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Introduction

tochastic control theory plays a central role in the mathematical model-
ing of decision-making under uncertainty, with wide-ranging applications
in engineering, finance, and physics. At the heart of this field lies the
linear-quadratic (LQ) control problem, which has long been regarded as a found-
ational model due to its analytical tractability and rich structure. Seminal con-
tributions such as those by Bismut [2], Wonham [18], and McLane [10] have laid
the theoretical groundwork for the analysis of LQ control systems, particularly in
stochastic environments where noise and randomness affect both state dynamics

and control processes.

The stochastic maximum principle (SMP) and dynamic programming principle
(DPP) are two cornerstones in this theory. The duality-based approaches intro-
duced in Bismut [2], and further developed in Haussmann [6], provide power-
ful tools for characterizing optimal controls, while the Hamilton—Jacobi—Bellman
(HJB) framework, as detailed in Yong and Zhou [19], remains fundamental to
solving time-consistent optimization problems. For models involving Brownian
motion and stochastic calculus, the standard references Karatzas and Shreve [9)]

and Oksendal [11] offer rigorous treatments of the mathematical foundations.

In recent decades, mean-variance portfolio optimization has emerged as a prom-

inent application of stochastic LQ control, extending Markowitz’s original idea
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to continuous-time settings. The work by Zhou and Li [19] represents a signi-
ficant advance, recasting the mean-variance problem within the stochastic LQ
framework. Simultaneously, the notion of stochastic differential utility, as formu-
lated in Duffie and Epstein [5], has enabled more flexible preference modeling in

continuous-time finance, further motivating advanced control formulations.

Despite their elegant theoretical formulation, practical implementation of stochastic
control models, especially in high-dimensional or nonlinear settings, demands effi-
cient numerical methods. Techniques for solving large-scale Lyapunov and Riccati
equations are well-documented in Benner et al. [1], while various integral equation
approaches—such as the wavelet-Galerkin methods in Heydari et al. [7] and iterat-
ive schemes in Saffarzadeh et al. [14]—demonstrate promise for solving stochastic
integral and Volterra-type equations. Complementary numerical tools, including
function approximation and spline techniques [7,8], further enhance computational
capabilities. The goal of this study is to propose a numerical approach to a class
of stochastic LQR problems with control-dependent diffusion coefficients. The
proposed method involves solving nonlinear stochastic Ito-Volterra integral equa-
tions using a combination of fixed-point iteration and linear spline interpolation
[, [8], [14]. This approach offers a practical and efficient alternative, especially
considering the limited number of numerical examples for such problems found in
the literature. To evaluate the performance of the method, relative error is used
as a convergence criterion. The structure of this thesis is as follows: Chapter
1: provides a general introduction to stochastic calculus. Chapter 2: presents
a numerical approach to the stochastic LQR problem. Chapter 3 :discusses

numerical applications of the stochastic LQR problem in finance.



Chapter 1

Introduction to Stochastic

Computation

Let’s embark on a journey through the intriguing realm of stochastic computation.
This chapter serves as our gateway, introducing foundational terms and concepts
that will pave the way for deeper exploration in subsequent sections. For more

details see e.g [9], [11] and [12].

1.1 Stochastic Processes

Definition 1.1.1 (Stochastic Process) A stochastic process, symbolized by X =
(X (t))ieT, emerges as a collection of random variables defined within a probability

space (2, F,P), with values spanning R".
Now, let’s elucidate some key terminology,

1. The variable ¢ typically denotes time.
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2. If the index set 7 is countable, we classify X as a discrete-time stochastic

process; for a continuous index set, it’s a continuous-time stochastic process.

3. Common index sets include the half-line [0,00) or a finite interval [0, 77,

where T' > 0.
4. Each X (t) represents a random variable, mapping w — X (¢,w) for w € Q.

5. Fixing w € Q transforms X (w) into a function ¢t — X (¢,w), known as a

path of X.

Definition 1.1.2 (Modification of Process) We term a stochastic process (X (t))ier
a modification of another process (X(t))er if the probability P(X(t) = X(t))

equals 1 for allt € T.

Definition 1.1.3 (Indistinguishable Processes) When P(X(t) = X(t),Vt €
T) equals 1, we refer to two stochastic processes (X (t))er and (X(t))ier as in-

distinguishable.

Remark 1.1.1 Indistinguishable processes are modifications of each other, but

the converse isn’t always true.

Definition 1.1.4 (Measurable stochastic process) A stochastic process X =
(X(t))ter is measurable if the mapping X : [0, T|xQ — R™ is (B([0, T])®F, B(R))

measurable.

Definition 1.1.5 (Filtration) A filtration comprises a sequence of o-algebras
{Fi}i=o defined over a probability space (2, F,P), wherein F; C F; C F for all
0 < s < t. This structure captures the evolving information accessible to an

observer over time, with F; representing distinguishable events up to time t.
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e A filtration is right continuous if Fi+ = N.voFye = F; for all £ > 0.

e A filtration is complete if Fy C F;, and it’s termed to satisfy the usual

conditions if it’s both right continuous and complete.

Definition 1.1.6 (Adapted stochastic process) We say that a stochastic pro-
cess X = (X(t))ier is adapted to a filtration {Fi},, if X(t) is Fi-measurable for

each t.

Definition 1.1.7 (Natural filtration) The natural filtration of a stochastic pro-
cess (X (t))ier comprises the collection of o-algebras {G(t)}i>0, where G(t) =
o{X(s) : 0 < s <t} forallt > 0. It’s the minimal augmented filtration gen-

erated by (X (t))ier, characterized by being both right continuous and complete.

Definition 1.1.8 (Stopping time) A stopping time 7 with respect to {Fi},,

is a random variable T : Q — [0, +00| such that {T <t} € F, for allt € T.

