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Abstract

Research on Boussinesq equations has grown considerably over the past three decades
due to their adaptability in explaining nonlinear phenomena, particularly in the analy-
sis of water wave dynamics. These equations are widely used in various fields, including
the study of oceanic waves and coastal engineering. This thesis explores the existence
and finite-time blow-up of solutions in the Cauchy problem associated with a generalized
Boussinesq equation. The study of the generalized Boussinesq equation and its solutions,
including existence, non-existence, and blow-up, is of great interest. The thesis investi-
gates solutions in both bounded and unbounded domains, as well as in the presence of
logarithmic nonlinearity. Local solutions are proven to exist and be unique in both cases.
Under certain restrictions on the initial data of our problems, we establish the existence
and uniqueness of global solutions, as well as the possibility of blowing up solutions in
finite time.

Keywords

Boussinesq equation, Cauchy problem, Stable set and Unstable set, Existence of global

solution, Local existence, Finite time blow-up.



Résumé

La recherche sur les équations de Boussinesq a connu un développement significatif au
cours des trois derniéres décennies en raison de leur capacité a élucider les phénomeénes
non linéaires, notamment dans ’analyse de la dynamique des vagues. Ces équations
jouent un roéle prépondérant dans divers domaines, tels que I’'étude des vagues océaniques
et ingénierie cotiére. L’objectif de cette thése est d’explorer I'existence et 1’explosion
en temps fini des solutions du probléeme de Cauchy lié & une équation de Boussinesq
généralisée. L’investigation de 1’équation de Boussinesq généralisée et de ses solutions,
englobant des aspects tels que I'existence, la non-existence et ’explosion, revét un intérét
majeur. La thése approfondit I’examen des solutions dans des domaines bornés et non
bornés, ainsi que dans le contexte d’une non-linéarité logarithmique. Il est démontré que les
solutions locaux existent de maniere unique dans les deux cas. Sous certaines contraintes
sur les données initiales de nos problémes, nous établissons l’existence et 'unicité des
solutions globales, tout en considérant la possibilité d’une explosion en temps fini des
solutions.

mots clés

Equation de Boussinesq, Probleme de Cauchy, Ensemble stable et Ensemble instable,

Existence d’une solution globale, Existence locale, Explosion en temps fini.
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Symbols and Abbreviations

Sets:

R™  The real Euclidean space of dimension n > 1.

Functions and functions spaces:

C([0,T], X) The space of continuous functions on [0, 7] to values in X.
Co (R™) Space of all continuous functions decaying to zero at infinity.
AC([0,T7) The space of absolutely continuous functions on [0, 7.

AC™0,T] {f:[0,T] = R,and 0} f € AC[0,T]} and 9} is the usual n times derivative.
C.(I,X) The space of continuous functions with compact support from 7 to X.
Cy(1, X) The space of continuous and bounded functions from I to X.

F(resp.F~')  Fourier transform(resp.Fourier transform inverse).

A% FH(IE Fo)
LP (R™) The space of measurable functions on R™ such that |u|P is integrable.
The space of measurable functions v on [0, 7] to values in X such that
Lr ([0, 71, X)
||u||% is integrable (1 < p < c0).
L> (R™) The space of measurable functions u on R" such that there exists k
wmr (R™) The usual Sobolev space.
H™ (R™) Wm2(R") = {f € L*(R"),D*f € L*>(R") for all « € N" such that |a| < m}.



Norms:

1/p
[ — (/ yu|p) for u € I (RY).
]RN

t 1/q
lllpgr = sup ( / |!u||%> |
0<t<T 0

|u|ls = inf{k >0, |u(z)| < k almost every where}, for u € L> (RV).
ullwms = 3 ||1D%||r for u e W™ (RY).
a<m
1
3
falla = (5 UD%ullor ) tor € 17 (RY) such that
a<m

Mathematical operators:

* The convolution product.

|.| Absolute value.

N
A The classical Laplace operator: Au(x,t) = gz?; (x,t).

=1 "

asb dea<Cb
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Chapter 1

General Introduction

During the 19th century, the investigation of water waves increased in importance due to
their significance in naval architecture and industrial applications. In 1834, while observ-
ing a canal boat, Scottish engineer John Scott Russell made a significant discovery. He
identified a distinctive water wave phenomenon, which he labelled as the "Wave of Trans-
lation." Russell confirmed the existence of this "solitary wave" in shallow water through

his experiments in a homemade water tank and revealed several key attributes:

1. The stable waves investigated were capable of traveling long distances.
2. The wave speed depended on its size and the depth of the water.

3. In contrast to regular waves, these waves did not merge but instead saw smaller

waves being surpassed by larger ones.

4. If a wave exceeded the water’s depth, it splits into two waves, one large and one

small.

The aforementioned observations challenged prevalent wave theories advocated by Isaac
Newton and Daniel Bernoulli. Although some mathematicians and physicists objected,

experimental evidence kept supporting the existence of these waves.
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The turning point occurred in 1871, when French mathematician and physicist Joseph
Boussinesq formulated the Boussinesq equation, a partial differential equation confirming
the existence of these solitary waves. During the late 19th century, various publications
offered comparable assistance through mathematical equations. Korteweg and De Vries
proposed the KdV equation, while the Boussinesq equation and KdV equation were also
acknowledged for their capability to provide solutions for solitary waves. These discoveries
successfully solved the puzzle left by Russell.

The Boussinesq equation has been extensively studied in mathematics and physics since
the early 1960s. Its significance in various fields, including physics, biology, electronics,
and mechanics, especially through the use of soliton theory, has created curiosity in re-
searchers. Moreover, the application of this equation has been identified in coastal and
ocean engineering, for instance, in the simulation of tidal waves and tides.

However, during the first studies of the Boussinesq equation, despite its numerous useful
applications and favorable properties, both mathematicians and physicists encountered a
problem: the original Boussinesq equation was found to be linearly unstable, especially
with respect to disturbances of short wavelength. In simpler terms, small differences in
initial conditions can cause significant changes in the solution over time. Recognizing this
unfavorable behavior, efforts were made to improve the Boussinesq equation. This resulted
in the formulation of two revised versions, which rectify the shortcomings of the original

while remaining similar to it:

Ut — Ugy — Uggzz = (u2)zz> (11)

This equation is called "Bad" Boussinesq equation in comparison with the "Good"

Boussinesq equation defined as

Uy — Ugy + Uggzs = (uz)x:r (12)
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The Bad Boussinesq equation finds application in the depiction of shallow-water wave
flows with small amplitudes in a two-dimensional context. Additionally, it has been a
focal point in research related to the Fermi-Pasta-Ulam (FPU) problem, which deals
with the dynamics of lattice systems governed by equations similar to those presented in
equation (|1.1]).

In contrast, the Good Boussinesq equation is employed to elucidate the characteristics of
irrotational flows in two dimensions within a uniform rectangular channel for an inviscid
liquid.

Apart from the standard Boussinesq equation, there are various mathematical models
for small-amplitude, planar, and long waves on the ocean surface. Numerous options for
dependent variables, as well as the ability to modify terms of lower order using primary
order interactions, may result in several types of equations.

All of these models, however, have one point in common: they are all perturbations of
linear wave equations that account for small nonlinearity and dispersion effects.

In 1872, Boussinesq, in [5] derived the first generalized wave equation for the flow in the
shallow inviscid layer

U — Ugg + 5uzx:m: = /i<u2)m:7 (13)

where ¢ and x depend on the depth of the fluid and the characteristic speed of long waves.
Since then, extensive study has been conducted to investigate the equation’s characteris-
tics, solution, and initial boundary value problems.

The cauchy problem of the generalized boussinesq equation

Ut — Ugg + (uzm + f(u))m: = 07 (14)

various scholars have examined this problem (1.4) and its generations thoroughly, and
the results of their study have given various qualitative conclusions, including the prob-

lem’s existence and nonexistence of solutions locally and globally and the finite temporal
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blow-up. For example, Bona and Sachs [3] studied the Cauchy problem of the previous
equation. By using Kato’s abstract theory of quasilinear evolution equation, they proved
the existence of a local H™™? x H" solution for f € C* with f(0) = 0 and for any
(uo,ur) € H™? x H" with r > 3, for f(u) = |[u|™ *u, 1 < m < 5, they proved the global
existence of H"2 x H" under some assumptions on initial data. Linares [31] determinated
the local well-possedness of the Cauchy problem with f(u) = |u|™ u for H' x L?
solutions where M > 0 and for L? x H~! when 0 < M < 4 respectively, he also demon-
strated how, when the data size is small, similar local solutions may be applied globally.
After that, Liu [34] investigated the global existence and finite time blow-up of the same
problem . When f(u) = =+ |u|™ or f(u) = £ |u|™ " for m > 1, Liu and Xu in [36]
dealt with the cauchy problem , they assert global existence, vacuum solitude, and
finite time solutions blow up.

For the class of multidimentional generalized Boussinesq equations, we mention some re-
cent works. In [59] and [60] Wang and Chen investigated the existence and nonexistence of
both local and global solutions, as well as the global existence of small-amplitude solutions

for the Cauchy problem of the multidmensional generalized Boussinesq equation
Uy — Au — Auyy = Af(u). (1.5)

Also, Polat and Artas [41] studied the existence and blow up of solution of the Cauchy

problem for the generalized multidimensional Boussinesq equation
Uy — Au — Ay + A%u — BAu, = Af(u), (1.6)

where f is nonlinear function. By using the contraction mapping concept, they deter-
mined that the cauchy problem was locally well posed, and they subsequently obtained
the appropriate constraints to ensure that each local solution of the cauchy problem with

negative and nonnegative initial energy blows up in finite time using the concavity method.
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When f(u) = £p|ul® or f(u) = —p|u|* " u,p > 0 Jihong and al [23] studied the multidi-
mensional generalized Boussinesq equation . They demonstrated using the potential
well method, the existence and nonexistence of the global weak solution at subcritical and
critical initial energy levels and without establishing the local existence theory.

Then Hatice and al [52] investigated the following problem
Uy — Au A+ A%u + Auy = Af(u), (1.7)

where f(u) = |u|M ,8 > 0, They provided criteria that ensure the existence of global
weak solutions with supcritical initial energy by defining new functionals and applying
the potential well approach. After that, in [53], they generalized the results from one-
dimension (n = 1) to multidimensional.

Many reserchers investigated the sixth order generalized Bussinesq equation
Ut — Au + AQU - AUtt + AZUtt = Af(U) (18)

Xu and al first [43] studied the existence and uniqueness of the local solution using the
contraction mapping method. Then they demonstrated the global existence and finite
time blow-up of the solution at subcritical and critical initial energy levels. When f(u) =
4+ |u|” or f(u) = —v |u’ " u at three different initial energy levels and using the concavity
method in the fram work of the potential well they demonstrated the global existence
and blow up of the solution. Also Wang [65] studied the last problem in high
dimensional space, and he put some assumptions for f using Duhmel’s principle and
the Fourier transformation. He found the solutions, then he foxed on the existence and
individuality of both local and global solutions. Furthmore, the problem’s finite time
blow-up was discussed using the potential well method. After that, Zaiyon Zhang and

al [70] investigated the initial value problem (IVP) in conjunction with the generalized
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damped Boussinesq equation, which includes twofold rotational inertia.

Uy — Au — 2aAu; — YA u + A u — bAuy + AA?uy = Af(u).

They established decay and pointwise estimates using decay estimations from solutions to
the relevant linear equation using the Fourier transform. Using the time-weighted norms
approach and the contraction mapping concept, they achieved the existence and asymp-
totic behavior of global solutions in the relevant Sobolev spaces with minimal starting
data requirements.

In recent years, mathematicians have focused their attention on studying nonlinearity,
moving away from extensively researching polynomial nonlinearity. Logarithmic nonlin-
earity has been observed in various fields of physics, including optics, inflationary cosmol-
ogy, and geophysics, leading to extensive investigation of equations involving nonlinearity
and the discovery of new phenomena. These discoveries encompass aspects such as the
global existence of solutions, exponential growth patterns, and situations where a blow-up
occurs over a period of time.

An intriguing area of research explored by scientists involves the study of solitary wave so-
lutions within the logarithmic KDV equation framework. Consequently, this exploration
yielded the derivation of a Boussinesg-type equation that takes into consideration non-
linearity. For example, the concavity method and the potential well method with the
logarithmic Sobolev inequality were used to derive results on the existence of local and
global solutions and the infinite time blow-up of solutions by many researchers (Conf Nhan
and Xuan [55], Ding and Zhou [10], Lian and Xu [30], Zhang and al [20],...). The using
of the logarithmic Sobolev inequality because of the hurdles of applying the potential well
approach when logarithmic nonlinearity is present. First, Wazwaz [66] introduced the

generalized logarithmic Boussinesq equation in the form

Ugt + Ugy + Uggzr + (wlog|u|")ze = 0, (1.9)
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and the generalized logarithmic improved Boussinesq equation in the form

Ugt + Ugy + Uggrt + (wlog |u]") e = 0. (1.10)

He also derived the Gaussian solitary wave solutions for the logarithmic regularized Boussi-
nesq equation. The aim of his work was to demonstrate that both logarithmic models are
characterized by their Gaussian solutions.

Also, Hu and al in [2I] and [20] studied the initial value problem of two Boussinesq

equations with logarithmic nonlinearity

Upt — Uggy — Ugptt T Ugzor + (u IOg |u”y)m: - Oa (111)

and

Ut — Ugg + Ugzzz + (Ug l0g Jug|"), = 0. (1.12)

They investigated the existence of the weak solution both locally and globally, using the
Galerkin method, logarithmic Sobolev, and logarithmic Gronwall inequalities, and by the
potential well method, they discussed the infinite time blow-up of solutions without proving
that the maximal existence time of solutions can be extended to infinity.

Recently, Piskin and Irik [40] looked into the sixth order Boussinesq equation with loga-

rithmic nonlinearity

Ut — Ugy — Ugatt + Ugzrs + Ugzzatt + Uggrrze + (ux lOg |uz|k)ac = O (113)

They demonstrated the existence of global solutions by virtue of the Feado-Galerkin
method and logarithmic Sobolev inequality, then proved the existence of the infinite time

blow-up solutions with subcritical initial energy.
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Furthermore, Ding and Zhou in [I1] studied the following Boussinesq equation

Uy — BAUy — Au+ A%u — aAuy + yA%u; + A(ulogul) =0, x€Q,t>0. (1.14)

They also used the Faedo-Galerkin approach to determine the local existence of solutions.
Then they demonstrated the dynamical behaviors of solutions. They also proposed a new
approach to demonstrate the existence of infitite time blow-up of solutions with arbitrary

high initial energies.

