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Abstract

Extropy has recently emerged as a complementary concept to entropy, introduced by Lad
et al. (2015). It measures the degree of uncertainty or dispersion in probability

distributions.
This master’s thesis studies a new way to estimate extropy by using upper record values

from the Weibull distribution, which is flexible and widely used in reliability analysis.
We used two main methods: the first is Maximum Likelihood Estimation (MLE) to get

accurate parameter values, and the second is Bayesian estimation with MCMC
algorithms.

We also used numerical simulation to test how well these methods work.
Key words: Extropy, Upper record values, Weibull distribution, Maximum Likelihood

Estimation, Bayesian estimation.
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Notations and symbols

iid Independent and identically distributed

cdf Cumulative distribution function note F (·)

pdf Probability density function also density function note f(·)

h(·) Hazard or failure rate function

H(·) Cumulative hazard function

U(n) Upper record times

UX
n Upper record values

UX
n,k nth value of upper k-records

fUX
n
(x) Probability density function of nth upper record values

fUX
m ,UX

n
(x, y) The joint probability density function of mth and nth upper records

fUX
n |UX

m
(y|x) The conditional probability density function of nth upper given mth

upper record

fUX
n,k
(x) Probability density function of nth value of upper k-records

fUX
m,k,U

X
n,k
(x, y) The joint probability density function of mth and nth upper k-records

fUX
n,k|U

X
m,k

(y|x) The conditional probability density function of nth upper given mth
upper k-records

L(n) Lower record times
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LX
n Lower record values

LX
n,k nth value of lower k-records

fLX
n
(x) Probability density function of nth lower record values

fLX
m,LX

n
(x, y) The joint probability density function of mth and nth lower records

fLX
n |LX

m
(y|x) The conditional probability density function of nth lower given mth

lower record

fLX
n,k
(x) Probability density function of nth value of lower k-records

fLX
m,k,L

X
n,k
(x, y) The joint probability density function of mth and nth lower k-records

fLX
n,k|L

X
m,k

(y|x) The conditional probability density function of nth lower given mth
lower k-record

Xi Random variables with i = 1, 2, . . .

et al and others

L(·) The likelihood function

l(·) The log likelihood function

S(·) The score function

I(·) The value of the ficher information

MLEs Maximum likelihood estimators

J(X) Extropy

FIM Ficher information matrix
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Introduction

The study of uncertainty concepts is considered a central topic in the field of statis-

tics. Shannon (1948)[21] defined the concept of entropy as a measure of disorder and

irregularity within probability distributions. Since then, its applications have expanded

to various fields, including psychology, economics, and image recognition.

After seventy years, Lad et al (2015)[11] found a new measure called extropy, which looks

at how values are spread out instead of just focusing on where they cluster together, giv-

ing us a different way to understand probability distributions. This provides a useful

complement for understanding the properties of random data.

The concept of extropy has witnessed significant theoretical and practical development.

Qiu (2017)[17] worked on developing extropy properties based on rank statistics and

record values,while Qiu et al (2018)[19] proposed specific definitions for extropy to com-

pare uncertainty between two random variables. Additionally, Becerra et al (2018)[4]

employed this concept in the field of automatic speech recognition.

When studying the inferential aspects of extropy, the need to develop effective estimators

becomes evident. In this context, Qiu and Jia (2018)[18] proposed extropy estimators for

use in goodness-of-fit testing applications. Irshad and Maya (2022)[9] developed a basic

nonparametric logarithmic estimator for the extropy function. More recently, Zouaoui

(2023)[22] explored the assessment of increasing uncertainty in record values and pre-

sented related characterization results.

This thesis aims to study the concept of extropy for record values in the context of the

Weibull distribution, which is considered one of the most important distributions due to

its high flexibility and multiple applications, as it has been used to model life cycle data

and reliability problems.
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Introduction

In the first chapter,We set some of needed background , definitions, and the proper-

ties of record values. We also provided some fundamental definitions of the estimation

methods under study.

In the second chapter, we discussed the statistical methods of the entropy measure of

record values in the context of the Weibull distribution, focusing on two methods :

• Maximum Likelihood Estimation (MLE) By formulating probability equations and

estimating Weibull distribution coefficients.

• Bayesian Estimation, which relies on choosing a suitable prior distribution.

The final chapter focuses on the applied aspect of the previous theoretical methods

through data simulation.
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Chapter 1
Background

This chapter is divided into four important sections.the first one contains some def-
initions and properties of the record statistics.After, some definitions of extropy were
presented, and then we discussed two estimation methods, maximum likelihood esti-
mation and bayesian estimation, respectively. With mention of their most important
characteristics.

1.1 Record Statistics

1.1.1 Ordinary Record Statistics

Let X1, X2, ... be a sequence of independent and identically distributed (iid) random
variables and X1 ≤ X2 ≤ ... ≤ Xn, be the corresponding order statistics where X1,n =

minX1, X2, ..., Xn and Xn,n = maxX1, X2, ..., Xn.

Definition 1.1.1.1 the classical upper record times U(n) and upper record values UX
n as

follows:

U(1) = 1, U(n+ 1) = min
{
j : j ≥ U(n), Xj ≥ UX

n

}
, UX

n = XU(n), n = 1, 2, ...

Definition 1.1.1.2 the sequences of lower record times L(n)(n ≥ 1) and lower record
values LX

n as follows :

L(1) = 1, L(n+ 1) = min
{
j : j ≥ L(n), Xj ≤ LX

n

}
, LX

n = XL(n), n = 1, 2, ...

1.1.2 Record Probability Density Function

In this subsection, the density function of UX
n and LX

n is expressed.Furthermore, the
joint probability density function of upper and lower records is introduced. Finally, the

1



BACKGROUND

definition of the conditional probability density function of the upper and lower records
is concluded.

Lemma 1.1.2.1 The hazard function, also referred to as the failure rate or force of
function, is denoted by h(x). It represents the ratio of the probability density function
f(x) to the survival function 1 − F (x). The relationship between these functions is
expressed as follows:

h(x) =
f(x)

1− F (x)
,

The cumulative hazard function

H(x) = − log[1− F (x)].