Definition 1.1.9 (o-algebra of events prior to T) For a stopping time T, the

o-algebra F, ={A e F: An{r <t} € F,Vt € T} captures events preceding T .

1.1.1 Brownian Motion

Definition 1.1.10 (Standard Brownian Motion) The Standard Brownian Mo-
tion, also known as Wiener process, manifests as a stochastic process (B(t)),s

characterized by independent and identically distributed increments,

1. It starts at 0 almost surely, B(0) = 0.

2. For all 0 < s < t, the increment B(t) — B(s) follows a normal distribution

with mean 0 and variance t — s (i.e., B(t) — B(s) ~ N(0,t — s) ).

5
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3. The sample paths of B(t) are almost surely continuous.

Definition 1.1.11 (d-dimensional Brownian Motion) A d-dimensional Brownian
motion, denoted by B = (BW,B® ... BW) s defined by considering BY as
independent standard Brownian motions fori=1,2,...,d. The filtration {J:t}tzo

generated by a Brownian motion B is defined as,
Fi=0(B(s):s<t), t>0,

and it is called the natural filtration of B or Brownian filtration.

1.2 Martingales

Definition 1.2.1 (Martingale) A continuous-time martingale (resp. submartin-
gale, supermartingale) is a stochastic process { X (t),t > 0} satisfying the following

conditions,

1. X(t) is adapted to a filtration {Fi},5, i-e., X(t) is measurable with respect
to F; for allt >0,

2. X (t) is integrable for all t > 0,
3. For all0 < s <t, E(X(t)|Fs) = (resp. <,>)X(s) almost surely.

Remark 1.2.1 A process X is a martingale if it is both a submartingale and a

supermartingale. If X is a martingale, then E(X (t)) = E(X(0)) for allt € T.

Example 1.2.1 If B is a Brownian motion, then B(t), B*(t)—t, and exp (UB(t) - %)
for t € T are martingales. Conversely, if X is a continuous process such that

{X(t)},50 and {X?(t) — t},5o are martingales, then X is a Brownian motion.

6
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Definition 1.2.2 (Local Martingale) A stochastic process {M(t)}icr+ adap-
ted and caglad (right-continuous with left limits) is a local martingale if there ex-
ists an increasing sequence of stopping times (1,) such that 7, — +00 as n — o0

and M (t A 1,) is a martingale for all n.

Remark 1.2.2 A positive local martingale is a supermartingale. A locally uni-

formly integrable martingale is a martingale.

Theorem 1 (Burkholder-Davis-Gundy) For any 1 < p < oo there exist positive
constants c,, C, such that, for all local martingales X with X, = 0 and stopping
times 7, the following inequality holds.

B [[X27] < BI(X:)] < CB X}

Furthermore, for continuous local martingales, this statement holds for all 0 <

p < o0.

Definition 1.2.3 (Semimartingale) A semimartingale is a cadlag adapted pro-
cess X admitting a decomposition of the form, X = A+ M, where M is a cadlag
local martingale null at 0 and A is an adapted process of finite variation and null

at 0.

A continuous semimartingale is a semimartingale X such that in the decomposi-
tion X = A+ M, M and A are continuous. Such a decomposition where M and

A are continuous is unique.
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1.3 Stochastic Integration and It6’s Formula

In this section, we consider a positive real number 7', and aim to define the integral

1(9) = /OTH(t)dB(t) (1.1)

Here, (0(t));>0 represents any process, and (B(t)):>o denotes a Brownian motion.
The challenge lies in giving meaning to the differential element dB(s) since the

function s — B(s) is not differentiable.

1.3.1 Wiener Integral

The Wiener integral is an integral of the form

10) /O " oaB ) (1.2)

with 6 being a deterministic function, meaning it does not depend on the random

variable w. Define
T
L*([0,T],R) = {9 : [0,7] — R such that / 0(s)2ds < oo} :
0

Suppose 0,, is a deterministic step function defined as

pn
On(t) = Z ail[tg,tﬁl] (t),
=1
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where p, € N, the a; are real numbers, and {¢I'} is an increasing sequence in

7 =[0,7]. Then, the Wiener integral is defined as

1(6,) = /O 0,(s)dB(s) = Za (B (ti) — B (1))

Due to the Gaussian nature of Brownian motion and the independence of its
increments, the random variable I (6,,) is a Gaussian variable with zero mean and

variance

Var (1(6,)) = Z Var (a; (B (tiy1) — B (t:)))
= z": af (tis —t;)

_ /0 " 62 (s)ds

Remark 1.3.1 We observe that 0 — 1(0) is a linear function. Moreover, if b and

g are two step functions, we have

We then refer to the isometry property of the Wiener integral. Now let 6 €
L*([0,T],R). Therefore, there exists a sequence of step functions {6,,n > 0}
that converges in L?([0,T],R) to §. According to the previous paragraph, we
can construct the Wiener integrals I (6,,), which are centered Gaussians forming
a Cauchy sequence by isometry. Since the space L%([0,7],R) is complete, this
sequence converges to a Gaussian random variable denoted by I(f). It can be
shown that the limit does not depend on the choice of the sequence 60,,,n > 0.

