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Résumé

Dans cette these, nous explorons deux facettes distinctes, I'une théorique et ’autre pratique.
L’aspect théorique de notre recherche se concentre sur I'examen des équations différentielles
stochastiques rétrogrades pilotées a la fois par un processus de Poisson et un mouvement
brownien qui est indépendant, succinctement désignées comme EDSRSs. Le générateur
présente une croissance logarithmique a la fois dans la variable d’état et le processus z,

tout en conservant la continuité de Lipschitz en ce qui concerne la composante de saut.

Notre étude établit systématiquement la présence et la distinction des solutions dans
des espaces fonctionnels appropriés. De plus, nous relachons la condition de Lipschitz
sur la composante de Poisson, permettant au générateur de manifester une croissance
logarithmique concernant toutes les variables. Faisant un pas supplémentaire, nous utilisons
une transformation exponentielle pour établir un paralléle entre les solutions d’'une EDSRS
caractérisée par une croissance quadratique dans la variable z et une EDSRS présentant
une croissance logarithmique avec a la fois y et z. De plus, nous plongeons dans une
discussion sur le principe du maximum, spécifiquement dans des scénarios dépourvus de la

composante de saut.

Du c6té pratique, notre attention se tourne vers la mise en ceuvre des Partenariats Public-
Privé (PPPs), qui se sont révélés étre une approche prometteuse pour gérer efficacement
les projets et services d’infrastructure publique. Cependant, le succes des contrats PPP est
souvent entravé par des défis tels que 'asymétrie de I'information et le risque moral. Pour
optimiser la prise de décision dans les PPPs, cette these se concentre sur I'application de
techniques de controle stochastique, en tenant compte de 'effet du facteur d’ambiguité s

dans le contrat entre le principal et I'agent.

En exploitant des cadres mathématiques rigoureux, comprenant des EDSRs en une di-
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mension, du contrdle stochastique, et des techniques d’arrét optimal, cette recherche offre
des perspectives précieuses et des solutions pratiques pour atténuer les effets adverses de

I’asymétrie de 'information, de 'ambiguité et de la dynamique en temps continu dans les

PPP.

Cette étude dérive 'inégalité variationnelle de Hamilton-Jacobi-Bellman (HJBVI) liée a
la fonction de valeur publique, offrant une base solide pour 'optimisation de la prise de
décision dans les PPP.

De plus, dans ce travail, une étude numérique est réalisée en utilisant des méthodes de
différences finies et ’algorithme de Howard pour approximer le loyer optimal et 1'effort
sous l'impact de l'incertitude. L’analyse numérique démontre I'impact de 'incertitude sur

la prise de décision et les résultats des projets dans les contrats PPP.

Dans 'ensemble, cette these apporte d’importantes contributions aux domaines théorique
et appliqué. Tout d’abord, nous établissons I'existence et 'unicité des EDSRSs avec un
générateur permettant une croissance logarithmique. De plus, nous explorons le lien entre
ces EDSRSs et les EDSRSs quadratiques. Ensuite, nous plongeons dans le principe du
maximum de Pontryagin pour ces types de EDSRs, spécifiquement sans la composante de
saut. Enfin, nous faisons progresser le domaine des Partenariats Public-Privé (PPPs) en

optimisant la prise de décision.

vi



Abstract

In this thesis, we delve into two distinct facets, one theoretical and the other practical. The
theoretical aspect of our investigation centers on the examination of backward stochastic
differential equations driven by both a Poisson process and an independent Brownian
motion succinctly denoted as BSDEJs. The generator showcases logarithmic growth in
both the state variable and the process z while retaining Lipschitz continuity concerning

the jump component.

Our study systematically establishes the presence and distinctiveness of solutions within
appropriate functional spaces. Furthermore, we loosen the Lipschitz condition on the
Poisson component, allowing the generator to manifest logarithmic growth concerning all
variables. Taking an additional stride, we utilize an exponential transformation to draw a
parallel between solutions of a BSDEJ characterized by quadratic growth in the z-variable
and a BSDEJ exhibiting logarithmic growth with both y and z. Additionally, we delve
into a discussion on the maximum principle, specifically in scenarios devoid of the jump

component.

On the practical side, our focus shifts to the implementation of Public-Private Partnerships
(PPPs), which have emerged as a promising approach for efficiently managing public
infrastructure projects and services. However, the success of PPP contracts is often
hindered by challenges such as information asymmetry and moral hazard. To optimize
decision-making in PPPs, this thesis focuses on the application of stochastic control
techniques, taking into account the effect of the ambiguity factor s in the contract between

the principal and the agent.

By leveraging rigorous mathematical frameworks, including one-dimensional BSDEs,

techniques in stochastic control, and optimizing stopping times, this research provides

vii



ABSTRACT

valuable insights and practical solutions to mitigate the adverse effects of information

asymmetry, ambiguity, and continuous-time dynamics in PPPs.

This study derives the HJB Variational Inequality (HJBVI) associated with the public

value function, offering a solid foundation for decision-making optimization in PPPs.

Additionally, this work conducts a numerical study using finite difference methods and
the Howard algorithm to approximate the optimal rent and effort under uncertainty. The
numerical analysis demonstrates the impact of uncertainty on decision-making and project
outcomes in PPP contracts.

Overall, this thesis significantly contributes to the theoretical and applied fields. Firstly, we
establish the existence and uniqueness of BSDEJs with a generator allowing for logarithmic
growth. Furthermore, we explore the connection of these BSDEJs with quadratic BSDEJs.
Secondly, we delve into the Pontryagin maximum principle for these types of BSDEs,
specifically without the jump component. Finally, we advance the field of Public-Private

Partnerships (PPPs) by optimizing decision-making.

Keywords : Public Private Partnership, Moral Hazard, Knightian Uncertainty, BSDFEs,
stochastic control, Maximum principle, logarithmic growth, Poisson random measure,
Dynamic Programming Principle, optimal stopping, Hamilton Jacobi Bellman variational

inequality, Howard algorithm.
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Chapter

Introduction

1.1 Backward Stochastic Differential Equations

Backward Stochastic Differential Equations (BSDEs) represent a vibrant and relatively recent
domain within stochastic analysis, gaining momentum since the early 1990s. Extensively explored
for their profound connections to various stochastic mathematical challenges, such as those
in mathematical finance, differential games, optimal control, and partial differential equations
(PDEs), BSDEs have garnered widespread interest. They are positioned squarely within the

realm of stochastic analysis.

Let’s present the form of a BSDE. Consider a time interval [0,T], W a fixed Brownian motion
within a standard filtered probability space (£2,F = (Ft)icjo,77,P). The filtration F is assumed
to be the augmented filtration of W :

{dnz—f(r,n,zr)dwzrdwr
Yr=¢

Or, in the same way :

T T
£ Yr Zo)ds— | Z,aW, (1.1.1)

s

Yo=¢+ |

s

The parameters involved are :
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e ( : Fr-measurable random variable that signifies the terminal condition.

e f : A measurable function incorporating variables t,w,y,z, with the w dependence
typically implied rather than explicitly stated. This function is commonly referred to as
the generator or driver.

A sought-after solution to the BSDE is an adapted stochastic process (Y%, Z¢)ic[o,7 to the filtration
F. The persistent question regarding the solution of (1.1.1) is focused on discerning the conditions
that lead to the solution’s existence, uniqueness, stability, and regularity. Researchers remain

actively engaged in the pursuit of minimizing assumptions that guarantee these properties.

Let’s offer a concise yet selective overview of the evolution of BSDE theory. The emergence
of Linear BSDEs in 1973 within stochastic control theory, as identified by Bismut [23] in the
equation governing the adjoint process, set the stage for a pivotal development. However, the
groundbreaking work of Pardoux and Peng in their influential paper [78] marked the systematic
commencement of the study of BSDEs. They demonstrated the existence and uniqueness of

BSDEs, establishing crucial results under the following classical Assumption :

» Integrability condition : For every y,z € R, the function f(.,y,z) is a progressively mea-

surable process satisfying :

< o0.
)

T
E[¢P] < oo, E U F(5,0,0)ds

» Lipschitz condition : There exists a constant C'y > o s.t. for any s, w,

V(Y1 21,42, 22) 1f(8,91,20) = F(8,02,22)] < C’f ([ — Yol +12: — 22]) ds@dP a.e.
Theorem 1.1.1. [Pardoux-Peng [78]] Under the above Assumption, the BSDE (1.1.1) has a
unique solution (Yi, Zt)<p, such that :

< 0.

T
E[ sup |Yt|2+j 247 dt

o<t<T o

This groundbreaking work gained widespread recognition across diverse fields, including mathe-
matical finance [45], finance and insurance [42], insurance reserve [40], optimal control theory
[81], as well as stochastic differential games and stochastic control [52-54]. These contributions
are closely linked to partial differential equations (PDEs) [17, 80, 82]. Conversely, subsequent

research was the first to showcase BSDEs with random terminal time.

Due to the diverse applications of BSDESs, considerable efforts have been made to relax assumptions
on the generator f and/or the final condition. Noteworthy outcomes have been achieved for
high-dimensional BSDEs with local Lipschitz assumptions on the driver, as evidenced in [6,
13, 28, 32, 58]. Despite extensive study of real-valued BSDEs, primarily relying on a specific

comparison theorem, most works concentrate on scenarios where the generator exhibits at most



Chapter 1: Introduction

a linear growth concerning y and grows either linearly or quadratically in z. This facilitates the
establishment of solutions under conditions of square integrability (or even integrability) for the
terminal datum, as exemplified in [60, 63, 64]. For further literature on quadratic growth in z
(referred to as QBSDE), one can refer to [7, 9, 10, 18, 27, 48].

Another avenue of research in the theory of BSDEs explores equations driven by a combination
of a Poisson random measure and Brownian motion (in short BSDEJs), pioneered by Tang and
Li [90], where BSDEJ has the following form :

T T T

Y=+

f(sy}/;HZSaUs('))dS—JA
t

ZsdW —J
t

J Us(e)N(ds,de) (1.1.2)
t JR*
where,

e N(ds,de) is a Poisson random measure.

e N(ds,de) = N(ds,de) —v(de) is the compensated Poisson random measure.

e v is a o-finite measure on R*.
Tang and Li [90] establish the existence and uniqueness of solutions under the classical Assumption,
where the solution is a triplet (Y, Zs,Us)sefo,r) of progressively measurable processes satisfy

(1.1.2) and,
T
E[ sup |Y}|2+J <|Zt|2+JF|Ut(e)|2l/(de)> dt] < 00.

o<t<T o

Various other studies have delved into this area, including [1, 2, 69, 84, 96].

1.2 Stochastic control

Stochastic control theory has emerged as a dynamic field of mathematics since its intensive
development in the late 1950s and early 1960s. Its applications to management and finance
problems gained momentum in the 1970s, notably with Merton’s seminal paper on portfolio
selection [71]. Subsequently, numerous authors extended Merton’s model and results, including
[39, 74, 98]. Two principal and widely used approaches in solving stochastic optimal control
problems are the Dynamic programming principle and Pontryagin’s maximum principle. The
first is abbreviated as DPP, which was introduced by Bellman in the 1950s [20, 21]. Bellman’s
contributions revolutionized the field by providing a powerful tool for optimizing sequential
decision-making under uncertainty. Dynamic programming has since become a cornerstone of
stochastic control, enabling the formulation and solution of complex optimization problems.
Stochastic control problems often involve the analysis of systems described by stochastic differen-
tial equations (SDEs) or stochastic partial differential equations (SPDEs) [73]. These equations

capture the stochastic dynamics of the systems and allow for the incorporation of random
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disturbances, providing a realistic representation of real-world phenomena affected by uncertain
factors.

Over the years, researchers have developed sophisticated mathematical techniques and computa-
tional tools to tackle the challenges posed by stochastic control problems. Approaches such as
optimal, adaptive, and robust control have been extensively explored [19]. Furthermore, machine
learning and reinforcement learning methodologies have opened up new avenues for addressing
stochastic control problems [89].

Stochastic control finds relevance in various domains, including finance for portfolio optimization,
option pricing, and risk management [66]. It also extends to energy management, robotics,
healthcare, and many other fields. For a comprehensive and in-depth exploration of the discussed
topics, I recommend referring to the following references, which provide detailed discussions and
further insights [19-21, 39, 66, 71, 73, 74, 89, 98].

The inception of the maximum principle, attributed to Pontryagin and his research team in the
1960s, marks a significant milestone in the realm of optimal control theory. This principle asserts
that the optimal control, in conjunction with the optimal state trajectory, necessitates addressing
the (extended) Hamiltonian system and adhering to a maximum condition associated with the
Hamiltonian function. Pontryagin initially formulated the maximum principle for deterministic

problems, drawing inspiration from classical calculus of variations.

The extension of the maximum principle to stochastic control problems was pioneered by Kushner
and Schweppe in their seminal work [62]. This extension presented a unique challenge, as the
adjoint equation transformed into a stochastic differential equation (SDE) with terminal conditions.
Unlike deterministic differential equations, reversing time is not a straightforward solution due
to the adaptation requirement of the control process and the solution to the SDE with respect to
the filtration. Bismut resolved this complication by introducing conditional expectations and

deriving the solution to the adjoint equation through the martingale representation theorem.

Several notable contributions in this area include [8, 15, 26, 33, 68], among others.

1.3 The Power of the Hamilton-Jacobi-Bellman Va-
riational Inequality and Verification Theorem in

Optimal Control

The HJB variational inequality (in short, HJBVI) and the associated verification theorem are
fundamental concepts in the field of stochastic control. They provide a powerful framework for
analyzing and solving optimal control problems under uncertainty.

The HJB variational inequality is a key mathematical equation that characterizes the value
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function associated with an optimal control problem. It arises in dynamic programming ap-
proaches and encapsulates the optimality conditions for the control policy. The HJB variational
inequality incorporates the system dynamics, the control actions, and the stochastic nature of
the environment.

The verification theorem, often called the HJB equation verification theorem, establishes the
connection between the solution of the HJB variational inequality and the optimal control policy.
It states that if a function satisfies the HJB variational inequality, then it is the value function of
the corresponding optimal control problem. The verification theorem provides a crucial theoretical

result that identifies and verifies optimal control policies.

Numerous researchers have made significant contributions to the study of the HJB variational
inequality and the verification theorem. Notably, the following references have played pivotal

roles in shaping the field :
- W. H. Fleming and H. M. Soner [49] provide a comprehensive introduction to the theory

of viscosity solutions and their applications to stochastic control problems.

M. Bardi and I. Capuzzo-Dolcetta [16] offer a thorough treatment of the theory of viscosity
solutions and its use in solving Hamilton-Jacobi-Bellman equations.
- M. G. Crandall et al. [34] provide a comprehensive overview of viscosity solutions theory,

encompassing the HJB variational inequality.

J. Yong and X. Y. Zhou [97] present a detailed exposition of stochastic control theory, with

a specific focus on Hamiltonian systems and the HJB equation.

These seminal works offer valuable insights and lay the mathematical foundations for the study
of the HIBVI and the verification theorem. In this thesis, we delve into the HJBVI, which
characterizes the public value function, and explore the associated verification theorem within

the context of stochastic control problems.

1.4 Principal-Agent Problem

In this section, we delve into the intriguing realm of the principal-agent problem and closely
examine the complexities surrounding the pursuit of an optimal contract between two distinct
parties. Within this dynamic, we have the principal, who plays a pivotal role, and the agent, who
assumes a complementary position. The principal extends a contractual proposal, granting the
agent the freedom to exercise their agency by accepting or rejecting the offer. It is worth noting
that once a decision is made, both parties are bound by their choice and have no recourse to
reverse it.

Once the agent willingly accepts the contract, they are obliged to put forth a specific effort,
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denoted as ’a,’” as a condition of the agreement. Meanwhile, the principal is driven by two primary

objectives in this scenario :

- The principal’s first objective is to ensure the agent’s acceptance of the contract. This is
commonly referred to as a reservation constraint, which establishes the minimum value 'z’
that must be met or exceeded for the agent to decline the contract. The principal strives
to set terms and conditions that entice the agent to willingly agree to the contractual

arrangement.

- Additionally, the principal aims to maximize the profits or benefits derived from the
contract. The principal seeks to extract the utmost advantage and financial gain from the
contractual relationship through careful strategizing and design. This entails optimizing
various aspects of the agreement to secure the most favorable outcomes and maximize the

principal’s returns.

Therefore, the objective is to construct a contract, denoted as ’I"’, that maximizes the principal’s
utility while ensuring a minimum value for the agent. The optimal contract for the principal
varies depending on whether or not they observe the agent’s efforts (known as the first-best and
second-best scenarios). The utility of the agent is denoted as U. Within the literature, three
contract types are commonly distinguished based on the level of information, a distinction we
will briefly summarize below for clarity.

First-best :

In the first-best scenario, also known as Risk Sharing, the principal and agent share the same
information and collaborate on risk allocation. The principal holds bargaining power, dictating
the contract and the agent’s actions. This transforms the issue into a stochastic control problem
for the principal, who simultaneously determines the contract and actions. Denoted by ¢ for
the contract, a for the action, and using Up as the principal’s utility function, the problem
involves observing the agent’s effort. The goal is to collectively distribute the risk, making it a
single-individual problem, where the principal selects both the contract and effort, adhering to

the reservation constraint.

The principal’s problem can be delineated as follows : The contract, denoted as ¢, is contingent
upon X%, which stands for the project’s social worth and is commonly referred to as the output
in the context of principal-agent literature. X, in turn, depends on the effort exerted by the
agent.
Vp, =supVj(a,c)
ca

— suplUp(a,¢) — (X)),

c,a

Under the following reservation constraint :

E[UA(Cy (I) - h’(a)] Z Z,
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where h represents the cost of effort, a strictly convex function.

To further analyze the problem, we incorporate a Lagrange multiplier denoted as A and shift our

focus to examining the unconstrained problem.
sup {E[Up(a, c)+AUxl(a,c)—Ah(a)— /\g}.

Several notable works have contributed to this topic [4, 24, 29].

Second best :

In this situation, we encounter a scenario where the principal cannot observe the actions performed
by the agent. As a result, there is typically a loss in expected utility for the principal, and she
can only achieve the second-best reward or outcome. There are many real-world examples where
the principal cannot deduce the agent’s actions, either because the cost of monitoring the agent
is prohibitively high or simply impossible.

Due to the presence of actions that cannot be observed or contracted, the principal cannot directly
dictate the actions that align with their preferences. Instead, when offering a contract ¢, she
must be aware of the action a = a(c) that would be optimal for her to choose. Consequently, the
principal faces the challenge of designing incentives to indirectly influence the agent in selecting
certain actions by providing an appropriate contract. Since he can undertake actions that may
not be in the best interest of the principal, this situation is commonly referred to as a moral
hazard, where he may lack moral constraints or face conflicting interests.

For a given contrat ¢, we get the best answer a*(c) of the agent :
sng[UA(c,a) —h(a)l.
We solve the principal’s problem.
sng[Up(X“) —c(XY)].
Subject to the specified reservation constraint
E[Ual(e,a*(c)) —h(a™(c))] > .

The phenomenon of moral hazard has received considerable attention in the context of discrete-
time models. However, Holmstrom and Milgrom [55] pioneered addressing this issue in a
continuous-time framework, considering a finite horizon and a terminal payment. This study
attracted considerable attention from authors, with notable contributions, as evidenced by re-
ferences [36, 56, 70, 86, 87, 93]. In a different context, the authors applied the principal-agent
problem framework to the energy sector (see [3, 46]).

In the literature, several studies have explored the concept of continuous payment with an
infinite or random horizon. One of the seminal works in this area [85, 92]. However, some works

consider the framework of Poisson processes, where the agent’s action influences the process’s

7
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jump intensity, exemplified by studies such as [22, 77]. Hu et al. [57] addressed a moral hazard
problem with multiple principals and a single agent. Since the agent is constrained to work for
only one principal at a time, they studied a switching problem from one principal to another,
where the switching time is modeled as a random time characterized by a Poisson process. The
agent influences the random switching time by controlling the intensity of the Poisson process.

In the case of an infinite number of principals, they used a mean-field formulation.

Third Best

Third-best is the case where the principal does not have perfect knowledge of the agent’s
characteristics (such as wealth, risk aversion, etc.). Important characteristics remain concealed.
This kind of problem has been explored in previous works by [30, 37, 88]. However, this thesis
will not extensively discuss this type of contract, as the primary focus is on tackling ’second-best’

problems.

1.5 Ambiguity

Principal-agent problems under moral hazard have been extensively studied in economics. The
common assumption is that the principal knows the probability distribution governing the agent’s
effort. However, in real-world scenarios, she often faces uncertainty and ambiguity regarding
this probability, introducing the need to consider multiple objective probability measures. The
literature has provided preliminary insights into uncertainty, particularly in the context of
dominated sets, utilizing objective reference probability measures such as drift uncertainty as
explored by Gilboa and Schmeidler [50]. Ambiguity, also known as Knightian uncertainty, holds
significant relevance in economic problems, a concept initially introduced by Knight [59]. This
notion plays a crucial role in economic contracts, reflecting the inherent inaccuracy of available
information and its impact on decision-making.

Building upon Knight’s work, subsequent researchers have further explored the relationship bet-
ween ambiguity and decision-making under uncertainty. Ellsberg [47] and Gilboa and Schmeidler
[50] contributed to this line of inquiry by examining the concept of multiple priors within a static
framework. Chen and Epstein [31] expanded on these ideas by extending the framework to an
intertemporal setting, introducing the concept of x-ignorance to characterize Knightian uncer-
tainty, where k represents the ignorance parameter. As the value of k increases, decision-makers
find themselves in increasingly ambiguous situations.

Addressing the implications of ambiguity in specific scenarios, Dumav and Riedel [43] investigated
a moral hazard problem over a random horizon involving continuous payments. Within this
context, the principal and the agent establish a contractual relationship based on unobservable
effort, generating output under conditions of ambiguity. In contrast to Sannikov [85], Dumav

and Riedel [43] proposed a model that maps efforts to sets of probability distributions, enabling
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them to characterize the optimal contract under ambiguous information. Additionally, Mastrolia
and Possamai [70] explored a scenario where both the agent and the principal faced uncertainty
regarding the volatility of the output. Their analysis specifically focused on the case with finite
maturity.