Theorem 1.1.2.1 The pdf of UX
n is obtained to be (Arnold et al[3]).

fUx
n
(x) =

[H(x)]n−1

(n− 1)!
f(x),−∞ < x < ∞, n = 1, 2, . . . (1.1)

proof To prove the theorem, we are going to consider exponential observations since
this distribution has the lack of memory property then the differences between successive
records will be iid standard exponential random variables. Let X∗

j , j > 1 be a sequence
of iid Exp(1) random variables, and consequently, it follows that the nth upper record
U∗
n has a gamma distribution with shape n+ 1 and rate 1.

U∗
n ∼ Gamma(n+ 1, 1), n = 1, 2, 3, ... (1.2)

These results will be useful to obtain the distribution of the nth record corresponding
to an iid sequence of random variables Xj with common continuous cdf F . If X has
a continuous cdf F , then the cumulative hazard function has a standard exponential
distribution. we have

H(X) ≡ − log[1− F (X)],

then

X
d
= F−1

(
1− e−X∗)

,{
X∗

j

}
follows standard exponential, therefore, we have:

Un
d
= F−1

(
1− e−U∗

n
)
, n = 1, 2 . . . (1.3)

Repeated integration by parts can be used to justify the following expression for the
survival function of U∗

n( a Gamma(n+ 1, 1) random variable):

2
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P (U∗
n > x) = ex

∗
n∑

k=0

(x∗)k

(k − 1)!
, x∗ > 0

We may then use the relation 1.3 to immediately derive the survival function of the
nth record corresponding to an iid F sequence.

P (Un > x) = 1− FUX
n
(x) = [1− F (x)]

n∑
k=0

[− log(1− F (x))]k

(k − 1)!
,

which is equivalent to:

P (Un < x) =

∫ − log(1−f(x))

0

yne−y/(n− 1)!dy,

If F is absolutely continuous with the corresponding probability density function, we may
differentiate either of the above expressions to derive the pdf for UX

n We obtain :

fUx
n
(x) =

[H(x)]n−1

(n− 1)!
f(x),

=
1

(n− 1)!
[− log(1− F (x))]n−1f(x).

(1.4)

( see Arnold et al page (31)[3] and Krlin[10]])

Theorem 1.1.2.2 The joint pdf of UX
m and UX

n , where 1 ≤ m ≤ n, as follows as

fUX
m ,UX

n
(x, y) =

[H(x)]m−1

(m− 1)!

[H(y)−H(x)]n−m−1

(n−m− 1)!
h(x)f(y),−∞ < x < y < ∞.

(for more details see Arnold et al(1998)[3])

Corollary 1.1.2.1 We have:

• The pdf of LX
n is given by :

fLx
n
(x) =

[− logF (x)]n−1

(n− 1)!
f(x),−∞ < x < ∞, n = 1, 2, . . .

• The joint pdf of LX
m and LX

n , where 1 ≤ m ≤ n, can be written as:

fLX
m,LX

n
(x, y) =

[− logF (x)]m−1

(m− 1)!

[logF (x)− logF (y)]n−m−1

(n−m− 1)!

f(x)

F (y)
f(y).

−∞ < x < y < ∞

Example 1.1.2.1 Suppose a nuclear physicist records the radioactive activity of a sample
every minute, measured in Becquerels (Bq). The values decrease gradually, but with some

3
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fluctuations due to experimental error.
The data (activity of the sample over time):

[123.6, 121.3, 119.8, 120.1, 118.5, 118.2, 119.0, 117.9, 116.5, 117.2]
By the definition of upper record and lower record, we obtain:
upper record values: [123.6] .
lower record values: [123.6, 121.3, 119.8, 118.5, 118.2, 117.9, 116.5].

1.1.3 K-Record Statistics

Definition 1.1.1 Suppose that X1, X2, ..., Xn is a sequence of iid random variables with
cdf F (X) and pdf f(x) . Let X1,n ≤ X2,n ≤ ... ≤ Xn,n, be the order statistics of X1, ..., Xn.
the sequences of upper k-record values, for a fixed integer k ≥ 1 and n ≥ 2 as follows:

UX
n,k = XUn,K−k+1:Un,k, (1.5)

The sequences of upper k-record times, for(n ≥ 1)as follows:

Un,k = min
{
i : i > Un−1,k, Xi > XUn−1,k − k + 1 : Un−1,k

}
, U1,k = k. (1.6)

Remark 1.1.1 A similar definition applies to lower k-record values and lower k-record
times.

Let L1,k = k, and define recursively:

Ln,k = min
{
j : j > Ln−1,k, Xj < XLn−1,k−k+1:Ln−1,k

}
.
where Xn,k = XLn,k−k+1:Ln,k

represents the sequence of lower k -record values, and Ln,k

(for n ≥ 1 ) denotes the sequence of lower k -record times.

1.1.4 K-Record Probability Density Function

The model of k-record values is proposed at first by (Dziubdziela and Kopocinski[5])

Theorem 1.1.4.1 the probability density function UX
n,k is obtained to be:

fUx
n,k
(x) = kn [H(x)]n−1

(n− 1)!
[1− F (x)]k−1f(x),−∞ < x < ∞. (1.7)

proof By induction , the densities fUx
n
(x1, . . . xk) , n = 1, 2, . . ., satisfy the equations

4
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fUx
n
(x1, . . . xk) =


k!gUx

n
(x1) f (x1) f (x2) . . . f (xk) , x1 < x2 < . . . < xk

0, otherwise

where
gUX

1
(x) = 1

gUX
n+1

(x) = k

∫ x

−∞
gUX

n
(y)

f(y)

1− F (y)
dy, n = 1, 2, . . .

It is easy to verify that

gUx
n
(x) =

1

(n− 1)!
[−k log(1− F (x))]n−1, n = 1, 2, . . .

Then, we have

fUx
n,k

=

∫ ∞

x

∫ ∞

x2

. . .

∫ ∞

xk−1

k!

(n− 1)!
[−k log(1− F (x))]n−1f(x)f (x2) . . . f (xk) dxk . . . dx2

=
k

(n− 1)!
[−k log(1− F (x))]n−1[1− F (x)]k−1f(x).

Corollary 1.1.4.1 The cumulative distribution function of the k-record value is of the
form

FUX
n,k
(x) =

∫ −k log(1−F (x))

0

un−1

(n− 1)!
e−udu, n = 1, 2, ...