I(0) is called the Wiener integral of 6 with respect to (B(t)),cg-
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1.3.2 The It6’s integral

Our objective now is to define the integral given by equation (1.2). To achieve
this, we construct I(6) using discretization, similar to the approach used for the

Wiener integral. Let’s start by examining step processes represented by,

17141

00) = 0l (1) (1.3

where p, € N, (#7) forms an increasing sequence in 7 = [0,7], and «; €

L*(Q,F,,P) foralli=0,---,p,. We defineI(6,) as

It can be confirmed that E (I(6,)) = 0, and

Var (1(6,)) = E (/OT eg(s)ds) |

Let H denote the space of caglad (left-continuous and right-limited), F; adapted

processes 0 such that

o = ([ o) < oo

We can define () for any § € H. We approximate 6 using a sequence of step
processes given by equation (|1.3), and the limit exists in L?(€2, [0, 7). The integral
I(0) is then defined as lim,,_, 1 I(,), where E (I(¢)) = 0, and

Var(I(0)) = F ( /0 ' 92(s)ds) |

10
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Definition 1.3.1 (It6 Process) An It6 process is defined as a real-valued pro-

cess (X (t)),er satisfying the following conditions almost surely,
t t
X(t) = X(0) +/ b(s)ds +/ o(s)dB(s), for0<t<T. (1.4)
0 0
Alternatively, it can be expressed differentially as,
dX(t) = b(t)dt + o(t)dB(t).

Here, X (0) is Fo-measurable, and b and o are two progressively measurable pro-

cesses, which satisfy almost surely,

T T
/ |b(s)|ds < o0, and / lo(s)|?ds < oo.
0 0

In other words, b € L}, [0,T] and o € L%, [0,T]. The coefficient b represents the

drift or derivative, and o is the diffusion coefficient.

Definition 1.3.2 (Integration by Parts Formula) If X and X are two Ito

processes, where

and

X(t) :)_((0)4—/0 b(s)ds+/0 a(s)dB(s),

then the integration by parts formula states that

X(H)X(t) = X(0)X(0) + tX(s)df((s) + tX'(s)dX(s) + (X, X)),

11
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where

1.4 1It6’s Formula

Definition 1.4.1 (Ité’s Formula) Let b € Ly [0,7], 0 € L% [0,7], and let
X be an Ito process defined as in . Define (X (t)) = fot|0(3)|2ds. If h €
C12(T x R,R), then

dh(t, X (1)) = Oh(t, X (£))dt + O,h(t, X (£))dX (t) + %&mh(t, X(£)d(X),
= (Oph(t, X (1)) + O:h(t, X (1))b(t) + %|0(t)l2é’mh(t, X (t)))dt

+ O,h(t, X (1))o(t)dB(1).

1.5 Stochastic Differential Equation

The proof of existence is carried out by successive approximations, similar to that
for ordinary differential equations (Picard iterations). It can be found in [?]. Let
B = (B(t))i>0 denote a d-dimensional Brownian motion on a filtered probability

space (Q, F, (Ft)t>0, P). For T > 0, consider two functions

b:Qx[0,T] x R* — R" and o:Qx[0,T] x R" — R™,

T

Here, ||o|| denotes the trace of oo'. We aim to solve the following stochastic

differential equation,
dX(t) =0b(t, X (t))dt + o(t, X (t))dB(t)

12
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Definition 1.5.1 Letb € L}, [0,T] and 0 € L%, [0,T]. A (strong) solution to this
stochastic differential equation is a continuous stochastic process X = (X (t))i>o0

that satisfies

X(t) :X(O)+/O b(s, X(s)) ds—l—/o o(s,X(s))dB(s), P—a.s.

Existence and Uniqueness of Strong Solutions

Consider the SDE
dX(t) =b(t, X (t))dt + o(t, X(t)) dB(t)

Theorem 1.5.1 Under conditions

1. Lipschitz continuity, There exist constants L, K > 0 such that for all

t>0,z,y e R,

b(t, ) = b(t, y) [P + o (t,2) — a(t,y)|* < Llz -y

2. Linear growth, Fort > 0,

[b(t, 2)* + [lo(t 2)[I* < K(1+|f),

3. X(0) is independent of B, and E|X(0)]* < oo.

The SDE has a unique solution X . Additionally, for every t > 0, the solution
satisfies

E ( sup |X(t)|2> <CE(1+|X(0)) < +oo.

te[0,7)

13
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where constant C' depends only on K and T.

14



Chapter 2

Numerical Approach to the
Stochastic LQR Problem

2.1 Solution to LQR Problem

he stochastic Linear Quadratic Regulator (LQR) problem is one of
the most important problems in optimal control. It aims to determ-
ine control strategies for a dynamic system represented by linear
differential equations with a random component. This problem involves optimiz-
ing a quadratic cost function depending on the system state and control, making
it applicable in various fields such as engineering, economics, and finance, partic-

ularly in financial market control.

The main approach to solving this problem is through the use of Riccati dif-
ferential equations, which allow the determination of optimal control strategies
over time. In this section, we will present how to formulate and solve stochastic

LQR equations using Riccati equations, emphasizing the importance of the exist-

15
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ence of unique solutions to the equations’ boundary conditions and the practical

applications of these solutions.

Let (92, F,{Fi}t<i<i;,P) be given and fixed complete filtered probability space
and let & ([to,?s];S) be the Banach space of S-valued continuous functions on
[to,tf] endowed with the maximum norm || - || for a given Hilbert space S. Con-

sider the following linear stochastic differential equation:

dX (1) = [my () +ma()o(t)+f(O))dt+[ms (vE)]dW (2), to<t<t;  (2.1)

with initial condition X(ty) = Ap. Here W(-) is an n-dimensional standard
Brownian motion on the interval [to,tf] and X(-) € R" (n-dimensional space
).Furthermore ,the entries of n x n matrix m;(t) and n X m matrices ms(t) and

ma(t) belong to £([to; t¢]; R).The cost functional associated with system [2.1] is:

I(to, Xo, v(")) (2.2)
=E %/ (X (E)ma() X (t) + 0" (t)ms(t)v(t)] dt+%XT(tf)m6X(tf) ,

0

where [E indicates the mathematical expectation and the symbol 7" denotes the
transpose operation. Let the n x n matrices my4(t) and mg be symmetric positive
semidefinite, the m x m matrix m;(t) be symmetric, and ¢; be an exit time or a
terminal time. In addition, the matrices my(t) and ms(t) have continuous entries.