1.1 Structure of Thesis

e Chapter 2 revisits certain definitions and fundamental outcomes to provide a solid

foundation for the research reader.

e Chapter 3 focuses on demonstrating the existence and uniqueness of both local and
global solutions, as well as exploring blow-up results for a multidimensional dissi-
pative Boussinesq equation within the bounded domain 2. The examination delves
into two situations concerning the function f, as proposed by Wang and Su in [51]

and Ding and Zhou in [11].

e In Chapter 4, we address the Cauchy problem associated with the one-dimensional
fifth-order Boussinesq equation featuring logarithmic nonlinearity. We establish the
existence and uniqueness of the local mild solution within the energy space through
a series of estimations. Additionally, we present results pertaining to the existence
and uniqueness of global solutions, as well as the occurrence of finite-time blow-up

of the solution, subject to certain constraints on the initial data.



Chapter 2

Preliminary Concepts

The aim of this chapter is to provide essential tools for understanding the concepts used
throughout this thesis. We will introduce definitions, theorems and then outline their
directly applicable properties. It is important to note that all statements in the first

chapter are made without proof. (see [6], [27], [33], [39], [38], [49], [54], [71]).

2.1 Functional spaces

Definition 2.1 C™(Q2) is the space of functions u which are m times derivable and whose

derivation of order m is continuous.

Remark 2.1 C3°(Q2) is the space of infinitely differentiable functions with compact sup-

port. We denote it also by D ().

Definition 2.2 e Let x = (x1,x9,...,7,) € Q C R", and let u be a function defined from

Q to R", we denote by
Ou(x)
(‘3@ ’

Diu(z) = ug, () =

to the partial derivative of u with respect to x;.
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o We define the gradient of u and its module by

ou(x) Ou(x) 8u(x)>T
Oxry = Oxy '~ Ox,
Au(z) |

aﬁ[}i

Vu = (

n

V> = >

=1

2.1.1 Hilbert space

Definition 2.3 (Inner product) An inner product on a complex linear space X is a
map (.,.): X x X — C such that for all x,y,z € X and \,u € C

a) (x, \y+ pz) = XMx,y) + p(x, z) (Linear in the second argument).

b) (y,z) = (z,y) (Hermitian,).

¢) (z,z) > 0 (nonnegative).
(

d) (z,z) =0 if and only if v = 0 (positive definite).
Remark 2.2 We call a linear space with an inner product a pre-Hilbert space.

Proposition 2.1 A Hilbert space is a complete inner product space.

2.1.2 Banach space

Definition 2.4 Let X be a victor space on k(R or C). We say that an application of X
in RT denoted by ||.||x is a X norm if and only if the following conditions hold:

a) Ve € X, |||y =0 <= 2z =0 (positive definite).

b) Vo € X,VA €k || A\z]|x = | ||z]|x (Homogeneity).

c)Vr,ye X |lz+ylly <zl +llyllx (Triangular inequality).

Definition 2.5 Let X be a vector space and ||.|| a norme on X. The paire (X, ||.||y) is

called normed space.

Definition 2.6 A normed linear space is a metric space with respect to the metric derived
form its norm where
d(z,y) = llz -yl .

10
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Definition 2.7 A Banach space is a normed linear space that is a complete metric space

with the respect to the metric derived form its norm.

Definition 2.8 A Banach space X is said to be reflexive if the natural mapping from X

into its bidual X™** 1s an isomorphism.

2.1.3 Distributions spaces

Definition 2.9 We define the support of a function f:R" — R (or C) by

supp f = adh{z € R" : f(x) # 0},

that is, the adhesion of the set of x such that is identically null, i.e. the smallest closed

set outside which f is identically null.

Definition 2.10 We refer to D(R™), or simply, D, all the indefinitely differentiable func-
tions with support

D ={peC™: suppf borné }.

This set is identified as the fundamental space and the essential functional elements of

that space.

Definition 2.11 We define the distribution T' as a continuous linear functional on D.
i) (Linearity) An application T' of D on R (or C ) matching a function ¢ € D, a number

(T, @) such as: for all p,,p5 € D and o, 5 € C we have

(T, oy + Bepg) = a (T, 1) + BT, 0q) .

Instead of functional linear, we also say linear form.

ii) (Continuity) If (¢;) converges in D to p, then (T, p,) converges in the usual sens to
(T, ¢).

11
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In other words, a linear function on D defines a distribution if for any (v,) € D that

converges in D towards zero,and (T, p,) converges in the usual sens towards zero.

Proposition 2.2 A linear functional on D is a distribution if and only if, for any compact
K and for any function ¢ € D with suppp C K, there is a constant C' > 0 and an integer
m such as:

(T.0) <CYsup ol ()] (2.1)

j=0 z€k

In the case of several variables, the expression 1s obviously replaced by this one

(T, o)l < C Y sup |D(x)].

la|<m ek

Definition 2.12 Let 2 C R", the function u : R — R is locally integrable, if for all

compact set K C ()

/K lu(z)| dz < oo.

We define L}, () the space of locally integrable functions defined on €.

loc

Definition 2.13 Let Q C R, 1 <i < n, a function u € L}, (Q) has an " weak derivative

: 1
in L,

(), if there exists f; € L} (), (&u = g—; = fl) such that for all p € C$°(Q), we

loc

have

[ u@arpta)s =~ [ e

this brings us to say that the i" derevative within the meaning of distribbutions of u belongs

0 L, ().

Definition 2.14 We define D'(2) as the set of all distributions that are defined on the

space D().

Proposition 2.3 The space D(S2) is contained and dense in LP(2),1 < p < 400 and

every convergent sequence in DD converges in L.

12
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Definition 2.15 The space S(R™) is defined by
SR") =8 ={ueC>Va,pe N 2*DPu — 0 as |z| — +o0},

S is the space of functions of class C* with faster decay at infinity, although it is not a

normed space. Its topology can be defined using the sequence of semi-norms:

u— sup |2*Du(z)| = das(u).
rER?

Definition 2.16 A tempered distribution is a continuous linear functional on S(R™), that

is, a continuous linear map from S(R™) to C. The space of tempered distributions is denoted

S'(R™).

2.1.4 Lebesgue space

Definition 2.17 Let 2 C R"™ provided with the lebesque mesure and p € R, f : R" — R,

we define the space LP(S)) by

LP(Q) = {f:Q—=R,f measurable and [, |f(z)["dz < +o0} 1<p< oo
L {f:Q— R, f measurable, Ic > 0, so that |f(z)] <c} p=o0 '

equipped with norm

HfHLp — {(IR‘f(x)‘pdx>p ,1<p< OO.

esssup,cps |f| L p= oo

If || fll;» < o0 then f € LP(R™).

Remark 2.3 For any 1 < p < oo the vector space LP is a Banach space with the respect

to the p-norm.

13
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2.1.5 Sobolev spaces
H™(Q2) space

Definition 2.18 Let €2 be a nonempty open set in R", n > 1, we define the sobolev space
HY(Q) by
H'(Q)={v:QCR"->RveL*Q),1<i<n}.

Definition 2.19 e The mapping (.,.)uiq) : H'(Q) x H'(Q) — R defined by:

(u, ) (o) :/Qu(m)v(m)dm—I—/QVU(J:)Vv(x)dx,

defines the inner-product in H*(2).

e H() is a Hilbert space with a norm
Yo € H(Q) : HUH?{l(Q) = (v,v) g1(0)-

With its norm

2 2 2
Vo € H' Q) : [vllz9) = 10ll72) + 1VVlI720) -

where

2 2 2

»
6.1'1

ov

e

ov
ox,,

2
V0 aey = ‘

bt

L2(Q) ‘ L2(9) L2(Q) '
Definition 2.20 Let 2 be nonempty open set in R™, n > 1, we define the sobolev space
Hg(€) by

Hy () = {v e H'(Q), such that v|pn =0} .
Definition 2.21 Let €) be nonempty open set in R", n > 1 and m € N, we say that
u € H™(Q) if u € L3(Q) and if all its derevatives in the sense of the distributions up to
the other m are still in L?(Q) i.e:
H™(Q) = {u € L*(Q),Va = (o1, as, ...,a,) € N* where |a| <m, we have D*(u) € L*(Q)} .

14
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Theorem 2.1 a) H™(R2) is equipped with the inner product (.,.)gmq) is a Hilbert space.

b) If p > q, HP(Q) — HI(Q) — H°(Q) with continuous injection.

Lemma 2.1 Since D(Q2) is dense in HJ'(S2), we have
D(Q) = Hy'(Q) = L*(Q) — H™(Q) = D'(2),
where H™™(QY) the dual of H*(2) in a low subspace Q.

WEP(Q)) spaces

Definition 2.22 Let k € NU {0} and p a real number such that 1 < p < oo, we define

the W5P(Q) space as following
WEP(Q) = {u € LP(Q), such that 0u € LP(Q),Va, |a| <k},
with the following norm

lellyrny = llull g+ Y 10%ull, -

0<|a|<Ek

Theorem 2.2 e We suppose that §) is a bounded open subset of R™ with C* boundary and
1 <p<n, then

WP (Q) cC LYQ) ,1<q<p,

for each q € [p,p*], where p* = &

e If p=n, we have W'?(Q) C LY(Q) for each q € [p, o).
o If p>n, we have WIP(Q) C L*°(Q2) N C**(Q) where o = e

Theorem 2.3 W*?(Q) equipped with the norm

HUHWM(Q) = Z [0%ullp,1 < p < o0, foralluce ka(Q)»

0<|a| <k

15
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1$ a Banach space.

2.1.6 Fourier transform

Definition 2.23 (Fourier transform of L'-Functions forv € L) The Fourier trans-

form of v is defined by the following formula:

(y) = Fo(y) = / exp(—2mizy)v(z)dr , yeR",

n

and 1s abviously linear.
Remark 2.4 Ifu € L', 9 is a bounded continuous function on R™ with
1] oo < [l0]] 1 -

Remark 2.5 We can also define F as

Fo(y) = / exp(2imzy)v(x)dr , y € R",

R
this transformation is known as the fourier inverse transformation, let us write symbolically
f(@) = F[f(v)] = F'[f(v)].

Definition 2.24 7,f is the translate of the function f of amplitude b € R"™, and defined
as folowing:

mf(x) = f(x—b) , ze€R"beR",

and we denote by f the symmetrics of the function f defined by:

f(x) = f(=x),z € R™.

16
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Proposition 2.4 For u,v € L', we have

(i) = F(u) = F(@), F(i)=F(u)=.
(1) fR" u(z)v(z)dr = fR" o(y)dy
pu(x) = exp(— 227rbx) (x) be ]R xER”
F(ex

i p(—=2ibz).u) =

Remark 2.6 (Fourier Transform in L?) The space S being dense in L* and F and
F~! being continuous from S into it self when the space is furnished with the topology of

L2

Definition 2.25 The fourier transform for tempered distributions by transposition: for
each T € S', the Fourier transform of T, denote by T or F(T) will be tempered distribution
defined by

<T, <p> =(T,p) forallp€S.

Definition 2.26 Let s € R, H*(R") is the space of tempered distributions u, such that
(1+1€1%)%a € LA(R™),

we define H*(R™) with the scalar product

()= [ (@ eyl
and the associated norm is

Jul| o = </Rn(1 +£1%)® |a(§)|2d5> 1/2.

Proposition 2.5 For s € R, the space H*(R") satisfies:
i) H*(R™) is a Hilbert space.
1) If s1 > s9, then H5'(R™) C H*2(R").

17



Chapter 2. Preliminary Concepts

2.2 Some inequalities

Proposition 2.6 ( Cauchy-Schwarz’s inequality ): If f,g € L?(Q) the Cauchy-

Schwarz inequality is
|f~9|L2(Q) < Hf||L2(Q) : ||g||L2(Q) :

Definition 2.27 ( Hélder’s inequality ): Let E measurable space p,q > 0 where }D—F% =
1, f € LP(E),g € LY(E), then, the product f.g € L'(E) and the norm satisfy:

H|f'g’HL1(E) < ”fHLp(E) : HgHLq(E) :

In the other hand, for 0 < p,q < +oo define by i + % =1L if fe LP(E),g € LYE), then,

r

the product f.g € L*(E) and the norm satisfy:

|||f'g|||LT(E) < ||f||LP(E) : ||9||Lq(E) :

Definition 2.28 ( Young’s Inequality ): We assume that f € LP(Q),g € LI(Q2), where

p,q >0 and ; + ¢ =1, then

1 1
|||f'g|||L1(E) < ]_) ||f||iP(E) 5 Hg”%q(E) :

Theorem 2.4 (Poincare’s inequality): Suppose ) is a bounded open subset of R",

u e WyP(Q) for some 1 < p < n. Hence, we have the following estimate
[l Loy < ClIVull pog) -

for each q € [1,p*], where p* = n”—EZ and the constant C depends only on q,p,n and

Lemma 2.2 Letlgpgrgq,ogaglsuchthat%:%—Fl’Ta. Then

1—
lullr < ullzs lull ™, Vu € LP(S2).

18
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Theorem 2.5 (Green Formula) Let ) be a nonempty open set in R™,n > 1. If u and

v are in HY(Q), we have

/Q u(x)g;)i(x)dx: - /Q v(x)g;i(x)dx—i— /a ulzyo(@n,()dr,

where (0;)1<i<n 18 a normal unit external a OS.

Lemma 2.3 (Gronwell’s inequality) Let M > 0,f > 0 and by,by > 0. Let ¢ > 0

almost every where such that f.o € L*(0, M) and

S(t) < by + by / f@)p(a)ds,  te (0,M),

then

o(t) < b exp(bg/0 f(z)dz), te (0,M).

Lemma 2.4 (Logarithmic Sobolev’s inequality) If u € H'(R™), a > 0, then

2
2/ u(z)?In <|u($)\) dz +n(1+1na) |ul|? < % [

]

for u € HY(Q), we define u(x) = 0 for x € R"\Q, then u € H'(R™). So, for the general

domain ), we have following logarithmic Sobolev inequality:

2
2/ u(z)?In <|“($>|) dz +n(1+1Ina) ||ul| 2 < % ull:
Q

]

where w € H} () and a > 0.
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2.3 Weak and Strong Convergence

Definition 2.29 (Weak convergence in E) Let x € E, and consider the sequence

{z,} C E. We say that {z,} weakly converges to x in F, denoted as x, — = in E, if
<fa xn> - <f, 37> fO’r' allz € E'.

Definition 2.30 (Weak convergence in E’) Let f € E', and let {f,} C E'. We say

that { f,} weakly converges to f in E', and we write f, — f in E', if
(fa,xn) — (f,x) forallz e E".

Definition 2.31 (Weak star convergence) Suppose that f € E', and that {f,} C E'.

We assert that { f,,} weakly star converges to f in E', denoted as f, —* f in F', if
(fn,Tn) — (f,x) forallx € E.