In our work, we aim to investigate the impact of the x factor on the problem of the main agent
under moral hazard, specifically examining its effect on the drift. To analyze this effect. Through
this approach, we address the problem faced by the agent under the worst possible scenario.
Within this context, our objective is to determine the optimal response denoted as a*, given a

specific contract c.

This thesis comprises four chapters. The content in Chapters 2, 3, and 4 presents distinct
self-contained research findings that can be perused independently. The initial chapter provided
a comprehensive introduction to the central themes of the thesis. The rest of the chapters are

outlined below :

Chapter 2 : "One-dimensional Backward Stochastic Differential Equations with

Jumps and Logarithmic Growth"

Motivation and Outline : Chapter 2 addresses fundamental questions about the existence

and uniqueness of a BSDE involving a Poisson random measure and an independent Brownian
motion, commonly abbreviated as BSDEJ. This work derived from the work of Bahllali et al.
[14], where they studied a BSDE without the Jump Part and proved its existence and uniqueness
under the logarithmic growth condition. This study is underscored by several pivotal factors that
command our attention :
e Will the existence and uniqueness be achieved in the presence of the Poisson random
measure ?
e What characterizes the auxiliary structure in this BSDEJ class, and to what extent can
we systematically formulate assumptions regarding this auxiliary BSDEJ ?
These qualities have been proven under two key assumptions. First, we present pivotal lemmas
that lay the foundation for our main result. In the first assumption, the generator exhibits
logarithmic growth in both the state variable and the Brownian component while maintaining
Lipschitz continuity with respect to the jump component. The first assumption’s robustness is
validated by including a concrete example. In the second assumption, we also relax the Lipschitz
condition on the Poisson component, allowing the generator to exhibit logarithmic growth
concerning all variables. Taking a step further, we employ an exponential transformation to
establish an equivalence between solutions of a BSDEJ exhibiting a quadratic growth in the

z-variable and a BSDEJ showing logarithmic growth for y and z.

Upcoming Challenges :

e Establishing a robust connection with PDEs, drawing upon the foundational insights
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provided by Bahlali et al. [14], particularly in their exploration of PDEs excluding the
"Jump" component and emphasizing its significance in theoretical physics. The Markovian
form of BSDE(1.1.1) is related to the following semilinear PDE,

%—Au+uln(|u\) =0 on (0,00) x R,
u(o™) =¢ >o.

e Application of these findings in financial markets. This is particularly relevant for modeling
scenarios where asset price dynamics exhibit characteristics of proportional growth, such as
valuing growth options. Furthermore, a comprehensive numerical study will be conducted
to validate theoretical propositions and glean practical insights.

Chapter 3 : "Optimal Control of BSDEs with Logarithmic Growth Condition :
Exploring the Maximum Principle"

Motivation and Outline : In Chapter 3, we examine a stochastic control problem tied to

a BSDE that is locally Lipschitz continuous. This equation’s generator satisfies a logarithmic

growth condition.

This research spotlights the contributions of Azizi and Khelfallah [5]. Our attention is directed
towards critical aspects :

e Can we ensure the existence and uniqueness of the SDE, as defined later, in the presence

of a logarithmic growth condition to establish a well-posedness problem ?

o Is there flexibility in relaxing the assumptions presented in their work ?
Not constrained by the necessity of convexity within the control domain, we derive a necessary
and sufficient condition for optimality applicable across all optimal controls. A local Lipschitz
stochastic differential equation and a Hamiltonian subject to a maximum condition delineate
these criteria. Our initial focus involves proving, under specific conducive conditions, the existence
of a singular solution to the resultant adjoint equation. Employing an approximation methodology
on the coefficients, we introduce a class of control problems characterized by global Lipschitz
coefficients. This framework enables the derivation of a stochastic maximum principle, facilitating
the pursuit of near optimality within these approximated systems. Subsequently, we seamlessly

transition back to the initial control problem through a judicious limit-taking process.

Upcoming Challenges :

e Relax the boundedness assumption on the terminal condition and investigate the effects
on the solution and stability.
e Generalize the model to a mean-field approach and provide examples of applications such
as economics or game theory. This will demonstrate the flexibility of the framework.
Chapter 4 : "Public-Private Partnerships contract under moral hazard and Knightian

uncertainty with random horizons"

Motivation and Outline : The final chapter 4 delves into the complexities of the principal-

agent problem within the context of Public-Private Partnerships (PPPs) under moral hazard

10
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and Knightian uncertainty, all while considering the variable time horizons inherent in long-term
PPP contracts. In this chapter, we navigate the intricate interplay of stochastic control and
optimal stopping problems within the framework of ambiguous information. The key highlights
that have captured our attention in this work :

e When formulating this problem mathematically, it is imperative to establish the existence
and uniqueness of BSDE representing the agent’s objective function. Can we provide
proof or reference supporting this assertion ?

e What challenges are anticipated when formulating the principal’s objective function,
particularly in employing dynamic programming techniques ?

e To what extent does uncertainty impact the contract ? Is the effect predominantly positive
or negative ?

e Will this effectiveness be evident in the figures depicting the agent’s effort, rent, and
value ?

We adopt a Stackelberg model, wherein the public entity pays rent to the agent, and the latter’s
acceptance of the contract depends on exceeding a pre-specified reservation constraint. The agent,
in response, optimizes its effort under the worst-case scenario. Moreover, the public retains the
authority to halt the contract prematurely on a random date, providing compensation to the

agent in the process.

In this work, we adopt the 'weak approach’, we show that the dynamics of the consortium’s
objective function are intrinsically connected to a solution of a BSDE problem with a random

horizon.

Subsequently, we transform our problem into standard stochastic control and optimal stopping
problems, culminating in deriving the HJBVI associated with the public value function. This

endeavor leads us to a verification theorem and the eventual characterization of optimal contracts.

Upcoming Challenges :

e Expanding the scope of the contract involves considering contracts between a principal and
multiple agents, whether they entail employing all agents simultaneously or individually.
The latter scenario adds complexity due to the issue of switching between agents, which
impacts motivation.

e Allowing agents more autonomy, like the ability to exit contracts, could improve motiva-
tion. However, this could be detrimental and needs balancing through appropriate cost
functions.

e Addressing the aforementioned challenges through two main approaches :

- Creating inter-agent impacts : Exploring how interactions between agents, whether
positive or negative, introduce challenges and dynamics into the system.
- Isolating and comparing impacts : Examining the effects of isolating the interactions

between agents and comparing the outcomes with the first scenario where such

11
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interactions are present to determine the optimal decision-making strategy.

12



Chapter

One-dimensional Backward Stochastic Dif-
ferential Equations with Jumps and Loga-
rithmic Growth

2.1 Introduction and Notations

Pardoux and Peng [78] initially introduced the concept of Backward Stochastic Differential
Equations without the jump component, denoted briefly as BSDEs. They established the existence
and uniqueness of BSDEs, assuming the Lipschitz continuity condition on the BSDE’s generator
w.r.t. both (y,z). Additionally, they assumed that the terminal value is square integrable. This
result gained widespread recognition across various fields, including mathematical finance [45],
finance and insurance [42], insurance reserve [40], optimal control theory [81] as well as stochastic
differential games and stochastic control [52-54]. These findings are strongly connected to partial
differential equations (PDEs) [17, 80, 82]. In contrast, the latter contributions were the first to
demonstrate BSDEs with random terminal time.

Given the diverse applications of BSDEs, there has been a concerted effort to relax assumptions
on the generator f and/or the final condition. Notably, limited results were established for high
dimensional BSDEs with local Lipschitz assumptions on the driver, as shown in [6, 13, 28, 32, 58].
While real-valued BSDEs have been extensively studied, predominantly relying on a comparison
theorem, most works focus on cases where the generator grows at most linearly w.r.t. y and

grows either linearly or quadratically in z. This enables the establishment of solutions under
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conditions of square integrability (or even integrability) for the terminal datum, as illustrated in
[60, 63, 64].

In situations where the generator exhibits a quadratic growth in z (referred to as QBSDE),
the existence of solutions hinges upon the requirement for either boundedness or, minimally,
exponential integrability of the terminal value. This requirement is demonstrated in various
works, such as [18, 27, 48]. It is noteworthy, however, that recent advancements, highlighted in
[7, 9, 10], have identified a substantial class of QBSDEs for which solutions exist under the sole
condition of a square-integrable terminal datum.

Given a filtered probability space ({2, F,F,IP) where F = (F});c[, 1) stands for the o -algebra
generated by two key processes : a real-valued Wiener process W; and a real-valued Poisson
random measure N(ds,de) defined on [0,7] x I', where I' = R*. Furthermore, we introduce
N(ds,de) as the compensator of N, defined by :

N (ds,de) = N(ds,de) —v(de)ds,

Here, v is a o-finite measure on I', equipped with its Borel field B(I"). Notably, N serves as a
martingale with a zero mean, referred to as the compensated Poisson random measure.

We now direct our attention to the central focus of this research endeavor. Specifically, we inves-
tigate solutions denoted as (Y,Z,U) := (Y}, Z;,Ui(e))o<i<T,cer for a BSDEJ((, f). The following

dynamics govern the evolution of these solutions

T T T

Y=+

f(S,Y;,ZS,US)dS_J
t

ZeaW, - |
t

J Us(e)N (ds, de) (2.1.1)
tJr

The investigation initiated by Tang and Li [90] marked a pioneering achievement in the study
of BSDEJ of type (2.1.1). They showed in this work the existence and uniqueness of solutions
for such equations subject to Lipschitz conditions. In a closely related context, [96] studied a
class of real-valued BSDEs featuring Poisson jumps and random time horizons. They proved the

existence of at least one solution for BSDEs characterized by a driver exhibiting linear growth.

Subsequently, [84] extended these discoveries by proving the existence but not the uniqueness of
solutions for BSDEs with jumps. They considered continuous coefficients that satisfy an extended
linear growth condition in their extension. They also generalized this result to situations where

the generators are either left- or right-continuous.

In recent developments, [1, 69] have presented examples that strengthen the relationship between
a certain class of quadratic BSDEJs and conventional BSDEJs featuring continuous drivers.
Moreover, [2] made an important contribution by proving the well-posedness of solutions under
local Lipschitz conditions, with special emphasis on the Brownian motion component. They
also showed the existence of one and only one solution for a class of nonlinear variants of the

backward Kolmogorov equation.
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It is important to note that all of the above results were formulated for one-dimensional BSDEs. In
another paper, [44] dealt with the study of a multidimensional Markovian BSDEJ and showed that
the adapted solution of the BSDEJ can be expressed by a given Poisson process and deterministic
functions. Furthermore, they established the existence of solutions for these equations, assuming
that their generators are either continuous w.r.t. ¥ and z and Lipschitz in » or continuous in
all their variables and adhere to standard linear growth assumptions. Bahlali and El Asri [11]
investigated situations where the generator of the BSDEs is bounded by (|z[y/[In[z]]). They also
considered the terminal value, assuming it to be merely LP-integrable, with p > 2. However,
the extension of this condition was recently explored by [14], who supposed that the drift is
dominated (|y||In |yl + |z|y/]In]z]]). Additionally, [2, 76] studied BSDEs associated with jump
Markov processes, with the latter presenting a proof under assumptions different from those

considered in the present study.

In this work, we proceed according to the following methodology. We establish the existence and
uniqueness of the solution for BSDEJs whose generators show a growth described by a logarithmic
function of the type (|yl|In|yl|+|z|y/IIn]z[]) but keeping the linear growth condition in u. Initially,
we present a priori estimates for solutions of BSDEs, followed by presenting the main result.
This makes the content of Section 2.2. Section 2.3 extends the logarithmic growth condition for
BSDEJs by relaxing the Lipschitz condition on the jump coefficient. Section 2.4 demonstrates
the equivalence of previously obtained solutions through an exponential transformation. Finally,

Section 2.5 provides the conclusion of our work.

2.1.1 Notation and Preliminaries

For a specified T' > o, the following notation is employed :

— P : represents the predictable o-field on [0,7] x {2.
— (2 : is defined as 0, T x 2x1T.

— &:=B(I).

— P:=P®E denotes the predictable g-algebra on {2

In the subsequent sections of this work, we shall introduce useful functional spaces : For m > 1 :

— 8™([s,t];R) : the space of R-valued adapted cadlag processes Y such that

Y13 =E[ sup %] < oo.

s<r<

— 8°°([s,t];R) : the space of R-valued adapted cadlag processes Y such that

Y| goo =esssuplY;| < oo.
s<r<t
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— H™([s,t];R) : the space of R-valued predictable processes satisfying
t
E[J |Z, " dr] < oo.
S
— L2(I',€,v;R) : the space of Borelian functions £: I" — R such that
5 1/2
jel, = (| 1eerstae))”™ < w.
r
— L™([s,#],;R) : the set of the processes U : {2 — R is P-measurable and

E”t |U [ dr] < oo,

2.2 Existence and Uniqueness of Solutions

In this section, we establish the foundational assumption that forms the basis of our analysis,
providing a framework for subsequent developments. This assumption is pivotal for exploring
solutions to the BSDEJ Equation (2.1.1). We then introduce preliminary estimates of the solution

and delineate key lemmas crucial for establishing both the existence and uniqueness of solutions.

Assumption 2.2.1.

(A.1) Assume that E[|C|*T+] is finite, where ps = €% for all t € [0,T] and 6 is a sufficiently

large positive constant.
(A.2) (i) f is continuous in (y,z) and Lipschitz with respect to u (t,w)-a.e.

(it) There exist constants co, ¢1, 2, CLip, and a positive process ¥ such that

T
J E[9#T]ds < +oo.

(6}

Additionally, for every t,w,y,z,u, Uy, Us :

| f(t7w7yuzau) | S ﬁt—i_gl,cz (?/)+92,CO(2)+01||U”V’
and
If(t,w,y,z,ul) _f(t7w7y727u2)| S CLipHul _u2HV7

where g, ¢, (y) = calyllInlyll and ga ¢, (2) = colzlv/[In|z]].

(A.3) There exists a sequence of real numbers (Ax) N>, along with constants M, € Ry, r > o,

satisfying :
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(i) For every integer N > 1, we have 1 < Ay < N'.
(i1) limy_o0 AN = 00.
(iii) For any natural number N € N, and every y., Y, 21, 22, u such that :

[Yal, [al, 241, |22l, [Jull, < N, the following holds :

(yl _y2) (f(t)waylyzlau) _f(tvw)y27'227u))

In(A
<M (192 =92 P In(AN)+ 192 =30 ||z — 2l /In(An) + E4NN) ).

Definition 2.2.2. A solution to the BSDEJ(C, f) is a triplet
(Y,Z,U) € ST ([0, T} R) x H?([o, T;R) x L*([0, T}, v;R)

that satisfies Equation (2.1.1).

2.2.1 Technical Lemmas

This subsection introduces four technical lemmas needed in the sequel. More precisely, the first

three are crucial in proving the results of the next subsection.

Lemma 2.2.3. Let y, z € R such that |y| > e. For any positive constant C,, there exists another
positive constant Cy such that the following inequality holds :

|22
Chlyllzly/IInfz]] < —+C lyI? 1ny. (2.2.1)

Proof: We consider two cases based on the relationship between |y| and |z|.
Case 1 : |2| <yl

In this case, we have 1 <|y|In|y| and In|z| Ly, < Inly| Ly,s,), thus :

e
Culellyly/ —Inle] Tyacyy <e 2\/1—|y|

<ol L |y[* In]y|
f
| | -1 1 2
2 1
+e \/EIyI nlyl,
and
2]
Cilzllyly/Inlz] Ty,spy < —+20f|y|21n|z| Ljsqy
\Z|2

< —+2C%|ylP Inyl.
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The inequality (2.2.1) becomes

Ei
Culyllzly/Inzl < =5+ CalyP nyl,

where C, =2C? Ve s % Therefore, the inequality holds in this case.

Case 2 : |z| > |yl

Let us set a = % > 1. Since |y| > e, we have |z| = aly| > e. Using this substitution, the inequality

becomes

Culyllly/ =l < CualyP (y/in(a) + /i ly)
<lyP (z +C? Iy +cla\/1n(a)) ;

the latter inequality was derived from Young’s inequality. Moreover, we have

‘Z|2 a2
ZL 4 CulylPInlyl = (S + Calnlyl) Iyl
2 2

We obtain the desired result by showing that
a? a?
—+CLay/l 21 < —+C,nlyl.
. +Ciay/In(a)+C?Inly| < > +Cs1nlyl
Let r = max{z > 1:4C,+/In(z) — z = o}, and let us introduce the function h, defined as h:t €
Ry — h(t) :=4C,+/In(t) —t. We denote by r, = argmaxy~, h(t) ; it follows that ro+/In(r,) = 2C,

There are two sub-cases to consider :

Sub-Case 1 : If C, > 4\/%, then r is well defined. If a > r, then C,a+/In(a) < %, and if

1 < a <, then since |y| > e, we have

Ciay/In(a) < Cyry/In(r) = C’lrz < C, < Cynlyl.

Sub-Case 2:If C, < 4\/;0(7), since 2C, =rq+/In(ry), then ro < ei, which implies that C, < \/565.

Therefore,

2 2
C.ay/In(a) < v/2ezay/In(a) < %—i—ll < aZ+111n|y|, since |y| > e.

Therefore, the inequality holds true in all cases, which completes the proof. O

Lemma 2.2.4. For p € (0,00) and z,y € R, the following inequality holds :

1
j (1—a)lo+aylPda > 3PP,

o
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Proof: Let y =o. In this case, the integral simplifies to f;(l —a)|r|Pda = ;|z[P. Thus, we consider

the scenario where y # o and define a, := % For any a € [0,a,] U [2a4,00), it holds that

1
glxl < llzl—=alyll < lz+ayl.

We proceed by analyzing three distinct cases :

(1) Case 1 : 1 <a,. In this case, we have

1

| -t aypda= (Clol)' | -a)da =2 (21)"

o o

(2) Case 2 : = <a, < 1. Here, we observe

1
2

S
2

(1—a)lz+ayPda > (llxI)pJ2(1—a)da
(o) o) 3 o]
_3(rY
= 8(3|:c|) .

(3) Case 3 : a, < 3. In this scenario, we have

| 6-ate+agpaa = (21" (|

o (o)

=(§|x|)p<§a§—ao+;) > %(;Lﬂ)p-

f(l—a)|m+ay|f’dazj

1

(1—a)da—|—J (1 —a)da)

2a0

Qo

g

Lemma 2.2.5. Let (Y, Z,U) be a solution to the BSDEJ (2.1.1). Under ( A.1) and (A.2), there

exists a positive constant C' such that

T

E[VP |+ DIV 2+ U2 s
t
T

< C(L+BIGPT )+ (4 2077 | B ds).

o

Proof: Set u(t,x) := [z and sgn(z) == — Ly<g)+ Lipso), then w(t,x) = OpInfz||zf+,
Ug (t,2) = (pe + 1) |z|*tsgn(z) and ugy (t,2) = pe(pe +1)|x|** . By utilizing 1t6’s formula to (¢, Y})
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T T
o (5,Ys_ )dY, + J a5, Y, ) (Y)

t

T

(T, Yr) =ult, ) +j wy(s,Ya)ds + J
t t

+ ) (uls,Ye) —uls, Yoo ) —ug(s, Ve ) AY:)

t<s<T

|

S

T T
UI(S,Y;_)dY; +J uzx(sa}/sNZsPds

t

T

u5(57Y;)dS+J
t

+ JTJ (uls, Yoo +Uyle)) —uls, Yoo) — s (s, Yo JUs(e)) N(ds, de)
t I
T

g5, Yy)ds + j o (5, Y2)| Zs[2ds
t

T
—ult, )+ |
t
el
- ux(*SaYS—)f(S7Y87ZSJUS)dS
Jt
T
+ Um(sa}{s)zsdws"i_J

Jt t

T
J (uls, Yo+ Us(e)) — uls, Yo )) N (ds, de)
I

T
+ J (u(s,Ys— +Us(e)) —u(s,Ys—) —usz(s,Ys_)Us(e)) v(de)ds. (2.2.2)
r

Jt

Setting

t t
=y :J Um(S,Ys)stWs-i-J

o o

J (uls, Yo+ Us(e)) — uls, Yo )N (ds, de)
I

t t
=j (us+1)m|“3sgn(mzsdws+J

o o

J (Vae + Ul — Y, Po+0) N(ds, de)
I

For n > o, define the stopping time 7, as follows :

t t
Tn::inf{ogtST:J

[0}

(st )Wa2.) ds v J

o

| v =y viderds = ).
r

Taking t =t A7, and T'=T /A7, in the equality (2.2.2), we obtain

1 T /N\Tn TN\,
|nATn|“tAfn+l+J (us+1m5|yg|“~|zs|2ds+J Ol YalP " In [Vl ds
2 tN\Th tA\Th
TN
Vi, PAm +J (1 + 1)Vl £ (5, Y, Zs, U, )ds
tN\Th

TNATh
] (W v Y () Ve s (Y UL () de)ds
tN\tp JIT

+ EiAr, — ST A, (2.2.3)

By Assumption (A.2)-(ii)

T /N\Tn,
J (14 VYol f (5, Yo Z6,Uy)ds < I+ I+ Iy + 1,
t/\Tn,
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where

TNATh
I: =J (11 £ 1) 04|Vl ds,

t/\Tn,
e T/N\Tp,
I:=c, (ps + 1) [Vl In |Y|ds,
JtAT,
e T/\Th,
131200 (Ns+1)|)/s|us|Zs| IIn|Zl|ds,
JtAT,
e T/\Tn,
141201 (M5+1)|Y'S|MSHUsHud3'
JtAT,
Estimation of I, : Young’s inequality yields (|abl < %lalp+é|b\q, for p:=ps+1 and q:= ”;—JS“)
leads to
(ra + 1) DYl < (g )e it Ho st
Ps+1
Hence,
T/N\Tn, TNATh L
I, SJ (s +1)He9tstds + |y P tids
tNA\Th tN\Tn s +1
TN TNATh
SJ (s +1)Hs9tst1ds + Y |Ftds
tA\Th tN\Th
T T
< (pr+1)HT J IHstds +J YlHe 2 In| Y| Ly, sepds + Tl
o o
T T
< (pr+ 1)“TJ 0?S+1ds+J Yol I [Y| Ly, sqyds +Tet T
o) o
Estimation of I, : Due to the presence of |Inly||, we split the integral of I, into two parts :
T /N\Tn
Le| etV Yl YD) Lycds
tN\Th
T/N\Tn,
vea| e DY IV pygds
t\Tn,
T TNATh
<c,e ! J (s +1)ds+ CZJ (s + 1) Y| In Y] Ly, > 1)ds.
o tN\Th
Estimation of I : Using Lemma 2.2.3, there exists a constant c; > o such that
1
colyllzly/IInz]] Ly se < Z|Z|2 Ljyse) +eslylInfyl Ty sq
We have
l2ly/Infzll < 675 =+ 1ef5 1 (2:2.4)
zlv/|Inlzl| < ez e 2.
= \/5 {lz[>1}
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Thus,

11 3
colyllzly/ Izl Lyy<ey < coe \ﬁJrcoelZIz L5y Lgy<e)
1 ~
< ZMZ Liyi<e) + Co,

where the last inequality is obtained by Young’s inequality (for p =% and ¢ =4) and ¢, =

3
Coe? - —|—33(C‘jfe)4. Therefore,

/2
1 T/N\Tn T/N\Tn
L<C+ J (1 + )| Z2 IV ds +c3J (1o + DIYa = I |Ys) Ty, oyds
4 t/\Tn t/\Tn,
1 T/N\Tn T/N\Tn
< 61+J (us+1)|zs|2ws—lds+cgj (1o + DIYa I ]Ya Lyy, oy,
t/\Tn t/\Tn

where &, = Co(Fg= +T)eHr 7.