Note that here we do not assume that ms(t) is positive definite.

Definition 2.1.1 A feedback control law is a piecewise continuous function V(-;-)
from [to;ttf} X R™ into V', where V' is a closed subset of R™. Here, the class
of admissible controls is denoted by v. The control applied at time t by using

the feedback control V is v(t) = V(t;x(t)). The minimization of stochastic LQR

16
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optimal control problem is regarded as the task of finding an optimal control v () €
V on the interval [to; tf] by minimizing J and the associated optimum performance

index J (to; Xo) is the value of J resulted by using the optimal control.

Consider the matrix Riccati differential equation for to <t <ty

K(t) = —=KT(t)my(t) — mT (t) K (t) — ma(t) (2.3a)

+KT(Eyma(t) (ms (t) + md (6 K (H)yms(t)) " mI (£) K (¢),

with boundary condition K (t;) = me. Also, consider the vector differential equa-

tion for ¢y <t <ty

g(t) = —m] (g (O)—K () F(£)+ K ()ma(t) (ms(t) + m3 () K (t)ma(t) " m3 ()g(t),
(2.4)

with boundary condition g(t;) = 0, here ms(t) + ml (¢)K(t)ms(t) is a positive

definite matrix.

Assume that Eqs. and [2.4] have unique solutions K (t) and ¢(t), respectively,

such that the entries of n x n matrix K(t) belong to &([to;t¢];R) and g(t) €

&([to; t]; R™). Then the stochastic LQR problem can be reduced to solving these

differential boundary problems.

Theorem 2.1.1 . Assume that Egs. [2.3d and [2.]] have unique solutions. Then
an optimal control for problem is

where

P(t) = ms(t) + ml (DK (yma(t),  to <t <ty. (2.6)
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Furthermore, the optimal cost value is

30, %) = 5. 27 (00(0) + g (Opmat) P (O (o))t (2.7

1
+ §X5K(to)/’\70 + Xog(to).

Proof. Consider the stochastic linear differential Eq. Using Ito’s formula,

we have

d(XT (K ()X (1)) (2.8)
= XT(OK )X (t)dt + 2XT (#) K (t)dX (t) + (v (t)md () K (t)ym] (t)v(t))
H{XT (1) (—malt) + K(#)ma(t) P~ (t)my (K (1)) X (t) + 20" (t)my (1) K ()X (1)
F2XT (K () f(1) + (v ()mg () K (H)mg (t)o(t)) } dt

+ {2XT () K (t)yms(t)v(t) } AW (t).
and

(X7 (t)g(t)) = {XT ()K" ()ma(t) P (t)my (t)g(t) — XT () K () f (1)
+o (t)my (H)g(t) + £ (t)g(t) } dt

+ (T (OmE (Dg()} W (1) (29)
The boundary conditions of 2.3a] and [2.4] imply

XYr(tymalty) = [ AR WOX0) + AT (1) %

18
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and
ly

/d (X7 (1)g(t)) + Xog(to) = 0.

to
Thus by integrating both 2.8 and 2.9 fromt, to ¢, taking expectations, and adding

them together, the cost functional [2.2] gets

I(to, X, v(-)) = %E{j[XT(t)mzx(t)X(t) + 0 (t) (P(t) — mg () K (t)ms(1)) v(t)]ldt

£ Ja@T QRO + d (AT Og(D)} + XK (1o)X + gt

= B / W (0 P(£)o(t) + 207 (6)md (1) (K ()X (2) + g(1))

+ AT (O (Oma() P (Om] (VK (DX (1) + 2/ (1)g(1)
FRAT (K ()malt) P ((m (g (1)t} + 37 K (10) % + Xog(o)

+2f7(t)g(t) — g(tyma(t) P~ (t)my (t)g(t))dt} + %XOT K (to)Xo + Xog(to)-

Then we get
(0. 2a,00)) = 3B [ (0P Omd 0K X + 9(0) PO
+ (v(t) + P (t)my () (K ()X (E) + 9(1))) (2.10)

Here P(t) is a positive definite matrix, and so:

(0(t)+P 7 (t)my (1) (K ()X (£)+g(t) " P(t)(0(t)+ P~ (t)my () (K (1) X () +g(t))) > 0.

19
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Thus, the minimum value of the cost functional occurs when:

v(t) + P (t)my () (K (D)X (1) + g(t) = 0.

It follows immediately that the optimal feedback control is resulted using [2.5] and
the optimal cost value is resulted using [2.7] The optimal control is given by
provided that the corresponding Eq. under [2.5 has a solution. However, underl

2.5 Eq. 2.1] is reduced to:

dX (t) = [ma(t)X (t) — ma(t) P~ (t)ma(t) (K ()X (t) + g(t))] dt
—mg(t) P~ (t)m3 (t) (K ()X (t) + g(t)) dW (t), to <t <ty, (2.11)
X, = X,.

Note that K € &([to;t];R); g € &([to; ts];R); P € &([to;ts; R). Eqf2.11] is a
nonhomogeneous linear stochastic differential equation, and consequently, it has

one and only one solution. Thus, the proof is completed . m

2.2 Numerical solution

In the preceding section, it was shown that the solution of the stochastic Linear-
Quadratic Regulator (LQR) problem, defined by equations [2.1H2.2} is equivalent
to solving a pair of differential equations, namely and Consequently,
obtaining an approximate solution to the original control problem necessitates

solving these two auxiliary equations.