Definition 2.32 (Strong convergence) Let x € E (resp. [ € E') and let {z,} C E
(resp. {fu} C E'). We state that {x,} (resp. {fn}) strong converges to x (resp. f), and

we write x, — x in E (resp. f, — [ in E'), if

lim [, — 2]l =0, (resp. lim || fu = fll = 0).

n—oo

Definition 2.33 (Strong convergence in LP with 1 < p < oo) Let ) an open subset

of R". We say that the sequence {x,} of LP weakly converges to f € LP(Q), if
. 1 1
lim [ f.(z)g(z)de = / f(x)g(x)dz for all g € LY, —+ — = 1.
Q D

=0 Jq q

Theorem 2.6 (Bolzano-Weierstrass) If dimE < oo and if {x,} C E is bounded, then
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there ezists x € E and a subsequence {x,, } strongly converges to x.

Theorem 2.7 (Weak compactness, Kakutani-Eberlin) Assuming E is reflexive, let
{z,} be a sequence in E. If {x,} is bounded, then there exists x € E and a subsequence

{zn, } of {xn}such that {z,,} weakly star converges to x in E.

Theorem 2.8 (Weak star Compactness, Banach-Alaoglu-Bourbaki) Given that E
is separable, let {f,} be a sequence in E'. If {x,} is bounded, then there exists f € E' and

a subsequence {f,,} of {fn}such that {f,,} weakly star converges to f in E'.

Theorem 2.9 (Weak compactness in LP(Q) with 1 < p < o) Let {f,} C LP(Q), If
{fn} is bounded, then there exists f € LP(2) and a subsequence {f, } of {f.} such that
fo =" f in LP(Q).

Definition 2.34 [38] E is a Banach space. If (f,), is a sequence of E', then (f),
converges to f in the sense of weak convergence if and only if f,(z) converges to f(z) for

all x € E.

Theorem 2.10 (The convergence theory) [49] Assume (f,) is a sequence of measur-
able functions with the property that f,(z) — f(x) asn — oo. If |fu(x)| < g(x), where g

15 integrable, then

/|fn—f]—>0 as n — oo,

/fn—>/f as n — 00.

Theorem 2.11 (Density theorem) [6] The space Cy(S2) being dense in L'(Q), meaning

and consequently

that
Ve LYQ), Ve >0, 3f1 € Co(Q) such that ||f — fill oy <e
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Theorem 2.12 (Dunford-pettis) [6] Let Q2 denote a nonempty open set in R", and let
X C LYQ) be a subset borne. X is compact so her topology o(L*(Q2), L=(Q)), then the

following condition holds:
Ve >0, Yc > 0 such that / \fl <eVfe X, VACQ where |A| < c.
A

Lemma 2.5 (Aubin Lions lemma) Consider three Banach spaces, denoted as X, X
and X1, with the inclusion relationships Xg C X C Xy. Assume that Xy is compactly
embedded in X and that X is continuously embedded in X,. Additionally, suppose that
both Xo and X, are reflexive spaces. For 1 < p, q < 400, let W = {u € LP(]0,t]; Xo)/u' €
L4([0,t]; X1)}. Then, it can be asserted that the embedding of W into LP([0,t]; X) is also

compact.

2.4 Abstract Cauchy problem

Lemma 2.6 [5]] Consider a fized parameter T > 0. Assuming that u satisfies u €
L*0,T;72), us € L*(0,T;8), and uy+pu € L*(0,T;S) (8 is a linear operator which is
self-adjoint). After making adjustments on a set of measure zero, u attains continuity on
[0,T7] in the space Z, and u; becomes continuous on [0,T] in the space S. Additionally, in

terms of distributions over the interval (0,T), the following relation holds:

d
(up + Pu,uy)s = 7 [HutH; + B(u,v)],

N| —

where (.,.)s denotes the inner product in the space S, and |.|[% = (., .)s.

Lemma 2.7 [5]] Let T > 0 be fived, Assume that C € R, f € L*(0,T;S5),uy € Z and

uy; € S, then the ordinary differential equation

utt—i-Cut—i-]?u:f, tG(O,T)
{ u(0) = uo, u(0) = uy 7
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admits a unique solution v € C([0,T]; Z) N C*([0,T}; S).

Lemma 2.8 [5]/ Let V, H and V' be three Hilbert spaces with V' being the dual space of
V' and each space included and dense in the following one: V. — H = H' — V'. If an
abstract function u belongs to L*(0,T;V) and its derivative u; in the distribution sense
belongs to L*(0,T;V"), then u is almost everywhere equal to a function continuous from

[0,T] into H.

Lemma 2.9 Let B be a reflexive Banach space and 0 < T < . Suppose that 1 < p <
00,0 € LP(0,T; B), and the sequence {om}_, C LP(0, T; B) satisfies, asm — 00, ¢,, — ¢
weakly in LP(0,T; B), ¢,,, — ¢, weakly in LP(0,T; B). Then ¢,,(0) — ¢(0) weakly in B.
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Chapter 3

Initial Boundary Value Problem for

the Dissipative Boussinesq Equation

This chapter presents the results of Boussinesq equation with damping, a topic that has

attracted considerable research attention.

uy — By Auy — Au+ AN+ ByA%uy — BaAuy + Af(u) = 0. (3.1)

3.1 Introduction

Numerous researchers have explored the equation under various sets of initial condi-
tions and the function f, as evidenced by studies [58], [15], [8], [26], [69], [51], [62], [37] and
[11]. For instance, Varlamov in [58] investigated the initial boundary value problem
when 3, = 8, =0, 35 > 0, and f(u) = Mu?, with M being a real number. He conducted a
comprehensive analysis regarding the existence and long-term behavior of solutions. After
setting the conditions to 5, > 0, 8, = 0, and 85 > 0 and ensuring that f satisfies appro-
priate assumptions, Chen, Wang, and Wang in [§] successfully established the presence of
global classical solutions for the initial boundary value problem in a one-dimensional

case. Furthermore, they substantiated the nonexistence of a global solution.
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In the two-dimensional case, specifically when 5, =1, 8, = 85 = 0, and [ exhibits growth
at infinity, in [69], Zhang and Hu provided insights into both the existence and nonexistence
of global solutions for the Cauchy problem (3.1]). Su and Wang, in [51] and [62], undertook
a thorough examination of the Cauchy problem under distinct conditions. In this
chapter, we will explore into their findings in [51] as well as those of Zhou and Ding, who

also investigated the Cauchy problem with the function f(u) = wlog|u| in [L1].

3.2 Existence and Nonexistence of GGlobal solution

In this part, we will talk about the result of the equation (3.1)), with 5, = 0,7 > 0 and

f(u) = s|ul’"u (s € R*,p > 1). So we have the following equation:

Uy — Au+ A%u — alAuy + yA%u + Af(u) =0,  (2,t) € QA x RT. (3.2)
u’aQ = O, Au‘ag =0. (33)
u(z,0) =up(x),  wulx,0) =ui(x). (3.4)

In examining the well-posedness of problems (3.2)-(3.4]), we will apply restrictions to pa-

rameter p.

l<p<oo, ifn=1,2, 1<p§{n_2a or?y

_n_
n—27

if n>3 .
fory =0’ = (35)

To proceed with presenting the results, we shall introduce the appropriate definition of

a weak solution that satisfies a particular variational inequality. Applying the operator

(—A)~! to equation (3.2)), we have
(—A)_lutt +u+ (—A)_1A2U + auy + ’7(—A)_1A2Ut = f<U) (36)

Since (—A) 'A%y = —Au, for any u € {u € H* N H} : Aulpg = 0} (according to lemma
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1.7 of [24]), then equation (3.6) becomes
(=A) Muy +u — Au+ auy — yAu; = f(u). (3.7)

For this reason, the weak solution of equation ({3.7) with the initial data (3.3]) and boundary
value condition u|sg = 0 is said to be the weak solution of the problem (3.2))-(3.4)). This

leads to the following definition:

Definition 3.1 (Weak Solution) A function u = u(z,t) is a weak solution to problem
(5.3)-(5-4) on Q2 x [0, Toax), if and only if for any T € [0, Tiax),u € C([0,T]; H}) with
(=A)2u, € C([0,T),L%) and u, € L2(0,T;HY) if v > 0, u, € L2(0,T;L2) if v = 0
satisfying:

i) For all test function p € C([0,T]; Hy)

>H2,H20H1 + <u’ (’0) + (Vu, VSD) + (uta 90)* = <f<u), 90>H717H6 . (3.8)

i) u(z,0) = up(x), w(z,0) = uy(z).
Moreover, u(z,t) is called a local solution if Tyax < o0, and we say u(x,t) is global if

Tinax = 00.

Theorem 3.1 (Local Well-Posedness) [51] Let p satisfies and € R. If the

initial data ug € HE,(—A)"2uy € L2, then there exists a mazimal time

T = (| (=) 41

12 ) HUOHH(% 7057/7) > 07

such that the initial boundary value problem (3.9)-(3.4) admits a unique local weak solution

u=u(z,t) such that

0 € C(10, Tone): HY), (~8) 5y € € ([0, T, L) (3.9)
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and
{ut € L0, Tax; HY),  for~y >0

. 3.10
up € L2(0, Tpax; L?),  fory=0 ( )

Additionally, the law of conservation of the full energy of the weak solutions is u holds,
1.€.,

E(t) +/0 |ur||? dr = E(0), (3.11)

where

1 _1 12 p
B = G ]l 1l — L
1 _1 )2 2 s 1
= gy ] ) - o
Moreover, if
sup ([|(=2) 3| + Jlull ) < oo, (3.12)
t€[0,Tmax)

then Tpax = 00.

Proof. Let {b;(x)} for j = 1,2,...,m be a base functions of H? N H}, such that ||b;|| = 1.
By the elliptic operator theory, {b;(x)} forms base functions in H} N LP(1 < p < c0), and
b; € C>°(Q). Let
U (2,1) = am () (). (3.13)
j=1

By the Galerkin approximate solutions of the problem (3.2)-(3.4) satisfying:

(= A) M ntr + U — Aty + QU — VAU, b)) = (f (), b;). (3.14)

U (2,0) = Upo(z) = ijbj — o in Hy, as m — oo. (3.15)
j=1

Ut (2,0) = U (x) = chbj —uy in H}, as m — oo. (3.16)
j=1
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Substituting (3.13)) into (3.14))-(3.16)), it follows that

)\j 1 ;/m + Qjm + N, + oza;-m + vAja;.m = (f(um), b;), (3.17)
ajm(0) = p;, a5, (0) =(; (j=1,2,...,m). (3.18)

In accordance with standard ordinary differential equations theory, the issue (3.17))-(3.18)
admits a solution a;,, € C? on a certain interval [0, ¢,,] for each m.

Multiplying both sides of (3.14) with a’,,(¢) and summing up for j = 1,2, ..., m, we find

t
+/ [thnr |2 dT = Ep(0), ¥t € [0, 1], (3.19)
0
where
1 _1 2 2 B 1
En(t) = 5| (=) |+ ) = 2 Nl
From (3.19), there holds
_1 2 2 ! 2
—<H<—A> Haa [+ ) + [ e
_ 2 B p+1 p+1
= Um1 ‘|' HumOHHO) P+ 1(” m||Lp+1 - ”umOHLpH)
2
_ 5/ /|um|p it + 2 (| (=B Fia |+ )

With the fact H} — LP™! and using Holder and Young inequalities, we find

1 t
S|y o g + [ e 2 (3.20)

IN

1 1 2
81 [ ol |’Umr\|Lp+1dT+§(H(—A) i

ﬂ C P+1 t 1 o 2
< PO i e+ 3 [l + 3-8 b+ By
0
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then for sufficiently large m

2 2
+ [l

_1
llmollfy) < || (=2)Hu

therefore,

! 2 _1 2 2
[ el ar =) |+ iy (321)
0

2
2
T luollZy)s ¥t € [0,

t
< 18P CHE [ 2 dr 20 (-2)
0

By simple calculation, we can find

1

1 2 — L
| =) S|+ el < By = Cilp = 1)8) 7 (3.2

where

By =2(|(—a) tu ), Chp = |B|* 2wtz
o =2(||(=A)"2ur|| +luolly), Cv=I[8]" e

1—p

We remark that the right side of (3.22]) will be blow-up, as t — %, and for
By”
T=—"° 3.23
we reach
2
(=) |+ a3y <277 B, W€ [0,7], (3.24)
we also find
t
1
| Nowel2dr < 27125+ DBo. Ve 0.1
o _
Summarizing these estimates, we have uniform boundedness of H(—A)’%umt ] Hl

and [, ||t || d7 on [0,7).
The prior estimate (3.24]) implies the existence of a subsequence {u,,}, denoted again

1

by {umn}, and u and v such that u € L>(0,T;H}),v € L*(0,T; H}) and (—A) 2v €
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L>=(0,T; L?), with u; = v such that
U, — u  weakly-star in L>°(0,T; Hy). (3.25)

Ut — v weakly in L*(0,T; Hy). (3.26)

1

(—A) 2y — (—A)_%v weakly-star in L>°(0,T; L?).
f(um) — f(u) weakly-star in L°°(0,T; H™). (3.27)

It follows from equation (3.14) that (—A) 2wy € L2(0,T; H~2) and
(_A)iéumtt — (—A)ié’utt Weakly n Lz(O,T; H72>,

Then, for ¢ € C[0,T], ¢; = ¥(t)b; € C([0,T]; Hy), multiplying both sides of (3.14) by
Y(t), and taking m — oo for ¢ € [0, T, we get

<<_A)7%utt> (_A)7%90j> + (uv Soj) + (vua v@j) + (ut7 @j)* = <f(u)7 (‘Oj>H—1,H(} :

H-2,H2NH}

The above equation holds for all 7, and consequently, it holds for any linear combination of
the ¢,’s. Thus is satisfied. Ultimately, in accordance with deﬁnition establishing
u(z,0) = up and u(x,0) = u; demonstrates that u qualifies as a weak solution for the
initial boundary problem posed by equations —. Furthermore, we also deduce
that (—A)~zu, € C([0,T); L?).

After verifying the existence of local solutions, we now focus on strengthening their unique-
ness. Suppose u and v are two solutions to the problem — with identical initial

data, ug and uy. In this case, letting w = u — v, in the distributional sense, leads to the
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following relationship:

(=A) rwg +w — Aw = —aw + yAw + (f(u) — f(v)),

w(xz,0) = 0, wy(z,0)=0

and
we C([0,T]; HY);  w, € LX0,T5 HE);  (—A) 2w, € C([0,T); L2),
fu) = f(v) € L®(0,T; L'"*%) s L®(0,T; HY).
We obtain
1 2 2 ! 2 !
st <l + [eltar = [ 0= s g, 0 629

Thus, using Young’s inequality, it comes

[ @ = s e < [ 1560 = 50y Tl

< /(IIUIILp+1+||v||Lp+1)||w||Lp+1 [wr | gy dr

< / ol dr + = / w2 dr.