FEstimation of I, : We observe that we can derive for any small p € (o, 3#%]

2

1
alylllully < e =lyl>+=|ull;
p 4

1 1 p
< Cf;ezﬂleylzlnlyl Lyize)+ 7 Nl

therefore,

2 T/ N\, p T/ N\,
I, < @2+1J (ps 1) [V In Y| ]l{ys>e}ds+J (s + )Y HUs || ds
P Jinr, 4 Jinr,
TNy,

c2 T/ N\, p
< @2+1J (ps 1) [V In Y| ]l{ys>1}ds+J (s + 1)Y= H|Us |5 ds,
t/\Tn, 4 Jtnr,

where &, = %(“TTﬂ +T)etTT1 Tt remains to estimate

T/N\7n,
Iy = —JA L (Y5 + U)o = Yoo — (jug + 1) [V sen(Y2)Us €) )v(de)ds.
t/\Tn,

By Taylor’s formula and Lemma 2.2.4, we have

ly 4wl — [yl — (s + 1) [yl sgn(y)u
1

= pus (s + 1)u2J (1—a)ly+aul"""da > pe(ps +1)ug Hely/t1.

o

Therefore,

T/N\Tp,
L] ety | O ePvideds
tA\Th r
T/N\Tp,

=—J s (1 -+ )35 ¥ 122 |U 2.
t/\Tn
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Since 37#¢ > 37#7 and pg > 1, then £ < 137, which implies that

2 TN\,
I,+1I §02+;J (Ns+1)|Ys|MS+lln|Ys| Ly, |>q)ds
tN\Tn,

1 TNATh
—j s s £ 1) VP U, 2.
2 JtAr,

and

1 T/N\Tn
J (1 +1) (1 — ) [Y, 25 Z,Pds < o,
4 Jt~T,

Moreover, for 6 > 2(% +cy+c5)+1, we have 14 (us + 1)(% + ¢y +c3—0ps) <o, which yields to

TNATh TNy
—ej eIV In [V ds + J

C2
(1 (s + 1) (2 ot ) I3 I Y] Ty s s
t/\Tn, t/\Tn P

TN 2
= J (1 + (Ms + 1)(;1 +catcy _H,U's)) |}/;|MS+1 In|Y] ]1{\Y5\>1}d3
t/\Tn

TNATh
+9J HslYalPt (< n[Yal) Ly, jenyds
t/\Tn,

TNy, T
<6 sup a(—ln(a))J Hsds = 06_1J Hsds.

o<a<1 tN\Th o

By Equation (2.2.3) and the preceding result, and noting that for any 0 < s < T, 37HT < g7 Hs it

becomes evident that

TATn 1 37/1/1'*
Wine, o [ b Wl CAZE + 2 0L ds
t/\n, 4 2
T
<|Yrpg, FTAmT 4 (up + 1)“TJ O ds — Spas, + Sing, +C+C,. (2.2.5)
o

where C, =2¢ *(pr—1)+c.Te ™ and € = &, +C, +Telr+:. Thus, we obtain

T/N\Tn

B[Vin, et |

s s+ 1Yo (1Z6f2 + U] 12) s
t/A\Ty,

T
<CE [1 + [Yur, FTAS S 4 (i + 1)RT J ﬁgsﬂds} :

(o}

By Fatou’s lemma, we can pass to the limit as n — co. Consequently, the desired result follows.
O

Lemma 2.2.6. Let (A.1), (A.2)-(ii) be satisfied. Then, there ezists a positive constant
C(T,a,cy,cq,c5) such that

T o~
j E[lf(s,Ys, 2o, Us)|Z |ds < K,

o

23



Chapter 2: One-dimensional Backward Stochastic Differential Equations with Jumps
and Logarithmic Growth

where 1 < a < 2, and

T

K, :=C(T,0,¢0,¢1,¢) (*J B[V + [Vl + 12 + ||Us||,ﬂds> '
o

Proof: Letting o € (1,2), we have

yllnfyll < e +lylnly| Ly
— 1 —1
=e 1+;|y|ln|y|a Tyy>q)

_ 1
< e " Lgyisay,

VR

[2ly/IInz]| <

+zly/ I fz]] Lyzsqy

|§®

9}
© IR

1
= + |Z| 1H|Z|2(a71) ]1{‘2‘>1}

Vve(a—1)

B

|

e 1
+ )|Z|a Loy,

<
VL) 2(a—1
and

Ve +callully < 14c 07 + e |ully-
Therefore, by (A.2)-(ii),

1f (5,0, 1, 2,u)] < Ds+ calyll Inlyll + colzly/IIn |2l 4 ¢4 ||ull,
<1+ 92+ [yl 12 + ||ul|2),

where ¢ is a positive constant depending on cg,c;, ¢, and a. For any p> 1, n € N with n > 2
and (b;);en € Ry, we have

(ibi)pénp_libf-

Thus,

RV

£ (5,0,5,2,u)a < Ea(1+02 4]yl + |21+ [|u]|2) &

<Ganta (1402 Yl + 2P+ ||ul?).

Since |y|> < 1+ |y[*s*, we can derive a positive constant C(T,«,co,¢,,¢s), such that

T T
J E“f(sa}/SaZSaUSN%]dS S C(T,OZ,CO,Cl,CQ) <1+J

(o) o

E[92+ (Y, +1Z,F + ||Us||3]ds> .
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2.2.2 A Priori Estimates

This subsection aims to give some prior estimates for the solutions of BSDEJ (2.1.1). These
estimates establish bounds on the solutions, ensuring that if the solutions exist, they will belong

to some appropriate spaces.

Lemma 2.2.7. Consider a solution (Y,Z,U) to the BSDEJ (2.1.1). Additionally, assume that
the pair (¢, f) satisfies conditions (A.1) and (A.2). In this context, we establish the existence of

a universal constant C(T,cy,c1,¢5), as follows :

(Z) E{Supte[()’jﬂ |}/%|#t+l} < R:Q.

(ii) [TE[Z?+|U|2)ds < K,

where
K,=C (T, co,Cr,C0) (1 +E[¢|rT+1] —i—ff]E[ﬁ?S“]ds),
Ky:=C(T,co,c1,¢5) (1+TR’2+E[\4|2] +jOTE[19§}ds).
Proof:

We begin by proving assertion (¢), which relies on Lemma 2.2.5.

For n > o, define the stopping time 7, as follows :
Tpi=inf{s >0 : |V > n).

By taking the same steps as in the previous proof of Lemma 2.2.5, we obtain the inequality
(2.2.5) for 7,
TNy

!
Yopz, [ +J -

fa—1 1 5 3_MT 5
MS(HS+1)|}/S| ¢ (*‘Z5| + HUS”V)dS
t/\Tn, 4 2

T
n ~ +1 s —_ —_
<|Yppz [ +(MT+1)“TJ ok +1d5_:T/\?n+:m?n+Cv
o

where C' is a generic positive constant that may vary. Thus, we have

T

E| sup IYtI‘““} §C<1+E{|YT/\;"|HT+1+(MT+1)#TJ 19?5“618D
0<t<TNATp o
TN,
+E| sup J d=,|]. (2.2.6)
0<t<T AT, [JtAT,

Consider the following inequality, which holds for any non-negative a, b > 0 and p > 1,

la? ="l < p(aV b)"Ha—b.
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Therefore,
IYsm +Us (@) = Yo | < (s + 1) (1Yo + Us () V [Ys- D! U (e)],
clearly, sup, <, <z, Vi """ < sup,joppz, [Yil#* and since Yy =Y, +Us(e), then,

[V +Us () — Yy |t
< (s +1)?(IYsm + Us(e)I VY5 )| Us (e)?

<(ps+1)* sup [V ([Yeo + Us(e) V[V ) MU (e) P,
o0<t<TAN1n

Moreover, we have (us—+1)? < 3us(us +1). Applying Burkholder-Davis—Gundy inequality to

TNATn 5= .
L/\;n dZs, we obtain

TN
IE[ sup J N d,Es}
0<t<TNAT, JtN\Tn

R { ( JTA?n

[0}

+cE|( J

o

(s +1)2Ye[|Z,Jds) |

e JF (Ve Usle)s — [V l) " Ni(ds, de)) i]

it TATn i
<CB[ s W[ ez Rds) ]
0<t<TAT, 0
et TATn 2 Ms—1 2 B
+CE| swp W (|| (et 0PV ULV Y IO N s, de))
0<t<TNTy o r
1 T
<E[L swp_ 4O (2 W 2]
2 0<t<TAT, o

T

+CE”

o

|| e ¥+ DV Y ) N s )]

The last inequality is derived from Young’s inequality (ab < @+ 1b%), and the terms can be
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controlled as follows :

T
—5[2 sup_ 1€ (Wl Z
2 0<t<T AT o

+C]E”

o

T
Lms F LY P, ) Polde)ds]

T
=5[1 sup_ WP (2 s
2 0<t<TATn o
T
HCE |t 2PV UL 2]
o
T

<E[L swp_ P50 |l b Y2
2 0<t<T N7, o
T
+3CE[ |l 1)V UL 2]

0
T

E[ sup mwt“]+0E[l+|<|ﬂT+1+(MT+1)HTJ ﬁg‘sﬂds],
o<t<TA1p, o

<

N | =

the last inequality is derived from Lemma 2.2.5. Observing that for any n > o we have 7, < 741,
then sup ., pa7 Yy |[Fett < SUP o< <TAT, 1 [Y;|#++1. Consequently, by (2.2.6) and by using the

monotone convergence theorem, we obtain

T
Bl sup Y1) < O(1+BQHT ™)+ (ur+ 1) | B2 1ds).
o<t<T o]

This ends the proof of assertion (7).

We now advance to establish assertion (i7). The application of Itd’s formula reveals that

T T

(|zs|2+||Us||§)ds+5T=|<|2+2j Yof(s,Ys, 2y, Uy)ds

(0]

|Yo|2+J
(6]
T

< |<|2+2j V2l (s + s o, (V) ds

o

T
+2J Yal (g0 (Z6) + ¢ U], ) ds,

o
where Z; =2 [ Y, Z,dW, + [L [ 1 (2Ys_Us(e) +|Us(e)?) N (ds, de)

For any given € > o, we have

Pyl < —lynlyl Lyy<y+1yPTe Lyysa
S ef1+‘y|2+6’

and
Wl < P Lgysa
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Furthermore, by Lemma 2.2.3 and employing Young’s inequality, we can derive a positive constant
¢, such that

£k
2colyllzly/Inlel Lgyise < (- +y) Lgyisa.

On the other hand, according to (2.2.4)

11 3
2¢olyllzly/IIn[2]] Ty < < 2coe> \/§+2006|Z|2 Lisay Lyyi<e)

1 ~
< el Lggice + 6o,

where &, = cov/2€3 + 4(coe)4 (3)®. By Young’s inequality, we have

5 || ]1 < HuHIQ/ 2| |2+€ ]1
ailylliull Loy < (7 +2¢lly {lyl>1}
26, [yl[|ull, fyi<n < Ly<ap 265
and
2lyld <97 +[yl* T Lyysy+1.
Therefore,

A

T _ T T
J E(|Zs* + |Us)2)ds < C(T,co,cl,cz)(mxaﬂauj V2ds+ j Y,[*ds])
(0] (o)

(0]

IN

T
C(T7CO761762)(6+E|:|Q|2+J 'ﬂids_’_T Sup |}/¥|2+E:|)'
o o<t<T
By selecting £ as ys — 1, setting ¢ = o, and defining C(T,co,¢1,¢5) = C(T, co,cr,05)(CV 1), we

obtain the desired result.

0

)

The first lemma that follows allows for a localization procedure introduced to establish solutions
existence and uniqueness. The second one provides a prior estimate for the approximating
solutions and guarantees that these solutions do not diverge. The proofs for these lemmas can be

performed and adapted to our setting similarly as outlined in [14].

Lemma 2.2.8. There exists (f,), a sequence of functions, satisfying :

(i) For every n, the functions f, are bounded and exhibit global Lipschitz continuity with

respect to (y,z,u) for a.e. t and P -a.s.

(”) sup,, |fn(t,w,y,z,u)l <V + 91, (y) +92,co(z) +61”qu/'
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(iii) For each N, pn(fn—f) — 0 as n — oo, where

T

v =E[| s (sl
o lyllzlllull. <N

Lemma 2.2.9. Consider f and { as defined in Lemma 2.2.7. Let (f,) denote the sequence
of functions associated with f by Lemma 2.2.8. Let (Y™, Z™, U™) represent the solution to the
BSDEJ((, fn). Consequently, we have :

(a) sup, E[f1 |UZ|2ds] < K,.

(b) sup, Elsup,<,<p Y F7H] < K.

(c) sup, E[[1|Z77ds] < K.

(d) sup, BI[) |fu(s, YD, Z2, UM ds) < K.

where K., K,, K, and K, are constants independent of n.

2.2.3 Some Convergence Results

This subsection establishes estimates between two potential solutions. This analysis is essential
for demonstrating the existence of solutions and understanding the properties of these solutions
in the context of the study on one-dimensional BSDEs with logarithmic growth. Moving forward,

we use the notation ﬁ?m to represent the difference between h? and h7* for any given quantities.

Proposition 2.2.10. For every RN, f€ (1,3—a), 0<d < Mf%ézmin(i,%) and € > o,
2 Lip

there exists Ny > R such that for all N > Ny and S <T :

S 2n7m2 Un,m 2
limsup E[ sup |§>tn,m|/3+J' (1Z&™] +H s J;’)ds}
mmotoo C(S—6)+<t<S (s=8)* (I95""™[2 + AR) =

14
< e+ TeCN‘S limsup E[|Y5™7].

—1 n,m—-+o00

Here , Ag =sup{(An)"*,N > R}, Cn := 651 (2M22+Ciip)ln(AN), and £ is a positive constant.
The definition of k can be found below.

Lemma 2.2.11. Assuming that the conditions of Proposition 2.2.10 are met, and defining ¢ as
I?tn’m\Q +(AN)7Y, and k:=3—a— 3, we can establish the following result for any C > o :
eCtgotg + C’LS ecsgpsg ds+ Mt < ecscpg — g J;S ecsgosg_llzg’mlzds
60 Lot o zas
“3(2;/3) fec%o?z [P 28 ds
AMy+Jy g+ T+ g0+ Iy,
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where
— S 8 8 -
Mt::J J %% (ps —p2 )N(ds,de),
r

s 8_
Mt::—ﬂj eCpz lﬁ"’ng’deS,
t

B—1

S p=
Jl,tzzﬁeCSNIKJ ps® O () fuls, Y, 25, US) = fin (.Y, 200, U7 ) ds,
t

—1

J27t::ﬁecs[4N2 +A,] =

S
J’ sup |(fn_f)(say7z7u)|d5

t Iyl lzlllull, <N

S
+J sup |(fm—f)(s,y,z,u)|ds],

t lyllzlllull, <N

S B_
Jg,t:5M2J o 1(sosln(AN)+\/1n(AN)|?:vm||2§vm|) ds,
t
s Cs 8, n,m n,m
J4,t::BCLip € 9082 |§>37 |Hﬁs’ HVdS7
t
and D(s) =Y+ [V I+ Z2 [+ Z2+ U2, + US|, -

Proof: Let C > o. For any positive integer N, we define the function u(s,y) as
u(s,y) =e“ (0(y))=,

where 0(y) :=y>+ (An)™"; this yields the following partial derivatives :
us(s,y) = Culs,y); wyls,y) = Bey (6(y)) ",

gy (5,y) = BeC* (6(y)) 57" + BB —2)e”*y? (8(y)

Since 1 < § < 2, we can establish that

B
2

—2

Uy (5,) = B(B—1)eC* (O(y)) ="

Consequently, for all s € [0,T], we obtain, by Taylor expansion, that

(5, 27) s, 22— 02 ey 3,922

Sy ¥g Sy ¥g

= Uﬁ’m(e)FJ (1—a)uyy(s, aﬁg’m(e) + ?ﬁm)da

1 B_,
> (5~ 1)eI02m (@) | (1-a) (607" (€)+ £77)) T da.

o

Since 0 < a < 1, we have

(a0 (e) + Y5 )=|a0”vm() ?“’mr“ (AN)—l
a(P" 0™ ™ (e —a)P P 4 (An) T
s(ﬁ’hmwm"»mn +( N)*
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Given that g— 1 is negative, hence
—1 84
(0l ™ (e ?"m)) > (P VIS™)2 4 (AN) )7
Therefore,
uls, D™ — ufs, D) — 01 () (5, O7™) (2.2.7)
1 ﬁ_l
265~ 2)eI027(0)F | (1=a) (807" (e) + £27)) " da

£,

>0 coopm e (197 VL) + (Av) )

Applying It6’s formula to u(t,Y;) reveals that

o +CJ
CSps j R ful VI 20U — (s YT 22U d
J “ppass 20 [ o2
J SLpnm gnm iy,

B
2

—L JF((?W +07™ ()P + (AN)_l) S S s O )) N (ds, de)

S
—,BJ eCSJ 4,0;, PO ()N (ds, de).
t r
y (2.2.7), we can reformulate the jump components as follows :

—/3LSL i PO (¢) N (ds, de)

r ecs(sDB 9057—5%7 AU C ) (ds, de)

Jt Jr
rS o 8 8
=— ecs(gp gos,—ﬁcps, PO (e ) (de)ds
Jt JI
rS r

s B~
- “(ps —pi )N(ds,de)
uF
B 1

< 5(5 )J OO (I VIP™)2 4 (An)H)* ds

fj €O (03 — o) N (ds, de)

) Cs b n,m||2 5 Cs g g =
<" eompi o pas [ [ Otof —of 1N s
t t
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Therefore,
eCtW+CJ s d”MtSeCS‘Pé—ﬂJ %oz 1 2mmRds
t 2 J;
1 8_
‘WQ)L @i 03 ds
—B) (° 5_
+ﬁ(22’8)J’ 6089052 2|$>Sn,m|2|2;’b,m|2d8
¢
+Mt+j1,t+j2,t+j3’t+j47t+j57t7
where
— (" ER B
Mg J J e“*(p: — 2 )N(ds,de),
tJr
and

are F-martingales, and

, s 8_,

Jl,t ::B 6088052 ?Sn’m (fn(57}/:9nvzg)U;l) _fm(SaK,»m»Z?>U§)) ]1{43(5)>N}d87

Ji

, % e 2

J2,t ::/B e 59052 S}Sn,m (fn(37Y:9n7Z27Ug) —f(S,staZgaUg)) ]l{tﬁ(s)gN}dsv

Ji

7 (% Cs £ n,m n o on m rm 7

Jg,t ::/8 € 8052 ?; ’ (f('SvY:g 7Zs 7U5 )—f(87Y; ?Zs 7Us )) ]]-{QS(S)SN}dS,

7 N Cs £, n,m m om rin m om 7

J4,t ::/8 € 9082 ?s ’ (f(S,}/s 7Zs 7Us )_fm(sa}/s 7Zs 7Us )) H{Q(S)SN}d‘Sv

Ji

, s 8_,

J5,t ::ﬁ 6088052 |?9n7m‘|fm(say;mvz§n?Ug)_fm(say;maZ;n7U;n)|dsv

Ji

with the shorthand @(s) = [Yg|+ V" + 231 +|Z" + |US |, + |US"[|- By using the fact that

|Prm| < 0z and ®(s) > N, a simple computation shows that Joi < Jyand Jop+J, < oy
S ) ) ) 4, ’

Finally, the inequalities j&t < J;: and J’57t < J,+ can be directly derived from Assumption

(A.3)-(iii) and the Lipschitz condition with respect to w. O

Lemma 2.2.12. Under Assumption of Proposition 2.2.10, we have

S 8 — S B_
_CN,1J €ng052 dS‘i‘ﬁMJ eC’s(Ps2 2|§>Sn7m|2|2;hm|2d8
t

t 2

s B_
‘fJ eCrpi |20 s+ Ty
t

— S B_,
§_6(64 1)J 6039082 |2;L7m|2d5‘
t
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Proof: The expression involving the process (Zg’m) in Proposition 2.2.10
C S B8 — S B_
_ NJJ 6084,0526154—5(2 /B)J 6089052 2|$>Sn,m|2|2;1,m|2d8
2 K 2 t
BI% oo 2a S s B
—QJ %3 |2;L’m|2ds+5M2J Oz PP 20 fin( A ) ds
t t
We have [$757]2 < g := [P0 4 (An) 7"

C S 8 — S B_
o 12\7,1J' 6088032 d8+,8(2 2B)J eCSQOSQ 2|$}3n,m|2|2;1,m|2d8
t t

5JS Cs 5745 J c
_ 52 n,m|2 g M, s ?nm znm A
|, ez pds 12213 fin(A)d

C S B_ s B_
<—N’1J eCops 1§05d8—§J eCope llfg’mIst
t t

- 2

_3) (S B_, S 5y
+6(226)J eC%p3 |2;"’"|2ds+/3M2J i Y 2™ /In(A ) ds
¢ t

= [ et (- C gz pas 922 fan) .

t

If we choose Cy, := Bzﬂ]\f“f In(Ay), then

S 8 —B) (° B_,
_CNJJ 6088052 dS—I—B(2 5)J 6089052 |$>Sn,m|2|2;z,m|2ds
2 Jy 2 )
_é SeCS(pg_1|2n,m|2d$+BM2J Cs |§>nm||2nm| Al AN
2 J; s
M2 ( ) S}nm 2nm
+ Mo [P 22\ /In(Aw) ) ds

Sﬁ‘[secswgl( 51 psIn(An) —
<5J Ll( g]\f psn (AN)—(;l2§’m|2+M2\/97s|2?’m|\/h1(TN))ds'

t
The final inequality is derived from the fact that |f>"m| < /ps- We utilize Young’s inequality

(ab< 2 a ) by selecting a = Aly|, b=z, and ¢ = 5 L
1 —1 —1
Alylel— ey — =D < P
f—1 2 4

For A:= M,/In(An), y:=/ps and z:= IZ;""‘I, therefore

s 8 —B8) (° B,

- [ enpian+ BR[O g (2:238)
t t

P 20 (A )ds

®y

2

B cs E1 S os B
—J e Spz |2§’m|2ds+BM2J' e~
¢ t

— S 8_,
S—ﬁ(il)J O d T 2mm s,
t
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Proof: of Proposition 2.2.10. We define the constant C' in Lemma 2.2.11 as Cy :=Cn,; +Cn 2,
2 c2.
where Cy, == 22" In(Ay) and Cy , = BLjpf In(Ay). Additionally, let v := 6Cn(In(Ay))~*. We

will examine the following quantity :

S B8 —B) (¢ 8_
—ow [ “piast B i R 2 s
t

¢ 2
S B_ _ S B8_
_6J €“ps llfﬁ’mlzds—ﬁwj e (072 ds
2 J; 2 t
+J3,t+c]4,t~

The control of the expression involving the process (2;””) has been postponed in Lemma 2.2.12.