Given the initial condition X;, = &j , equation [2.I] can be reformulated as the
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following stochastic integral equation:

t

X(t) = Xo—i—/[ml(S)X(s)—l—mg(s)v(s)+f(s)}ds+/m3(s)v(s)dW(s), to <t <ty

(2.12)

where the control function v(s) is defined by:
v(s) = — [ms(s) +mi () K (s)ma(s)] " m3 (s) (K (s)X(s) + g(s)) .

and the functions K (s) and ¢(s) are solutions of equations and respect-
ively.The second part of 2.12]is a stochastic integral. For any ¢ > 0, the Brownian
motion is almost definitely continuous but not differentiable at ¢. Thus, in this
section, a new approximations method is presented, which is based on the linear

spline interpolation.

The Successive Approximation Method (SAM), is recognized as one of the classical
and widely used techniques for addressing initial value problems and integral
equations. This method is frequently employed to establish the existence and

uniqueness of solutions to such equations.
In the context of the SAM, the following recurrence relation is defined for t; <

t <ty

t t

X,(t) = Xo + / 1 (3) X1 (5) + ma(8)0na(3) + F(5)]ds + / 1(8)tnr (8) AV (5),

(2.13)

where the control function v, is given by:

U1 = — [ms(s) + mg(s)K(s)mg,(s)] - m3 (s) (K(s)X,_1(s) + g(s)) .
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Theorem 2.2.1 Let {X,(t)},5, be the sequence generated by the successive ap-
prozimation method defined in equation[2.18. Then {X,(t)} converges to a unique

solution X (t) of the stochastic differential equation asn — oQ.

Proof. We assume that the entries of the matrices my(t), ms(t), and ms(t) are
continuous on [ty, ts]. Consequently, the integrands in equation satisfy both
Lipschitz and linear growth conditions. In particular, for any two X'(t) and Y(t)

, we have:

I (ma(s)X () +ma(s)v (s, X(5))) = (ma(s)V(s)ma(s)vs, Y(s)) [IP< L || X(s) = V(s) |I*,
I'ms(s)v (s, X(s)) — ms(s)v (s,Y(s)) [°< L[| X(s) = V(s) |

and

I'ma(s)X(s) +ma(s)v (s, X(s)) [°< Ly (14 | X(s) %),

' ms(s)o (s, 2X () [IP< Ly (14 ]| X(s) [1%) .

for all s € [to,ts] where L, L, are positive constants, and

v (s, X(s)) = P~ (s)my (s) (K (s) X (s)(s) + g(s)).

To construct an implementable numerical method, we employ a linear spline in-
terpolation approach as a modification to the classical successive approximation
method (SAM).

Let A = {tp <t; < ... <t, =ts}be a uniform or non-uniform partition of the
interval [tg,?s], where h; = t; — t;_1, for i = 1,2,...,m.We start with the zeroth

approximation defined by the constant function: xo(t) = xy Using the recurrence
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relation [2.13] the first iteration yields for ty <t < ty,

Xi(t) =X + /[ml(s)Xo + ma(s)vg(s) + f(s)]ds + /mg(s)vo(s)dW(s),

where

-1

vo(s) = — (ms(s) +mg (s)K (s)ma(s))  my (s) (K (s)X + g(s))

We approximate X;(t) using linear splines over A as:

(2.14)

(2.15)

m—1
X1 (t) ~ ‘S%(t) - Z\I[zl(t)X[ti,tiH}(t),
i=1
with
1
i+1

By evaluating equation at the grid points t;, the values X} (¢;) are given by

to <t <ty,
X1 (t;) = XO+/[m1(s)XO+m2(s)vo(s)—|—f(s)]ds+/m3(s)vo(s)dW(s),

23
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By substituting [2.15] in 2.13| for n = 2, we can obtain t, <t < ty,

Xo(t) = Xy + /[ml(s)Xl(s) + ma(s)vi(s) + f(s)]ds + /mg(s)vl(s)dW(s)

t

~ Xy + / [ma(s)SA(s) + ma(s)va(s) + f(s)] ds+ [ ma(s)va(s)dW (s),

to to
(2.18)
where
-1
va(s) = = (ms(s) +mg () K (s)ma(s))  my (s) (K (s)Sals) + g(s)) -
Again X5(t) is approximated by a linear spline:
m—1
Xo(t) ~ SX(1) = D W) Xpp i) (D), (2.19)
i=1

with
W2(t) = Xo(t;) (tigr — t) + Xoltip))(t — 1) /hiv1, =0,1,2,...,m — 1.

Similarly, we can obtain the unknown coefficients X,(t;) ,K = 0,1, ..., m, by sub-
stituting the grid points t;, i = 0,1, ...,m, in , as follows tg <t < ty.

t;

Xy(t;) ~ Xy + / [m(s)SA(s) +ma(s)va(s) + f(s)] ds + /mg(s)vi(s)dW(s),

(2.20)

Generally, based on the aforementioned structure, we can approximate the func-
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tion A&, (t) on [to,ts], for n > 2, as

m—1
Xn(t) ~ SK(t) = Z\I!?(t)X[ti,tiJrl](t) (2.21)
=1
where
1
141

In addition, ty <t <y,

t;

X, (t;) ~ Xo—i—/ [ma(s)SR™"(s) + ma(s)vR " (s) + f(s)] ds—i—/mg(s)vz_l(s)dW(s),

(2.23)

where

vk (s) = (ms(s) +m5 (s) K (s)ms(s) " m3 (s) (K(s)SA™"(s) + g(s))

Definition 2.2.1 Let f be a function on [a,b]. The modulus of continuity of f is

defined by
w(f,0) = sup | F(X) =) |-

vae[avb]7‘x_y|<6

Lemma 2.2.1 The function f(t) is uniformly continuous on [a,b] if and only if
(lslg(l)w( f,0) =0.