The conclusion drawn from the Gronwall’s inequality is that w is identically zero. Up to
this point, we have successfully demonstrated the existence and uniqueness of a solution
to the problem defined by equations - in the case where v > 0.

In the instance where v = 0 and « > 0, the adaptation to the scenario with v > 0 requires

some appropriate modifications. To address the aspect of existence, the estimate in (3.20))
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is replaced by the following expression:

1 _1 2 2 ! 2
S|y ]|+l + o [ 2

IA

t 1 1 2
81 el el -+ (| =) Hrm [+ )

161

IN

2
Cfp t 2p « t 2 1 _1 2 2
s | ol 5 [l 50 =80 |+ ol

Then, for the continuity of solutions u(z,t), since
(u,u;) € L(0,T; Hy) x L*(0,T; L?),

thus

u € L0, T; Hy) N CyW(0,T; L?) = C,(0,T; Hy),

which gives us u € C(0,T’; Hy).
Finally, concerning uniqueness, it is pertinent to recall that Hy < L?", f(u) € L>(0,T; L?),

and w; € L*(0,T; L?). Subsequently, (3.28) undergoes replacement with

el o [ el ar = [ = s i

and with the help of the Holder and Young inequalities, we get

IN

/O<f(U)—f(v),wT>dT |ﬁ\/0 [l + [0 el [ flwor || d

IN

t
18] [ (lullbar + vllba) w2 -] dr
0
t 5 o t 5
C/ HwHHé dT+§/ |w-||* dr.
0 0

To extend the interval of existence, it is crucial to observe (3.23). Recognizing that 7" is

IN

uniformly upper bounded, given fixed initial data and coefficients, a standard argument

allows us to identify a 7},4, such that conditions (3.9)-(3.10) are satisfied. With this, the
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proof is concluded. m

Remark 3.1 Initially, it is observed that the energy equality stated in Theorem|[3.1] can be
formally derived from the variational equality @ when applied with test function © = u;.
Nevertheless, the restricted regularity of weak solutions obstruct the ability to rigorously
substantiate this argument. The proof of 15 established through regularization, with
specific details omitted here for brevity; interested readers are directed to [[50], Theorem

4.1] or [[63], Lemma 3.1] for further information.

Theorem 3.2 (Global Well-Posedness for 3 < 0) [51] Let p satisfies (3.5), and let
u the unique local solution of — with initial data ug € HY and (—A)*%ul S
If 8 <0, then u is the unique global solution for the probem -, and there exist a

positive m > 0 independent of t such that
E(t) < exp(—mt)E(0),Vt € [0, 0). (3.29)

Proof. If 5 < 0, obviously, E(t) is positive, we immediately get (3.12) from (3.11)), then

global solutions are obtained.

Due to (3.11)), it follows that
d

SE() + ull? =0,

Multiplying by exp(mt) and integrating over [0, ¢], we find
t t
exp(mt)E(t) + / exp(mr) ||u.||? dr = m/ exp(m7)E(7)dr + E(0).
0 0
Noting that 5 < 0, it follows that

t 2 t
m/ exp(m7)E(7)dr < —/ exp(mr) H “2u, +||u||§{6)d7'—%/ exp(m7) 3 ||ul|75 1, dr.
0 0
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By the equation (3.2), we get

t t L 2
m/ exp(m7)E(T)dr < %/ exp(mT)(H(—A)fiuT —i—HuH?{é)dT
0 mo t
) exp(mr) /((—A)luTT +u — Au+ au, — yAu, )udrdr
0 Q
m t 1 2
< 3/ exp(m7’)H(—A)‘§uT dr (3.30)
0
m [t

t
m
-3 ) exp(mr) <(_A)7IUTT7U>H*1,H3 dr — ?/0 exp(m)(u,, u).dr,

using the integration by parts and the Poincare, Cauchy, and Granwall inequalities, we
can get our result . Thus, the proof is completed. =

When 5 < 0, the behavior of the function E(t) shows positivity. The transition from
equation to equation is straightforward under these circumstances. However,
when 8 > 0, E(t) becomes non-positive, leading to challenges in establishing global a
priori estimates based on the conservation law of the total energy for weak solutions w.
To address this issue, the potential wells theory is employed as a solution approach.
Therefore, we first introduce a continuous functional under the constraint . This

function may be defined as long as u € Hg,

1 2 B +1
J(u) = 3 ||UHH5 T+l ull7he . Vu € Hg.
Its alteration
2 1
I(u) = Jlullzy + B lullfs -

And I(u) is also called the Nehari functional. The stable sets and the instable sets are
defined by
W= {ue€ Hy;I(u) > 0,J(u) < d} U{0}. (3.31)

Vi={ue Hy;I(u) <0,J(u) <d}. (3.32)
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Where the potential well depth is defined as

d:inf{supj()\u) :uEH&,u#O}.

A>0

Additionally, the depth of the potential well d is also defined by

_ _ 2(p+1)
Pl L,

d= inf J(u) = 2(p+1)

Recall the Nehari manifold

N={ue Hyl(u)=0uz0}. (3.33)

The optimal Sobolev constant C, of Hy < L4, defined by

oo oy Il

wEH} u#£0 ||u||Hé

We also defined the sets

A

Ay

{¢ € Hj : ¢ is a stationary solution of (3.2)-(3.4)} .
{pe A:J(p)=1}(l eR").

Various outcomes have been obtained to characterize the global existence and non-existence

of solutions at three distinct energy levels: subcritical initial energy where E(0) < d, crit-

ical initial energy where E(0) = d, and supercritical initial energy where F(0) > d.

Theorem 3.3 [51] (Global Existence for E(0) < d) Let 8 > 0, p satisfies and
u = u(x,t) be the unique local solution to — with ug € HE, (=A)"2uy € L2. Let

E(0) < d and assume either I(ug) > 0 or ug = 0. Then u is a global solution for the

problem (3.9)-(3.4) and w € W for all t € [0, 00).
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Theorem 3.4 [51] (Global Existence for E(0) < d) Let 3 > 0, p satisfies and
u = u(x,t) be the unique local solution to — with ug € HY, (=A)"2uy € L*. Let
E(0) <d and ||u||§{01 < %d. Then u is a global solution for the problem — and
u €W =WUOIW, Vt € [0,00). Moreover, there exists a positive constant & independent
of t such that

E(t) < Cexp(—€t), Vit e [0,00). (3.34)

Remark 3.2 We note that based on the expression of E(t) and the assumption I(ug) > 0,

the aforementioned inequality indicates that
2
H(—A)_%utH + ||u||§{é < Cexp(—&t), Vte[0,00).

Theorem 3.5 [51] (Blow-up for E(0) < d) Let 8 > 0, p satisfy and v = u(z,t)
be the unique local solution to — with ug € HY, (~A)"2uy € L2. Let E(0) < d,
I(ug) < 0, and ((—A) 2ug, (—A)"2uy) > 0 when E(0) = d. Then the solution of the
problem — blows up in finite time, i.e., Thax < 00,

(—A) 2y,

lim (

t—Tmax

+ [l ) = oo.

Lemma 3.1 ([28],[29]) (Concavity method) Suppose that 0 < T < oo and suppose a

nonnegative function F(t) € C?(0,T) satisfies
F'(t)F(t) — (1+9)(F'(t)* > 0,

for some constant v > 0. If F'(0) > 0, F'(0) > 0 then

and F(t) — 0o ast — T.
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Proof. Supose u(t) is the unique local solution of the problem (3.2))-(3.4) with
E(0) < d, I(ug) < 0 and ((—A) 2ug, (—A)"2uy) > 0 when E(0) = d, we shall prove

by cntradiction that T},., < 0o, we suppose that Ty, = +00, we set

o) = || =y bl + [ ular + (=0l . te .7

Then, we derive ¢ twice, we get

1

@' (t) =2 ((—A)_Eu, (—A)_%ut> + Q/Ot(uT,u)*dT vt € [0, 7).

W@%Z«—AYWmULFu%+2whw*+2W—Ar%%2

= —2I(u) +2 H(—A)*%ut i

(3.35)

Simplifying (3.35)) and by simple calculation with the definition of I(u), it comes

¢'(1) = (0= 1) Jullfy — 20+ DE©) + (p+3)||(=2) 3y

2 t
+2(p+ 1)/ ||| dr.
0

Then, we squar ¢'(t), and by Schwarz inequality, we get

2 t
+/wmwm Vi € [0,7).
0

(1) < 46(0)([[(-2)

so, we have

from

¢"(t) > 2(p + 1)(d — E(0)),

and

¢'(t) > ¢'(0) +2(p + 1)(d — E(0))t.
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For sufficiently large 7', noting that ¢'(0) > 0 when F(0) = d, we know that there is t5 > 0

such that for any ¢ € [ty, T], ¢'(t) > 0. Consequently, ¢(t) never vanishes on [ty, T].

So we can find t; < Ty = ﬁ(;?()to) + to such that
4

lim ¢(t) = +oo.

t—t1

Which contradicts the assumption 7T,.x = 0o. Thus, the proof is completed. m

Theorem 3.6 [51] (Global Existence for E(0) > d) Let 5 > 0, p satisfy and
u = u(z,t) be the unique local solution to — with uy € HE, (=A)~2u, € L2
Assume that E(0) > 0, and the following conditions are true:

i) 2((—A) 2ug, (—A)"ruy) + =2

i) 2((=A) " 2ug, (=A)~2uy) + ||ug||> < 0.

*

(~8)Huo |~ & lluoll? + 22HLEE(0) < 0.

—1)cx

T
i) K (u) = I(ug) — H . *aulH > 0.
where C = ;j; — 1. Then u is a global solution for the problem (./-(.) Moreover,

when E(0) > d then there exists | € R* such that A, # @,

lim B(t) =1, lim distgy(u(t), A) =0,  lim H )3 =0, (3.36)
and there exist {t;} C Rt with t; — co and ¢ € A; such that
tim [Ju(t;) — ol = (3.7

Remark 3.3 It’s important to observe that the condition (iii) implies I(ug) > 0. This
observation does not conflict with the assertion in theorem [3.5. Specifically, when 0 <
E(0) < d, under the hypothesis (iti), we readily obtain global solutions using theorem[3.3

Therefore, hypotheses (i) and (ii) are necessary only when considering the case E(0) > d.

Furthermore, in the case where E(0) < d, tlim E(t) =0, which is implied by (3.34).

Theorem 3.7 [51] (Blow-up for E(0) > d) Let p satisfy and u = u(x,t) be the
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unique local solution to — with uy € HY, (~A)~2uy € L?. Assume that E(0) > 0,

and
1 1 2(p+1
2((—A) " 2ug, (—A) " 2uq) + ||u0||i — (pk )E(O) >0, (3.38)
where
k= 21 (VAZF B - A),
Cx
and

A={p+3M{1+XN), B=4@p—1D{@+3)A(1+ ),
then the solution of the problem — blows up in finite time.

Remark 3.4 [51/When 0 < E(0) < d, the hypothesis implies 1(ug) < 0. As a
matter of fact, from , we have

2((~2) o, (~8) ) + o2~ 22V ) 4 Lo >0 (339)
Using the fact
E(0) = % H(—A)‘% 1H 25 ;11) luoll 7 + %I(uo), (3.40)

3.39) can be rewritten as

2 (p—D+3), 2 4
oD o[+ E(0) >

(3.41)

2(p+ 3)
E(p+1)

2((_A)7%UQ, (—A)éul)_kuuo“i_@ H(_A)féul

[(Uo

By means of Cauchy’s inequality, we see that

2 2

2((—A) 2ug, (—A) 2w <

2 ,
Ay s
+p—|—3H< )20
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Poincare’s inequality gives us

2 o 1

2 2
< g (ol + 1Vwol?).

Then, using the above two inequalities with E(0) < d, we get

1 1 1 2
2((=8) Fuo, (=8) ) + Juoll? = S || (=) | = CEE o3y + £E(0)

E(p+1)
1 2 2
< 5 || =2 o+ o2 — LR ol + £ (3.42)
k 1 (p-D)(p+3)
< ()\1(1+)\1)(p+1) +o - pk(p—fl) ||U0||H1 + d.
It follows from that
2(p+1 2
ol < 204 D5 2 ). (3.43)

o~ p—1 p—1
Substituing into (5.49), combining the result with , we can obtain

k 1

(Al(l +A)(p+1) * )[(“0) <0,

which means 1(ug) < 0. This fact tells us that under the assumption , we get the
result of theorem[3.5 when 0 < E(0) < d.
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3.3 Existence and Nonexistence of Global Solution
for Boussinesq Equation With Logarithmic Non-
linearity (f(u) = ulog |ul)

In this part, we will talk about the results of the equation (3.1)) where g > 0, v > 0,
{ >0 ify=0
«

>\ ify>0 and f(u) = ulog|u|, so we lead with the following equation:

U — AUy — Au + A%u + yA%u; — aAuy + A(uloglu|) =0, ze€Qt>0
u=Au=0 z€0Q,t>0 - (3.44)

w(z,0) =up(x), w(r,0)=wu(r) ze€f

Definition 3.2 [11/(Weak Solution) Assume that ug € H}(Q) and u; € X. Let 0 <

T < oco. A function

€ L0, T; H{(Q) N C([0,T]; X), ify>0
e C([0,T]; X), ify=0
€ LX(0,T; H (), ify>0
u“{e L0, T; H1(Q)), ify=0

u € C([0,T); H; (Q)) with ut{ , (3.45)

is called a weak solution of problem over [0,T), ifu(z,0) = up(z) in HL(Q), u(x,0) =
ur(z) in X and for all t € (0,T), the equality

<(—A)_5Utta (—A)‘%¢>+B (U, )+ (u, 9)+(Vu, Vo) +v(Vur, Vo) +a(uy, ¢) = (ulogul , ¢)
(3.46)

holds for any ¢ € Hy (), where (.,.) denotes the dual product between Hy () and H~().

Moreover, in the case where T = oo, u is defined as a global weak solution to the problem

referenced as . Conversely, if T < oo, u is referred as a local weak solution to the
problem denoted by .

Remark 3.5 [I1] Let’s note that all the terms in are well-defined. Specifically,
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according to (5.45), we ascertain that u(t) € HE(), uy € HY(Q) when v > 0, u,(t) €
L*(Q) when v =0, and uy, € H Q) for allt € 0,T).

Consequently, the terms B (u, @) , (u, ), (Vu, Vo), v(Vug, Vo) and a(uy, ¢) in are
well-defined.

For the term <(—A)_%utt, (—A)_%¢> , it follows that

2

o

= [yt + arE ][] < S-I6lE + IV 61 = 5 Il
(3.47)

1
HO

which, together with ¢ € HX(RQ), implies (—A)~2¢ € HL(). Moreover, because (—A)™2
is a selfadjoint operator and uy(t) € H1(Q) for all. t € [0,T), then we get from
that

1 1
= sup ug(t), (—A)729 ) < ——= [luge(t) || -, (3.48)
- weH3<Q>,||w||H3<Q)=1< > VAL "

which implies (—A)~2uy, € H-Y(Q) for all. t € 0,T).