We direct our attention to the expression encompassing the norm |07,

By applying Young’s inequality and setting Cn, =3

—1

(;z“’ In(Ay) for sufficiently large Ay (i.e.,

Apn > e), we obtain the following result :

S 8 S B_
—CN,2J eCS%dHBCLiPJ ez Ym0, ds
t t

(ﬁ_l) S s £ n,m||2
el I A 7
5—1 S C ﬁfl
g—54L ez |02 ds. (2.2.9)

Based on Lemma 2.2.5 and employing Burkholder-Davis—Gundy’s inequality and Hoélder’s
inequality, while taking into account the relationship % + 2+ 5 =1 as well as the inequalities
(2.2.8) and (2.2.9), we obtain a positive universal constant ¢ such that, for all 6 > o, the following

inequality universally holds :

8 S B_
B swp  [Opf)|+E[|  cOvod UZpmp 0 )
(5—0)t<t<S (§—=d)*+

< 5 {Blpg]+ £ [EJT ouds] * [ELT@Q(s)ds]

T
<[ 152,202 = (s ¥ 20 U R

1 T
BN AVTE]| s (sl = Fls g ulds

o [yl )zl llull, <N

T
+J sup ‘fm(say)z7u)_f(svy)zau)|d5:|}-
o lyllzLl|ully <N

34



Chapter 2: One-dimensional Backward Stochastic Differential Equations with Jumps
and Logarithmic Growth

Utilizing Lemmas 2.2.8 and 2.2.9, for any N > R :

S 2n,m2 ﬁn,m 2
E{ sup |?tn,m|,8+EJ (| P+ US Hll)ds}

srorsss (501 (9™ + Ag) 2
Yy
< LeoNéE[|?;’m| }—FL A
p—a B=1(Ay)2

12 & B=a A
+- 2 BK (WTK,+TAR) = (8TK,+16K, +16K,)% —N _
A—1 (An)7

B_£ CN55[2N2_|_A] P [pN(fn—f)+PN(fm_f)]'

Given § < —2—L-— min (2, r,B) we can derive

2M2+C3
v v
lim ( ANﬁ—i- ANK>:o.
Nooo\ (An)z  (AN)T

Lip
To complete the proof of Proposition 2.2.10, we commence by taking the limits as n, m approach

their respective limits 400, +00 followed by a subsequent limit as IV tends to infinity, in accordance

with assertion (7:¢) of Lemma 2.2.8. O

2.2.4 The Main Result

The primary focus of this work is to investigate the existence and the uniqueness results of
solutions for BSDEJ (2.1.1) under Assumption 2.2.1.

Theorem 2.2.13. Under Assumption 2.2.1, Equation (2.1.1) admits one and only one solution
(Y, Z,U) in S*7* ([0, TI;R) x H?([o, T;R) x L? ([0, T],;R).

Proof: Existence. By applying Proposition 2.2.10 successively with S =T, S = (T —§)",
S =(T—26)"... and utilizing the Lebesgue dominated convergence theorem, we can show that

for any 8 € (1,3— a), the following holds :

limsupIE[ sup Y78 +
n,m—-+o0o o<t<T

J 2nm|2+||0nm|| } .
o (192 +AR) =
Through the application of the Cauchy—Schwarz inequality, we derive

. (e ;
WD&WH@’Mﬂﬁﬁ@%(WWﬂ@¢’}>
)

NG

o

=B
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Chapter 2: One-dimensional Backward Stochastic Differential Equations with Jumps
and Logarithmic Growth

It is evident from Lemma 2.2.9 that

(E”OT (1972 + Ap) ZdeD T

Consequently,

T
lim E[ sup |?t”’m|5+J (|ngm|+uﬁgvmuy)ds] —o.

n,m—-—+0o0 o<t<T o

Thus, there exists (Y, Z,U) that satisfies

T
B sup 0+ (Z01+U.]1)ds] < oo,
o<t<T o

and

T
lim E| sup IYt”—YtIﬁJrJ (122 = Z|+ | UZ = UL} ds| =o.

n—-+o0o 0<t<T o

Specifically, a sub-sequence denoted as (Y™, Z™, U™) exists, such that

lim (V" =Y +IZ = Z|+ U =Usl,) = o ae. (t,w). (2.2.10)

n—-+o0o

We still need to establish the convergence in probability of the following term :

rT
(fn(SastaZgaUg) _f(SaY:%Z&US))dSa

JO

as n approaches co. The initial step is applying the triangular inequality, which yields

T
B[ 1.2, 20,02) = £(5.Y2, 20U s
-Jo
T

<B[| 1a(Y7,20,U2) = £,V 22U s

o

T
AB[ [ 17(Y7, 22,02 = £(5,Y. 2,0l ds]
o

Utilizing Holder’s inequality and the following inequality,

} _ 71221+ O
Y2 +HZ2 I+ U2 o >N} = N2—« ’

we obtain

EHT|(fn—f)(s,Y;",ZS,U:)ds}

< E” \(fn—f)(s, Y, Z5,U) ﬂ{\ysn|+\zg|+||Ug||V<N}d3}

+E” I(frn— (s, Y 28U Nz_ﬂé | 1{\YS”\+\Z§L|+||U;1HyzN}dS}

4K (TK,+ K, + K;)* >
N2« :

SpN(fn_f)+

36



Chapter 2: One-dimensional Backward Stochastic Differential Equations with Jumps
and Logarithmic Growth

The last inequality is obtained from Lemmas 2.2.8 and 2.2.9. Taking the limit successively first

with respect to n and then to N in the preceding inequality, we arrive at

T
B[ 105, Y7 22,02~ (5,2 2207 s =o.
o]

Considering the limit (2.2.10) and the continuity of the function f with respect to (y,z,u) for all
t € [0,T], we obtain

h%n|f(87)/snazg7U:) _f(87n7ZS7US)| =0. a.e. (t,UJ)

Furthermore, Lemma 2.2.6 and the conditions (a-c) outlined in Lemma 2.2.9 affirm the uniform

integrability of the sequence
|f(87Y:9n7Zg7U;l)_f(87}/S>ZS7US)|'
As a result :

T
Jim [ BIf(5.Y7,20,02) ~ f(s.Y2, 2 U ds =o.
o

Consequently, the BSDE (2.1.1) has a solution in S?([o, T];R) x H* ([0, T];R) x L*([o,T],v;R).
Taking account of Lemma 2.2.7, we conclude that it belongs to S¥7*([o,T];R) x H?([o,T];R) x
L2([o,T],v;R). This achieves the proof of the existence part. O

Proof: Uniqueness. Consider two solutions (Y, Z,U) and (Y, Z’,U’) to the BSDEJ (2.1.1).

Drawing from the proof of Proposition 2.2.10, it can be demonstrated that for every R > 2,

pe(1,3—a), §< f—a i (1 "

—————— —min f—) and £>o0
2M2+CFy) 2’r ’

there is an N, > R, for all subsequent N > N, and each S <T :

B—2

By +B[[ (12 2 U)W AR) ]

(5-0)

<ec+ LecNéE[\YS ~Ygl?].
We successively set S =T, followed by updating S as S = (T'—46)", and so on. Thus, the

BSDEJ (2.1.1) has a unique solution (Y,Z,U) € S*7**([o, T};R) x H?([o, T];R) x L?([o,T1,v;R).
]

Example 2.2.1. Let g(t,w,y,z) = Y% + calylllnlyll + colzl/IIn(|zD)| + ||ul|,. Clearly, g satisfies
(A.2), so we will now verify that (A.3) holds true :
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Indeed, letting g ¢, (y) == calyllnlyll; gz, (2) :== colzl/IIn|zll, we have

g(t,w,ys, 21,u) — g8, w, Yo, 22,U) = g1, (Y1) — 1,0 (Y2)
+92,c0 (21) — G2, (Zz)-

We shall examine the function g, ., under the following conditions :

1
0<|y1| |y2‘<N and N < |y1‘7|y2| < N.

Additionally, we will analyze g, ., across various cases :

0 S |Zl|, |Z2| S ﬁ) ﬁ S |Zl|a |22‘ S 1—€’
1—€ <zl 2] < 146 14€ < ful zl <N,

where € € (0,1) is small enough, and N is sufficiently large.
Clearly, in the first case (lyl, |z| < 57 ), the two functions satisfy (A.3),
191,02 (Y1) = 91,02 (Y2) + G20 (21) = Ga,00 (22)] S 1gu,e. (Y2 + 191, (Y2)] + 192,60, (21)] F 1926, (22)]
4
< max(cO,CQ)Nln(N).

The mean value theorem, applied in the second term, implies the following :

|g1,c2 (yl) —Y1,cs (yz) +92.c, (21) —Y2,co (z2)] < |g1,c2 (yl) 91,c. (y2)| + |g2 ,Co (21) — 92,c, (22)]

gmax(co,02)<|y1 Yol IN(N) + 2, — Zz|\/ )

Applying the mean value theorem again, we can prove the remaining cases for the function g, .

Therefore, (A.3) holds for Ax = N.

Further examples can be found in [12].

2.3 (Generalized Logarithmic Growth Condition for
BSDEs with Jumps

Now, we examine a distinct BSDE with jumps from the one in (2.1.1), introducing different

assumptions for the generator of the next BSDEJ :

T

Y = C+LTf(S Ys, Zs, [ Us (de))ds—LTstWs—J

J U,(e)N(ds,de). (2.3.1)
t JI

Assumption 2.3.1.

(A.1)  Assume that E[C[*T7] is finite, where py == €% for all t € [0,T] and 0 is a sufficiently

large positive constant.
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(A.2) (i) For almost all (t,w), the function f is continuous with respect to (y,z,u).

(ii) There exists a positive process ¥ such that

T
J E[94]ds < +oo.

(o}

Additionally, for every t, y, z, and u,
‘f(t,y,z,fpu(e)u(de))‘ <V +91,c. (y) +92,c, (2) +93,c. (u),

where g, (1) = ¢ ||ul|p/IInfjul|,l, co, ¢1 and c, are positive constants.

(A.3) There exists a real-valued sequence (An)n=, and constants M, € Ry, r > o such that

(i) For every integer N > 1, we have 1 < Ay < N'.
(i) im0 AN = 00.
(iii) For every N € N, and every y,, Yo, 21, 22, Uy, U Such that

[yal, [yals 210, |22, [Jwallws [Juslly < N, we have

(yl_yz) (f(tﬂwvy17’217‘[‘1"u1(€)y(d8)) _f(t7w7y2722;IFU2(e)V(d€)))
<M, <| Y1 — Y2 |2 IH(AN)-F | Y1 — Y2 | ln(AN)( | 21— R2 | +||u1 _u2||u)

In(Ap)
iy )

By following the steps outlined in the previous proofs, we can obtain a unique solution for BSDEJ
(2.3.1) in which the transaction with u becomes proportionally identical to the transaction with

zZ.

The previous lemmas maintain their validity while adhering to (2.3.1) and Assumption 2.3.1.

Therefore, we will provide concise proofs, building upon the earlier derivations.

Proof: of Lemma 2.2.7 under Assumption 2.3.1. Consider a solution (Y, Z,U) to (2.3.1), and
assume that conditions (A.1)" and (A.2)" are satisfied. We define the sign function sgn(z) as

follows : sgn(xz) = —1 for z <o and sgn(x) = +1 for > 0. We can apply Itd’s formula to obtain
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TNT,
uo~ +1 u,~ +1 n
Yoz [ < Vg | 7 +J _ (ps )0k ds +C,
tN\Th
" TNy
— | Ous|Yil T Y| Ly syds
t/\Tn,
TNy
| YT Y] Ty, s eds
Jt\,
(TN, 1
] s DI (S0, (Y3) Lyigon) + 00 (25) ) ds
Jt/\n, 2
" TNy 1
-1 (Ns'f‘l”}/;’ws (*gl,cz(YVs) ]l{\YS|>1}+gg,cl(Us))d5
Jt/\, 2
1

TNT,
_J (s sl ZoP | Vs 1 ds
2 t\Th

T ATy,
—LN ol +1)37 = VP U2+ Ey e — Sps
Tn

By Lemma 2.2.3, we have

|2
colyllzly/IInz]| Tpy5e < e Lyse) +cslyl*Infyl Tyse,

and
p
calyllfull, /Mo fful], | Lyyse < . lull?, Lyyise + calyl® Infyl Ly s

Utilizing Young’s inequality, we obtain

|2|? .
colyllzly/Inz]] Ly<ey < — Lyjyi<e) + Co,
4

p ~
cxlylllully/ M ffull] Ty <o < ;HUH?, Ljyi<e) + 6

where ¢, = coe> \}5—1-33%, Cy :cle§ﬁ+33%. For 6 > 2(c, + ¢4 +¢,)+1 we have —0pu,+

(ca+cq+cy)(ps+1)+1 <o, thus,

and

TN
LN (—Ops+ (s + 1) (ca+c5+cg)+1) Yol T In Y| Ly, 5 qpds < o.
Tn

Thus, employing the same steps as outlined above, we can determine a general constant C' such
that

TN
E[ sup |3§A;nlum:n+1]SCE[1+IYT/\;n|”TA:n+1+(MT+1)“TJ PHsrds),

0<t<TATn tAT

The monotone convergence theorem enables us to obtain the assertion (7).
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Since )
21yl [Jully/I1n fJully] Lgysep < HUQHV Lyyise +lyl*™s,
and N
2elyl [fulloy/ I ffullo] Ty <o < ‘ZH" Ly<ey+ 6,
where ¢, = ¢, /2€ +4(c,e)4 (3)3, we easily verify the validity of (i7). O

In what follows, we state a lemma concerning the stability result for the solution of BSDEJ

(2.3.1). The proof follows the same steps as Lemma 3.5 in [14].
Lemma 2.3.2. There exists a sequence of functions (f,) with the following properties :

(i) For each n, f, is bounded and globally Lipschitz in (y,z,u) a.e. t and P-a.s.w.

(i) Moreover, for all n, we have P-a.s., a.e. t € [0,T] :
sup |fn (t,w,y,z, fpu(e)y(de))| <V +91.c. (y) + 92,co (Z) +93.c, (u)
n

(iii) Additionally, for every N, as n tends to infinity, the quantity pn(fn— f) converges to

0, where
T

on(f) :E” sup ]fn(s,w,y,zjfpu(e)u(de))|d5}.

o [yl lzlllull, <N
Proposition 2.3.3. Proposition 2.2.10, which establishes the estimate between two solutions,
maintains its validity within this section despite variations in the values of § and C, as presented in
the

subsequent lemma.

Lemma 2.3.4. Assuming that C :=Cy :=30 M In(Ax) and 6 < 51\7112 min(, %), forany S <T

B—1
we have
ot 2 S os B = _cs 2 B[ s 2
e gpf+CJ e Ppsds+M; <e ¢§—J e *pg I2§"m|2ds
t 2 Jg
_ S B8
1 = _
—5(ﬁ2 )Jt oz 0T 3ds
(2_/8) o Cs §*2?nm22nm2
+5 5 . € (;DS | S ’ | | 5’ | ds
M+ g+ Jop + Ja
where

7 cs 1 § B K n on n
Ti=BeS o | pa® @%(s)| (8, Y0 22, [ UL () de)
t
—fn (.Y, 2 [ U € (de)) |ds,
N - S 8_,

Joi=Tas Ty :=J3,t+5M2\/1n(AN)J O35 M PR [0, ds,

t

and (s) = Y2 |+ Y+ | Zz |+ 127+ U2, + U], -
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Proof: of Proposition 2.3.3. The proof closely aligns with the methodology employed in establi-

shing Lemma 2.2.11. Let C':=Cy := 36[%221 In(Ay) and v := 36@6],\{221.

As presented in Lemma 2.3.4, it is obvious that

Cn ° B — S B_
_NJ 6089052618—1—6(2 6)J ecs(P; 2|§);n,m|2|2g,m|2d8
3 Jt 2 t

S B_, S 8_,
O ez pds 1 g [ e g2 fin(Ay s
t t

S 2 —
<] i (— P patnlay) - o 2pmp 0t I 22 A ),

and

Cy [° 8 —1) (° B_
e I e I A (e T
3 Nt t

s 5,
+BM, J eCop2 | Prm | Omm |, Sin( Ay )ds
t

S 8_, M?2 _
<[ i (- 2 putntay) - L yonm:

+Ma /|07 [/ In(An) ) ds.

Using Young’s inequality, it follows that

1 2 2 (ﬁ 1) 2 1 2
1M2 ln(AN)a \b| + M, ab\/hl(AN) S N

therefore,

S 8 _ S B_
—CNJ ecsgoﬁds+ﬂ(2mj ecscpsz 2|ﬁn’m|2|2g’m|2ds
¢

t 2

S B_ —1) (% B_
I R A e R A T
t t

—1 o 54
e B e T
t

Based on the preceding lemmas, for any N > R we have

S 2n,m2 0n,m 2
E[ sup I?,f”’mlﬂJrEJ (122 + 1105 ig)ds}

(S—8)+<t<S (S—8)+ (|$>Sn,m|2+AR) =
/ / A7
< 760N5E[|?§L’m|ﬁ} 4 Nﬁ
i A=t Ay
46 H B—1 K A;/V
+—=—BKp (4TK,+TAR) = (8TK,+16K,+16K,)> —2
o (Ax)"

B—1

2 [pN(fn_f)+pN(fm_f)]-

¢
+%60N%(2N2+A1)

42



Chapter 2: One-dimensional Backward Stochastic Differential Equations with Jumps
and Logarithmic Growth

Since § < fl\}é min( 3, %), we proceed by taking limits for n and m, followed by a limit as N
approaches infinity, in accordance with the statement (7i) of Lemma 2.3.2, and we obtain the

desired result. O

Theorem 2.3.5. Under Assumption 2.5.1 Equation (2.3.1) has a unique solution (Y,Z,U) in
SHTH ([0, TI;R) x H? ([0, T;R) x L([o, TT,1;R).

To prove the above theorem, we utilize Proposition 2.3.3 and follow similar steps in the proof of

the existence and uniqueness parts of Theorem 2.2.13.

2.4 The Relationship Between BSDEJs and QBSDEJs

We present a supplementary BSDEJ, explicitly formulated through the exponential transformation
of the initial problem. This formulation facilitates establishing a connection between the solution
of the auxiliary BSDEJ and that of the original BSDEJ ((, g). Subsequently, we will demonstrate
an application to quadratic BSDEJs.

Lemma 2.4.1 (General exponential transformation). We assume that either (¢,g) or ((,g)
satisfies the first Assumption 2.2.1. Let h € L*(R) a measurable function and [ul,(y), J"(y)

two operators, defined as

P (y+ule)) —¥(y) —¥'(y)ule)

alol=] o (de),
Thta)=| (07 e ule) =07 ) = (07 (ule) o de),

where ¥ is defined for every x € R as

U(z) = r exp (2Jyh(t)dt> dy.

(o) (o)

The triplet (Y,Z,U) is a solution to the BSDEJ ((,g) if and only if the triplet (Y,Z,U) is a
solution to the BSDEJ (5, g), where

Y, = WYy, ¢ = U(Q), Z=V'(Y)Z, Ule) = ¥V +Ule))—¥(V;),
and

@Y @)t 5,%,a) = g(t, 7 (1), 2(¢) (), (T+a) — ¥ (7))
—Zh(@ G (@) (D) + T2 (@)

43



Chapter 2: One-dimensional Backward Stochastic Differential Equations with Jumps
and Logarithmic Growth

Clearly, ¥ is bi-Lipschitz with ¥ (o) = 0, guaranteeing the preservation of the same spaces for
primary BSDEJs and their auxiliary counterparts, i.e., (Y, Z,U) and (Y, Z,U) in S+ (o, T];R) x
H=([o, T];R) x L2([0,T],v;R). The proof proceeds through a series of steps analogous to those

outlined in Lemma 2.4.4.