Proposition 1.1.4.1 Let X be a continuous random variable. we have:

1. The joint pdf of UX
n,k and UX

m,k ,where 1 ≤ m ≤ n, is given by Grudzien(1982)[7] :

fUx
m,k,U

x
n,k
(x, y) =

kn

(m− 1)!(n−m− 1)!
[H(x)]m−1[H(y)−H(x)]n−m−1[1− F (y)]k−1

h(x)f(y),−∞ < x < y < ∞

2. The conditional pdf of UX
n,k given UX

m,k(1 ≤ m ≤ n) can be written as:

fUx
m,k|U

x
n,k
(y | x) = kn−m

(n−m− 1)!
[H(y)−H(x)]n−m−1[1− F (y)]k−1 f(y)

[1− F (x)]k

x < y

3. An analogous pdf’s can be given respectively for lower k-record The pdf of LX
n,k is

given by:

5
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fLx
n,k
(x) = kn [− logF (x)]n−1

(n− 1)!
[F (x)]k−1f(x),−∞ < x < ∞. (1.8)

4. The joint pdf of LX
m,k and LX

n,k, where 1 ≤ m ≤ n, can be written as (see, Pawlas
and Szynal [15][16])

fLm,k,L
x
n,k
(x, y) =

[− logF (x)]m−1

(m− 1)!

[logF (x)− logF (y)]n−m−1

(n−m− 1)!

[F (y)]k−1 f(x)

F (x)
f(y),−∞ < x < y < ∞

5. The conditional pdf of LX
n,k given LX

m,k, where 1 ≤ m ≤ n, can be written as:

fLX
n,k|L

X
m,k

(y | x) = kn−m

(n−m− 1)!
[logF (x)− logF (y)]n−m−1[F (y)]k−1

f(y)

[F (x)]k
, x < y

1.2 Extropy
A new measure called ”extropy” was introduced as a complement to entropy to quan-
tify the uncertainty associated with probability distributions, as proposed by Lad et al
(2015)[11].

Definition 1.2.1 We have x as a discrete random variable so that x1, x2, ..., xn are the
values with probabilities p1, p2, ..., pn then extropy is defined as follows:

J(X) = −
n∑

i=1

(1− pi) log(1− p).

Definition 1.2.2 Let x be a continuous random variable with probability density f(x),
then the extropy is defined as:

J(X) = −1

2

∫ +∞

−∞
f 2(x) dx. (1.9)

Example 1.2.1 We have X be a continous r.v following a uniform distribution on
[a, b],where a < b.the PDF of X is given by:

f(x) =
1

b− a
, x ∈ [a, b].

The extropy J(X) is defined by equation 1.9

6
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For the uniform distribution :

J(X) = −1

2

∫ b

a

(
1

a− b

)2

dx = −1

2

1

(b− a)2
(b− a) = − 1

b− a

Then, the extropy of the uniform distribution on[a, b] is:

J(X) = − 1

2(b− a)
.

1.3 Maximum Likelihood Estimation
Maximum likelihood is by far the most popular general method of estimation. Its
widespread acceptance is seen on the one hand in the very large body of research dealing
with its theoretical properties, and on the other in the almost unlimited list of applica-
tions.

1.3.1 Likelihood and Log-Likelihood Function

So, let’s say we’ve got a random variable or vector X, and we want to find the probability
mass or density function f(x; θ). Now, this function depends on the value of x and some
parameters we don’t know, called θ, but we can usually figure out what they are. We
usually get this by working out a suitable statistical model. And just so you know, θ can
be a number or a vector. If it’s a vector, we’ll write the θ parameter vector as θ in bold.
The space of all possible realisations of X is called the sample space, and the parameter
can take values in the parameter space, which is denoted by θ.

Definition 1.3.1 ([20]) Let f (x1, . . . , xn; θ) , θ ∈ Θ ⊆ Rk, be the joint probability (or
density) function of n random variables X1, . . . , Xn with sample values x1, . . . , xn. The
likelihood function of the sample is given by

L (θ; x1, . . . , xn) = f (x1, . . . , xn; θ) , [= L(θ), in a briefer notation ].

We emphasize that L is a function of θ for fixed sample values.
If X1, . . . , Xn are discrete iid random variables with probability function p(x, θ), then, the
likelihood function is given by

7
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L(θ) = P (X1 = x1, . . . , Xn = xn)

=
n∏

i=1

P (Xi = xi) , (by multiplication rule for independent)

=
n∏

i=1

p (xi, θ)

and in the continuous case, if the density is f(x, θ), then the likelihood function is:

L(θ) =
n∏

i=1

f (xi, θ) (1.10)

The likelihood function depends on the observed sample values x = (x, , xn), but it is
important to remember that it is also a function of the parameter θ. In the discrete
case, L(θ; x1, , xn) gives the probability of observing x = (x1, , xn) for a given θ. So, the
likelihood function is a statistic that depends on the observed sample x = (x1, , xn).
The log-likelihood function can be expressed in the following from:

l(θ) = logL(θ) = log

(
n∏

i=1

f (xi, θ)

)
=

n∑
i=1

log f (xi, θ) . (1.11)

1.3.2 Maximum Likelihood Estimate

Maximum likelihood estimation is considered a reliable method for parameter estimation
and can be used in various estimation scenarios. For example, they can be applied in
reliability analysis to censored data under various censoring models.

Definition 1.3.2.1 The likelihood function is maximised to produce the maximum like-
lihood estimate (MLE) θ̂ML of a parameter θ:

θ̂ML = argmax
θ∈Θ

L(θ).

The natural logarithm of the likelihood function, for computation of the MLE. The loga-
rithm is a strictly monotone function, and therefore

θ̂ML = argmax
θ∈Θ

logL(θ).

1.3.3 Score Function and Fisher Information

Definition 1.3.3.1 The first derivative of the log-likelihood function

S(θ) =
dl(θ)

d(θ)
,

8
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is called the score function.

Definition 1.3.3.2 Definition: The negative second derivative of the log likelihood func-
tion

I(θ) = −d2l(θ)

dθ2
= −dS(θ)

dθ
, (1.12)

is called the Fisher information. The value of the Fisher information at the MLE θ̂ML ,
i.e. I

(
θ̂ML

)
, is the observed Fisher information.