For the term (ulog |ul , ¢), it follows from supy, <, (7 log|7])* = exp(=2), for all t € [0,T)

and any € > 0,

Jute)tog oI < [ (uloglul*dr + [ wloglul?dr (3.49)
{zeQ:|u(z,t)|<1}

{zeQ:|u(z,t)|>1}
1

1

2+4-2¢ 2+42¢

exp(~2)[0) + & / [l de < exp(~2) 1] + 5 Ju(t)]|2H2.
€ J{zeQ|u(z,t)[>1} €

IN

Obviously, for sufficiently small € > 0, there holds H}(Q) — L?*T2(Q), which, together
with and u(t) € HY(Q) for allt € [0,T), implies (ulog|u|, @) is well-defined for all
tel0,7).

42



Chapter 3. Initial Boundary Value Problem for the Dissipative Boussinesq Equation

We now introduce key sets and functionals, specifically the potential energy functional J

and the Nehari functional I, defined as follows:

I TP R 1,
10) = 5 lully =5 [ olog ulda -+ 5 lul. (3.50)
16) = Jlull% - / 2 log [ul de. (3.51)
Q

It is evident that J and I are well-defined for u € Hj(f2). Furthermore, the relationship

between J and I is established by the expressions (3.50)) and (3.51)), demonstrating that

1
J(9) = § lully + I(w). (3.52)
The mountain-pass level d is defined by

d = inf J(u). (3.53)

uEN

Where X denotes the Nehari manifold, and we mentioned it in the first part (3.33)) with
W (3.31) and V' (3.32).

Let u be a weak solution of problem ({3.44)), the Energy function is defined by

1, » 1. o, 1 1,
B) = 5 s + 5 iy — 5 [ o toglul o + 7 ul}3 (3.54)

We notice by (3.46]) and the last remark that E(t) is well defined.

Lemma 3.2 Suppose u € Hjand r := (27)1 exp(2) the following statements hold:
1) If 0 < ||ull, < r then I(u) > 0.

1) If I(u) < 0 then ||ull, > .

1t) If I(u) =0, u#0, ieuw € X, then u € N, then |lull, >r
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Proof. i) Using the logarithmic Sobolev inequality for a > 0 we get

+0o0
Iw) = ||u|\§,1—/ W21 [l da

o0

+00
2 |ul
=l = [ aln i+ s

o0

a9 n(l+Ina)

2 2
2 Nl = o Nl + = llull” = [[ull" In [u]
2
a 2 n(l+Ina) +lna) 9
2 (=) fullp + el = e * 1 ]
We put a = v/27.
n(2 +ln27r)
I(u) > = lull5 — Jul31nfu|
n(2 +1n27r)
= (=5~ Infull) [lul*.
If 0 < |Jul|g: < r, then m > In ||ul| , which gives I(u) > 0
ii) We have I(u) <0
n(2 4 In27)
(5 I ful) flul* <o,

which means

n

2):7“.

lull > (2m) exp(

iii) We have I(u) = 0 and ||u|| ;: # 0, which means

n n
lull = (27) exp(5) = 1.

Lemma 3.3 The depth of potentiel d satisfies

(2m) 2 exp(n).

p-lklr—‘
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Proof. From the definition of d and the last lemma, it means that u € X, we find

n(2 4 In27)
4

—Inful]) [lu] %,

0= 1I(u) = (

so we obtain
n

2)'

lull > (27)F exp(

We know that
1 1
=7 - 2
J(u) 5 (U)+4IIUH :

we have I(u) =0, so

Y
|
o
3

wl3

@

»
=
S

Lemma 3.4 Let u € H}(Q) and Q C R" satisfy I(u) < 0, then it holds
I(u) < 2(J(u) — d).

Theorem 3.8 [11] (The local well-posedness solution) Suppose ug € Hy () and uy €
X. Let M, > 0 be a constant. If 5 s |5 + 3 ||u0\|§{3 < M,, then there exists a constant
Ty, > 0 depending solely on M, such that the problem admits a weak solution u

defined on [0, Ty, ], and the existence interval [0, Ty, ] can be extended maximally to [0,T).

In addition, there hold
t
/ |u.||?dr + E(t) = E(0), 0<t<T. (3.55)
0

Theorem 3.9 [11/(The global existence and exponential energy decay estimates)
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Suppose ug € H} () and vy € X. Let u = u(t) be a local weak solution to the problem
3.77).

i) E(0) < d and I (ug) > 0, then u is global and uniformly bounded for all t € [0, 00). More
precisely, we have

3+ n(1+log /)
2

1 t
el + ull; + 3 IV7ull; + 2/0 lur||? d7 < 2d(1 + log(4d),  (3.56)

for allt € [0,00), and u € W.
it) Let >0, v >0, and a > —yAy. If I(ug) > 0 and

" 271)2

E(0) < min{zexp(n—i—Zﬁ), ( :

(3.57)

M+ 4|a|b

2-M

for some 6 € (0,v/27m), M € (0,2), b € (0,00), then for any constant a satisfying

O<a<a,:= min{1 401 (o + vA) }’

k7 2b(M +2)(BA + 1) + M
there holds

2a(ug, u1) x + ay || V|2 4+ 2E(0) Ma

B = 2(1 — ak) S

t),t € [0,00),

where

ko= max{ 2(1+ BA\1) 2my 1}
o A [3+n(1+logd) — log(4E(0))] 2 — 2’

Corollary 3.1 Assuming ug € H}(Q) and u; € X, consider u = u(t) the local weak
solution of the problem . If E(0) < d and I (ug) > 0, then u is both globally and
uniformly bounded for all t € [0,00). In other words, condition is satisfied, and

u €W for allt € [0,00).

Theorem 3.10 [71]/ (Infinite time blow up with subcritical and critical initial

energy) Assume that uy € H} () and u; € X. Consider u = u(t) the local weak solution
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to the problem If I (up) < 0,E(0) <d orl(up) <0, E(0) =d, (ug,u1)x >0, then
u can be extended over time and blows up at infinite time in the sense of

{limtﬂoo u()|)? = oo, ify>0
limy oo u(t)|x =00, ify=0

Theorem 3.11 [71] (Infinite time blow up with arbitrary high initial energy)

Assume that ug € Hi(Q2) and vy € X. consider u = u(t) as a local weak solution to the

problem .
i) If

2veh , (3.58)

2
I(ug) < ||U1||§(

then, u can be extended over time and blows up at infinite time in the sense of

flm [u@l2 = o0, if 7> 0
lim; oo ||u(t)||§( =00, ify=0

where h satisfying

4(BM + 1) A(vA + a) 4 (p+1)
h= 2 4 3.59
e { "M+ n(l+log /7)) A1 7 exp(1)” exp(l) |’ (3:59)
and p is some constant satisfying
= 1 —15. 3.60
o= L e P (300

1t) Furthermore, for any constant P > d, there exist infinitely many functions ul’ € HZ ()

and ut € X, which satisfy and E(0; (ul’,uf’) = P, then, u blows up infinite time

with initial data (ug,uy) = (ul, ul’).

For the proofs of this section, we have intentionally omitted the repetition of previous
ideas. Instead, we have made some simple changes to demonstrate the same concept. For

additional information, refer to [I1].
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Chapter 4

On the Cauchy Problem for the
Generalized Double Dispersion
Equation With Logarithmic

Nonlinearity

In this chapter, we study the Cauchy problem for the generalized double dispersion equa-

tions
Uty — e — Uggtr + (Uze + f(U))ze — QUsat + Uzgaar = 0, T E€R, >0, (4.1)
subject to initial conditions values
u(x,0) = ug(x), w(x,0) =ui(z), = €R, (4.2)

where u = u(z,t) is the unknown real valued function of z € R and ¢t > 0, f(u) =
lulP?uln|u|, (p > 2) represents the nonlinearity, a > 0 is a constant, and ug(z) and

uy(z) are given initial data.
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4.1 Introduction

Several investigations have been carried out to examine the Cauchy problem associated
with generalized Boussinesq equations. Efforts have been made to establish results re-
lated to local and global well-posedness, stability, instability, and the potential blow-up of
solutions, as shown in various sources, including [8, [14], 25] 35, [61] [23] 67, 57, 62]. Loga-
rithmic nonlinearity frequently arises in partial differential equations (PDESs), particularly
in Boussinesq equations. References such as [11, [7, 1T, 18, 21, 20} 30} [40} [66] delve into this
topic. This type of nonlinearity is prevalent in inflation cosmology and various branches
of physics, including geophysics, quantum mechanics, and nuclear physics.

The presence of the nonlinear logarithmic term f(u) = |u|’~> «In |u| in the studied problem
poses challenges when applying Sobolev’s logarithmic inequality. Unlike previous works
where it is easily employed to address such problems (see for example, [I [7, 1], I8,
21], 20, B30, 40, 66] and references therein), another difficulty arises from the absence of
Poincaré’s inequality in the interval (—oo,00). These difficulties give rise to significant
questions regarding the local and global existence of solutions for the problem described
in equations —. Motivated by prior research, our primary objective is to initially
investigate the existence and uniqueness of local mild solutions to the Cauchy problem
(4.1)-(4.2) within the energy space H' x H~! with the initial data (ug;u;) € H' x H~!. We
employ the contraction mapping principle, drawing on ideas from [62]. Using the potential
well method inspired by [47] and the concavity method [28, 29], we investigate the global
existence and non-existence of mild solutions with initial energy levels E(0) < d and
E(0) = d. Furthermore, the investigation into the sufficiency and necessary conditions
for the blowup of solutions presents an intriguing aspect. Notably, to the best of our

knowledge, there are no existing results on the global existence of a solution to the Cauchy

problem for a one-dimensional Boussinesq-type equation of the fifth order.
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4.2 Mild solution

Before stating our main results of this work, we first introduce an integral equation rep-
resentation which serves for the definition of a mild solution of the problem (4.1))-(4.2]).

To do that, we shall introduce the solution operator of the following equation

U — Upy — LUgypr = ([ — Oy -1 ey TER, >0,
tt t ( ) g (4.3)

t=0: u(0) = up(x), u(0) = uy(x), r € R

where L := (I — 0py) " (af — ,,) . Taking the Fourier transform with respect to x, |4.3|is

reduced as the following ordinary differential equation with parameter

N N 2 N -1 ~

iy + | o+ L) |t = (1+16F) [¢l*g (4.4)
with initial values given by

t=0: a=do6), =) (4.5)

A 2
where L (§) := ﬁr"gz . The corresponding characteristic equation is

N+ LE)IEPA+ ¢ =0. (4.6)

Let A = AL(&) be the corresponding roots, i.e

—(a+1EP) Il £ 1l (o + 1) 1P — 4 (1 + 1)’

A = 4.7
The solution of the problem — with g = 0 is given by
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where

@(57 t) = (€A+(£)t _ ek—(S)t>7 (4.9)

and

H(E t) =

A= _ N (£)e Mty .
NGEPRGEAY A(g)e™ O (410)

We set h(r) := (a+7r*)r—2(14+72), r € [0,+00) . So, we need to study the sign of the

function h. We claim that hA(r) possesses a unique positive zero ro > 0. In fact
R'(r) =3r —4r +a,r > 0.

Clearly, if 4 — 3ac < 0, then A’ > 0, so h increasing on [0, 4+00). When 0 < o < %, the
equation A’ (r) = 0 has two solutions r; = @,m = @. We note that h(r) < 0
fora <1 and r < 2.

The sign of A’ : we have ' > 0 for r € [0,71] U [rg, +00) and A’ < 0 in (ry,r2). Then A is
increasing on [0, r1] U [ry, +00) and decreasing on (71, 73) . Observe that h(r) < 0 for a <1
and r < 2, while A(r) > 0 for « > 1 and r > 2. In particular h(r) < 0 for r < ry < 2. So

by continuity r( is unique.

Now it remains the case 1 < o < % and r < 2. We have

hir)) = (a+rd)ri—2(1+77)
) (M(g_@f) (2—@)_2(1%—2‘@)2)@

Then by monotonicity, we have —2 < h(r) < h(r;) < 0 for any 0 < r <7 and h(rp) <

h(r) <h(ry) <0 on (r1,r;). By a straight calculation, we have

h(0) = —2 and lim h(r) = +oc.

r—-+00

So by continuity, there exists a unique positive number rq such that h(rg) = 0.
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By the Duhamel principle, we obtain the solution formula to (4.1))-(4.2)

u(t) = G(t) % uy + H(t) % ug + /0 t Gt —7) % (I — 8y) " O f (u(7))dr, (4.11)
where
Gz, t) = FUGE D) (x), (4.12)
and
H(z,t) = FUHE D](2), (4.13)

with symbols

(a+leP)IelP \ | . 1 Ely/w(©)
T o162 >
: em® T ( 2(er) ) P eyt €1 = 7o

G(Et) = 2(urie?) (_M) psin VIO e :

2(1+1¢%) 2(1+¢?)

(4.14)

and

 (atle?) e 14/ w() (atle®)Iel® . o lely/w(©)
et — exp ( FCTHR t | cosh 2(1+‘€|2)t + NG sinh 2(1+‘£|2)t €l > ro
) - 2 2 2 2 ?
exp <_(a+|s )lel )t cos VIO, (arie)ie? 5|\/w(g>t} 1€l < ro.

2(1+1¢P) 2(1+€P) © T ggy/w©l T 2(1+eP)

(4.15)

and where

w(€) = (a+ )7 1P — 41+ 1P’

We give now the definition of mild solution to the problem (4.1))-(4.2)).

Definition 4.1 A function u € C ([0,T]; H') with A~ u; € C ([0,T]; H') is called a mild

solution to the problem [4.1)-({4-3) over [0,T] if and only if u(0) = ug € H*, uy(0) = u; €
H=' and for all 0 < t < T the integral equation holds. Moreover, if

Tmax = sup{7T > 0: u = u(z,t) exists on [0,T]} < oo,
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then u(x,t) is called the local mild solution of the problem -. If Thax = 00, then
u(x,t) is called the global mild solution of the problem ({.1)-(4-3).