Example 2.4.1. Consider ¢ satisfying condition (A.1), and let g(t,y,z,u) be a continuous

function with respect to (y,z,u). The function is defined as follows :

g(t.y,z,u) = ()| (y)ll+ 29" (y)4/ ]2 (y)]]

1
vl
@ (y+u(e) = ()] +hy)l= + [l (y),

where ¥ is defined as in the previous Lemma 2.4.1. Using its result, it becomes evident that
the BSDEJ (C,g) is equivalent to the BSDEJ (e, g|In|gl|+ Z\/[In[Z]| + ||@|,), whose generator
satisfies Assumption 2.2.1, and ensures the existence and uniqueness of the solution for both

BSDEJ. Furthermore, (Y,Z,U), (Y,Z,U) in S*7+1([0,T);R) x H2([0, T];R) x L2([0, T, ;R).

Proposition 2.4.2. Assuming that Assumption 2.2.1 holds and further supposing that ¢ and

(V¢)o<t<T are bounded, then there exists C such that

— supgefo ) 1Yl < Cr.

— EIfy (1Z:2 +||U|2)ds) < Cr.

Proof: By utilizing [t6’s formula and employing the same step as in the proof of Lemma 2.2.7,

we obtain

T
Y < O +J (pos 4 1)Hs 9T ds 4 M,

[0}

where

T

T
My i [ 2V s (V) ZudW, = | (W o) s, de)
t ¢ Jr
We obtain the first result by taking the conditional expectation. We attain the desired outcome

by building upon the first result and condition (é¢) in Lemma 2.2.7. U

Let A > o0 and t € [0,T]. Consider the following BSDEJ :

T

A

VimC | (000, Ye0 20U+ 212+ U] ds (241)
t

_ LT ZodW, — LT JF Us(e)N (ds,de),

where

[uly =

J (e — \u(e)—1)v(de).
r

>k
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Assumption 2.4.3.

(A.4) (i) The function g is continuous in (y,z) and Lipschitz with respect to u for almost all
(t,w).
(71) There exist constants co, ¢1, Co, and Cry, as well as a bounded positive process (V¢)i>o,

such that for every t, w, y, z, u, Uy, Uy :

G u(e
o(t. 2200 < Do clyl oy TN gl + 5 | (e —wtae),

and
|g(t7w7yazvu1) _g(t7w7y7z7u2)| S CLipHul _u2||u~
(A.5) There exists a real-valued sequence (An)ns, and constants M, € Ry, r > o such that

(i) VN>1, 1<Ay<N".
(i1) im0 AN = 0.
(iii) For every N € N, and every y,, Ya, 21, 22, u such that for all |y,|, lys| < In(N)
|21],122] <1, u <In(2), we have
(eAyl —6/\y2)(€Aylg(t7wyy1,21,u)—eAyQQ(t,w,yQ,zz,u))

< M, (] e — M P In(Ay)

+leMr — M2z, M — 2 M2 In(AN) +

In(Apn)
A )

In the following lemma, we utilize the exponential transformation while relaxing the Lipschitz

condition through the utilization of ¥(z) = e®.

Lemma 2.4.4. If ¢ and (9¢)o<i<T are bounded and Assumption 2.4.3 holds, then, for any

A >0, the following equivalence holds : there exists a unique solution

(Y, Z,U) € S*([o,T);R) x H*([o,T];R) x L*([o,T],;R)
to the BSDEJ (2.4.1) if and only if the triplet

(Y, Z,U0) € 8([o, T;R) x H2([o, T};R) x L2 ([0, T],1;R)

1s the unique solution to the BSDEJ(&, g), where

i}tze)\mv g == 6)\<, Zt = )\eA}/tZt, ﬁt e ekn*(eAUt_l)’
and
S - 1. ...z 1 u
g(t,y,z,u)_Ayg(t,xln(y),rg,qn(1+§)).
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Proof: By employing [t6’s formula on Y; = e, we derive the following result for all ¢ € [0,T],
P-a.s.

_ _ T
Yt—<+J NAYog(s, Yy, Zs,Us)ds
t

T T B
—J )\e)‘YSstWs—J J Mo (eAVsle) _ 1) N (de, ds).
t t Jr

With the quantities provided above, we can deduce the following :

T T T

ZdW, —J
t

féz&J

g(s,ﬁ,zs,ﬁs)dS_J
t

J Us(e)N (de,ds). (2.4.2)
t r

Since the generator g satisfies Assumption 2.4.3, then the generator g fulfills Assumption 2.2.1;
therefore, Theorem 2.2.13 shows that Equation (2.4.2) has a unique solution in S#7**([o, TT;R) X
H2([o,T];R) x L.?([0o,T],v;R). Thus, taking account of Proposition 2.4.2, the necessary condition

is proved.

Conversely, It6’s formula applied to ln(ﬁ) /A along with Proposition 2.4.2 lead to the sufficient

condition.

It is worth mentioning that the functional spaces are conserved due to Proposition 2.4.2. O
Example 2.4.2. Assume ¢ is bounded, and let
c
g(ty.2,u) = calyl+colzly/ I IAz] + Xyl + ] =1l
where ¢q, ¢y, and ¢, are positive constants. Therefore,

g(t,y,z,0) = colylln |yl + co| 21\ / [ In[Z]] + e, |-

Clearly, the generator g satisfies Assumption 2.2.1. Consequently, according to the preceding
Lemma 2.4.4, the BSDEJ((,g) has a unique solution and the BSDEJ(g, g) has a unique solution.

Remark 2.4.5 (Quadratic—exponential BSDEJs). Let g,(t,y) = g(t,y,0,0), where g is defined
as in the previous example. Then, the BSDEJ (2.4.1) transforms into a quadratic—exponential
BSDEJ, which has a unique solution.

For a more extensive examination of quadratic BSDEJs, we refer to [69].

Remark 2.4.6. The primary BSDEJs discussed in the previous section share the same auxiliary
counterpart, consistent with the discussions in this section regarding the suitable space for the jump.

In other words, the previously established lemmas hold for the generators g(s,y,z, [ pule)v(de))

and §(s,7,%, [ pule)v(de)).
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2.5 Conclusion

Our study addresses fundamental questions concerning the existence and uniqueness of BSDEs
whose driving processes are a compensated Poisson random measure and an independent Wiener
process. Through rigorous proofs under two sets of assumptions, we first emphasize the significance
of a generator by the logarithmic growth in both
(y, z)-variables and the Lipschitz continuity with respect to the third variable u. We also included

a concrete example that strengthens the validity of our first assumption.

Under Assumption 2, we take a step further by relaxing the Lipschitz condition on u. Here, the
generator exhibits logarithmic growth in all variables, adding nuance to our understanding of
the problem. Moreover, the introduction of the exponential transformation proves to be a key
tool that demonstrates the equivalence between the solutions of the auxiliary BSDEJ and our
primary BSDEJ.
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Chapter

Optimal Control of BSDEs with Logarith-
mic Growth Condition : Exploring the
Maximum Principle

3.1 Introduction

The domain of stochastic optimal control problems is commonly traversed through two primary
avenues : Pontryagin’s maximum principle and Bellman’s dynamic programming. These metho-
dologies necessitate distinct mathematical treatments. Dynamic programming, for instance, aims
to derive a second-order partial differential equation known as the Hamilton-Jacobi-Bellman

equation, serving as a characterization of the value function.

However, a significant drawback arises when employing this approach : the classical solutions to
the Hamilton-Jacobi-Bellman equation are only guaranteed for sufficiently smooth value functions,
a condition often unmeet in practical scenarios. Crandall and Lions [35] addressed this limitation
by introducing viscosity solutions, wherein (set-valued) sub-derivatives replace conventional
derivatives. This innovation empowers dynamic programming with enhanced applicability in

real-world situations.

While the maximum principle is extensively employed for solving optimal control problems in
deterministic systems, translating theoretical results into practical solutions encounters numerous
obstacles. The inherent difficulty lies in explicitly solving the resultant adjoint systems. Some

scholars (e.g., [67], [72]) have proposed numerical methods to address such challenges, expanding
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the applicability of Pontryagin’s maximum principle into fields like mathematical finance and
economics. Several attempts have been made to relax assumptions on coefficients, facilitating the

extension of the stochastic maximum principle to irregular cases.

Mezerdi [26] pioneered this direction by deriving a stochastic maximum principle for a controlled
stochastic differential equation (SDE) with a non-smooth drift, leveraging Clarke’s generalized
gradients and stable convergence of probability measures. Building on this, Bahlali et al. [15]
extended the principle to SDEs with Lipschitz coefficients and a non-degenerate diffusion matrix
employing Krylov’s inequality with uniform ellipticity. In a broader context, Bahlali et al. [§]
established a stochastic maximum principle for optimal control over a general class of degenerate
diffusion processes, assuming only Lipschitz continuity in state equation coefficients and continuous
differentiability in cost functional coefficients. Chighoub et al. [33] further expanded these results

to cases where both state equation and cost functional coefficients lack differentiability.

Recent advancements include Xu and Wu’s [94] work, where they obtained the existence and
uniqueness of mild solutions to mean-field backward stochastic evolution equations in Hilbert
spaces under conditions weaker than Lipschitz. They subsequently proved a maximum principle
for optimal control problems governed by backward stochastic partial differential equations of
mean-field type. Additionally, Orrieri [75] introduced a version of the maximum principle for
optimal control in stochastic differential equations driven by multidimensional Wiener processes.
Dokuchaev and Zhou [41] derived both necessary and sufficient conditions for optimality in cases

where the control domain lacks convexity.

Consider T' > o and let (£2,F,(F;)o<t<7,P) be a probability space with completeness, equipped
with a filtration that satisfies the usual conditions. On this probability space, we define a one-
dimensional Brownian motion W = (W})e<i<7. We make the assumption that F = (F;)o<i<7 is
the P-augmentation of the natural filtration generated by (W;)o<i<7. For subsequent discussions,

we introduce the following spaces for p > 1 :

— SP([o,T],R) : denotes the set of continuous and F-adapted stochastic processes{Y; : t € [0,T1},
such that E[sup,<;<r[Y:|P] < oco.

— M?([0,T],R) : denotes the set of F-predictable and R-valued processes {Z; : t € [0,T1},
such that EfZIZTIZdT < 00.

— L} (R4,R) : the set of F-adapted processes taking values in R, denoted by {X;:¢ > o},
such that fOT | X, P dr < oo P-a.s for every T.

We consider the following controlled backward stochastic differential equation (BSDE for short) :

{dn = [, Zp,v)dE + ZydW, (3.1.1)

Yr = (.

Here, f is a function defined on f:[0,7] x R x R x U — R. The terminal data ¢ is a Fp-adapted

random variable. The control variable (v;)¢>, is represented by the process v;, assumed to be an
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F-adapted process taking values in a non-empty subset U of R. The set of all admissible controls
is denoted by U,4.

For a given function ¢g: R — R, we define the cost functional of our stochastic control problem as
J(v.) =Elg(Yy)] (3.1.2)
For ease of notation we denote hy = a—g for a given function h and parameter 6.

The objective is to minimize the cost functional (3.1.2) among all admissible controls. Now, the

control problem can be formulated as follows :

Problem (A) : Given the cost functional (3.1.2) and the constraint (3.1.1), the objective is
to identify an optimal control, denoted as u from the set i/,4, that minimizes the specified cost

functional.

There exists an extensive body of literature addressing stochastic optimal control problems
for BSDEs and Forward-BSDEs (FBSDEs) within the global Lipschitz framework. Azizi and
Khelfallah [5] were the first to investigate a stochastic control problem for BSDEs with generators
which are local Lipschitz in y and globally Lipschitz in z under the first assumption. In their

study, they demonstrated that the generator satisfies specific conditions, which include :
— There exist a constant, M > o such that for all y and z,
(y, ft,y,z,0)) < M(1+lyP +1yll2l), ae. telo,T].

— There exist two constants, M > o0 , k € (0,1) and a positive function ¢ : R, — R, such
that

|f(t,y,z,0) < M(14+@(lyl)+1z" ae. t€lo,T].

Moreover, they present results under another assumption where the generator is locally Lipschitz
with respect to both (y,z) and exhibits linear growth. They establish necessary and sufficient
optimality conditions for non-convex control domains, described by a linear local Lipschitz SDE

and a maximum condition on the Hamiltonian.

In our context, we relax the Lipschitz condition on the generator of the BSDEs, imposing a
logarithmic growth condition in y and linear growth in z in the first assumption. In the second
assumption, we require the generator to satisfy the logarithmic growth condition for both y and

z, and we employ the Malliavin approach.
The primary challenge we face is with the coefficients in the resulting local Lipschitz linear
adjoint equation,

{ —dxy = fy(t, Y, Zy,up)eedt + [ (¢, Y5, Zy,ug) 2 d Wy, (3.1.3)

Lo = gy(yvo)a
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which are only locally bounded. Consequently, they are locally Lipschitz on x but do not satisfy
the linear growth condition. Given the existing results in the literature, confirmation regarding

whether the adjoint equation (3.1.3) admits a unique solution remains elusive.

3.2 Foundational Concepts and Existence Findings

In this section, we will state some basic results related to the BSDEs theory and prove the

existence and uniqueness results for one kind of linear SDEs with local Lipschitz coefficients.

Assumption 3.2.1.

(A.1.1) f and g are continuously differentiable with respect to (y,z) and there exists a positive
constant L such that : |g(y)| < L(1+yl).

(A.1.2) We posit the existence of a positive constant X\, large enough such that the expected value of
Il s findte.
(A.1.3) (i) The function f is continuous in (y,z).

(i) There exist constants n, co, ¢, such that : for every t > o, y, z,u €U :

1 (t,y,2,u)l < n+colyllInfyll 4 z].

(A.1.4) There exist a real-valued sequence (AN)n>. and constants My, € Ry, r > 0 such
that :
(i) VN>1, 1<Any<N".
(i) limpy_00 Ay = 00.
(iii) For every N € N, w e U and every y, y, z, 2’ such that |y|, |t/|, |2, |2/| < N, we have :
(y_y/) (f(t)yuz7u) _f(t)y/72/7u))
< Mo(ly—y PIn(An) +ly—9'llz— 2|,/ In(An)).
Remark 3.2.2. If f satisfies (A.1.1), then it satisfies a local Lipschitz condition, i.e., for
all N € N, there exist two constants L, n, L, N > 0 such that for any v € U and for those
v,y , 2,2 € R with max{|yl,|y'],|z],|2’|} < N, the following condition holds :
|f(t,y,z,u) —f(t,y',z,u)I < Ll,N|?/—y/|
|f(t,y,z,u) *f(t,y,ZI,UH < L2,N|Z*Z,|

Remark 3.2.3. Assume that f satisfies (A.1.1) and (A.1.4). Consequently, L, xy = MyIn(An), L, n =

M,/In(An).
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Remark 3.2.4. If f satisfies (A.1.3), then for every t,y,z and w € U :
|f(ty, 2, u)l < 0+ colyllInfyll+ e |zl /[ In(]2])],

where 1 =n+4+c,e.

The following lemmas establish estimates, guaranteeing the boundedness of both the generator
and the solutions. The first two lemmas are thoroughly detailed and proven in [14], with further
details provided in [25].

Lemma 3.2.5. Let (A.1.2) and (A.1.3) be satisfied. Then, there exists a positive constant
C(T,a,m,co,c1) such that,

T T
J Elf(s,Ys, Zs,us)|*l ds < C(T, a,m, o, 1) <1+J

(o) o

B[V 4 Z,?] ds) :

where 1 < o < 2.

Lemma 3.2.6. Let (thZt)tzo be the unique solutions of the BSDE (3.1.1). Then, there are two
positive constants Cr,, C(T,cy,c,) such that, under Assumption 3.2.1 we have :

E[ sup [vi| < OppE[1+1¢” .
o<t<T

T

| B1Z.P10s < (T corc B[+ 0P+ sup i
o o<t<T

Lemma 3.2.7. If the assumption of the previous Lemma 3.2.6 holds and if ¢ is bounded, we can

find constants C, 1, Cor and Cy, which depend on n, such that :

(i) supycycr Vil < Copy [TEIZoP)ds < Corp.
(ii) [LElf(s,Ys, Zs,us)Plds < Cyr.

Proof: We derive the following insight from the work of Bahlali et al. [14].

T
YT < el (1177 - |

(% +1) | Va7 sgn(Y2) ZedWs),
t

and
T o T
| 1z s <t (11 sup W [ vz, aw )
t s€lo,T] t
where £(n) is a universal positive constant. We get the assertion (i) by taking the conditional
expectation for Y and the expectation for the rest.
By (A.1.3) and assertion (7), and since |Y;| < 1+|Yt|eMJrl <1+4+C, r, we have
T

o [e]

T
. J Ellf(s,Ys, Zs, us)|"lds < £(n) <1+J E[[Ys#=* +1Z4°] d8> < Cyr.
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Theorem 3.2.8. Let Assumptions (A.1.2)-(A.1.4) hold, then the BSDE (3.1.1) has a unique
solution (Y, Z) in S +1 ([0, T],R) x M2 ([0,T],R).

Under Assumptions (A.1.2)—(A.1.4), the conditions in [14] that guarantee the existence and
uniqueness of the BSDE solution are satisfied. Therefore, the preceding theorem is applicable.

It is important to observe that, for any v € Uyq, the functions f,(¢,-,-,v;) and f.(t,-,-,v) are

generally unbounded.

In the subsequent theorem, we establish the existence and uniqueness outcomes for the Stochastic

Differential Equation (SDE) given by (3.1.3) up to a potential explosion time.

Theorem 3.2.9. Assuming that Assumption 3.2.1 is satisfied, we can assert that for any v € U,g,
the SDE (3.1.3) possesses a unique solution.

Remark 3.2.10. The previous theorem cannot guarantee the existence of a global solution but

rather only up to an ‘explosion time’ denoted as
TN =inf{t € [0, T [fy(t,y,z,w)INf:(t,y,2,u)| = N}.
To ensure the existence of a global solution, we incorporate the subsequent additional assumptions.

— Hloc : fy € Llloc (R+7R)7 fz € leoc (R+7R)

— Hy;, : There exists a positive constant L > o, such that V (y,z,u) ERxR x U :

[fy(ty,z,u)l < L1+ [yl) +€ln(|z[+1), ae. t € [o,T],

If=(t,y,z,u)l < L1+ [yl) + €y /In(|z[+1) a.e. t € [0,T],

where € is a sufficiently small positive constant.

Remark 3.2.11. The assumption Hj,. ensures that for any (Yi, Zt)i>o F-adapted stochastic
processes, the SDE (3.1.3) has a global solution, while the assumption Hy;y, guarantees the global
solution under square-integrable F-adapted stochastic processes (i.e., (Yi, Zt)t>0 € L7, .([0,T],R)).

loc

3.2.1 Statement of the Control Problem

The purpose of this paper is to deal with the control Problem (A) described by the equation
(3.1.1) and the cost functional (3.1.2). The controller object is to derive a necessary condition
as well as a sufficient condition of optimality. Notice that because the derivatives of f are not

bounded, the standard duality technique can not be directly applicable in our setup.

For any p > 1 and v € Uyg, let us first define a family of semi-norms (p} ,(f))Nen by

o lyllzI<N

T »
p?v,p(f)=<EJ sup If(r,y,z,vs)lpdr>
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Lemma 3.2.12. Let f be a function which satisfies Assumption 3.2.1 and Hj,. or Hy;,. Then,

there exists a sequence of functions f™ such that :

(i) For each n, f™ is globally Lipschitz in (y,z) -a.e. t € [0,T].
(ii) For each n, f™ satisfies Assumption 3.2.1.
(iii) For every n, p,, ,(f"—f)—o0 asn — oo.

(iv) For every n, |fgl <Ifyl+ZIfI, 1f21 <Ifol+21f1 and lim g" (resp. gy) — g (resp. gy).

The following paragraphs are dedicated to transforming the initial control Problem (A) into a
series of control problems characterized by global Lipschitz coefficients. For this purpose, consider

any fixed n € N* and v € Uyq. Let (f@", Zf)p represent the solution to the controlled BSDE :

Yi = (.
Furthermore, define
J"w) =E [g"(¥")]. (3:22)

The subsequent lemma provides estimates that will be employed to establish a relationship
between the control problem (3.2.1), (3.2.2) and Problem (A).

Lemma 3.2.13. Let (Y;)i>0 and (Y{*)i>o be the solutions of BSDE (3.1.1) and (3.2.1), respecti-
vely, corresponding to the control v € Uaq. Then, for any a € (1,2), q € (0,2) and any B € (1,3—2),
the following estimates hold :

(i) BIV*—YilP) < Ky n, and EIf; |27 = Z,|9dr] < Ky v .

(i) |T"(v) =T (v)| < Cep N,

where K, N and €, n converge to o as n and N tend successively to +oo, here N stands for the
radius of the ball B(o,N).

The proof of assertion (i) follows a similar methodology to that of Theorem 2.1 in [14], while

assertion (#i) is derived using the approach outlined in [5].

Consider an optimal control u defined as the solution to :

J(u.)= inf J(v.),

VEULg

subject to the constraint (3.1.1). It is crucial to note that u may not be optimal for the perturbed

control problem. As Lemma 3.2.13 suggests, there exists a sequence (9, ) of positive real numbers
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converging to o such that :

j”(u)g inf jn(v.)—l—(san, 6n,N = 20671,]\[.
v€EU 4

To facilitate the application of Ekeland’s lemma, let us introduce a metric d on U,q. For any two

controls u,v € Uad, the metric d is given by :
dlu.,v.) =P dt{(w,t) € 2x[0,T]: u(w,t) # v(w,t)},

where P® dt is the product measure of P with the Lebesgue measure on [0,7]. By applying

Ekeland’s lemma to the continuous cost functional J"(u.), we obtain an admissible control u"

satisfying :
dlul'u) < (n,3)*
and
J" () < J"w.) for any v € Uy,
where

T"w) =T"() + (0n,n) 7 - dlv.,ul).

From the preceding arguments, we can deduce that u™ solves the optimal control problem given
by equations (3.2.1) and (3.2.2), but with the modified cost function J". For every n € N*,
consider the pair (Y}*,Z}')¢>o, representing the distinctive solution to the subsequent BSDE

under the influence of u™ :

AP = Y20 2 523
Yi = (.
Associated with this control problem is the following cost function :
T (") =Elg"(Y")]. (3.2.4)

Now, we pose the following optimal control problem, denoted as Problem (B) : For each integer
n, find u™ € Uyq such that u" minimizes the cost function (3.2.4) subject to (3.2.3).