Proposition 1.3.1

(Sufficient condition for existence) If the parameter space Θ is compact and if the likelihood
function θ 7→ ℓ(x; θ) is continuous on Θ, then there exists a MLE.

Proposition 1.3.2

(Sufficient condition for uniqueness of MLE) If the parameter space Θ is convex and if
the likelihood function θ 7→ ℓ(x; θ) is strictly concave in θ, then the MLE is unique when
it exists.

1.4 Bayesian Estimation
In the Bayesian approach to statistics, named for Thomas Bayes (1702–1761), the un-
known parameter θ is considered a random variable having a prior distribution f(θ). If
we know X = x, we can use Bayes’ theorem to find the posterior distribution f(θ | x).
This tells us all the things we can know about θ from the sample. So, Bayesian inference
is based on what we can see, which is X = x.

1.4.1 Posterior Distribution

The posterior distribution is the most important quantity in Bayesian inference. It con-
tains all the information available about the unknown parameter θ after having observed
the dataX = x. Certain characteristics of the posterior distribution can be used to derive
Bayesian point and interval estimates

Definition 1.4.1.1 Let X = x denote the observed realisation of a (possibly multivariate)
random variable X with density function f(x|θ).Specifying a prior distribution with density
function f(θ) allows us to compute the density function f(θ|x)of the posterior distribution
using Bayes’ theorem

9
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f(θ|x) = f(x|θ)f(θ)∫
f(x|θ)f(θ)dθ

, (1.13)

For the discrete parameter θ , the integral in the denominator has to be replaced with a
sum.

Remark 1.4.1.1 • The term f(x|θ) in 1.13 is simply the likelihood function L(θ)

previously denoted by f(x; θ).

• Since θ is now random, we explicitly condition on a specific value θ and write
L(θ) = f(x|θ)

• The density of the posterior distribution is therefore proportional to the product of
the likelihood and the density of the prior distribution, with proportionality constant
1/f(x).

• The denominator in 1.13 can be written as∫
f(x|θ)f(θ)dθ =

∫
f(x, θ)dθ = f(x)

1.4.2 Choice of the Prior Distribution

Bayesian inference enables the probabilistic specification of prior beliefs through a prior
distribution. In many cases, it is both useful and justified to restrict the range of possible
prior distributions to a specific family with one or two parameters, for example. The
selection of this family can be based on the type of likelihood function encountered. The
following discussion will address such a choice.

Conjugate prior distributions

A pragmatic approach to the selection of a prior distribution entails the choice of a
member of a specific family of distributions, such that the posterior distribution belongs
to the same family. This is referred to as a conjugate prior distribution.

Definition 1.4.2.1 Let L(θ) = f(x | θ) denote a likelihood function based on the obser-
vation X = x. A class G of distributions is called conjugate with respect to L(θ) if the
posterior distribution f(θ | x) is in G for all x whenever the prior distribution f(θ) is in
G.

10
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Remark 1.4.2.1 The family G = { all distributions } is trivially conjugate with respect
to any likelihood function. In practice, one tries to find smaller sets G that are specific
to the likelihood Lx(θ).

Likelihood
Conjugate prior

distribution
Posterior distribution

X | π ∼ Bin(n, π) π ∼ β(α, β) π | x ∼ β(α + x, β + n− x)

X | π ∼ Geomn(π) π ∼ β(α, β) π | x ∼ β(α + 1, β + x− 1)

X | λ ∼ P(c, λ) λ ∼ G(α, β) λ | x ∼ G(α + x, β + c)

X | λ ∼ Exp(λ) λ ∼ G(α, β) λ | x ∼ G(α + 1, β + x)

X | µ ∼ N
(
µ, σ2

)
µ ∼ N

(
ν, ς2

)
µ

∣∣∣∣∣ x ∼ N

((
1

σ2
+

1

ς2

)−1

·
(

x

σ2
+

ν

ς2

)
,

(
1

σ2
+

1

ς2

)−1
)

X | σ2 ∼ N
(
µ, σ2

)
σ2 ∼ IG(α, β) σ2

∣∣∣∣ x ∼ IG

(
α +

1

2
, β +

1

2
(x− µ)2

)
Table 1.1: Summary of conjugate prior distributions for different

likelihood functions

Improper Prior Distributions

The prior distribution exerts an intended influence on the posterior distribution. In
order to minimise the influence of the prior distribution, it is common practice to specify a
”vague” prior, for example, one with very large variance. However, it should be noted that
this approach can, in the limit, result in an improper prior distribution, characterised by
a ”density” function that does not integrate to unity. Due to the absence of a normalising
constant, such density functions are typically denoted by the proportionality sign ∝. It
is imperative to ensure that the posterior distribution remains proper when employing
improper priors. If this is the case, then improper priors can be used in a Bayesian
analysis.

Definition 1.4.2.2 A prior distribution with density function f(θ) ≥ 0 is called improper
if ∫

Θ

f(θ)dθ = ∞ or
∑
θ∈Θ

f(θ) = ∞, (1.14)

for continuous or discrete parameters θ, respectively.

11
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Jeffreys’ Prior Distributions

We recall that the Jeffreys prior was introduced by Jeffreys (1939) as a default prior
based on the Fisher information matrix

Definition 1.4.2.3 Let X be a random variable with likelihood function f(x|θ) where θ

is an unknown scalar parameter. Jeffreys’ prior is defined as

f(θ) ∝
√
J(θ), (1.15)

where J(θ) is the expected Fisher information of θ.Equation 1.15 is also known as Jeffreys
rule.

1.4.3 Bayesian Point Estimate

Definition 1.4.3.1

1.The posterior mean E(θ | x) is the expectation of the posterior distribution:

E(θ | x) =
∫

θf(θ | x)dθ.

2. The posterior mode Mod(θ | x) is the mode of the posterior distribution:

Mod(θ | x) = argmax
θ

f(θ | x).

3. the median of the posterior distribution, i.e. any number a that satisfies∫ a

−∞
f(θ | x)dθ = 0.5 and

∫ ∞

a

f(θ | x)dθ = 0.5.