We next turn to the derivation of the energy identity. By applying to both sides of (4.1))

the operator A=2 = (—0?)"! we have an equivalent problem

AUy +u+ Uy — (Uge + f(1)) + Quy — Upgy = 0,2 ER, £ >0,
U(QT,()) = UO('T)v ut(x70) = U1(1'>, T e R,

Multiplying the equation (4.16]) by u; and integrating over R we obtain

+o0o

e 4 I Ly P Ly T e P R

(4.17)

From definition of f(u), we have

+00 +oo
— fwude = —/ |ulP~ wuy In |u) da

1 [T d

_ __/ (jul?) 1n |u] dz
P Joo dt
1 d 1 “+o0o _

= - |u|pln|u|dx+—/ |ul? 2 uugda
pdt — 50 PJ-
1d [T 1d [T

- @ |u|p1n|u\da:—|- = |u|pdaz. (4.18)

Using (4.18) into (| - we obtain

]_ d -1 2 2 2 2 +oo P 2 P 2 2
57 A "+ e - llell =2 [l Infuf de = 5 flully )+ ffuel™+flusel” = 0.

—00

(4.19)
We define as the energy of the problem (4.1 . - the quantity

1 [*e° 1
B() = 5 Al 5l + 5 el = [l do + = .

o0
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So equation (4.19)) becomes

d
2@ + el + [lua]” = 0.

Consequently

t t
E(t)+a/ |\u7||2d7+/ e |2 dr = E(0).
0 0

(4.20)

(4.21)

Moreover, we introduce some notations to be used in this chapter: the potential functional

J defined by
1

[e.e]

the Nehari functional 1

+o0
) = el = [l lnful do,

0.9}

where N' = {u € H* (R) /I(u) = 0,u # 0} . Notice that

1 1 9 1 1
J S - 27 - P
(u) (2 p) Jull 7 + p (u) + pe [[ull,

and

1 1
B(t) = A || + 5 el + T ().

We also define stable and unstable sets

W = {ueH', I(u)>0, J(u) <d}U{0},

V = {ueH" I(u) <0, J(u)<d}
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In addition, we define

W' = {ueH' I(u)>0}U{0}
V' = {ueH"I(u) <0}.
we give some lemmas, which will be needed in our proofs of the main results.
Lemma 4.1 Suppose u € H', the following statements hold:
i) If O < |Ju|| g < 7y then I(u) >0
ii) If I(u) < 0 then ||ul| ;1 > 74

i) If I(u) = 0,u #0, i.e., w € N, then ||ul| ;1 > 7.,

=

u
where r, = <#) "and C, = sup Tl
- ueH\{0}

Proof.

i) Assume 0 < ||u||; < 7s, we have

+o0o
[ WPl < g < et el
—0o0

-1 2
= OV lullfn Hullin < llullf

where we have used the inequality Iny < y, for y > 0 and the Sobolev embedding

theorem. So I(u) > 0.

ii) From I(u) < 0, and the Sobolev embedding theorem, we have

+oo
lullz </ [l Infuldz < CT {fulffn” ullf

[e.e]

from which it follows that ||| > 7.
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iii) Note that I(u) = 0 and u # 0, give
+o00
[ :/ [ul” In fulde < CPH [lullfs [lullf

[e.o]

since we have ||ul| ;1 # 0, it yields ||u|| g > 7.

Lemma 4.2 The depth of potential d satisfies

1 1 1 1 1 \»
>(-—=)r2=(=--- .
= (2 p) & (2 p) (Of“>

Proof. From definition of d and the last lemma, it follows that v € N, we find

so we obtain

The following lemma is a consequence of (4.20)

Lemma 4.3 If u is a solution of problem —, then the energy E(t) is a non-

increasing function with respect to t.

Lemma 4.4 Let u € H'(R) satisfying I(u) < 0. Then there exists a \* € (0,1) such that
I(\'u) =0.

Proof. Let us define the function
o(N) = )\p_Q/ |ul”log |Au|dz, X € (0,00).
Q
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We have for any A > 0

I(\u) = )\2||u||§{1—/ | Au|” log |\u| dx
Q
= N(JJull?n —)\p2/ |u|” log | Au| dz) (4.23)
Q

= N(Jullzn = o(V)):
Since I(u) < 0, by and Lemma [4.2) we have
(1) > ||ullfp = 7%, (4.24)
On the other hand, since p > 2, we have (as A — 07)

p(N) = /\p_2/|u|plog|/\u|dx
Q

) , [T —oo if p=2
= N7 log Al[ul[) + AP~ / |ul”log |u| dx — :
—00 Oifp>2

which together with (4.24)), implies that there exists a A\* € (0, 1) such that ¢(\*) = [Jul|5:
and /(A\*'u) =0. =

Lemma 4.5 Let u € H(R) satisfying I(u) < 0. Then
I(u) < p(J(u) —d). (4.25)

Proof. First from the last lemma there exists a A* € (0,1) such that I(A\*u) = 0. We
consider the function

g(A) == pJ(Au) — I(Au), A > 0.
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An easy computation shows that
9(A) = ——=A"llullp + n el -
Then we obtain

g = (=DM ullz + X"l
> (P =2 lulln

> (p—2)\rg >0,

which, together with p > 2, implies that g(\) is strictly increasing for A > 0. Hence by

A* € (0,1) we have g(1) > g(\*) namely

pJ(u) —I(u) > pJ(Au)—I(A\*u)

= pJ(N'u) > pd,

where in the last inequality we have used that A\*u € N and d = (;nj{/ J(¢) which immedi-
S

ately gives (4.25). m

4.3 Linear estimates

We shall investigate some properties of the solution operators G(t) and H (t) in the Sobolev
space. The estimates of the solution operators are crucial to establish the local well-

posedness

Lemma 4.6 The operator solutions G(t) and H(t) be given in (4.9)-(4.10), fulfil the
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following differential equations

QA = —[E2G ), (1.26)
L (atleD) P
96 = A=y G (4.27)
2 2
0w = —|§|2c?(t)—(0‘(1++|+§)|2|)5|é. (4.28)

Proof. The proof follows the plan of that of Lemma 3.1 in [62] and we highlight here

the main steps. Equation (4.26]) follows from (4.9) and (4.10). Equation (4.27)) derived by

combining the expression derivative of G with respect to t

0,G = 2exp — (a il ‘€|2) ’§|2tcosh <] : w(E) t—H
: 2 (14 [¢) 2 (1+ €%

Y

with the expressions (4.14]) and (4.15]). The last statement of the lemma is a consequence
of (L20) and (I27). m

Based on the above said preparations, we are able to prove estimates for solution operators

Lemma 4.7 For the operators G(t) and H(t) defined in (4.12))-(4.13)), the following esti-

mates hold

IG®)¢llm + [[ATRG 0| < C+1) || A, (4.29)
IH(t)ell e + [[ATF0H )|, < Ct+1)]l@llye for k=0,1, (4.30)
A (I = 000) " 00 Gt) 0| e < C(E+1) ol oy, s Jor k=01, (4.31)

10.G® el 0 my < CE+1D? A0 (432)

forallt >0 and s € R.

Proof. The argument is similar to the one for Lemma 3.2 in [62]. To derive estimates for
the solution operators we need to estimate the operators on each separately region lower

and higher frequencies.
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For |¢] < 2rq, observing that % is bounded on any finite interval. Recalling 1) we
obtain

G(t,€)] < Ctexp <_%) t < Ct. (4.33)

For [£| > 2ry, from (4.9), G(t,£) can be rewritten as

1 2 e/ ©
G(t,€) = I o <l—e B t),

e V()
where
(ot ) €~ 1l Vw (&)
A(§) = 5 (1 n ’£|2) < 0.
Consequently
2\ A+ (O 2
G < LEED X 1+ e] (430

Elvw©) T el Vw©)
From estimates (4.33)) and (4.34)), we infer for any s € R

IG5, < / (1+ 161G O @] de + / (1+ 1) 1G ) |9 de
[€]<2ro [€]>2r0
)S+2

2 (1+¢?
dev | T
/§|>2r0

w(©) &«

€7

(4.35)

< o / (14 6P) el 1€ ¢
[€1<2r0

2
Hs—1"

< C(t+17? Ayl

We note from (4.27) that the inequality (4.29) can be derived by giving the estimate of

H(, ).
Observing the expression (4.1)), for |£] < rg, it is easily to see

‘f](&,t)‘ <C(t+1).

For |¢| > ro, H(£,t) can be rewritten as

ret) - onvien (14 (e IED) ISP~ Il Vo @ () -eved,
H(¢ 1) <1+ 2l Joe) (1 el > ’
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where A (€) is given by (4.7). From the inequality
1—e*<2,V2 >0,

and using the fact

(@+1e) el =vo@) g oy Kl ((@+ 1) I - Vo @)

21/w(€) LHIE 21+ ((a+ 16P) 16+ Vo D)
20¢| (1 + [¢f)°
(L4 1P) (o +1€1) €l + /o ©)

— )

we deduce
‘f[(ﬁ,t)‘SC(tJrl).
Consequently,
2 25 | 4 22 25 | 4 22
|H®elG < /5 ey Ao e de + /M i) Ao 1o de
<rg >ro

(4.36)

< Ct+1)" ol -

In view of (4.26)-(4.33)), it follows that

||A_k8tH(t)g0}

SO+ el

= ||+ 1EP) 1P G

Hs -

Thus the estimate (4.30)) is obtained.
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We now move to complete the estimate (4.30). Taking s = 1 in (4.35) and s = 0 in (4.36]),
and using (4.30)), we conclude that

[a7aGe] = [l Guie g = [l Gute. e
. (a+1el) el )
< o]« ()
< Ct+1)||A .

The last estimate, combined with the estimate (4.35)) with s = 1, leads to the result (4.29).
Estimate (4.31]) can be easily obtained by considering the estimates of G(&,t), in fact, we

have

A (I = 04) " 00aG(1)¢|

<o (14 1) e —E jopa
" e (1+ 16’

L+1ER o e
ALV — 5L 1514
+ /£| e e

< O+ D gl

Let us now turn to prove the the last statement of the lemma.

For |¢| < 2ry, we have

i) o (DY, [ AT, 0 I, VIR,
> 2(1+ [€P) 2(1+[¢P) (@] 2(1+ |£|2(> |
4.37
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It’s not hard to see that

A [, sy

< C(t+1)2/ﬂ<2 (1+1¢%)°

N 2
aG(&7)| |l dedr

(a +|£|)r£\ SRV , 2 ge
€1/ Tw 2(1 +|€|)

Ot + 1) /5 (el el o

Ct+1° A, . (4.38)

IN

IN

On the other hand, we have

) (= (e €)1 + €] Ve o, (ot [€F) e+ el V)
G = ( 21¢] () ) T e e "

i (ot I L e 1( (a+|§|)|s|> N
2<1 w<§>> 2\ e

— (a+1€1%) €1 £ €] Vw(©)
2 (1+¢%)

A:(§) =

Then, we have

~ 2
0,66, 7)| IP* dedr

/ /£>2 (1+‘5’2>5
/ / . |£| < (Oé+ |€| )|£|> 2’\+(£)t|@|2d§d7
§|>27"0 v w ()
(o + P IEY " ox o _
//gl (1+1¢P) ( e ) of? dear.
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Integrating the resulting inequality by parts with respect to 7, it simplifies to

/0 t /|£ (e

n 2
aG(E )| |l dedr

- i/mm (11 ) (a+\£!;)||£|(—)\/@(1 0 [of? e

“ /m (L) (a+|§||5)||§|<+>\/_( PO [ dg
< i /|£ (L+1eP)™ w0 ( (ai Z§|§)2+ﬂ¢_) eI~ o[ de

[ a2t LT g g (139
< ClA |

which together with (4.38]) implies that

A [, ey

The proof of of Lemma [£.7)is complete. m

2

~ 2 1
a.G(&,7)| 18 dedr < C (1 +1)2||(-8)F g

Hs

Lemma 4.8 Let the operators G(t) and H(t) be given in (4.13)-(4.13). Then, for any
€ (0,t), t > 0, there holds

INOH D ogrgey < CE+D @l l=1,2,  (440)
|8OGOP rerry < C(E+D2+2) A7, (a41)
|A' (7 = 00) ™ 0G0 g any < C (412 il (4.42)

Proof. For the first statement, it follows from the equality (4.26]) that

|NouH @] = |e* acEne

“ 2
S N e e e N
|€]<2ro

|€]>2r0

~ 2 9
IS
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By virtue of the expression (4.37)) and a straightforward calculation, we deduce that

([

0 JI§|<2ro |

< ([ [ o] ek acirs [ [ g o] 1P acar )
)

3
< D2 ellg

NUNE :
2 1) \¢|2d£d7)

Taking s = 2 — [ in (4.39)), we obtain

(/ot /|§>2r0 i

which completes the proof of the estimate (4.40).

e :
ac(e. 0] 1pfdsir ) < Cllgls = Clielln,

The second estimate (4.41)), follows from

2 2
atté:— 2G (¢ _—(a—l—]ﬂ )|€| ét
PE0 -
|Ao.C)]| = H|5|*’atté<s,t>¢o
2
< 2L Q€ DG - lw} )¢ 4.43
< |ig* Gene e ene|. )

By taking s =2 — [ in (4.35)), we have

(/ ey

Concerning the second term in the right-hand side of (4.43)), we have

</ gl
0 Jlg<ano (1+ ¢

7) <o+ DAY, <O+ DA

2

A<g,t>(2|¢12dsd7> < O+ Al

< C(t+1)? HA ol
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For || > 2rg, with the help of the the two following inequalities

2(1+ ¢t
(+1€1%) 1€ — 1€ J_

exp Ay ()t <

and
2(1+ ¢t
exp A_
A S ) e +|§|\/_

it easy to see that for any ¢t > 0
1
2
oK dgdr>

(/ / ¢ (a+ €] )
sl>2ro +1¢P)’
, (a+1eP)’ (1_ (a+1€P) ra)lmw aer )
(/ /g 1eP) (o) P
/ / 4 2l 0‘+|5| ) <1+ (a—|—|§|2) |§|) 22 ()t E | dédr ’
§|>2r0 (1+ [¢] ) w(§)

/ 2/ . a+yg| \\/_ (o + 1€ Iél\
£\>2ro + €] ) w()

t>0

~ 2
Gt(f? T)

N[

MO oI dedr

V1@l dedr

/ / e a+ra) (Val© + @+ i) il)”
g|>2r0 +1¢P)? w(§) ‘
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and

[N

< /t72/ €17 (o + )’ Vi — o ) ) 5 |1 dgdr
= g wl@) ((a+ 1) 16~ 16 Vo)

g 4-21 212 (V w(©) + (a+ ) |€’>2 .12
/ T / €177 (a + 1€]%) o 3 |p|” dsdr
e ((a+IEP) I + 1] Va®) w(©)

I 4-21 (0‘+|£|2)2L 12 ded :
</ L e
b 4-21 (a+|§|2)2i 12 ded ’
+(/ A e
) 1-21 a—|—|§|) dedr ’
(/“ prJ“ e ol

C= 4 A7 s < O A7)

=

IA

IN

IN

Hence, for [ = 1,2, and 7 € (0,t), we find

21 (04 + ‘§|2)
(1+1¢)