In concluding this subsection, we introduce a set of controlled SDEs called adjoint equations. For

each integer n, consider the following SDE :

{ —dx}p = (Y 2P up)apdt - Y 20 u) Wy, (325

zg = gy (Y5

o
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Given that f™ is a globally Lipschitz function, its derivatives f;' and f7' are bounded. Consequently,
the coefficients of SDE (3.2.5) are globally Lipschitz and exhibit linear growth. This implies that,

for each integer n, equation (3.2.5) possesses a unique solution.
Furthermore, we define a family of Hamiltonian functions H":[0,TI X RxR xR xU — R as

follows :

H"(t,y,z,z,u) =z f"(t,y, z,u) for each n € N.

3.2.2 Preliminary Lemmas

In the following part of this subsection, we aim to consolidate and establish several helpful lemmas.
These lemmas are pivotal as they will be utilized in the subsequent section to demonstrate the

main results.

Lemma 3.2.14. Let (f,) be the sequence of functions associated to f by Lemma 3.2.12 and
(Y;*, Z") >0 stands for the solution of equation (3.2.3). Then, there exist constants K,, K, and
f(g such that :

(i) sup, Elsup,<, <7 [/ 1] < K.
(ii) sup, E[f!|Z0ds] < K.
(iii) sup, B[} |f"(s, Y, 25 ul)l*ds) < K,

where a € (1,2).

The proof of the following Lemma is outlined in [14].
Lemma 3.2.15. Under Assumption 3.2.1, we have :

lim ]E{ sup |Y;”—Yt|6} =o0. (3.2.6)

n—=00  Liclo,T]

T
lim IEJ 20— Zy|7dt = o. (3.2.7)
n—oo

o

Lemma 3.2.16. Under Assumption 3.2.1 and Hy;, the following estimates hold

T _

T B[ 150V 20 ) = Yo Zr ) dr =0, (3.2.8)
T q

JL%EJ ]f;(r,n”,z,?,u?)—fy(r,n,zr,u,) dr =o. (3.2.9)
o]
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T
lim E J PR Y, 20 ) — (i, Ve, Zyy ) = 0, (3.2.10)

T

where q € (0,2) and & € (1,a). O

Remark 3.2.17. To demonstrate the convergence of a sequence X,, of random variables in P,
where p > 1, it suffices to establish convergence in probability and ensure that {|X,|P, n € N*} is

uniformly integrable.

Proof: [Proof of Lemma 3.2.16 :] Assuming Assumption 3.2.1 and Hj;;,, hold. Drawing from our

knowledge and the preceding remark, it is essential to demonstrate the convergence in L*.

T
EJ PR Y 20 ) — F0 Yo, Zoyup)ldr

o
T

S ]EJ |fn(r7}/;ﬂn7Z:L7uT) _f(T7Y;‘7ZT‘7uT)|dr
o

T
+EJ " (Yo 20wt ) = 7 (Y 20w ) L, di

o
Considering the previous derivation in [14], we have :

T
lim EJ Ll (r, Y, 20wy ) — f(r, Yy, Zyp,up)|dr = o.

n—oo
o

Holder’s inequality yields to

T
EJ |fn(r7 Y;ﬂn7Zn un) _fTL(T,’ K‘nazgau'r’)“l{uﬁ#ur}dr

ToET
o

T - T ;
< (EJ |f”(r,YT”,Zf,uf)—f”(r,Y;,n,Zf,u,,Ho‘dr) (EJ ]l{uﬂyéur}dT)
(o) (o)

EENERE -
< (41(3) « (d(u,”,u.)) .
(/i\(uﬁ,u.) approaches o as n tends to infinity, thus (3.2.8) is satisfied.

We give the proof of (3.2.9). The proof of (3.2.10) can be performed similarly. Since |y|[In|y|| <
e ' +yl* and for any n € N*, t € [0,T], we have |Y;"|, |Z}'| <n. Thus by (H.3), we have for any
v € Uyq that,

1 C
S Y20 )P < S+ V120

2

1 n
SC(I—FE"‘E‘FD/ZLF)
By (¢) of Lemma 3.2.14, we get :
Ty
supIEJ (Y 2y o) Pdr < C (3.2.11)
n o N
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where C' is a universal constant. Using assertion (iv) of Lemma 3.2.12, along with Hy;, and

(3.2.11), we obtain :

T —
SHPEJ (Ify (r, Y5 20 v ) P+ 12 (Y, 200 0 )P )dr < K. (3.2.12)

o

Let N > 1, we put AY :={(r,w), [Y,*|+|Z" > N} and AY = 2\AY then we have

dr

T
EJ f;(rannazﬁau?)_fy(rvl/T‘aZT>uT‘)

[0}

T
SEJ SR Z0 ) — 0 Y 20 )| L

[0}

dr

T
+EJ f;(r,Kn,Zf,uT)—fy(ﬁY;n,Zﬁ,u,,)

o

T
—HEJ |fy(7,7yrn7Z:L7u7‘) _fy(rvy;‘7Z7’7uT)|dT7

o

By Schwarz’s inequality and Hy;,, we have :

T
EJ Y Z0 ) — fR (Y 20 ) L
(0]

T
§2EJ (L + 1Y) + el (12714 1)) L s
(6]
T

< 2LEJ (2+ 1Y+ 121 Liun s,y dr

o

[0}

T i T i
<ol <8T+4IEJ (IWIQJrIZl‘IZ)d?‘) <EJ ]l{uﬂaéur}dr>

o
< 4L (2T+TK'1 +K2)§ (ﬁ\(u.",u.ni .
Therefore,

T
lim EJ |f37(7', an,Zﬁvug) —f;L(T, }/T.n7Z:,L,’U,r)‘]]_{ug7gur}dT =0.

n—oo
o

Due to the fact that 14~ < W]l 4~ , and by using Schwarz’s inequality we obtain :
T

g
(6]

dr S p?\f@(fg?]_fy)

TR, + K05 [ (T >\
2K P K)e (EJ (7= £) (Y 20 ) dr>
(0]

(fy = )Y 20 ur)

N

By (3.2.12), we can assert the existence of a positive constant ¢, such that :

) o
B[ |y = F) 22 ar < ot — 1)+ (P )

o

N |

).
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Taking the limit first with respect to n and then for N, we obtain,

T
lim EJ ‘(f;}—fy)(r’y;n’Zf,ur) dr =o.

n—oo
0

Assumption Hy;, and Lemma 3.2.14 enable the use of the Lebesgue Dominated Convergence

Theorem, which facilitates the demonstration that :
T
T B U Y22 0) = Yo Zru ) dr =
Hence, (3.2.9) is established. O

Assumption 3.2.18. The validity of Assumption 3.2.1 in conjunction with Hyy,, along with the

constraint that ¢ is bounded.

Lemma 3.2.19. Assume that Assumption 3.2.18 holds. Let (Yy, Zt)t>o (resp. (Y{", Z}")t>0) denote
the unique solutions of the BSDE (3.1.1) (resp. (3.2.3)). Then, for any v € Uyq and p > 2 there

exists a universal constant C, such that,

T
EJ (fP+1fyl? +1£P) (r, Yo, Zpyvp)dr < C,

o
T

SUPEJ ISP+ P2 Y 2 o )dr < C.

o
Proof: By assertion (i) of Lemma 3.2.7, we have Y is bounded. Moreover,
In(l2]+1) = gln(|z|+1)% < §(|z\+1)%.

Thus (In (|z|4+1))? < C(|zI>+1). By Hj;, and Lemma 3.2.7 we get :

T
EJ P+ 1, P+ 1foP) (1, Yo Zy v )dr < C.

o

For any n € N* and ¢ € (0,7, we have |Y;"| < C, 1. Since |Z}'| < n, Assumption (A.1.3) yields,
UMY 2P < Cand [F'( Y 200 < Ca+IZEP).

Thus, by assertion (iv) of Lemma 3.2.12, assertion (i) of Lemma 3.2.14 and the previous result,
we have :

T
SUPEJ ISP+ P 2P Y 20 o )dr < C.

(o}
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Remark 3.2.20. If Assumption 3.2.18 holds, then for any o € (1,2) and p > 2, Lemma 3.2.16

and Lemma 3.2.19 guarantee the following convergence :

T
JLH;OEL Y20 ) — F(r, Y Zryu,) | dr = o

rT
lim B | |70 Y, 20 0) = fy (.Y, Zeyug)| dr = o.
Jo

Y
n—oo r r

rT
lim E |fzn(7na1/rnaZn Un)—fZ(T,K-,ZT,UTdiT:O.
JO

)
n—00 r r

(3.2.13)

(3.2.14)

(3.2.15)

Lemma 3.2.21. Under the fulfillment of Assumptions 3.2.18, the solutions x and x™ to equations
(3.1.3) and (3.2.5), respectively, are bounded in the space SP ([o,T1,R) for all p > 2. In other

words, there exist two positive constants ¢ and {1 such that :

E[ sup |z"| < O,

o<t<T

E[ sup |zf'lP| <l VneN.

o<t<T

Proof: Let p > 2 By Itd’s formula, we have (sgn(x¢)z: = |x4|) :

T
—1
|z [P < |gy(Y0)|p+pJ |$s|p(|fy|+%|fz|2)(s>YVSaZSaus)dS

(0]

t
+ J |xs|pfz(5aYS>Zsaus)dWs
)

T

—1
< |gy(Yo)|p+pJ sup {|ﬂfr|p}(|fy|+L|fz|2)(3,YS7ZS7Us)dS
o 0<r<s 2

_l’_

t
J |$3|pr(S,Y:g,Zs,U5)dWS
)
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By BDG’s inequality

E[ sup

t
J |xs|pfz(57YSaZSaus)dWs]
o<t<T " Jo

T 3
<3E (J |$s|2p|fz(37Y57287us)|2d3> ]

(o)

N

T
<3E (J sup {|mr|2p}fz(87Y57257U5)|2d3>

o 0<r<s ]
- ) - i—
<3E | sup {lz}> U sup {Ia:rlp}lfz(s,Y;,Zs,us)|2d8>

o<t<T o o<r<

T 3
<3E | sup {al%) (J sup {|xr|p}|fz(37Y97ZS7US)|2dS>
o<t<T o 0<r<s

2 o<t<T o 0<r<s

T
SE[I sup {|$t|p}+ZJ sup {Ixrlp}lfz(s,Y;,Zs,us)IQdS],

the last inequality is obtained by using Young’s (ab < ga*+ 2b?), therefore
T
E| sup |z] < E[2|gy(m|p+J sup {7} (2plf, (5. Yy, Z,us)
o<t<T o 0<r<s

Hplp—1) + )15 Yer Zoyus) ) ds|.
Gronwall’s lemma, yields
T
E| i%w} <2E [|gy(Yo)|Pexp (J (2plfyl+ (p(p—1) +9)|fz|2)(s,1@,zs,us)ds>] .
0SS 0

Since g, is locally bounded and Y,,Y' < C, 7 (where C, r does not depend on n), g,(Y;) and
gy(YJ') are bounded. Moreover, by Hy;,,, we have :

exp (

where C is a constant that may vary. Since € is sufficiently small therefore 2pe+ (p(p—1)+9)e < 2.

T
exp <J In (|Z,] + 1)%5)1

< 0(1 +JTE[IZsl2]ds) —

(o}

E[ sup |:ct|p] < CE
0<t<T

)
o

T
J (2peln (IZs|+ 1)+ (p(p—1) +9)e* In (IZ| + 1))d8>

Thus, by Jensen’s inequality, we get :

E[ sup |xt|p} < CE
0<t<T

Following the same arguments as previously, and since _5|f"(r,Y", Z]',v,.)|P < C, we have

supIE[ sup Ix?\p} < lr.
n o<t<T
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Lemma 3.2.22. Let (¢)t>0 and (z})i>o be respectively the solution of (3.1.3) and (3.2.5), then
under Assumption 3.2.18, we have

lim sup Ellz] —z/f1=0, Vp>o2. (3.2.16)

n—00 telo,T]

Proof: Lemma 3.2.21 implies that {|z}|P, ¢t € [0,T], n € N*, p > 2} is uniformly integrable. Based
on equations (3.1.3) and (3.2.5), applying 1t6’s formula, we get :

o —@dl® < lgy (Y5") — gy (Yo)I®

T
+2j 2 — 2l [, Y, 20 ) — g (1, Yo Zp

o

T
+J |x:}fz(r Yn Z;Za 'r') foZ(T,K«,ZT,uTszT
o

t
—2J(m?—wr)(fc?f§(hY" 20 ) = o (1, Y Zo ) VY

o

By using Young’s inequality and taking the expectation, we obtain,

E(lo} —2:l%] <E|lgy (Vg — gy (Yo)?]

rT
woB | [ e — P+ Y, 2 n)d]

7‘77'

2B || oy —apllz [l fy) (r, Y2, 27wyt ) — fy(T,Yr,Zr,ur)ldT]

T
+2E |$r|2|fzn(7"ayn Z?v ?) fz(T,Yer,UrNQdT] .

JO

Since for any n € N* and p > 2, Elsup,<;<p (|27 + |27 [P)] < lr +07. By Holder’s inequality, we
get a universal constant C', such that :

E[lef — 2| <E[lgp(Ys) — gy (Yo)P] +C"

+2E

T
J @ =z P (Lfy |+ 12 P) (0, Y0 Z7 it )dre ] :

o

where,

T
/yn :E[J (|f;(7ﬂ7}/'rnazf7u?) _fy(’r"Y:"’Zr’ur)|2
o

LY 2 ) = £, Y, 2w ) dr

~" tend to zero as n approaches infinity, as indicated by (3.2.14) and (3.2.15). Moreover, with

the same steps as the proof of Lemma 3.2.21, we can obtain the following :

sng[exp <2JT(|f;|+|ff|2)(r,Y” z", T)dr)] <C.
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Establishing the desired result is facilitated by demonstrating the convergence of the initial terms
to zero and applying Gronwall’s lemma. Since g, (Ys), g,/ (Y,) and g, (Y,") are bounded, allowing
us to use the Dominated Convergence Theorem. Furthermore, by (iv) of Lemma 3.2.12 and

equation (3.2.6), we obtain :

2
lim E g7 (Y7) — g, (Yo)|” < 2 lim E [lg2 (¥7") — g, (V)P + gy (Y7) — g, (Yo )P

n—oo

= 0.

3.3 Optimality : The Maximum Principle

This section aims to derive the necessary optimality conditions for the control problem denoted
as (A).

3.3.1 Necessary Condition for Optimality

We rely on the following lemma to establish the necessary conditions for optimality, which forms

the foundation for our further investigation.

Lemma 3.3.1. Under the fulfillment of Assumption 3.2.18, we can establish the following :

T
lim IEJ |P™ (r) —D (r)|dr = o,

n—oo o
where
Q" (r) =[H"(r,Y,", Z}! 2y uy) —H" (r,Y,", Z) 2y v )]

roory Y royfrHa¥r

and

@(T) = [H(T7YT)ZT533T7UT) _%(Ta}/;‘azr’fxravr)] .

Proof: A straightforward computation demonstrates that :
T T
EJ |¢"(r)—¢(r)|dr§EJ L (r, Y, 20wl ey — f(r, Y, Zyyup )z, dr

A
(o] [e]

T
+IEJ (Y 20 o) — f(r, Yo, 2o, op)ay| dr
(0]

r

For the sake of simplicity, we denote the first and the second integrals by I7* and I, respectively,

and demonstrate their convergence to 0 as n goes to oo.
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By applying Holder’s inequality (for & € (1, o), a = z%-) and utilizing both (3.2.21) and property

T
lEJ |z — xr|adr]
(o)

T —
J |fn(r7y;njzn un) _fn(T7E7ZT>uT)|adr]

o Yr
o

(éi7) from Lemma 3.2.14, we obtain :

QIl=
2=

"<

T —
EJ If”(r,K”,Zf,u?)o‘dr]
(6]
T
EJ |$T|adr] lE
(0]

T
J |z — xrlo‘dr]

Q=
i

+

2=

o

géF

Qi=

+T1lr

o

T —
EJ |fn(r)Y;naZ?7uth) _f(r)yryz’r‘aur‘”adr‘|

By (3.2.8) and (3.2.16), I?* converges to 0 as n — co. On the flip side, utilizing similar arguments
as presented earlier, it becomes apparent that the limit of I7' tends to o as n approaches +oo.

This concludes the proof. O

The primary result in this paper.

Theorem 3.3.2. Consider the optimal solution (Y, Z,ui)i>o for the initial stochastic control
problem. There exists a unique adapted process (x¢)i>o0 in S*([0,T],R), which is the solution to
the associated forward stochastic differential equation (3.1.3). This process (T+)i>o s uniquely
characterized by ensuring that the Hamiltonian H is minimized at the control (ut)t>o, such that

H(t,Ys, Zy, xp,up) = m&n H(t,Yy, Zy,xy,v¢) dt-a.e., P-a.s. (3.3.1)

VEUGq

Proof: To elucidate the key steps in our proof, we begin by transforming Problem (A) into
a more manageable Problem (B). Next, we employ the spike variation method to derive the
necessary condition for near-optimality while addressing Problem (B). Finally, leveraging Lemma

3.3.1 and taking appropriate limits, we culminate the desired optimality condition (3.3.1).

For each integer n, let u™ € U,q be an optimal control for Problem (B), satisfying J"(u") <
inf,cy,, J"(v.). Denote the solution of BSDE (3.2.3) as (Y;", Zf)tZO corresponding to u”. Intro-
duce the spike variation :

Uy .
uy otherwise.

nﬁ_{ v if t € [to,to+0,

where 0 <t, <T is fixed, 6 > o is sufficiently small, and v is an arbitrary F; -measurable random

variable.

The inequalities
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and
dlu™ u) <0
imply

T (u?) =T (ul') > —(6n,n) 6. (3.3.2)

Utilizing standard arguments (see, for instance, [95]), we can show that the left-hand side of the

inequality (3.3.2) is equal to

to+0
EJ (H"(r, Y, Z) al o) —H (r, Y, Z) ey uy ) dr +0(6) .

roafrH¥r rorry Yr
to

Dividing both sides of the inequality (3.3.2) by 6, we obtain

B 1 fot6 n n o on .n n n oon .n ,n 0(9)
—((5n7N)2§5E (H"(r, Y, 20 ) vp) = H (r, Y, Z) ) uy ) dr + ——.

roarrs¥r royvry Yr
to 0

Applying Lemma 3.3.1 and successively taking limits on n, IV, and 6, while considering the

arbitrary nature of ¢, in [0,7T1], yields

]E[’H(t,YtaZt@tav) _H(tuﬁvztwrtvut)] >0

Now, let a € U be a deterministic element, and B be an arbitrary element of the c—algebra F;.
Define

Wt :a]lB—i-ut]lmB.

The control w satisfies the admissibility criteria. Utilizing the aforementioned inequality with w,

we infer
EMp (H(t,Y:, Zi,we,a) —H(t,Ye, Zy,x,u))] >0, ¥V BEFy,
which leads to
E7 [(H(t, Y, Zt,w,0) = H(E Yy, Zy, g, up)] > 0

The quantity within the conditional expectation is F;-measurable, and consequently, the result is

immediately established. This concludes the proof of the theorem. ]
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3.3.2 Sufficient Condition of Optimality

This section investigates the extension of a previously established necessary optimality condition

(3.3.1) to serve as a sufficient condition under additional assumptions.

Theorem 3.3.3. Let the mapping (y,z,u) — H(t,y,z,z,u) is convex almost everywhere for
t € lo,T], and f satisfies the Lipschitz condition with respect to w. Additionally, assume g is
convex. If the previously established necessary optimality condition (3.3.1) is met, then (ut)i>o is
optimal for the Problem (A).

Proof: Let u satisfy the condition in Equation (3.3.1). Note that u does not necessarily satisfy

the necessary condition for optimality for the perturbed control problem (3.2.3) and (3.2.4).
Let B be an arbitrary element of the o—algebra F;. Furthermore, define Z,,(u) as :

Ln(u) =E[H"(t, Y, 27,z u) 1 gl.
Using convergence results, a simple computation shows that :

To(u) = vlgl/i{n T (v) + 0,
ad

where 6, is a sequence of positive real numbers converging to 0.

Applying Ekeland’s variational principle to Z,,, there exists an admissible control «™ such that :
In,é(v) = In(v) + v 6nc/l\(v.,u,"),

We want to show that u is an optimal control for the original cost function J.
(i) v™ minimizes Z, 5 :

T (") <Z,5(v), foranyv € Uyg.

(ii) The distance between u™ and u is bounded by :
d(ul,u.) < /on.

(iii) Following the results from [41] (since f™ is globally Lipschitz and z™ is bounded, H" is also
globally Lipschitz), we obtain :

J5' (u?) = ngi{?d Js'(v.),

This definition of the modified cost-functional

T3 (v.) = T"(0)+Véud (v.,ul'),
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allows us to conclude that for each admissible control v € U,
J" (u") < J"(v.)+0(6,),

where O (d,,) represents terms that vanish as d,, approaches zero.

According to assertion (#¢) in Lemma 3.2.13, J"(v.) converges to J(v.) as n tends to infinity.

Moreover, we have

T (u) = T (w) | < Ellg"(Yy") — g(Yo)l]
<Ellg"(Ys") —g" (Yo) 1 +Ellg" (Yo) — g(Yo)]]
< CE[Y,' = Yol +Ellg" (Ys) — g(Yo)[]
Since g (respectively, ¢"™) has linear growth and Y, (respectively, Y") is bounded, this allows us

to use the Dominated Convergence Theorem. By assertion (iv) of Lemma 3.2.12 and Lemma
3.2.15, we obtain : lim,_ s J" (") — J(u.). Thus,

J(u.) = min J(v.),

uEU,q

which implies that u is an optimal control for the cost function 7. O

Assumption 3.3.4.
(A.3.1) f and g are continuously differentiable with respect to (y,z) and f is globally Lipschitz

with respect to v.

(A.3.2) Assume that ¢ is bounded and an element of D*2, and there exist two constants M, and
M, such that, for all v € Uyq, we have :

T
J |Dyvslds < My, and |D(| < M,, ¥V r<T.

o

(A.83.3) There exists a positive constants ¢ such that, for every t, y, z, ve U :
|f(t,y,2,0)] < e(x +lyll Iyl +|z[/[In(]z])]).
(A.3.4) There exists a positive constant L > o, such that ¥ (y,z,v) ERxRxU :
|fy(t,y,2,0) < L(1 +[yl) +In(|z[+1), -a.e. t € [0, T].