Theorem 2.2.2 Let f(t) € m} ([a,b]) and Sk(t) be approximations of f(t) by a
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linear spline interpolation. Then

I F(8) = SA®E) lleo< w(f, 6)-

Proposition 2.2.1 Let {SX(t)} -, be the solution sequence produced by the nu-

merical successive approrimations. Then this sequence converges to the solution

X(t) to[2.13

Proof. The entries of matrices m;(t), ma(t), andms(t) involve continuous func-
tions. Therefore, the terms
in integrals satisfy Lipschitz and linear growth conditions. Thus the error function

EX(t) and residual function R)(t) are defined as

EZ(t) = Xn(t) - Sg(t)v n =1,

RX(t) = Xu(t) = Zx(1), n =2,

where t) <t < ty,

20(t) = Xyt [ [ma(s)S516) + mals)e 1 (s) + £(6)] dst [ma(s)o ()W s),

to

First, we show that
lim || RA(¢) |=0, n>2.

|A|—0,n—00

Thus, for n > 2, by applying the Cauchy-Schwarz inequality and Doob’s inequal-
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ity, we have
| RAx () 2= X.(t) — ZX(¢) ||
t
< 2/ | [(ma(s)Xn1(s) + ma(s)vn_1(s)) — (ma(s)SK () + ma(s)vx '(s))] |I* ds
to
t
49 / | ma(s)om_1(5) — o2 (s) |12 ds.
to
t
< L / | X,a(s) — S0 |2 ds
to
t
L[| BX P ds
to
< Lo (X 1(5), | A ]).
Furthermore,
| EX(t) |IP=| Xu(t) — ZR(t) + ZR(t) — SR(®) |7
Hence,

I EAG) IP< 2| ZX(t) — Sa(t) I* +2 || RA(®) II”

<20 (ZX(1),| A |) + 2Law?(Xa(5), | A ]).
Moreover, Z}is uniformly continuous on [tg, t¢], and from Lemma , we obtain

lim || Rx(t) |=0, n>2.

|A]—0,n—00
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Thus, by Theorem2.1.1], we have

lim || X,(t) — S%(t) |= 0, for n > 2.

|A]|—0,n—00

Via applying a numerical integration method (e.g., Legendre Gauss method), we
can approximate the first integral part of Regarding the stochastic integral
part, we can apply the Ito approximation as follows:

j=i1—1

ma(t;)va(ty) (W (tje) — W(t))).

J=0

t;
[ms(es@aw) -
to
Therefore, we obtain the ith optimal control law as follows:
-1
vi(t) = — [ms(t) + mg () K ()ms(t)] " my () (K(£)Xi() + g(t)).

According to Theorem [2.1.1], the solution sequence X;(t) is almost surely uniform
convergence. We define X(t) as the limits of sequence X;(t). The control sequence
v;(t) is only related to X;(t); so it is also uniformly convergent. Assume o(t) as the
limit of sequence v;(t). Summarizing the above, we obtainthe following theorem.

Theorem 2.2.3 Consider the problem of minimizing the cost functional 2.3 sub-

ject to system[2.3d. Then the optimal control law is obtained as follows:

5(t) = = [ms(t) + mE K Oma(0)] " mi (1) (KOR@) +9(0)) . (2:25)
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2.3 Suboptimal control design strategy

This section focuses on the practical implementation of the theoretical results
discussed earlier. Since the exact optimal control law described in equation [2.25]
involves a limit as n — o0, it cannot be computed directly. Therefore, a subop-
timal control law of order [ € N is considered as a feasible approximation for

practical purposes.

The control law of order [, denoted by v;(t), is defined as follows:

o) = — [ms(t) + mL () K (Eyms(t)] "

(t)mg (8) (K () Xi(t) +g(t)) . (2:26)
Here, the integer [ is selected based on a predefined accuracy requirement. Once

[ =1 is fixed, the corresponding quadratic cost functional can be computed as:

3=54 5 [ [ Oma®(0) + of (Oms )] de+ 327 t)medi(es)

to

(2.27)

where X (t) is the state trajectory associated with the control v;(t) from equation

2,20

To evaluate the accuracy of the suboptimal control, the following relative error

o . X —X_
criterion is applied: E,, = W

< g, where || - || denotes the Euclidean norm,
and € > 0 is a small tolerance value. If this condition is satisfied, the suboptimal
control law is considered sufficiently close to the true optimal control o(t), and

the cost J; approaches the optimal cost J.

Based on this approach, the following numerical algorithm is proposed to construct

a suboptimal control law with low computational complexity:
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2.3.1 Algorithm 1: Successive Approximation Method (SAM)

for Suboptimal Control

This algorithm describes a numerical strategy for approximating the suboptimal

control law in stochastic Linear Quadratic Regulator (LQR) problems.

Input Parameters:
- Initial time t5 € R.
- Final time t; € R.
- Number of subdivisions m € N.

- Maximum number of iterations N € N.

Procedure:

Step 1: Solve the matrix Riccati differential equation for K(t) and the associated
vector differential equation for g(¢), as defined in equations and

Step 2: Initialize the state and control:

Xo(t) = Xo, wolt) = — [ms(t) +md () K (tyma ()] md () (K ()X + 9(1)) .