3 1

2
Gy(E, )| d §0(<t+15 5) H H

which immediately implies (4.41)) according to (4.43). Following a similar reasoning to
third statement, as (4.41)), we conclude the proof of lemma [ ]

Lemma 4.9 Let the operator G(t) be given in (4.19). Then, for t >0 and m = 1, 2, the

following estimate

t
HA-m / (I = 00) "  00aBWG(t — 7)g (2, 7) dr
0

3
t+12</ungnHlm)
L2(0,t;L2)

(4.44)

holds, provided that the terms on the right-hand side of are finite.
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Proof. It follows from the Minkowski and Holder inequalities that
¢
‘ A [ U =0 Gl = g e 7)
0
t
U
t s
v
t ’ —2m+4 2\ —2
/ /(/ T (111
0 \Jo \Jll<2ro
t ) 2| A 2 1 2
+ / (/ (/ €7 (L 1]?) oG (s —7) ]g(g,r)\ng) dr) ds
0 0 |€]>2r0

= Il+l2-

L2(0,t;L2)

2
ds)
L2

2
& (1 1gP) a6 - na )| dT) ds)

(NI

/ AT (I — 8m)71 0p20sG(s — T)g (x,7) dT
0

NI

IN

[
N

IN

8SG(S — 7')‘2 lg (§,T)|2d§> ’ dT) ds)

o=

For I, observing that

~ 2 2 2 2
0.G(s =7)| |9(&7)7dE < C (s =7+ 1)" |lg (z,7) >

/|§<2T €7 (14 1)

Therefore, by Holder’s inequality, we obtain

I < C’(/Ot (/05(3—7'4—1) Hg(w,r)HH_sz)Qda’)

< C@+) (/Ot lg (2, P s df)é. (4.45)

N
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In order to estimate I, we follow the estimates performed in (4.44) to find that

ALt (R I X T T

w(© ~ (a+ IeP) lel]

< 3 ) w(é‘) PO g (6,7 de
1 —2m+4 (4 2 |§" -O6-1) |4 2d
3 [ e w(é) e

C(s—7) " g (@, 7)1

IN

Then, using the Minkowski’s inequality for integrals, we have

L < o(/ ([ g(sc,smldf)?ds)%
_ c(/t(/tr—%m( g >||H1dr)2ds>2

=

< ¢ [T ([ o lotes = lfy-rds) dm
_ / (/ lg (z ||H1ds) dr
1 t—T1 %
< o/ (t— 1) (/ Hg(x,s)yﬁ,_lds) dr
< et ([lat ol as) (4.46)
0

Consequently, estimate (4.44)) follows readily from (4.45)) and (4.46). m

4.4 Main resuts and their proofs

Our first result is as follows

Theorem 4.1 (Local Existence) Suppose uy € H', uy € L* and A™'u; € L?, then

there exists a mazximal time Ty.x which depends only on ug, uy such that the Cauchy
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problem ([4.1)-(4.9) admits a unique local mild solution v € C([0, Tyax); H'), A u, €
C([0, Trmax); L?) with A Fuy € C([e, Tmax); L), k = 0,1 satisfying

t t
E) +a/ HUTHMH/ s |2 dr = E(0).
0 0
Moreover if Ty.x < 00, then

lim  sup(|[A= we]|* + fluel* + [Jul3) = +o0.

t—Tmax

Consequently

t li%n |ull2, = +oo, foralll <q<p+1. (4.47)

Proof. based on the contraction mapping principle. The Proof is split into the following
five steps. m

Step 1. We choose a closed convex set X(7') to be a ball of radius R in the space
C([0,T]; HY), i.e.

X = X(1) = {we (0, 1) HY) : ull xr) < R}

with the norm |lul|, = Ir%ax] |w(t)|| ;71 and metric d(u,v) = |ju —v||y for all u,v € X.
tel0,T

The nonnegative constant R depends on the initial data and will be determined later.

Obviously, (X, d) is a complete metric space. Consider the mapping
t
D (u) (t) = G(t) xuy + H(t) * ug + / (I — Ope) " 0y G(t — 7) * f(u(T))dr. (4.48)
0

The first goal is to show that ® has a unique fixed point in X if R and 7" are well chosen.

For any u € X, we have
! 1
@)l g < [[H(E) ol o +[|G(2) U1||H1+/0 (1 = 0u0) ™ 00aG(t = 7) % fu(T)) |y dr.
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Then using estimates (4.29)), (4.30) and (4.31) of Lemma 4.7 with s = 1 and k = 0, we
obtain
¢
12| < Ct+1) (||U0HH1 + | A | +/0 Lf () g dT)
¢
< C@+1) (HU0”H1 + | A | +/0 1f ()] 2 dT)
¢
= C(t+1) (HUOHHl + ||A*1u1H +/ |Hu|p_2uln\u(7')]HL2 d7'> ,(4.49)
0

where we have used the Sobolev embedding L? c H~ 1.

Using the following elementary inequality
Yy P ny| <C (144771, fory>0,p>2, [I] (4.50)

to the third term in (4.49), we infer

t +oo %
[l < C+1) <||uo||H1+HA—1u1H+ [ (]l e o) ) df)

o
1

t +oo 3
S C(t + 1) <||U0||H1 + HA‘lulH —|—/ (/ |u|2 (1 + |u|2(p_1)) dx) dT) .
0 —

o0

We have

t +oo % t +oo +o0o %
/ (/ Ju® (1 + |u|2(p_l)> dx) dr = / (/ u|® dz +/ Ju)? [u*PY dx) dr
0 —00 0 t —00 +oofoo %
C/O <||u||2 + </ Ju? [u2PY da:) ) dr.

IN

By Holder’s inequality, we obtain

i 2 + % + %
(/ oo ’u‘g‘uyﬂp—l) d$)2 - </ w‘u’2(p_l)> 2(p-1) (/ oo ’u‘2(pp__12)2)2(p 5
oo . .

-1
= lull 2o HUHZQ“’;”Q :

71



Chapter 4. On the Cauchy Problem for the Generalized Double Dispersion Equation
With Logarithmic Nonlinearity

Hence, we obtain

1
t 400 2 t
L e (e ey ao) ar < [ (lall + ol bal? ) e
0 —00 0 1> -2

(p—1)2

Then, by Sobolev embeddings H' (R) ¢ L**~V (R), H' (R) ¢ L* 72 (R), we find

¢ 400 3 t
/0(/ ]u|2p|1n]u(7)||2dx> dTSC/O (Neell g+ Nl ) dr.

Therefore, we have

[@(u)[n < C(E+1) (6 +CT (R + RY),

for some positive constant C. Hence, if we choose T" and R such that
C(T+1)(6+CT(R+ RP)) <R,

then ®u € X.

Now we explain ¢ is contractive. For any u,v € X, we have
t
Sy — dv = / (I — 8m)_1 O0peG(t — T)(f(u(T)) — f(v(7)))dT.
0
Applying Lemma 4.7 with s = 1 and k = 0, then using the embedding L? C H~!, we have

|®u—@ol, < C(L+1) / 1£(u(r)) — F(r))] s dr
< C+1) / 1Fu(r)) — Fo(r)l» dr. (4.51)
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By the mean value theorem, we have

|fluw) = f)] = [f(Ou+(1=0)v)||u—n
< 14+ (p—1)|Inlfu+ (1 —0)v||)|9u+(1—9)v|p72 lu — |
= |0u+(1—0)v["?|u—1

+(p—1)0u+ 1 =0 v/’ In|fu+ (1—6)v|||u—v|, §€(0,1),
which implies

1f(u) — f(v)] C (Jul"? + [0 %) Ju— o] + C (1 + [fu+ (1 — ) v’ ") Ju — v

IN

< Ol + o) lu—v| +C A+l + o) Ju—ol,  (452)

where we have used again the inequality (4.50)).

Using the estimates (4.51)), (4.52)), the Holder inequality and Sobolev embedding theorem,

we easily obtain

IA

1 (»=2)
+oo ) 400 2o 1) -1 +oo (p—1)
[l o s (/ |u—m17(M) (/ <ww¢mWVWM)

IA

2 2 2
CHU—’UHLz(p 1) (HuHL(pr 1) + H HL2p(p 3))

2 2(p 2
Cllu= vl (lull3e + ol )

IA

In a similar way, we obtain

IN

+ + 1 (p
> o ®-1) +oo -1
/ = of? (Jul + o]} da (/ |u—m%FWM> (/ <mwum>P1+@»¢Q

2 2(p—1 2(p—1
sch—wy@anﬂg$fﬂmﬂi$J
L p—2 L P2

2 1) 2(p—1
< Cllu— vl (lulli ™ + ol ).
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Therefore we deduce from the last inequality and (4.53)) that
[Pu — vl < C(1+1) / lu = vl (L [l + ol + G + ollfs) dr
We choose T so small enough such that

CT(1+T) (R +R?) < (4.54)

1
%
holds. So there exists Ty > 0, such that for any 7" € (0,75, ¢ is a contraction map on
X. It follows from the contraction mapping theorem that the equality has a fixed
point u € X (7).

To show wu is a mild solution of the Cauchy problem —, we need to prove A 1u; €
C([0,T], L?). First, we prove u; € Ly([0,T]; H'). Since

w(@t) = OH(Euo + G (t)us — /Kt—T)ﬁtf( (1))dr (4.55)

= O,H(t)yuo + ,G(t)uy F(uo) / K(t —1)0,f (u(r))dr,

we have from Lemma and the embedding

1
! 2 3 —
[ull 20 1y < (/0 HatH(t)uOHzldT) +C(L+ )2 [[A [ (4.56)

) 3
2
( / 1K (7)) ||H1d7) n

C A+ (Jluoll o + [[A™ |+ ol )

dt’

Hl

(t" = 7)0,f (u(7))dr

IN

/ot Kt — )0, fu(r))dr|| dt'| |

It remains to estimate explicitly the last component on the right-hand side of the inequality

(4.56). By the Minkowski and Hélder inequalities and taking s = 1 and k = 0 in (4.31)),
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we can reach

/0 K(t' — )0, f(u(r))dr

t t/
dt' < /t/ K (' — 7)8, f(u(r))dr|| 3 drdt
o 0 0

t t'
< C/ t'/ L+t —7)%|ur JulP " In fu| + [uf" " u
o Jo

We infer from the Holder inequality and Sobolev embedding theorem that

IN

C ||ur [P~ In Ju| + [uf " u, 2

e P21 ] + [ u, |} [

=

IN

_ 2 B 2
C HuT lul? 2ln|u\||L2 +C H|u\p 2“THL2
2 2 2 2(p—1)
Clurllz + llurllz20-1 (HUHLz@ )+ ] (pp 1)2)

Cllurlli (1+ 32 + 32 77) . (@57)

IN

IN

Consequently

(t" — 7)0- f(u(T))dr dt’

< Ct(1+1)? <1+ max ] 2972 + max ]| 2% ”)/ / || drdt’ (4.58)

2(p—2 2(p—1 2
< O+ (1 I 4 1) [ gy (459)
0

Substituting (4.59)) into (4.56)), we obtain

3 _ 2
lurllp2opmy < C+1)2(luoll g + [[A wn]|” + [luollF)

£+ OS2 Nl 00
It then follows from Gronwall’s inequality that

e 120 ) < CCT A [ ol ). (4.60)

75

2
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Now we turn our attention to prove A~'u, € C([0,T],L?). Using the expression (4.55)
and the estimate (4.29), taking s = 0 in (4.30) and s = 0, £ = 1 in (4.31]), we obtain

|7l < o+ 1) (HA%H ol + 1 wa)lg-s+ 10 F () df)

From the embedding H~' — H~3, and the fact (4.57)), it follows that

t
A7l < e+ A un] + ol + loll + [Tl (1 Bl + ulle™) ar
0
— 2
< CO+H([A u ™ + lluoll g + luollfn)

1 - _
+Ct (1 41) (1 Tl + Jull ) el -
Therefore we deduce from (4.60) that

A || < C(T ) (4.61)

Step 2. The uniqueness of the solution can be shown by following the same way as that
of and we omit the details.

Step 3. We claim A~*uy; € C([g, Tax); L?), for k = 0,1. Taking derivative to the both
sides of the equality , we have

u(x,t) = OpH (t)ug + 0nG(t)uy — K (t) f(uo) — /0 OK(t—7)f(u(r))dr  (4.62)

From Lemmas , and the estimate (4.57)), it immediately follows

3
2

HA—kutt||L2(E7t;L2) < C(1+1)

+O1+ 02 [ 10l i)}
At

(luoll s + llol5n) + Ce™2 + (14 1)3) || A |

< O(T [luoll g,
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for £k = 1,2 and sufficiently small € > 0,7 > 0.

Step 4. We extend the interval of existence. Noting that , the local existence time
of u merely depends on the initial data. The fact means |[ul g1 + [Jug]] + [JA™ |
remains bounded on [0,7]. Therefore, by the construction above, the solution can be
continued, see also [62] for a similar argument. Hence, we can reach the existence of the

maximal time T}, and if T, < oo then
Ctim sup(fu| + A" ]| + Jull 1) = oo (4.63)
Step 5. For the last statement, recalling the energy identity (4.21)), it holds
_ 2 4
el + [|A™ e ]|” + 7 < p lull73is +2E(0), for all ¢ € [0, Tinax), ¢ > 0
which, along with (4.63)) it yields
lm ||lul|;pr1 = 400 (4.64)
t—Tmax
So, by the Sobolev embedding theorem, we have
lim [ull g = +oo
t—Trmax

Moreover, by using (4.21)) again we get

4
7 < ];C* lullfoss +2E(0), Vit € [0, Tinax)
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which, together with the Gagliardo—Nirenberg and Young inequalities, and noting that

l<g<p+1implies0 <6 <1and (p+1)f <2, it follows

D 2 1 1)(1-6 1)
Ul —2B0) < Jullzi < O ful &0 ful 51

: e
< < ully + O full a7

Taking ¢ sufficiently small, then we immediately yield (4.47]).
Thus, Theorem [4.1] is proved.

Theorem 4.2 For any ug € H',u; € L? and A™'uy € L?, assume that E(0) < d and
ug € W', then the problem — admits a unique global solution u(t) € C([0,00); H')
with A=y € C([0,00); L?),uy € L2([0,00); L?), and u € W for 0 < t < oo.

Befor prove this theorem, we show that the sets W and V' are invariant under the flow
of (4.1)-(4.2). Based on this, we establish the global existence and finite time blowup of
solution respectively. We first start by dealing with the invariant sets of solutions with

E(0) < d.

Lemma 4.10 (Invariant sets) Suppose that ug € H',u; € L? and A~'u; € L* and

E(0) < d. Then both sets W and V' are invariant under the flow of — respectively,

1.€.,
i) Ifuo(z) € W', then all solutions of problem ([4.1)-(4-3) belong to W.

i) If ug(x) € V', then all solutions of problem (4.1)-([4-9) belong to V.