Theorem 3.3.5. Assuming conditions (A.3.2) and (A.3.8) hold, the BSDE (3.1.1) possesses at
least one solution (Y,Z) in S +* ([0, T],R) x M2 ([o,T],R).

The proof follows directly from Theorem 2.2 in [14], as Assumptions (A.3.2) and (A.3.3) imply
the conditions (H1) and (H2) in [14]. Therefore, the BSDE (3.1.1) has at least one solution.
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Lemma 3.3.6. If Assumption 3.5.4 holds, we can get constants C, 1, Cor and Cy 1 such that :

(1) supo<i<r|Yil < Cir.
(i) supo<icr!Zil < Cor.
(iii) supy<i<r | f(t, Y, Ze,v0)l < Cyr.

Proof: Following the same steps used in the proof of Lemma 3.2.7, we can show that assertion
(i) also holds.

We aim to substantiate assertion (i7). Let N € N* and fV(t,y,z,v) = f(ty,2,0)9(5), where
P(x) =1 if |z] <1 and ¥(x) = o if |z| > 2. Clearly that fV satisfies Assumption 3.3.4, thus

d)/t = fN(t,}/t,Zt,Ut)dt—’—thWt,
Yr = Ca

has at least one solution (Y, Z) € et ([0, T1,R) x M?([0,T],R). Moreover, sup,<;<7 Y| < Cy 7.
According to Proposition 2.2 in [79], we have for all t < T, Y; and Z; are the elements of D*2.
Furthermore, for all r € [0,T] the pair (DTYtaDth)th satisfies,

T

DY, = Drc—J (N8, Yer Zes0a) Dy Yok £ (5, Yer Zoy02) Dy Z2)ds
t

T T
—J ASDrvsds—J D, ZdWy
t t

DYy = Zy,
where Ay is a bounded process, with the bound denoted by a constant M, [65]. We define a

process ’yfz = (’Y{Z)OSth as,

t
'thz =& (—J fZN(S,YS,ZS,US)dW5> , t€lo,T], Pa.s.,

o

where € denotes the stochastic exponential. Since f¥ is uniformly bounded it follows that,

the process (fytfz)ogth is a martingale process. Moreover, E[|v;*[?] < co. Let ~;* := %IE, this
implies absolute continuity of P/ with respect to P under Girsanov’s theorem.
Girsanov’s theorem further establishes that :
¢
Wi = Wt+J N (s,Ys, Zs,vs)ds, for t € [0,T]
o
is a Brownian motion under P/=. Therefore, under P> we have
T T
DY, :DTC—J (fév(s,Y;,Zs,vs)DrY; +A5Drvs) ds—J D, Z Wl t<T, (3.3.3)
¢ t

D.Y;=0 r>t.
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(

By taking the conditional expectation of (3.3.3) and applying Jensen’s inequality, we obtain :

Moreover,

N =

E[[sz — ]E

T H
J IDTZSIL’ds)
(o)

T
J |D,Z|?ds

o

T
J IDTZS|2d5>
o

'V{f (

< E[: [Pl +E < o0.

DY)
f T T
<M, +EP" [J yAsDrvs|ds+j £V (5. Y, Zu,02) D, Yilds| 7]
o t
p T
<M, + M, M, + E ” 1 (5.Ye, Zor0) D, Yilds| ). (3.3.4)
t

Since sup;epo 77 1Y:l < € 7 and ¢ guarantees that |Z;| < N, there exists a constant Cr v such that
Ifév(s,Ys,ZS,vs)l < Crn. For any ¢ <t, we have :

B [ID,Yil| 7] < My + M, My +Crn LT EY (1D, Y| .| ds.

Gronwall’s Lemma yields to,
EF" [ID,Yil| 7] < (M, + M, M,)e™Om.

For v =t, we get | D, Y;| < (M, +M1M3)6TCT7N ; thus, (D,Y%)t>o is uniformly bounded. Therefore,
we can apply Gronwall’s Lemma to (3.3.4) (Theorem 1 in [91]), and we obtain :

T
DYl < (M + M, My)EP" [exp (J Y (5. Ys, Zo0,)lds )| ]
t
Using (A.3.4) and the boundedness of Y and for r =t,

T
| Zy] < (MQ—I—MlMg)exp(L(1+C17T))EPfZ [exp <J ln(|Zs|—|—1)ds> ’ft]
t

T
< (M, + M, M) exp (L(1+ C, 1) EP” J (1Z:)+1)dslF
t

T
< (M, + M, M;)exp (L(1+C, 1)) <T+EWZ U |Zs|d8|}"tD :
t
By taking the conditional expectation with respect to F,, where ¢ <t, we obtain :

([

E]sz [|Zt||fb] < (MQ +M1M3)GXP (L(1+01,T)) (TJFEPfZ
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By applying Gronwall’s Lemma and then setting « =t, we obtain
iu£T|Zt| < (Mo + M, M;)T exp (L(1+C, 7)) exp ((M2 + M, M;)Texp (L(1+ C’LT))>
o<t<

= (M, + M, My)Texp (L(1+ Cyr) + (M + M, My)Texp (L(1 +Cy 7)) ).

Alternatively, we can use Theorem 1 from [91], as Z; = D;Y}, and thus it is uniformly bounded.

Thus, for any N > C, 7= (M, + M, M;)T exp (L(l—i—CLT) + (M, +M1M3)Texp(L(1+Cl7T))>,
N = f and supy<;<r|Zi] < Co . The assertion (iii) follows directly from (A.3.3) and the

preceding assertions. ([l
Theorem 3.3.7. Under Assumption 3.3.4, the BSDE (3.1.1) has one solution.

Proof: Regarding Theorem 3.3.5, the BSDE (3.1.1) has a solution. To prove uniqueness, let
(Y,Z), (Y',Z") be two solutions of (3.1.1), then we have :

T T
Y;*YZ:* (f(37}/'s’Zs’ys)—f(3’Yg’Z/ ))dSJ (Zs*Z;) dWs
Jt t

rT

= (f(S,}G,ZS,’US)—f(S,ifs,,ZS,’l):;))dS

Jt

T T
(Y Zavs) = F (5, 20 ))ds—J (Z,—70)dW,.

’ 89 )T 8
Ji t

Since f is locally Lipschitz and according to Lemma 3.3.6, the solutions are bounded, thus there

exists a positive constant Cr depends on C, r and C, 7, such that Vs € [0,T7] :

(5,5, Zs,0s) = f(5,Y5, Zg,v5)l < O (Vs = Y| +1Zs— Zy)).

s L g

By taking similar steps as the proof of Lemma 3.3.6, we get

T

Yt—Yt’:—J (F (5, Ve, Zosvs) — f (5.Y7 Zy03)) ds
t

T o~
—J (Z,— 7)) dWW,,
t

where

_ t
Ws = WS+J (f <3aY572577}s> _f (S,Y;/,Z, )) (ZS_Zé)_l ]l{Zs#Zé}dS'

o

Moreover, the same arguments yield that for all ¢ € [0,T] : |Y; —Y/| = 0. This implies Y and Y’
coincide. Intuitively, this should also imply, Z; = Z; for all t. Thus the uniqueness is satisfied. O

These results ensure that the control problem is well-posed. Additionally, the boundedness of f

and f, allows us to leverage the previous control result under Assumption 3.3.4.
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Conclusion

This study explored a stochastic optimal control problem for a specific type of controlled BSDE
characterized by a local Lipschitz coefficient and a generator with logarithmic growth. The main
challenges stemmed from the local Lipschitz nature of the BSDE generator and the adjoint
equation, described by a linear SDE, complicating the application of standard duality techniques
for solving the control problem. To address these challenges, we introduced certain assumptions
to ensure the existence and uniqueness of the associated adjoint process. By employing Ekeland’s
variational principle, combined with methods of approximation and taking limits, we derived

both necessary and sufficient conditions for optimality.
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Public Private Partnerships contract un-
der moral hazard and ambiguous informa-
tion

4.1 Introduction

Public-private partnerships (PPPs) entail long-term contracts between private entities and public
agencies to construct or manage assets or services. In these collaborations, the private consortium
assumes significant risks and responsibilities, aiming to enhance the project’s societal impact

while receiving compensation from the public sector.

PPPs aim to optimize the quality-price ratio of public spending, yet they often face challenges
due to information disparities between the parties. This information asymmetry complicates
both negotiation and project oversight, particularly as the public may struggle to evaluate the

consortium’s efforts—a classic Principal-Agent problem compounded by moral hazard.

The seminal work on Principal-Agent problems in continuous time was pioneered by Holmstrom
and Milgrom (1987). Their study delved into a Brownian framework where the Agent’s exertion
solely influences the output process’s drift. Moreover, the Agent receives a lump sum payment
upon the contract’s conclusion, operating within a finite time horizon. Within this context, the
Principal is depicted as risk-neutral, while the Agent exhibits risk aversion, characterized by a
Constant Absolute Risk Aversion (CARA) utility function. Holmstrom and Milgrom examined a

Stackelberg leadership model in their research [55], which involves a sequential decision-making
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process between the Principal and the Agent. This model is approached in two steps : initially,
the Principal devises an optimal contract given a fixed set of terms, considering the anticipated
response from the Agent. Subsequently, armed with the Agent’s best response, the Principal
fine-tunes the contract to optimize her own. This approach is particularly suited for situations
characterized by short contract durations, offering insights into the dynamics of Principal-Agent
relationships within finite time horizons. To address our PPP-related challenges, adopting a
randomized contract horizon, as proposed by Sannikov [85], proves advantageous. Sannikov’s
extension of the HM model introduces a random time horizon wherein the Principal pays
continuous rent to the Agent, deviating from the traditional end-of-contract payment scheme.
Employing dynamic programming principles, Sannikov derives the Hamilton-Jacobi-Bellman
equation governing the principal value function, enabling the determination of the optimal
contract through a verification theorem. This methodology offers a robust solution framework
that facilitates the computation of optimal rent and effort levels in a feedback loop and is
amenable to numerical approximation by solving the HJB equation. An alternative methodology,
as explored by Williams [93] and extensively discussed in the monograph by Cvitani¢ and
Zhang [37], along with various other authors, diverges from the continuous rent framework for
finite horizons. This approach leverages the Pontryagin stochastic maximum principle within
Brownian Motion-driven models to establish necessary conditions for optimal efforts and contracts,
articulated through a fully coupled Forward-Backward Stochastic Differential Equations system.
In instances where authors assume Markovian models, sufficient conditions are discerned through
the conventional route of employing HJB equations. In Principal-Agent scenarios involving moral
hazard, it’s commonly assumed that the Principal possesses perfect knowledge of the probability
distribution governing the Agent’s effort. However, in reality, the Principal often faces uncertainty
or ambiguity regarding this probability distribution, necessitating consideration of multiple
objective probability measures. Initial inquiries into uncertainty within this context have focused
on dominated sets, particularly with respect to an objective reference probability measure, such

as drift uncertainty, as explored by Gilboa and Schmeidler [50].

Ambiguity, also known as Knightian uncertainty, has significant economic implications. Coined by
Knight [59], this notion plays a pivotal role in economic contracts due to the inherent inaccuracies

in available information.

The concepts of risk and ambiguity are distinct. Risk pertains to situations where the probability
distribution for each action is known, while ambiguity involves economic decision-making under
uncertainty, where multiple probability distributions arise due to imperfect information and
cannot be consolidated into a single distribution. Knight [59] initially delineated this difference,
which was further explored by Ellsberg [47] and elaborated upon by Gilboa and Schmeidler [50].
They linked ambiguity to the notion of multiple priors in a static framework. Chen and Epstein

[31] extended this concept to an intertemporal setting, introducing the concept of ’k-ignorance’
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to characterize Knightian uncertainty, where x represents the level of ignorance. Decision-makers

face greater ambiguity when « is higher.

Dumav and Riedel [43] investigated a moral hazard scenario involving continuous payments and
a random horizon, wherein the Principal and the Agent interact under a contractual agreement
concerning unobservable effort levels that yield output subject to ambiguity. Unlike Sannikov [85],
they developed a model where efforts correspond to sets of probability distributions, ultimately

delineating the optimal contract under ambiguous information.

In a related vein, Mastrolia and Possamai [70] examined a scenario where both the Agent and the
Principal face uncertainty regarding the volatility of the output, particularly in finite maturity

contexts.

This paper considers a contract between a public entity and a consortium in a continuous time
setting. The consortium is trying to improve the project’s social value, driven by a one-dimensional
Brownian motion. The effort is not observable by the public and is ambiguous. The public must
choose a continuous rent to pay the consortium as compensation for its effort. We assume that the
effort only affects the drift and not the volatility of the social value. Indeed in a one-dimensional
setting, controlling the volatility would imply that the effort is observable, through the quadratic

variation of the social value. Our approach is inspired by the seminal paper of Sannikov [85].

In the first step, we establish the Agent’s value function under the most possible scenario,
demonstrating its satisfaction with a BSDE with a random horizon. Subsequently, we determine
the Agent’s optimal response. Then, we formulate the public value function as a conventional
stochastic control problem, utilizing the Agent’s value function as a state variable and the contract
alongside the Agent’s optimal response as control processes. We derive the HJBVI governing the

public value function by leveraging the dynamic programming principle.

We employ the Howard algorithm and finite difference methods to approximate the optimal rent
and effort numerically. We obtain the optimal effort and rent through a feedback form. Our
numerical results indicate that each increase in the degree of Knightian uncertainty leads to an

increase in effort and a decrease in the value function.

In contrast to Dumav and Riedel [43], we suppose that at time ¢, the social value of the project
X is not distributed constant but rather depends on time, which augments the state variable in
the HIBVI. We establish a rigorous mathematical framework incorporating BSDESs, stochastic
control, and optimal stopping techniques and elucidate the computational procedure for obtaining

numerical solutions.

This work is formatted as follows : We outline the difficulties faced by the public and the
consortium in Section 4.2, where we also explain the issue formulation process utilizing the weak
method. In Section 4.3, the dynamics of the consortium goal function are explained using the

BSDE with a random horizon approach, and the incentive-compatible contract under worst-case
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conditions is determined. We obtain the HJBVI linked to the public value function in 4.4,
augmented by a verification theorem. The main focus of Section 4.5 is the numerical analysis of

the HIBVI using the Howard method. Finally, Section 4.6 presents the conclusion of our study.

4.2 Problem Statement and Framework

Consider a probability space denoted by ({2, F,P), where a one-dimensional Brownian motion
W = (Wt)tZO is defined. Let F = (th)tZO represent the completed natural filtration of W. Both

the Agent and the Principal observe the project’s societal significance Xy, which is expressed as,

dXy :=o(X{)dW;, XJ =z, t >0 ,Pa.s., (4.2.1)

where

e 1 > 0 is the project’s starting value.
e 0o(.) represents the operational cost volatility for infrastructure maintenance. Given o4,
and o,,;, as positive constants, the function o(.) is Lipschitz and adheres to the condition

Omaz > 0(.) > Omin.

The project’s performance is influenced by the Agent’s effort A;, which alters the distribution of

the process W. The following is our definition of the martingale process 74 = (’y{‘)tZO :

tY9(Ay)
A s
=& J —~dWs |, t>o0, Pa.s.,
T ( 0 0(X5)

here, £ represents the Doléans-Dade exponential, and 9 is a function that will be defined later.
Assuming that P4 is comparable to P, which can be recognized by its density, let us consider
it as a probability measure on (£2,F). The formula is ;' = %I 7,- Next, we get the following

PA-Brownian motion based on Girsanov’s theorem.

t9(Ay)
A s
=W;— | ——=ds, for t > o.
W; fl LU(X?) s, fort>o0
Consequently, we have under P4
t t
X? :x+J 19(As)ds+J o(XZ)dWA, t>o0, P a.s. (4.2.2)
o o

In the context of this study, we employ the notation F-Pr to refer to F-progressively measurable

processes for the sake of brevity and clarity.
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In the framework proposed by Sannikov, the assumption is that when the effort A is determined,
the probability measure P4 remains constant. This implies that the Agent possesses full knowledge
regarding the probability distribution governing the evolution of the state process (X¢)i>o.
However, in practical scenarios, the Agent may encounter uncertainty regarding this probability
distribution, prompting the consideration of multiple objective probability measures denoted
by P?. To address this uncertainty rigorously, we introduce the parameter 6, which is a process
taking values in R and is responsible for generating a probability measure P? that is equivalent

to PA4. Consequently, we define by ~? dIP, ar * the density of P? with respect to P4, expressed as,

t
vf::é’(J Os dWA>,t20,IP’a.s.,

o(X7)
Here, 6 € © :={(05)s>0F —Pr process, 05 € [—k,r] ds®@dP a.e.}, where k is a positive constant.

The set of different scenarios, referred to as priors, is denoted by P?,0 € ©. According to Girsanov’s

theorem, we have the following P?-Brownian motion,

t
0
Wi =wa —J *__ds, for t > o. 4.2.3
t t o O'(Xg) ( )
Thus, the project’s social value under P? satisfies
¢ ¢
X! :x+J (9(As) +95)d8+J J(Xg)de, t>o, Pa.s. (4.2.4)
o o]

We represent the collection of all F-stopping times as 7. Fixing p € (2,00), we examine the

collection of admissible actions.

AP ::{(As)sZO, F — Pr processes, As >0, ds®dP a.e. and supsupEF [('yf"e)ﬁ} < oo}.
LET 66

The principal observes the project’s social value X, but she cannot distinguish between f&)ﬁ(As)ds
and [ o(XZ)dWA

£, suggesting that she is not directly observing the consortium’s work. This

presents a moral hazard scenario. We infer that W is not observable by the Principal from
equality (4.2.3). She decides how much rent she will provide to the agent in exchange for him
supporting the operating expenses and his efforts. At date ¢, where ¢ is a stopping time in 7, the
public may terminate the contract.

I'=((Ry)¢,¢,€) is a triplet that represents a contract. R >oisaF—Pr, tisin theset 7,and £ >0
is a F,-measurable random variable. This random variable encapsulates the financial implication
associated with the cessation of the contract.

We proceed by delineating the optimization tasks for both the consortium and the public. Initially,

we define the functions integral to formulating these optimization problems.
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Assumption 4.2.1. e ¥ :[0,00) — [0,00) characterizes the incremental impact of the
consortium’s efforts on the social value. It satisfies the properties of being C?, strictly
concave, and increasing. Additionally, ¥(0) =0 and 9¥'(0) > 0. The supremum norm of g,
denoted as ||g||oo 1= SUD;>0 zeR % and is bounded.

e The consortium’s utility function, U : [0,00) — [0,00), is limited, strictly concave, growing,
and satisfies U(0) =0 as well as Inada’s constraints U'(oco) =0, U’(0) = oo.

e h:[0,00) — [0,00) represents the cost associated with the effort of the consortium. It is
characterized by being C?, h(o) = o, strictly convez, and monotonically growing.

e The consortium’s time preference parameter X\ is greater than the public’s, or 6 (A >9),
suggesting that the consortium exhibits a higher degree of impatience compared to the

public.

We operate under the assumption that when presented with a contract I' by the Principal,
the consortium responds optimally by determining an effort process A. This setup reflects a
Stackelberg leadership model, wherein the Principal acts as the leader by proposing a contract,

and the consortium, acting as a follower, responds sequentially.

The consortium’s acceptance of the contract is contingent upon the condition that the expected
benefits outweigh its reservation value, denoted as z.

Three actions are taken to solve the public and consortium’s concerns. Firstly, we determine
0* = 0*(A,I'), as a function of contractual parameters I' and effort allocation A delineates
the most probable scenario for the consortium. We remove (A,I") to reduce notations. Next,
we ascertain the Agent’s optimal reaction given (6*(A,I"),I"). The notation A*(6*(A,I"),I")

represents the answer. We remove (6*(A,I'),I") to reduce notations.

(1) In the initial step, and with the parameters (A, ") at hand, we proceed to determine the
worst-case scenario by addressing the following equation :

L

0* e argreréigEa U e M (U(R,) —h(As))ds—i—e)‘LU({)} .

o
The objective function for the Agent, beginning from time ¢, is defined as follows,
L

JA ([ A, 6) = B U

e NI (U(Ry) —h(As))dS+e_’\(L_t)U(§)|}_t] ;i€ ol Pas.
t

(2) In the subsequent step, we ascertain the consortium’s optimal response given the worst-case
scenario by resolving :

A* € arg max EA U A e U(R,) — h(A,))ds +47 e MU ()] |
AeAS o
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here, v > o,

AS i =1(Ag)ss0 € AP, st EP[J eV 2N3|h(A)Pds) < oo
o

and EP[J eV 2N319( A,)Pds] < o).

o
The objective function representing the scenario of utmost adversity commencing at time
t for the Agent is,

1

9*
Vt

JE(I,A) =

A U yf*eMs”(U(Rs)—h(As))dsﬂf*eMbt)U(g)m] vielo.l P as.
t

(3) In the best-case scenario and with the consortium’s optimal answer, the public problem is
defined by :

J AP e (9(A) + 67 —Rs)ds—'yf*e_&f} , (4.2.5)

(0]

sup sup EA”
e AP pA*cp

subject to the restriction on reservations

EA"

fvf*eAS(U(RS)—h(A:))dsﬂf*eNU(&)} >

where

Af_z/\ = {((Rs)szo,b,g) s.t. (Rs)s>o0 is @ F—"Pr process, Rs >0 ds®dP a.e.,

EP U e(”_Z)‘]s(U(RS)Z\/Ri)ds] < 00, L €T,€ non negative F,-measurable,

(o)

and E¥ eV (U(€)V €)M < o0)] < 00},

and
P =P ~P, A" c A%}

The function representing the objective, initiated from time ¢, for the Principal, is :

1

9*
Mt

JE( A%) = —EA

J Ve T (D(AL) + 05 — Ry)ds—~ e g R
t

vVt € [o,[ Pa.s.
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4.3 Incentive compatible contracts

This section presents the dynamics guiding the consortium’s goal function J¢ and attempts to
develop contracts that align incentives in the best possible way. The solution to a particular
kind of BSDE with a random horizon has the following structure, which we will use to prove the

uniqueness of J¢,
L

Yt:g“]l{KJroo}—i—J' g(s,w,Xs,YS,ZS)dS—J ZsdWs, (4.3.1)
¢ ¢

Previous literature has explored the study of BSDEs with random horizons, as evidenced by
Darling and Pardoux [38].