Step 3: Compute the first state trajectory approximation Xi(¢;) ,for i =0,1,....m ,

using equation [2.17]

Step 4: Construct the spline basis functions ¥}(¢), for i = 0,1,...,m — 1, using

equation [2.16]

30



Chapter 2.Numerical Approach to the Stochastic LQR Problem

Step 5:

Step 6:

Step 7:

7.1

7.2

7.3

7.4

7.5

Step 8:

Construct the spline approximation for the trajectory: Xi(t) ~ Si(t), based

on equation [2.15]

Determine the updated control law: vy (t) = vi(t).
Forn=23,..., N , repeat the following:

Compute the state trajectory X,(¢;) from equation [2.23|

Define the spline basis functions ¥}(¢) from equation

Compute the spline approximation: X,,(t) ~ Sa(t) using equation [2.21]

Convergence check: If the relative error satisfies: E, =

stop the iteration.

Return v,,(t) as the final suboptimal feedback control law.
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Chapter 3

Numerical Applications of the
Stochastic LQR Problem in

Finance

n this chapter, we present numerical applications of the stochastic Linear

Quadratic Regulator (LQR) problem using a numerical method based on

the Successive Approximation Method (SAM) combined with piecewise
linear spline interpolation, as described in chapter2. These examples are designed
to validate the effectiveness of the proposed approach and highlight its practical
relevance, particularly in financial applications. We begin with academic test
problems where the exact solution is known, which allows us to assess the accuracy
of the numerical method, and then proceed to more realistic financial models,
where optimal investment decisions are guided by stochastic control principles
and solved numerically using the proposed strategy. In what follows, we illustrate
the proposed numerical scheme on a benchmark example whose analytical solution

is known.
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3.1 Numerical Example for a Stochastic LQR

Problem

Example 3.1.1 Consider the problem of minimizing the cost functional:

I) = E %/X2(t)dt+%x2(1) |

subject to the system of differential equation
dX = (X (t) + 2v(t) + V) dt + 20(t)dW (t), 0 <t < 1.

with initial condition X(0) = 5. We have my(t) = my(t) = mg = 1, ma(t) =
ms(t) = 2, ms(t) = 0, and f(t) = Y. Therefore, the Riccati differential
equation becomes

K(t)=-K(t)—1, 0<t<1.

with boundary condition K(1) =1 , whose unique solution is K(t) = —1 + 2.
Also we have §(t) = e®1 =2, 0 < t < 1, with boundary condition g(1) = 0, whose

unique solution is g(t) = e~ — 2t 4+ 1.

First, we take a partition A with nodal points on [tg, tf]las A: tg <t << tp_1 <

tm =ty , Usin relation 2.17 for i = 1,2, ..., m, we have

ti ti

Xl(tz) =5+ /[5 + Uo(S) + f(S)]dS + /U()(S)dW(S), to S t S tf,

where

vo(t) = — (=2 + 4eBN) 7 (5(=1 4 207) + 7D — 2t + 1)
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Then we compute the functions ¥} (¢) from and using we obtain

m—1

0(t) = SA() = Y W) Xg, (1)

=1

In the following, via applying and [2.22] we obtain

m—1

Xn(t) ~ SZ@) - Z\I’?(t)X[tntHl](t)'

i=1

where

\I/n(t) = [Xn(ti)(ti+1 - t) + Xn(ti+1)(t - tz)] /hi+17 1= 0, 1, 2, e, — 1.

2

In addition

tj tj
X(t;) =5 +/ [SZ_1<S) + o (s) + e(t_l)} ds + /vz_l(s)dW(s), 0<t<1
0 0

Initial approximation Xy(t) = Ay can be taken into account. Through persistent
use of this process, eachiteration can result in X't) and v(¢). As a result, a subop-
timal cost functional can be obtained. It should be noted that X'(t) and v(t) are
considered as random variables and that the results are achieved with probability
one. Thus, optimal value and suboptimal cost functionals are considered random,

as well. Therefore, the simulation 100 times, optimal value, and suboptimal cost

functionals are run, and the errors averages are estimated.

As[2.27 demonstrates, suboptimal cost functionals are acquired. In order to obtain
an accurate enough suboptimal control law, the proposed algorithm was applied
with the tolerance error bound ¢ = 10~%. Table [3.1] illustrates the errors at the

different iteration times. As observed in Table [3.]] , after four iterations, the
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convergence is achieved only; that is, Ery = 7 x 1076 < 1074,
The results demonstrate that in [ = 4, this method converges to solution X (t) =
X4(t) in probability. Thus, the optimal control is 9(t) = v4(t). Moreover, Figures

01 and 02 show plots of Xy(t) and v4(t).

iteration time 1 Er
1 —
2 0.8707
3 0.4668
4 7x 1076

Table 3.1: Errors at the different iterations for Examplel
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(a) The optimal path for m = 30 with 10 runs
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(c) The optimal path for m = 200 with 100 runs
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0.00 0.25 0.50 075 1.00

(d) The optimal path for m = 300 with 200 runs

0.00 0.25 0.50 075 1.00

Fig. 01.
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Optimal control for m = 30 with 10 runs
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3.2 Application in finance

In this section, we consider a financial market with two investment opportunities:

e A risk-free asset (a bond or bank account) that grows at a fixed interest

rate r , and

e A risky asset (e.g., a stock) with an expected return p > r and time-varying

volatility o(t) > 0.

The price of the risk-free asset follows the differential equation:
db(t) = b(t)rdt, by =1,

let 7(t) denote the proportion of the total wealth invested in the risky asset at
time ¢ and let X'() represent the total wealth at time ¢. Then the wealth dynamics

are governed by the stochastic differential equation (SDE)
dX(t)=X)[r+ (p—r)n@)]dt +ot)n(t)X(E)dWV (L), to <t <ty (3.1

with initial condition X (ty) = &y > 0. The control variable in this model is 7 () ,

and the objective is to minimize a given cost functional over the interval [to,#s].
First, we let final cost for this market be %X 2(t;)Q . Thus, the objective function
is
inE { S2(t)Q (3.2)
min { — . .
7 (t) 2 !

