E = ECB - ECA = _(EPB - EPA) = (ECB + EPB) = (ECA + EPA)
Therefore: [AEy]B = [AET]E = 0
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Which is the principle of conservation of total energy.

Applied Example:

We consider an inclined path of length AB, making an angle a with the

horizontal (see Figure 6.4). A particle is launched from point A with initial speed

V, and reaches point B.

= Applying the principle of total energy conservation for the case where the
surface is smooth, we aim to determine the expression for the speed at
point B.

= (Case of a smooth surface:

Ep =0vw
SIS S S S S

B

Figure 6.4

# Applying the Principle of Conservation of Total Energy:
[AEM]R = [AE7]R =0
[AEC]R = _[AEP]E = ECB - ECA = _(EPB - EPA) = (ECB + EPB) = (ECA + EPA)

Given: Ep, =0

1 2 _ 1 2
= (Ecp) =(ECA+EPA)=>§mVB =§mVA + mg. h,

=

N =

2 1 2 . 2 2 .
Vg© = EVA + g.AB.sina = Vg“ = V,“ + 2g. AB. sina

= Vg = \/VAZ + 2g. AB.sina
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6.6. General Cases (Conservative and Non-Conservative Forces):
In real-life situations, many examples involve non-conservative forces, i.e., forces
not derived from a potential. Measurements show that the mechanical (total)
energy conservation law is not valid in such cases.

» (Case of Forces Derived from a Potential:

Let the forces l?1 and ﬁz be derived from a potential.

Then the elemental work is: dW = 1_3)1 dl + f")z dl

- Dynamic Interpretation (Fundamental Principle of Dynamics):
S F=F+T My
dt
- Energetic Interpretation: AEy = 0
= (Ec)a + (Ecz)a + (Ep1)a + (Ep2)a = (Ec1)s + (Ecz)s + (Ep1) + (Ep2)s
= [(Ec1)s + (Ec2)p + (Ep1)p + (Epz)s] — [(Eci)a + (Ecz)a + (Ep)a + (Epz)al =0

= (Case of Non-Conservative Forces:
If we add two non-conservative forces F)3, F)4 to the previously mentioned
conservative forces l?l, l?z, then:
- Dynamic Interpretation : Y= l?i =F,+F +F;+F,=m—
- Energetic Interpretation:
AEy = [(Ec1)s + (Ecz)B + (Ep1)p + (Ep2)g]
— [(Ec)a + (Ec2)a + (Epy)a + (Epz)al # 0
AEy = W(F;) + W(F,) = S W(F,)

Where ﬁn_c are non-conservative forces (i.e., not derived from a potential).
Application Example:

We have an inclined path of length AB, forming an angle a with the horizontal. A

particle starts at point A with an initial velocity V, and reaches point BBB.
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We apply the principle of total energy conservation in the case where the path is

rough with a kinetic friction coefficient f., in order to find the expression of

velocity at point B.

= (Case: Rough Surface

EP=0

S/ S é

Figure 6.5

» By applying the fundamental principle of dynamics: }; F= my = P+R
# By projecting onto the oy axis, we find: mg.cosa— Ry =0

- By applying the principle of total (mechanical) energy conservation:

[AEM]S = [AE7]§ = W(Rp)

= (ECB) - (ECA + EPA) = W(ﬁT)

1 2 _ 1 2

= EmVB = EmVA + mg. h, — Rt (AB)
h, = AB.sin «, Rt = f..mg. cos «

1

= EmVBZ = EmVAZ + mg. AB .sin « —f..mg.cos x (AB)

= Vg% = V4% + 2g.AB .sin « —2f..g.cos o (AB)

= Vg = JVAZ + 2g.AB .sin « —2f..g. ABcos «
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