Proof. We only prove the invariance of W, in the same way we can prove the invariance for
V. Let u(t) be a solution of problem (4.1)-(4.2) with ug € W’, T is the maximal existence
time of u. Now we show that u(t) € W for t € (0, 7). Suppose the contrary, that is there
exists t € (0,T) such that u(t) ¢ W. According to the continuity of I(u(t)) there exists

to € (0,7) such that u(ty) € OW. From the definition of W and i) of Lemma we
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get B,, C W, where B,, = {u € H'/ ||u||;» <7.}. Hence u(ty) € OW reads I(u(to)) =0
with ||u(to)|| g # O, that is u(ty) € N. By the definition of d we have J(u(ty)) > d which

contradicts
Ty g2 2 ! 2 ¢ 2
3 A we]|” 4 fwel|” + o [ Jurl|Pdr + | e || dr + J(u) < E(0) < d.
0 0

Then the proof of Lemma, is complete. m

Corollary 4.1 Suppose ug € H' and A~'u; € L?. Assume that E(0) < 0 or E(0) = 0,
ug £ 0, then all solutions of problem — belong to V.

Now we move to prove the theorem

Proof. From the local existence theorem problem — admits a unique local
solution u € C([0, Tnax), H') with A uy € C([0, Thax), L?), Timax is the maximal existence
time of u. Let us prove that T,,,, = oo. From Lemma, , we haveu € W/ for0 <t <T,,.

Hence by

t t 1 1
_ 2 2 2 2 2
HIA O + ol 4 [ uclPar+ [ Par+ (52l

o I(u) + 5 lullh = E(0) < d, 0<t < Thax

which together with I(u) > 0 gives

_ 2 b
A (0] + Jue@)® + [l < md, 0 <t < Thnax,

t
d
/ ||UT||§{1 dr S a; 0 S t < Tmax-
0

Hence by Theorem we have Ty = 00. B
Next, we consider the finite time blow up of solution for the problems (4.1))-(4.2))

Theorem 4.3 Suppose uy € H', u; € L?> A lug € L* and A 'uy € L? satisfying

(A ug, A ug) + (ug,ug) > 0. Assume that E(0) < d and I(ug) < 0, then the solu-
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tion of the problem - blows up in finite time, i.e the maximal existence time Ty
of the local solution u for problem — is finite and

lim (|| A || 4l + flue])) = +oc.

t—Tmax

Proof. Let u be a local weak solution of problem (4.1))-(4.2)), Tinax is the maximal existence
time of u, by contradiction we will prove Tp,., < co. We suppose that T,,,, = +00, then
u € C([0,T); HY) and A~*u € C([0,T); L?), A~tu; € C([0,T); L?) for any T > 0. Define

¢ (t) as follows :

o(1) =}MIMF+MW+aAHuvm%r+An%@wﬁuwT—wawﬂMWT—wmw%

for0 < t<T.
Then, through direct calculation, we have

o) = 2(A g, A1)+ 2(up, w) + aflull® — o fluoll” + fJuall® — fluo ®

t ¢
= 2(A g, A M) + 2(ug, u) + 2@/ (Ur, u)dT + 2/ (Ugr, ug)dr.  (4.65)
0 0

and

o(t) =2 HA‘lutH2 + 2(A_1utt, A_lu) +2 ||u,5||2 + 2(ugg, w) + 2a(ug, u) + 2(Ugy, ug). (4.66)
We have u; € C([0,T); H') for any T > 0 and
AUy = —u — gy + Uy + |u|p72uln lu| — auy + Uz, € C([0,T); Hl).

Multiplying the last equation with u and integrating over R, we obtain

+oo
(A 2wy, u) = — |Jul| 3 — (g, w) +/ lul”In Ju| dz — aug, u) — (Ugt, Ug)- (4.67)

[e.e]
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By using the expression (4.67)) into (4.66|), we infer

.. +w
9(8) = 2| A ue)” + 2 lusl)” — 2 ull 7 + 2/ [ul” In fu] d. (4.68)

—0o0

Further from (4.65)), it yields

<¢(t))2 = 4(A M, AM)? 4 A (g, w)? A+ S(AT g, A ) (g, )

4 (/Ot(um,ux)d7'>2 +da? (/Ot(uf,u)dT)

t t
+8a(A1ut,A1u)/ (uT,u)dT+8(A1ut,A1u)/ (Ugr, g )dT
0 0

2

t t
—|—8a/ (uT,u)dT/ (Ugr, g )dT
0 0

+8a(ut,u)/0 (uT,u)dT—|—8(ut,u)/0 (Ugr, Uy )dT. (4.69)

By using the Cauchy—Schwarz inequality to the members in the right hand side of (4.69)),

we have

2
)

4Ny, A M)

IN

o P

4(uy, u)2

40 (/Ot(uT,u)dT)2
s < /0 t(um,ux)dT)

S(A™ g, A M) (g, u)

IA

20,112
A ]l

t t
10 / s |2 dr / lul® dr,
0 0
t 2 t 2
1 / oy |12 dr / o | dr
0 0

81 e | A7 e el el

IA

2

IN A

IN

(Al + A )

sa(d A ) [ e < saflatuf Ja ) ([ uuTusz)é ([ numf

(ol tud? [ olPar+ oAl [ unlPar).

IA

IA
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We also see from the Cauchy-Schwarz inequality that

¢ , 1 ¢ , 1
statul 4=l ([ oot ar)” ([ lar)
0 0
t t
4(\\/\—1%}}2/0 ||uz||2dT+HA_1uH2/O ||um||2d7)
¢ 1 ¢ 1
salul ol ([ urt?ar)” ([ uifar)
0 0
2 t 2 2 t 2
4(auutn / Jull®dr + a Jlu] / el dT).
¢ , i ¢ , 1
8 ] 1] ( [ el df) ( [l df)
0 0
2 ! 2 2 t 2
4(||ut|| [l [l df)
t 1 t 1 t 1 t \
sa ([ untar)” ([ atar)” ([ oelfar) ([ sl an
0 0 0 0 /
t t t t
4(04/ HqudT/ HumH2dT+a/ HUTH2d7'/ Hqu2d7).
0 0 0 0

IN

t
8(A_1ut,A_1u)/ (Ugr, Uz )dT
0

IN

IN

8av(ug, u) /Ot(uT, u)dr

IN

¢
8(uyg, u) / (Ugr, Uz )dT
0

IN

IN

IN

t t
804/ (uT,u)dT/ (Ugr, Uz )dT
0 0

IN

Hence we have

(ob(lt))2 < 4(HA1uH2+Hu|]2+oz/ot\|u|]2d7'+/0tHqu2d7>

t t
X <||A1UtH2 + HUt”2 +Oé/ HutHQdT—i—/ HuxtH2dT)
0 0
t t
= 4¢(t) <||A1utH2+ Hut|]2—|—a/ Hut||2d7—|—/ |yuxt\|2dr>. (4.70)
0 0

Consequently, it follows from (4.68]) and (4.70)) that

“+o00

(0 = o) (247wl + 2l = 2l — 2l +2 [ i infuldo

—0o0

t t
—4 || A ||* — 4w — 40 / e || dr — 4 / ||Umt\|2d7>
0 0

o) (2 1A~ el +2 el — 21w

t t
—(p+2) (HA‘lutH?HlutIIZw/ IIutIIQdH/ lluxtH?dr) (4.71)
0 0

p+2

o(t)P(t) — 1

v
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From the energy identity

1 -1 2 2 1 1 2 1 p
3 (A7l 4 al?) + (3= ) ol + 2100)+ 2

¢ ¢
+a/ ||ut||2d7'+/ ||uxt||2d7 = E(0),
0 0

we have

_ 2 2
~20(w) = p([|A" el + ) + =2l + ol
t t
+2ap/ Hut||2d7'—|—2p/ luat|? dr — 2pE(0).
0 0
Using the last equation into (4.70]), we can deduce that
. p+2 . _ 2
o030 — 6 = o) (2[A ]| + 2 el
_ 2 2 t
9 (1Al ) + (0 = 2l + 2 ull + 209 | el
0
t
+2p/ e dr — 2pE(0)
0

t t
_ 2
~+2) (Al + el [l [l ).
0 0
The last inequality can be then rewriten as
_p+2;

A1) — (1) > d(t)u(t)

where 1 : [0,T] — R, is defined by

9 t t
O(t) = (p—2) [fullf + p lully + o (p— 2)/0 el |* d + (p — 2)/0 [t |* dr — 2pE(0).
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Clearly, we have from definition of J that
2
2pJ (u) = (p — 2) ||ullz + 21 (u) + p el

Hence

2
2pJ (u) = 21(u) = (p = 2) ||ullp + » lull

Therefore, we obtain

bt) = <p—2>||u||ip+§||u||§+a<p—2> / el dr + (p — 2) / a2 dr — 2pE(0)
= 2pJ(u)—2[(u)—2pE(0)+a(p—2)/0 Hut||2d7'+(p—2)/0 ||umt||2d7'
— % (J(u) — E(0)) — 2(u) + a(p—2) / el dr + (p — 2) / letar |2 e

t ¢
> ()~ d) =20 +ap=2) [ fuldr+ (p=2) [ ol dr >0
0 0
By vertu of Lemma we have 2p (J(u) — d) — 2 (u) > 0 which implies
P(t) >0, forall £ > 0.

Hence , it follows that

B03(1) ~ 250 2 0,

By the definition of ¢(t), #(0) > 0 and by the assumption (A~ uy, A" ug) + (ug,ug) > 0,
we have ¢'(0) > 0. According to Lemma , we can find t; < Tj = % such that
tlir? ¢(t) = +o0o, which contradicts our assumption Ti,.x = 0o0. The proof of Theorem is
—t1

completed. m

Theorem 4.4 Suppose ug € H', uy € L? and A"'u; € L?. Assume that E(0) = d,
ug € W' then the problem - admits a unique global solution v € C([0, 0], H'),
Aty € C([0, 00], L?), uy € L2([0,00], L?) and u € W for 0 < t < oo.
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Theorem 4.5 Suppose ug € H', uy € L? and A" ug, A" uy € L2, Assume that E(0) = d
and I(ug) < 0 then the solution of problem ({.1)-({{-4) blows up in finite time i.e, Tax

18 the maximal existence time of u s finite unless u is a stationary solution of problems

@-1)-(+-2).

We turn now to the proofs of global existence and blow-up of solution for problem (4.1)-
(4.2) in the critical initial condition E(0) = d.To commence, we initiate the proof with

the following lemma, affirming the invariance of sets W and V.

Lemma 4.11 Suppose ug € H', uy € L? and A"'u; € L%, Assume that E(0) = d, then

both sets W and V' are invariant under the flow of problem —.

Proof. We only prove this lemma by considering W (the proof for V' is similar). Let u
be the unique local solution of problem (4.1)-([.2) with E(0) = d, ug € W', Tipax is the
maximal existence time of u. We prove u(t) € W for 0 < t < Thay, if it is false, then
by continuity there exists a ty € (0, Tmax) such that u(tg) € OW ie., I(u(ty)) = 0 and

u(ty) # 0 i.e, u(tg) € N. We have from definition of d, J(u(ty)) > d and

Livor, 2, 1 2 ' 2 ! 2

§HA ut” +§Hut“ ta [|ur||” dr + |ter||”dT + J(u) = E(0) =d, 0 <t < Tha,
0 0

we get f; l|ur||* dr = 0 and fot \|tigr||* d7 = 0, which implies |Jug|| = 0,0 < t <ty and u; = 0

for (x,t) € R x [0,%0] and consequently u(tg) = ug € W’ which contradicts u(ty) € N. =

Lemma 4.12 Suppose ug € H', uy € L* and A"*uy € L% Assume that E(0) = d and u
18 the unique local solution of problems —, Tmax @S the mazimal existence time of

w. Then there exists tg € [0, Tinax| Such that

to 9
| el dr > o
0

unless u is a stationary solution of problems —.
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Proof. We suppose that there don’t exist ¢ty € [0, Tiax| satisfying / ! ||uTH§{1 dr > 0, so
0

we get /t || dr = 0, Yt € [0, Timax] = |Jus]| = 0 for ¢ € [0, Thmay] and u(t) = ug for
t €0, Tm(;x] i.e., u is a stationary solution of problem —.

From the local existence theorem, problem — admits a unique local solution u €
C([0, Tiax), H') with A~ u; € C([0, Tinax)s L?), Tiax is the maximal existence time of w.
Let us prove that Ta.x = 0o. From Lemma [4.10, we have u € W for 0 < ¢t < Ty, Hence
by

t t 1 1
_ 2 2 2 2 2
HA I + ol + o [ uolPar+ [ Par+ (5= 2l
0 0

+11(u) + z% [ull;, = £(0) =d, 0 <t < Thax,

p

which together with I(u) > 0 gives

_ 2 p
A, (8] + Jue @I + JullFn < md’ 0 <t < Thax,
t d
/ HuTHill dt < ) 0 <t< Tmax'
0 (6]

Hence by Theorem we have T = 00. B
Proof. Let u be the unique local solution of problem (4.1))-(4.2)) but be not a stationary

solution, Tinay is the maximal existence time of u. We prove Tyax < 00, the lemma [4.12]

implies there exists tg € [0, Thax] such that foto |ur]|* dm >0

to to
E(ty) = E(0) — Oé/ [ ||* dr — / | tar||* dr < d.
0 0

On the other hand we have from Lemma I(u(tg)) < 0. Therefore according to

Theorem [4.3] Tinax < 00, when taking ¢ = ¢y as an initial value. m

Corollary 4.2 Letug € H*, uy € L? and A"*uy € L?. Assume that E(0) < d, A" ug € L?
then when I(ug) > 0, the solution of problem (4.1)-({4.9) exists globally and when I(ug) < 0
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the solution of problem - blows up in finite time.
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Conclusion

This thesis examines the generalized Boussinesq equation within two distinct contexts.
The first focuses on a bounded domain 2, specifically exploring two cases of the function
f. The second context involves a one-dimensional fifth-order Boussinesq equation featur-
ing logarithmic nonlinearity. In the first case, we establishe the local well-posedness of
solutions, present exponential energy decay estimates for global solutions under certain
initial data assumptions, and prove the potential occurrence of infinite-time blow-up. For
the second case, the existence and uniqueness of local mild solutions in the energy space are
established. Additionally, we establish, under specific constraints on initial data, results
regarding the existence and uniqueness of global solutions. The inclusion of a nonlinear
logarithmic term introduces challenges, such as difficulties in applying Sobolev’s logarith-
mic inequality and the absence of Poincaré’s inequality in the interval (—oo, 00), which
is crucial for handling nonlinear estimates. In light of these complexities, a fundamental
question arises: Can the problem exhibit a global solution with subcritical initial energy

E(0) > d, and is there a possibility of the solution undergoing finite-time blow-up?
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