It is evident that the presented model has a continuous optimal control. Here,
we explain how the results of previous sections were applied in order to solve this

problem using the stochastic LQR problem.
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Normally, we should turn this problem formula into the stochastic LQR problem
2.1H2.2. We can rewrite |3.1] as the following equation

dX(t) = [rX(t) + (u — PO X (D) dt + o(t)m(£) X (E)dW (L), to <t <ty

If we get v(t) = v(t, z(t) = w(t)X(t), then this problem is converted to a stochastic
LQR problem, and using the obtained results, the problem can be solved. There-

fore, [3.1] is rewritten as:

dX(t) = [rX(8) + (i — r)o(®)] dt + (o) dW (t), to<t<t;  (3.3)

with initial condition X'(tg) = Xp. Note that here we have my(t) = r, mo(t) =
(w=r), ms(t) =0(t), f(t)=0, ma(t)=ms(t)=0and mg = Q.

As aresult, the optimal control problem [2.12.2]is converted to equivalent stochastic
LQR problem 3.3l Thus two differential equations and are obtained

as below:

K(t) = =2rK(t) + (u—7)2(0(t)) 'K (t), to <t < ty,

with boundary condition K(t;) = () and

g(t) = —rg(t) + (n —r)*(*(t)) "g(t), to <t <ty

with boundary condition g(t;) = 0. It is evident that g(t) = 0 for all [t,].

Thus, using the LQR problem, we have
o(t) = — (%)) — r)X(t) , where 0(t) = 7*(t)X(t). It can be concluded

*(t) = —(u —r)/0*(t) , and so the problem is solved.
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Now let the cost function be total cost. Consequently, the objective function is

as follows:
tr
1

. 2 Lo
Iil(gl]E 5/ ((77(15)?((75)) m5(t)) dt + §X (t)Q

to
As in the previous example, we convert the problem to the stochastic LQR problem

[3.3] with the cost function

ty
1

minE %/ ((v(t))2m5(t)) dt+§-)(2(tf>@ )

to
where v(t) = 7(t)X(t). Hence the differential equation [2.2]is obtained as below:

K(t) = =2rK(t) + ( — r)2K3(t) (ms(t) + 20K (1), to <t < i,

with boundary condition K(tf) = @. In this example, g(t) = 0 for all [to,].
Thus, using the LQR problem, we have (t) = — (ms(t) + o2(t)K(t)) ™ (1 —
r)K(t)X(t), where 0(t) = 7(t)X(t). Consequently

Example 3.2.1 Consider a financial market with the following stochastic differ-

ential equation:

dX = X(t) 2+ 3n(t)] dt + 2e'7 ()X (t)dW (1), 0 <t <1,
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with initial condition X' (0) = 10. The objective function is considered as

. 1 1 2 2t ]‘ 2
i 5[ (=) (1)) di + $2°(1)

Here, we haver = 2, = 5, o(t) = 2¢, ms(t) = ¢*, and Q = 3. Therefore, the

Riccati differential equation is

K(t) = —4K(t) + 9K>(t) (¥ +4¢) ™", 0<t < 1,

with boundary condition K (1) = 3 , whose unique solution is
10¢*
K1) = 5w — 3.0 1 g0e0°
As a result
. 106(2t+4) o
T (t) = =3 <36(4—2t) — 3e(t-2) 4 90e4t +de > :
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Conclusion

In this dissertation, we addressed the stochastic Linear Quadratic Regulator
(LQR) problem with a particular focus on control-dependent diffusion and fin-
ancial applications. We first presented the theoretical background of stochastic
calculus and optimal control theory, then derived the optimal control solution
using the Riccati differential equation coupled with a backward stochastic differ-

ential equation.

A numerical method was developed based on the Successive Approximation Method
(SAM) combined with linear spline interpolation to approximate the optimal solu-
tion. This method proved to be effective and convergent, as shown through a
numerical simulation with a known analytical solution. Furthermore, we applied
our approach to a financial portfolio problem, which demonstrated the practical

relevance and flexibility of the proposed technique.

Despite the encouraging results, the method may still be improved in terms of
computational cost and accuracy. In future work, one could explore adaptive time
discretization, higher-order spline approximations, or machine learning techniques

to enhance control approximation in high-dimensional systems.

Overall, this study contributes to the growing literature on stochastic optimal
control by proposing a numerically efficient and theoretically grounded solution

approach for complex financial decision-making problems.
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Abstract :

/In this thesis, we deal with a stochastic optimal control problem in continuous time. We
consider a stochastic Linear Quadratic Regulator (LQR) problem where the dynamics of
the system are governed by a stochastic differential equation (SDE), and the cost
functional is quadratic in both state and control variables.

We first present the optimal solution using the stochastic Riccati differential equation.
Then, we propose a numerical method based on the Successive Approximation Method
(SAM) combined with linear spline approximation to find suboptimal control laws.

Finally, we provide numerical experiments to illustrate the efficiency and accuracy of

the proposed approach in a financial application. /

. ailel
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)

ﬂe mémoire traite d’un probléme de contrdle optimal stochastique en temps continu.
Nous étudions un probléme LQR stochastique dans lequel la dynamique du systeme est
décrite par une équation différentielle stochastique (EDS), et la fonction de co(t est
quadratique en les variables d’état et de commande.
Nous présentons tout d’abord la solution optimale via 1’équation différentielle de
Riccati stochastique. Ensuite, nous proposons une méthode numérique basée sur la
méthode d’approximation successive (SAM) combinée a une interpolation spline
linéaire pour déterminer des lois de commande sous-optimales. Enfin, des simulations
numériques illustrent I’efficacité et la précision de 1’approche proposée dans une

application financiére. /
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