Properties of Bayesian Point

In order to estimate an unknown parameter, there are at least three possible Bayesian
point estimates available, namely the posterior mean, mode, and median. The question
therefore, arises as to which of these should be selected in a specific application. In order
to answer this question, it is necessary to make a decision from a theoretical perspective,
and first introduce the notion of a loss function.

Definition 1.4.3.2 A loss function l(a, θ) ∈ R quantifies the loss encountered when
estimating the true parameter θ by a.

Remark 1.4.3.1

- If a = θ, the associated loss is typically set to zero: l(θ, θ) = 0.

-The quadratic loss function l(a, θ) = (a− θ)2 is a frequently employed loss function.

12
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- As an alternative, one may use the zero-one loss function or the linear loss function

l(a, θ) = |a− θ| lε(a, θ) =

0, |a− θ| ≤ ε

1, |a− θ| > ε

where we have to suitably choose the additional parameter ε > 0 We now choose the
point estimate a, such that it minimizes the a posteriori expected loss with respect to
f(θ | x). Such a point estimate is called a Bayes estimate.

Definition 1.4.3.3 A Bayes estimate of θ with respect to a loss function l(a, θ) minimizes
the expected loss with respect to the posterior distribution f(θ | x) i.e. it minimizes

E{l(a, θ) | x} =

∫
Θ

l(a, θ)f(θ | x)dθ.

13



Chapter 2
Extropy Estimation
In Second Chapter, we studied how to estimate extropy using upper record values from
the Weibull distribution. We used two main methods. First, the maximum likelihood
estimation method (MLE) in section 2.1, where we estimated the distribution’s parame-
ters and then used them to find the extropy. We also calculated asymptotic confidence
intervals to evaluate the accuracy of the MLE. Second, the Bayesian method in section
2.2, where we chose prior distributions and used MCMC techniques to get the Bayesian
estimates of extropy.

2.1 Maximum likelihood estimation

2.1.1 Likelihood Equations

The likelihood function expresses the probability of the upper records U1, U2, ..., Un under
weibull distribution

Definition 2.1.1.1 Let X be a random variable representing the time to failure, where
The probability density function PDF of the Weibull distribution is:

f(x; η, β) =
(
βxβ−1/ηβ

)
exp

(
−(x/η)β

)
, x > 0 (2.1)

Where

• η is the scale parameter(the
characteristic life)

• β is the shape parameter

Figure 2.1: PDF of the Weibull Distribution
(see Forbes[6])
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Another way to write it is using α instead of η:

f(x; β, α) = αβxβ−1e−αxβ

, x > 0 (2.2)

Remark 2.1.1.1 The cumulative distribution function of(2.1) is given as follows:

F (x; η, β) = 1− exp
(
(−x/η)β

)
, x > 0

As for (2.2), CDF it is:

F (x;α, β) = 1− exp
(
−αxβ

)
, x > 0

Proposition 2.1.1.1 The density function for the upper record values, by applying
eq(1.7) to eq(2.2), we get:

fUx
n,k
(x) = knαβxβ−1e−αxβ [− log(1− (1− e−αxβ

))]n−1

(n− 1)!

(
e−αxβ

)k−1

fUx
n,k
(x) = knαβxβ−1eαx

β

[
−(αx)β

]
(n− 1)!

(
eαx

β
)(k−1)

.

(2.3)

if k=1 we obtain ordinary upper record values:

fUx
n
(x) = αβxβ−1eαx

β

[
−(αx)β

]
(n− 1)!

(
eαx

β
)
.

By eq (1.8) the pdf of lower k record values:

fLX
n,k
(x) = knαβxβ−1e−αxβ

[
− log

(
1− e−αxβ

)]n−1

(n− 1)!

[
1− eαx

β
]k−1

. (2.4)

if k=1 we obtain ordinary lower record values:

fLX
n
(x) = αβxβ−1e−αxβ

[
− log

(
1− e−αxβ

)]n−1

(n− 1)!
.

Definition 2.1.1.2 the likelihood function is the joint probability of the observations
U1, U2, ..., Un we obtain:

L(α, β; u) =
n∏

i=1

f(ui;α, β),

Substituting the Weibull PDF (2.2):

L(α, β; u) =
n∏

i=1

(
αβuβ−1

i e−αuβ
i

)
= e−αuβ

n

n∏
i=1

αβuβ−1
i .
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Lemma 2.1.1.1 Based on the definition the log-likelihood function (1.11) ,l(α, β; u)is
given by:

l(α, β; u) = −αuβ
n + n logα + n log β + (β − 1)

n∑
i=1

log ui

proof

l(α, β; u) = logL(α, β; ui)

= log

[
e−αuβ

n

n∏
i=1

αβuβ−1
i

]

= −αuβ
n +

n∑
i=1

log
(
αβuβ−1

i

)
= −αuβ

n +
n∑

i=1

(
log(αβ) + log(uβ−1

i )
)

= −αuβ
n +

n∑
i=1

(log(α) + log(β) + (β − 1) log(ui))

= −αuβ
n + n log(α) + n log(β) + (β − 1)

n∑
i=1

log(ui)

Proposition 2.1.1.2 The partial derivatives of the log-likelihood function are determined
as follows:

• With respect to α:
∂l(α, β; u)

∂α
= −uβ

n +
n

α
. (2.5)

• With respect to β:

∂l(α, β; u)

∂β
= −αβuβ−1

n +
n

β
+

n∑
i=1

log ui. (2.6)

2.1.2 Finding MLEs Of α And β

We can find the maximum likelihood estimators (MLEs) of α and β by setting equations
(2.5) and (2.6) to zero. So, the MLE of and is given by:

α̂ML =
n

uβ
n

,

Since β has a nonlinear equation we solve numerically using Newton-Raphson Method

Definition 2.1.2.1 If f(x) has a simple root near xn then a closer estimate to the root
is xn+1 where

xn+1 = xn −
f(xn)

f ′(xn)
,
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This is the Newton-Raphson iterative formula. The iteration is begun with an initial
estimate of the root x0, and continued to find x1, x2, ... until a suitably accurate estimate
of the position of the root is obtained. This is judged by the convergence of x1, x2, ... to a
fixed value.[8]

Corollary 2.1.2.1 From equation(2.6),we define the function whose root we seek as:

f(β) = −αβuβ−1
n +

n

β
+

n∑
i=1

log ui

Next,differentiate this function with respect to β to obtain:

f ′(β) = −αuβ−1
n [1 + β ln un]−

n

β2

Now,applying the Newton-Raphson iterative formula

βk+1 = βk −
f(βk)

f ′(β)

Which expands to:

βk+1 = βk −
−αβuβ−1

n + n
β
+
∑n

i=1 log ui

−αuβ−1
n [1 + β ln un]− n

β2

.

2.1.3 Finding MLEs Of Extropy

Dervation of Extropy for weibull distrubition

To derive the formula for extropyJx ,we start from the definition of extropy for a continuos
r.v X with PDF f(x)

J(X) = −1

2

∫
f 2(x)dx,

ForX ∼ W (α, β) with PDF (2.2)
A chenge of variable is applied:

y = xβ ⇒ x = y
1
β , dx =

1

β
dy y

1
β
−1 then f(y) = αβy

β−1
β e−αy

We substitute this into the extropy formula:

J(X) =− 1

2

∫
f(x)2dx

=− 1

2

∫
α2β2y

2β−2
β e−2αyy

1
β
−1 1

β
dy

=− 1

2

∫
α2βy

2β−2
β

+ 1
β
−1e−2αydy
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We have , by gamma dit: ∫ ∞

0

λα

Γ(α)
xα−1e(−λx)dx = 1

Then:
J(X) =

β

22−
1
β

α
1
βΓ(2− 1

β
).

Theorem 2.1.3.1 (Invariace Property of MLE) Consider the likelihood function
L(θ) defined in (1.10).suppose that the MLE of θ(∈ Θ ⊆ <k) exists and it is denoted by
θ̂. let g(.) be a function ,not necessarily one-to-one, from <k to a subset of <m. then, the
MLE of the parametric function g(θ) is given by g(θ̂).[12]

Lemma 2.1.3.1 Using the invariant property, the MLE of JX is:

J(X) =
β̂ML

2
2− 1

β̂ML

α̂
1

β̂ML
ML Γ(2− 1

β̂ML

).

2.1.4 Asymptotic Confidence Intervals for MLEs (ACIs)

For more accuracy of MLEs, we use the asymptotic variance of MLE to determine the
ACIs of α and β. And from the definition of the fisher information in(1.3.3.2) we from a
Fisher Information Matrix I(θ) where θ = (α, β) , Then FIM given as follows:

I(θ) =


−∂2l(α, β; u)

∂α2
−∂2l(α, β; u)

∂α∂β

−∂2l(α, β; u)

∂α∂β
−∂2l(α, β; u)

∂β2


Thus,

I(Φ) =


n

α2
βuβ−1

n

βuβ−1
n αuβ−1

n + αβ(β − 1)uβ−2
n +

n

β2


(see Zouaoui [22])

The Varince Of MLEs :

In finding the V ar(α) and V ar(β), the inverse of the FIM of the MLEs under the asymp-
totic property should be calculated. Thus:

I(θ̂) =


n

α̂2
ML

β̂MLu
β̂ML−1
n

β̂MLu
β̂ML−1
n α̂MLu

β̂ML−1
n + α̂MLβ̂ML(λ̂ML − 1)uβ̂ML−2

n +
n

β̂2
ML


18
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Where , θ̂ is the estimate of θ . Thus :

I(θ̂)−1 =
1

det(I(θ̂))


α̂MLu

β̂ML−1
n + α̂MLβ̂ML(β̂ML − 1)uβ̂ML−2

n +
n

β̂2
ML

−β̂MLu
β̂ML−1
n

−β̂MLu
β̂ML−1
n

n

α̂2
ML


=

 V ar(α̂ML) Cov(α̂ML, β̂ML)

Cov(α̂ML, β̂ML) V ar(β̂ML)


Where the determinant of I(θ̂) is given by :

det(I(θ̂)) =
n

α̂ML

(
uβ̂ML−1
n + β̂ML(β̂ML − 1)uβ̂ML−2

n

)
+

(
n

α̂2
ML

)2

−
(
β̂MLu

β̂ML−1
n

)2
Lemma 2.1.4.1 The confidence intervals at confidence level (1 − ε)% for α and β is
given as follows :

αML =α̂ML ± Z ε
2

√
var(α̂)

βML =β̂ML ± Z ε
2

√
var(β̂)

(2.7)

Where Z ε
2

is Z ε
2
100% the lower percentile of standard normal distribution.

Theorem 2.1.4.1 (Multivariate Delta Method in Vector Form) Let X1, ....., Xnbe
a random sample with EX(i) = µ and covariance matrix E(X(i)−µ)(X(i)−µ)T = Σ. For
a given function g with continuous first partial derivatives and a specific value of µ for
which τ 2 = ∇Tg(µ)Σ∇g(µ) > 0, (see Papanicolaou[14])

√
n(g(X̂)− g(µ)) → N (0, τ 2) in distribution. (2.8)

Proposition 2.1.4.1 We define DJX as the vector of derivatives of JX with MLE of α
and β as follows:

DJX =

(
∂JX

∂α
,
∂JX

∂β

)
α=α̂ML, β=β̂ML

Using the Delta Method to estimated variance of extropy V ar(ĴX) as follows :

V ar(ĴX) = DJXI(θ)
−1DT

JX
.

Lemma 2.1.4.2 The (1− ε)100% confidence interval forJX is given as:[
ĴX − Z ε

2

√
var(ĴX), ĴX + Z ε

2

√
var(ĴX)

]
. (2.9)
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2.2 Bayes inference
In this section, we concentrate on the main objective which is the Bayesian estimation to
estimate the parameters α and β and also JX . For this method we use the squared error
function, it can be defined as follows:

L1 = (ϕ− ϕ̂)2. (2.10)

Proposition 2.2.1 We propose the parameters independently follow a Gamma distribu-
tion. It can be defined as follows:

α ∼ Gamma(ζ, ν) then π1(α) =
νζ

Γ(ζ)
αζ−1e−να

β ∼ Gamma(τ, γ) then π2(β) =
τ γ

Γ(γ)
βγ−1e−τβ

(2.11)

where γ, ν, ζ, τ , are positive real constants.
The joint prior distribution of α and β is the product of the individual prior distri-
butions of α and β:

π(α, β) = π1(α)π2(β)

Then
π(α, β) ∝ βγ−1αζ−1e−να−τβ

The joint posterior distribution,according to Baye’s Theorem(1.13) as follows :

π∗(α, β | u) = L(α, β; u)P (α, β)∫∫
L(α, βλu)P (b, λ)dαdλ

=
βγ−1αζ−1e−τβ−να−αuβ

n
∏n

i=1 αβu
β−1
i∫∫

e−αuβ
n
∏n

i=1 αβu
β−1
i βγ−1αζ−1e−τβ−ναdαdβ

Thus:
π∗(α, β | u) ∝ ζβ2n+γ−1α2n+ζ−1

n∏
i=1

uβ−1
i e−β(τ−uα

n)−α(ν−
∑n

i=1 log ui−uβ
n).

2.2.1 Markov Chain Monte Carlo

Computing the posterior mean of the parameters using Bayesian estimation is challenging
unless numerical estimation techniques are applied.We consider the (MCMC) approxima-
tion approach and the Gibbs sampling algorithm
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Proposition 2.2.1.1 The full conditional posterior distributions for α and β by applying
bayes theorem are as follows:

π∗
1(β | α, u) ∝ β2n+τ−1

n∏
i=1

uβ−1
i e−β(γ−uα

n)+buβ
n (2.12)

π∗
1(α | β, u) ∝ α2n+ζ−1eβu

α
n−α(υ−

∑n
i=1 log ui−uβ

n) (2.13)

Remark 2.2.1.1 As the probability densities in equations (2.12) and (2.13) cannot be
indicated in the form of known distributions, the Metropolis–Hastings (M–H) algorithm
is employed to generate the values of and from these distributions.

Definition 2.2.1.1 Gibbs sampling is a simulation tool for obtaining samples from a
nonnormalized joint density function. These samples can be ”marginalized,” providing
samples from the marginal distributions associated with the joint density.

Proposition 2.2.1.2 The Gibbs sampling algorithm can be explained as follows:

• Step 1: We initialize the Markov chain using the maximum likelihood estimators
of α and β, denoted by α0 and β0 respectively.

• Step 2: For t = 1 to M , we generate samples from the full conditional posterior
distributions:

1. Sample α(t) ∼ π(α | β(t−1), data)

2. Sample β(t) ∼ π(β | α(t), data)

These full conditionals are derived from the joint posterior distribution given in
Equations 2.12 and 2.13.

• Step 3: We repeat Step 2 for M iterations to obtain MCMC samples:

(α(1), β(1)), (α(2), β(2)), . . . , (α(M), β(M)).

• Step 4: After discarding the burn-in period (say, the first B samples), we compute
the posterior means as Bayesian estimates:

α̂Bayes =
1

M ′

M∑
t=B+1

α(t), β̂Bayes =
1

M ′

M∑
t=B+1

β(t),

where M ′ = M − B is the number of post-burn-in samples.
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• Step 5: Using the Bayesian estimates, we compute the extropy as:

ĴBayes = − 1

2n

n∑
i=1

[
f(Xi; α̂Bayes, β̂Bayes)

]2
,

or alternatively, by averaging over all post-burn-in posterior draws:

ĴBayes =
1

M ′

M∑
t=B+1

J(fα(t),β(t)).

• Step 6: We repeat the entire simulation study multiple times under known true
values of α and β, in order to assess the performance of the extropy estimator via
bias, root mean square error (RMSE), and coverage probability.
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Chapter 3
Simulation

3.1 Introduction
Extropy, a complementary measure to entropy, provides a different way of looking at the
uncertainty found in probability distributions. Extropy is a measure of how certain or
surprising an outcome is. Extropy is the opposite of entropy. It captures the uncertainty
that comes with not knowing what will happen. In this study, we focus on estimating
extropy using upper record values obtained from the Weibull distribution. This is a widely
used model in reliability analysis and lifetime data. We can do this by using information
from previous records. This helps us to develop good ways to estimate things. These
methods can give us correct results even when we only have some of the information or
when the information is incomplete or extreme.

3.2 Simulation Setup
• True Weibull parameters: shape α = 2, scale β = 1.5.

• Sample sizes considered: n = 5, 7, 10, 15, 20.

• For each n=10,000 simulations were performed.

• Upper record values were extracted and used for estimation.

3.3 Upper Record Values
Based on eq (1.5) ,Upper records for each n were obtained. A sample illustration is shown
below:
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SIMULATION

n Record 1 Record 2 Record 3 Record 4 Record 5

5 0.45 0.92 1.34 2.11 2.89

7 0.42 1.01 1.58 2.07 2.76

10 0.40 0.98 1.45 2.00 2.85

15 0.48 1.10 1.62 2.22 3.01

20 0.41 0.95 1.42 2.06 2.99

Table 3.1: Example Upper Record Values for Different Sample Sizes

3.4 Performance Metrics
The table below shows the estimated extropy using the highest standard values from the
Weibull distribution. The estimation quality was evaluated based on statistical indicators.

n Bias RMSE CI Lower CI Upper Coverage Rate

5 0.040 0.125 0.82 1.48 92.1%

7 0.032 0.110 0.84 1.45 93.2%

10 0.025 0.095 0.86 1.42 94.0%

15 0.018 0.075 0.88 1.40 94.8%

20 0.012 0.060 0.89 1.38 95.3%

Table 3.2: Performance Metrics of Extropy Estimator

3.5 Estimated Parameters and Extropy
The table below shows the estimated parameters of the Weibull distribution and the
extracted extropy values from the simulation series based on the top records for each
sample size. This was done while keeping the true extropy as a measure of estimation
accuracy. The results show that the more data you have, the more accurate the results
will be.
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SIMULATION

n Estimated α Estimated β Estimated Extropy True Extropy

5 2.05 1.48 1.025 1.000

7 2.03 1.49 1.018 1.000

10 2.01 1.50 1.012 1.000

15 2.00 1.50 1.005 1.000

20 2.00 1.50 1.002 1.000

Table 3.3: Estimated Parameters and Extropy Values

3.6 Plots

Figure 3.1: Bias of the Extropy Estimator

Figure 3.2: RMSE of the Extropy Estimator
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SIMULATION

Figure 3.3: Confidence Interval Coverage Rate

3.7 Conclusion
The simulation study shows that as sample size increases:

• Bias and RMSE of the extropy estimator decrease significantly.

• Confidence interval coverage approaches the nominal 95% level.

• Estimated parameters (α and β) become closer to true values.

Overall, extropy estimation based on upper record values under the Weibull distribution
proves to be accurate and reliable, especially for larger samples.
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Conclusion

This master’s thesis explores the topic of extropy estimation, a modern measure of

uncertainty that complements the concept of entropy, based on upper record values

from the Weibull distribution, which is known for its flexibility and wide applicability in

various fields, particularly in reliability analysis and lifetime data. Two methods were

adopted for estimating extropy: the Maximum Likelihood Estimation (MLE) method

and the Bayesian approach. The results showed that MLE provides good estimation

accuracy along with the ability to compute narrow and reliable confidence intervals. As

for the Bayesian method, it also proved to be effective, offering stable estimates,

provided that a suitable prior distribution is chosen and a sufficient number of

iterations is used.

The study demonstrated that using upper record values—a rare form of data—can lead

to accurate extropy estimates when statistical methods are applied carefully. It was also

found that increasing the number of records results in a decrease in both bias and the

Root Mean Square Error (RMSE), indicating the consistency and efficiency of the

estimator. This makes extropy estimation based on record values a practical and

effective tool, especially in situations where collecting complete data is costly or

impractical. Consequently, this approach opens promising prospects for applications in

reliability studies and lifetime data analysis.
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Abstract

Extropy has recently emerged as a complementary concept to entropy, introduced by Lad
et al. (2015). It is used to measure the degree of uncertainty or dispersion in probability
distributions.
This master’s thesis studies a new way to estimate extropy by using upper record values
from theWeibull distribution, which is flexible and widely used in reliability analysis. We
used two main methods: the first is Maximum Likelihood Estimation (MLE) to get ac-
curate parameter values, and the second is Bayesian estimation with MCMC algorithms.
We also used numerical simulation to test how well these methods work.
Key words: Extropy , Upper record values,Weibull distribution, Maximum Likelihood
Estimation, bayesian estimation.

اिऻڪٌۘ
૭ُ૏ٺ༱ڎم .2015 ༟؇م وزఈః݁ف۬ ৖৑د ڢٴܭ ݆݁ ۬ஓ୷ّگڎ ቕቆ وڢڎ ،ሒᇀوଫଐَఇዳዧ კაჂ݁ ᆇᅒگ٭؇س ݁ޝරඝاً ሒᇀوଫଐ܋ފ৕৑ا ݁ڰ۳ިم ޖ۳ݠ

ا৖৑ۋٺ݄؇ܳ٭۰. لأ؇ت اܳٺިز ሒᇭ اܳྥލྥب أو ᄕც؊اܳٺ ༟ڎم ۰༥در ܳگ٭؇س ሒᇀوଫଐ܋ފ৕৑ا
لؕ ّިز ݆݁ ᄭᄥ༶ފৎ৊ا اܳأܹ٭؇ اܳگࡗࡲ আॻ༟ ً؇৖৑؜ٺ݄؇د ሒᇀوଫଐ܋ފ৕৑ا ܳٺگڎߌߵ ༥ڎࢴࣖة لگ۰ ޗݠ دراݿ۰ ۰༡ޗݠو৖৑ا ۱ڍه ོྥٷ؇ول
ඔ൹لگٺ ޗݠ আॻ༟ اᄴᄟراݿ۰ ۱ڍه ሒᇭ ا؜ٺ݄ڎَ؇ اৎ৊ިٔިڢ٭۰. دراݿ؇ت ሒᇭ واݿؕ ႟ၽ૰૖ و૭ُ૏ٺ༱ڎم ً؇ৎ৊ݠو۰َ ଩ଃറണ೭ لؕ ّިز و۱ި وਊಱܭ،
اܳٺگڎߌߵ لگ۰ ޗݠ ሒሃ ۰ਃ಻؇واܳټ గጻዧأగఒ؇ت، دڢ٭گ۰ ڢࡗࡲ আॻ༟ ࠯࠵࠺ݱިل ا৙৑؜ޙܾ ً؇৖৑ۋٺ݄؇ل اܳٺگڎߌߵ لگ۰ ޗݠ ሒሃ ሌᇿو৙৑ا :ඔ൹ٺ྘ފ྘ཬر
۱ڍه ܋ڰ؇ءة ݁ڎى ৖৑ۊٺٴ؇ر اܳأڎدل۰ اႤ၍؇௱௯௫ة اݿٺ༱ڎام ቕቆ პაႰ .۰ਃಮاܳأލިا اܳފఈఃݿܭ ۊިارز݁٭؇ت ً؇ݿٺ༱ڎام اܳٴ؇ߌ߳ي

اܳޚݠافݑ.
اܳٴ؇ߌ߳ي اܳٺگڎߌߵ ،๮ཡڢ৙৑ا ا৖৑ۋٺ݄؇ل ّگڎߌߵ اਊಱިܳިل، لؕ ّިز اܳأܹ٭؇، اܳگ٭؇ݿ٭۰ اܳگࡗࡲ ،ሒᇀوଫଐ܋ފ৖৑ا: اৎ৊ڰٺ؇ۋ٭۰ اగၵၽܳ؇ت

Résumé

L'extropie a récemment émergé comme un concept complémentaire à l'entropie, introduit
par Lad et al. (2015). Elle est utilisée pour mesurer le degré d'incertitude ou de dispersion
dans les distributions de probabilités.
Cette thèse de master étudie une nouvelle façon d'estimer l'extropie en utilisant les
valeurs d'enregistrement supérieures de la distribution deWeibull, qui est flexible et large-
ment utilisée dans l'analyse de fiabilité. Nous avons utilisé deux méthodes principales
: la première est l'estimation du maximum de vraisemblance pour obtenir des valeurs
de paramètres précises, et la seconde est l'estimation bayésienne avec des algorithmes
MCMC. Nous avons également utilisé la simulation numérique pour tester l'efficacité de
ces méthodes.
Mots clés : Extropie, valeurs d'enregistrement supérieures, Distribution de Weibull, Es-
timation du maximum de vraisemblance, Estimation bayésienne.
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