For a predetermined stopping time ¢ and for some positive constant 7, we present the following

spaces :

— M, (0,5;R) the set of F—Pr, R- valued processes on {2 x [[o,¢[.
— Hy(o,;R) = {Z e M, (o,5R) sit. E U e | Z,)? dt} < —1—00}.

o
<+oo}.

»(H1) For any z,y,z € R, the function g(.,.,z,y,2) belongs to the space M, (0,4;R) and

o<t<e

— Sy (o,45R) = {Y e M, (0,4R) st. E [ sup e |Y;|?

In this work, we make the following assumption :

satisfying the following condition :

L

B [0 Ly [ €795, X0, < o
o
»(H2) The generator g exhibits Lipschitz continuity with respect to both y and z, denoted

by positive constants C, and C,, ensuring that for any s, w, x,
|g(saw7x7ylazl) fg(s,w,x,yz,ZQ)\ < Cilys — Yol +Cslzy — 25| ds @ dP a.e.

Theorem 4.3.1 (Theorem 3.4 and Corollary 4.4.2 in [38]). Under the fulfillment of conditions
(H1) and (H2) and the constraint n > C2 —2C,, we have :
Existence and Uniqueness : The existence of a unique solution (Y, Z) to the BSDE (4.3.1)
in the space Hj (0,;;R) X H (0,4;R) s guaranteed. Furthermore, it is established that
Y € 57 (o0,45R).

Comparison : Consider two solutions (Y*,Z*) and (Y?,Z?) of the BSDEs associated
with parameters (g*,&,1) and (g2,&,1), respectively. Assuming that g*(t,w, X, Y, Z*) <
9 (t,w, X, Y, Z") dt @ dP holds almost everywhere, we establish the inequality Y;* < Y?

for all t € [0, almost surely under P.
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Theorem 4.3.1 is a foundational tool in identifying the worst-case scenario for the Agent,
establishing incentive-compatible contracts, and elucidating the dynamics of the consortium
objective function. Central to the resolution of these initial steps is the application of the

comparison theorem.

Proposition 4.3.2. Suppose I € A Ae AC |\ and 0 €O. We establish the eristence of

v—2)\’

ZA9 e 12\ (0,4;R), such that the dynamics governing the Agent’s objective function follow the

v—2)\

BSDE with a random horizon, given by the following equation :

0
—dJPmO (I, A,0) = (—)\meb(F7A,9)+U(Rt)+so(At’ch?ZZ479)+U(}éx)ZtAﬁ> dt_Zfﬂth,
t
Jmb ([ A,6) =U() 1y to0)s
(4.3.2)
and
JOMY(TA,0) > JE(I,A) == JO™ (I, A, 05(Z249) vt € o, P as., (4.3.3)
where "
Ay, X5, 70 = —h(A t) A0
SO( ty At s Lt ) ( t)—i_o'(Xf) PR
ac|—K,K

Proof: For any admissible contract I' € A7 _, | effort allocation A € AS _,, ambiguity process

0 €6, and for any t € [[o,.[[, we introduce the following process
t
MLL.A0) = T A0+ | (D(R) —NhiA)ds,

o
Where J*" and U (R;) represent the discounted quantities, defined respectively as J*°(I", A,6) =
e MJamb(I A, 0) and U(R;) == e MU(R;),dt @ dP. By leveraging the definition of Jamb and
employing Bayes’ formula, we derive :

M,(I',A,0) =E’ U

(0(Ry)— e Mh(Ay))ds + 6’>\L§]1{L<+oo}|~7:t]
(0]
1
= —EA
v¢

¥ (J;(U(Rs) e HA s+ e <) 1]

A0y (JL(U(RS) — B s+ e V€L i) .

A straightforward calculus shows that

A0 ooa_gf[ (A0,
Yoo =N ‘—5<L< o (X7) dWs t
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This establishes that the process 'yf‘ ’eMt(F,A,G) is a (P,F)-local martingale. Hence, by the
martingale representation theorem, there exists a singular progressively measurable process
denoted as ¥, s.t.

dvi"? My (T, A, 0) = xodW.

By applying It6’s formula to *yfwMt(F,A,H), we derive,
1
MDA, 0) =— (0 M (1, A,0)) = My(I, A, 0)d" —d (M1, A,6),7™) )
Ve

1 A,00(As) +6;

:W<<Xt_Mt(F’A’9)% o(X7) )th—d<M(F,A,0),7A’9>t>

Xt I(Ag) + 0 1 A0
= —M([A,0) ==L | AW, — ——d (M (I, A,0),v0) . 4.3.4
(W U1 A0 = o~ (M(IA0)AM) . (434)

We proceed to establish the process ZA’H as outlined below :

V(Ay) + 0,
A0

Z{M = AL M1, AL 6) .

dt®dP ae., (4.3.5)

Subsequently, the quadratic variation of M (I, A,6) and v*? fulfills,

=40 ApU(A)+0;

A0\ _
d<M(F7A70)7’Y >t_Zt Tt O'(th) dt
Utilizing equations (4.3.4)-(4.3.5), it follows that,
~10U(Ar)+0 -
dM,(I,A,0) = —Z;‘ﬂwdw 740 aw,.

o(X?)

Based on the definition of J%" we derive the following :

J 7 5 = 0 .
t

jLamb(["A"g) = e_ALU(g)]l{L<+oo}7

U(A)
o(X})
formula, we establish that the pair (J*™ Z49) satisfies the BSDE (4.3.2), where the generator is
t
o(X})
bility assumptions on A and I', Assumption (H1) is fulfilled. With g bounded, as stipulated in

Assumption 4.2.1, and 6 bounded, while ¢ is assumed to be bounded from below, the existence

where ¢(A¢, X7, ZtA’Q) = —e Mh(A) + Z;"e dt @ dP a.e. Through the application of 1td’s

specified as follows : g(t,w, X[, y,2) = —Ay+U(R:) +p(As, X[, 2) + 2

. Given the integra-

of a positive constant K is guaranteed, yielding,

‘W <K dt®dP a.e .

o(X7)
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Consequently, the generator g associated with the BSDE (4.3.2) exhibits uniform Lipschitz
continuity with respect to the variables (y,z), thereby satisfying Assumption (H2). This
ensures the existence of a unique solution (Y, ZA*Q) € S\ (0,;R) xH2__,(0,5;R) for the
BSDE (4.3.2). Given any 6 € O,

210, > —| 2|k = 2]0%(2) dt o dP ace .
Utilizing Theorem 4.3.1, we deduce,
JEO (L A,0) > JE (I, A,05(Z{0)) Ve € o] P as. (4.3.6)
Hence, inequality (4.3.3) is established. O

The subsequent proposition elucidates the derivation of the BSDE that governs the Agent

objective function under the worst-case scenario

Proposition 4.3.3. Consider I € A” Ae .A,(le/\. Then, the BSDE that satisfies JC(I", A),

v—2)’
s given by
K
~dJC (1 A) = (—AJE (I, A)+ U (R + (A, XF, 21— | 2] U(X)> dt—Z7dW,
t
JLC(FaA) = U(é-)]l{L<+OO}7

where @ is specified as per Lemma 4.5.2.

Proof: For I € -’45—2)\ and A € A¢ we consider the BSDE

v—2\?

{ ~dY; = (N UR)+o(A, X7, 28 = | 28| i) dt — 2w, @a

Y, = U(é)]l{/,<+oo}7
Under the fulfillment of Assumptions (H1) and (H2), Theorem (4.3.1) guarantees the exis-

tence of a unique solution (Y, Z4) € S2_ o (0,4R) x HZ_,y (0,4;R) which resolves BSDE (4.3.7).
Concurrently, J*™°(I", A,0*) satisfies,

— dJEmY (I A,6%)
o
o(X7)

- <_w (1, A,0%) +U(R) + oA XF 20 + Z;“’e*> dt— (" aw,

K
o(Xi)

— (_Angb(F, A,0°) +U(Ry) + (A, XF, 20— | 47| ) dt— z aw,.

The terminal condition is specified by J*(I', A,0) = U(£)1,< 0. The uniqueness of the so-

lution to the BSDE (4.3.7) entails that (JC(F,A) = J“mb(F,A,G),ZA> solves (4.3.7), thereby
establishing the proposition. O
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Remark 4.3.4. Hajjej et al. [51] demonstrated that for any I" € "45—2)\7 the optimal response of
C

o_ox: can be represented as a deterministic function contingent

the consortium, denoted as A* € A
upon the project’s social value and the process Z. This functional relationship is expressed as

follows :
A,0*
n._, . Z

e P (4.3.8)

Al = AN 20 = ()
t

The subsequent proposition elucidates the dynamics of J¢ concerning any incentive-compatible

contract.

Proposition 4.3.5. We propose that the generator function, denoted by g(t,w,x,y,z) :=—Ay+
U(R:)—h(A*(2)) 4 2ATE) Izlﬁ fulfills Assumptions (H1) and (H2), featuring a Lipschitz

o(x)

coefficient Cy, with C2 < v. Consequently, the evolution of J€ for any incentive-compatible contract
(I'A*(X™,Z)) is delineated by the BSDE with a random terminal condition,

dJf (I A* (X7, 2)) =—(—/\JF(F,A*(XI,Z))+U(Rt)+80(A*(X§C,Zt),Xf,Zt)
—|Zil Sty ) dt + ZedWr,
JONAY(X", 7)) =U(E) 1< joo)-

where A*(X*,Z) is explicitly defined by equation (4.3.8).

Proof: Let I' € Af,z/\ and A*(X*,7) € Agﬂ)\, we examine the BSDE,

{ A == (=AYi+U(R) +0(A*(XF, 20), X7, 2) | Zil e ) dt + Zed W £39)

Y; = U(g)]l{b<+00}‘
Under the prescribed conditions outlined in the Proposition, specifically the fulfillment of (H1)
and (Hz2), Theorem 4.3.1 ensures the existence of a unique solution (Y,Z) € S2_,, (0,;;R) x

H?_ .y (0,4R) to the BSDE (4.3.9). Simultaneously, by applying the martingale representation
theorem to (J£ (I, A*(X®,Z))i>0, as elucidated in Lemma 4.3.2, we deduce the existence of a

progressively measurable process (Z;“ *(XZ’Z))t such that :

dIC (DA (X", 2))  =—(-ANIE(T A (X", 2)) + U(R) +p(A* (X7, Z,), X7, 2, X57))
| ) a2 aw,

The uniqueness property of the solution entails that

A*

Zy =7, (X%2) vyt e lo,t[ P a.s.

Furthermore, given that ¢(As, X7, Z;) < p(A*(XF, Z;), XF, Zs) Vt € [0, [ P a.s VA € AS | as per
C

v—2)

the comparison part in Theorem 4.3.1), it follows that for all A € A

JO(A) < JE(I A (X, Z)), Vit e o, P a.s.
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Remark 4.3.6. Hajjej et al. [51] established that the process (JC (I, A* (X7, Z)))t>o is a solution

to the BSDE characterized by :

{ dIC(NAM(X?,Z)) == (=MD AN (X7, 2))+U(R) + (A (XF, Z0), X7, Z2) ) dt + Z,dWr,
JENANX",Z)) = U(E) e to0),

differs from the one outlined in Proposition 4.3.5. This observation underscores the distinction

between the optimal efforts A*(X*,Z), as defined in (4.3.8), under conditions with and without

ambiguity. The discrepancy arises from the non-identity between the processes Z in the two

SCENATL0S.
Example 4.3.1. Consider fized parameters o > o and > 0. Define ¥ and h as follows :
Hx):=1—exp(—ax) and h(z):=exp(fx)—1.

Upon straightforward calculation, we obtain :

1 az
1 1 .
a+f ©8 (ﬁa(x) ) (z>0(2) 5}

Consequently, the generator of the BSDE (/.3.9) takes the form. :

Af(z,2) =

g(t7w7z’y7z)
_B_ —o _B_ .
_ _>‘y+U(Rt)+1_(5:(Zx))a+B+U(Zm)_(%)a+ﬂ(gfx))a+ﬁ_ﬁ|z| ZfZ>U(JU)§»
Ay +U(Ry) — 725512] if 2 <olw)f,

it satisfies the Lipschitz condition with respect to both y and z, and the following integrability

condition holds :

E U e(V_z)‘)SIQ(s,w,Xs,o,o)lzds} =K U V23U (R,)Pds| < oo,

o o

Thus, we can conclude that the generator g fulfills the requirements stated in (H1) and (H2).

4.4 Solving the Principal problem

The preceding section provides a comprehensive delineation of incentive-compatible contracts.
The objective function governing the consortium’s actions under any such contract conforms
to a well-defined BSDE with a random termination point. The public’s objective is to devise
contracts that effectively disclose the consortium’s actions, namely, incentive-compatible contracts.
Consequently, the Principal’s stochastic control problem is reframed as a standard stochastic
control scenario, where JC serves as a state variable, and the contract I" and the optimal effort
A*(X, Z) serve as control processes. The Principal’s value function can be expressed as follows :

L
v(z,y) = sup EA"(X7.Z) U e O (P(AX(XT, Zs)) — Kl as(x2,2,)50) — Rs)ds —e U (JEY) |
(R, A (X=,Z))e Al o
(4.4.1)
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where y represents the initial value of the process (JtC )0, which follows the dynamics described
by the following SDE :

AICY = (NI U (R~ p(A° (X7, 2), X7 Z) 121 s ) dt = Zad,

o(X{) (4.4.2)

ngy =y >z,
the set A% is defined as follows :
AL = {(R,L,A*(XI,Z)) s.t. (Rs)s>o is F—Pr nonnegative process,

EF U e(”_z’\]s(U(Rs)z\/Rﬁ)ds] <oo, t€T, AN(X",Z) € AT ., }.

o

Due to the condition JOC Y =y >z, the reservation constraint of the Agent is fulfilled. We introduce
the DPP, a cornerstone in stochastic control theory. Specifically, we state : For any stopping time

CeT,

v(w,y) = sup EAT(X"2) U e (A" (XZ, Z5)) — il ja(xz 7,)50) — Rs)ds
(R, A%(X®,Z))eAR 0

—e MU (IO L ¢ +e (X, vay)]lggbl . (44.3)

The HIJBVI governing the public value function represents an infinitesimal counterpart of the
DPP. It elucidates the local dynamics of the value function, elucidating the evolution as the
stopping time ( in (4.4.3) transitions to the initial time.

min ¢ dw(z,y)—  sup  [LYw(z,y) +9(a) = Klgsey— 7], wlz,y) + U (y) » =0, (z,y) € R X (0,00),
(r,a)ERy xR

(4.4.4)
where £%" is the generator associated with the SDE(4.4.2). It is given by :

O (z, W), — ourls,
£l ) = 2o P2 o) e )
o) ey Ouli.y)
+U (x)'l?/(a) ]l{(l>0} 81‘6?/ +(,l9(a)_,<’]]'{(l>0}) am

Jw(z,y)
Jy

+ My —U(r)+hl(a)]

In the subsequent lemma, we present the boundary condition corresponding to the case where

Yy =o.
Lemma 4.4.1. The value function v is subject to the boundary condition :

v(z,0) =0 for all x € R. (4.4.5)
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Proof: We begin by considering a fixed x € R. Initially, the consortium’s value function at time
0 is 0. Given that the consortium can achieve non-negative utility without exerting any effort,
it follows that Jtc’y > o for all t € [o,.*[ P a.s. Since Jtc’y adheres the SDE (4.4.2), ensuring a
non-negative solution requires Z; = o for all ¢ € [[o,.*[ P a.s. By the mapping between Z and
A*(X,Z), it implies A*(X¢,Z¢) = o for all t € [[o,.*[ P a.s. From the perspective of the public, it
becomes highly advantageous to select R} =o for all ¢ € [lo,.*[ P a.s. Given that the drift of the
SDE (4.4.2) equals o, it is optimal for the public to terminate the contract at :* =0 P a.s. This
demonstrates that v(x,0) = o for all x € R. This completes the proof.

g

The forthcoming lemma establishes both upper and lower bounds for the value function v.

Lemma 4.4.2. For all (R,0,A*(Z)) € AL, the value function v(x,y) satisfies the following
inequalities :
—U'(y) <vl(zy) <L, (4.4.6)

whe,,,,e L — O'maz”ﬁ/o—Hoo

Proof:

1. Lower Bound : By definition of the value function from Equation (4.4.1), we have :

v(z,y) =2 -U"(y)

2. Upper Bound : Since the continuation cost J&¥ is non-negative almost surely under any

probability measure IP and the rent is also non-negative, we can write :

* T LAC *
vey)<  sup BN [ J g (Z)e“ﬁ(A*(X;ﬁ,Zs))ds]

(R, A* (X7, 7)€ AR o
3. Applying Assumption and Bounding : By Assumption 4.2.1 and the boundedness of

o(X?), we can further bound the expression :

v(x,y) < omazll¥/olloo sup RA*(X*.2)
(Ra,A*(X7,2)) e AR

m *
J ’yg (Z]eésds}
o)

J e 0% ds]
o]

< O'mazHﬂ/O'Hoo sup EG*(Z)
(R, A*(X®,2))€ AR

O'maxHﬁ/O—”oo

=L
- )

Therefore, we have established the desired bounds for the value function v(z,y). O
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The subsequent theorem serves as a verification theorem, pivotal in demonstrating that a smooth
solution to the HIBVI equation (4.4.4) indeed corresponds to the value function. This theorem

facilitates the determination of optimal control in a feedback form.

Theorem 4.4.3. Suppose there exist a constant b>o0 and a continuously differentiable function

w:R xRy — R satisfying the following properties :

(i) Initial Condition : w(x,0) =0 and w € C*(R x [0,D)) satisfying a growth condition (denoted
by Eq. (4.4.6)).

(ii) Comparison with Utility : w>—U"" on R x (0,6) and w=—-U"" on Rx [b,00).

(ivi) HIB Equation : For all (z,y) € R x (0,9),

ow(z,y) = sup {Ea’rw(:c,y)+19(a) —H]l{a>0}—7“}.
(ra)eRL xR

(iv) Exit Condition : For all (z,y) € R x b, 00),

(=Uy) = sup {LY(=Uy)+9(a) —Klggse—7},
(T,G)GR+ XR+

We also assume that Eq. (4.4.7) holds,

sup  Ele U (JY)?] < oo. (4.4.7)
(R,A*(Z2))eY

Then, we have :

1. Comparison with value function : For all (x,y) € Rx Ry, w(z,y) > v(x,y). 2. Verification
with Optimal Control : Suppose there exist measurable, non-negative functions (a*,r*) defined on

R, xRy such that for all y € (0,B), the following verification condition holds :
sup {ﬁa’rw(:):,y) —klys0) +7(a) —7“}
(ra)eRy xR

= L@ (2 y) + D0 (2,)) = Kl ge (g ) 50— 7 (2,Y)
Furthermore, consider the following SDE :
dJC =NIZ —U (™ (X7, IE)) —ola* (X7, IE), X7, Z4) + | Zylk)dt + ZidWy
JC _
o =Y

If this SDE admits a unique solution JC', we define the stopping time 1* as :
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Co= inf{t >0 : w(X,JC) < —UTH (IO (4.4.8)

We further assume that (r*(X,ja),L*,a*(X,jb)) lies in the set of admissible controls AL and
2
EF[elr—2A J§ L co0)] < 00.

Then, if w is a solution of (4.4.4) with boundary condition given by (4.4.5), we have :

w =wv, meaning w coincides with the value function v. v* is an optimal stopping time for the
problem (4.4.3).

Proof:

1. Let (z,y) € R x Ry and an admissible control (R,:, A*(X*, 7)) € AL. If y = o, then from
assumption(i), we have v(z,0) = w(x,0) = 0. We assume that o < y. From (iii) and (iv),
we have

swlzy) > sup (L w(w,y)+0(a) — gy 1) (4.4.9)
(r,a)ERT xR+

For n € N, We introduce the stopping time ¢, :

dw(XE,JEY) . w(XE, IV W (A*(XF, Zy))

tn =1 N\inf{t > 0,0 (X¥)| o o T(A(XF. Z0) Las(xz.2,

)>o}l = nl.
From (i)-(ii), we have w is continuous on R xR, w € C?(R x [0,0)) and w=—-U""€
C2([b,00)), then w is continuous and piece-wise C2 on R x R... Applying the generalized
It6’s formula (see Krylov [61], Theorem 2, p. 124) to the process e‘étvf*(z)w(Xf,Jf’y)

between o and ¢, using inequality (4.4.9) and Bayes formula, we obtain :

w(z,y)
ln
> gV hf;(Z)J e (D(AN(XT, Z0)) = Klias (xz.,2,) 50— Ra)ds + e (X 0]

o

ln
:E[’YA ,0 J 6*53(79(A*(X§7Z8))_H]I{A*(X;:,ZS)>0}_Rs)ds"i_@i&"'y:i ,0 w(XLZn’JS:,y)]

Ln o
(4.4.10)

A* 0% AY(X®,Z)_ 0% (

where v, 7 =, %0n ) In the next step, we show that the sequence

ln
(44" J e P WAT(XT, 2:)) = Klas (xz,2050 — Redds ey (X2 0Y))

o

is uniformly integrable under P. Let p € (1,2), we define p, := ﬁ, Do = % the conjugate

of p,. We denote by p:=pp, € (2,00). Using Holder’s inequality, and the growth condition
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of w, we obtain :
Ele A w(X SO S BI|Le Pt ey A0 g (00 1)

< CE[ "

P ‘e p
—I-‘e 5‘"'yfl U 1(Jg’y)‘ ]

j2

]1’11E[‘B_&"U_I(Jﬁvy)‘ppz],;>
21
=),
A*79* ﬁ

: ])P% Additionally, Assumption

* O
,0

* x| P
v 1+ EL

A
Vin

§G<E[

2

VA 1Bl U (JY)

<C <E[‘7§4*79* "1+ El

where C' is a generic positive constant that could change from line to line.

From Jensen’s inequality, we have IE["yLA*’G* ‘p] < (E[‘v

(4.4.7) substantiates this conclusion :

supE[‘e_&”'yf:’g*w(Xx JC’y)‘p] < o0

tn?Yn
neN

Using the same arguments as above, we get

ln p
Bl | e DA (X 200) ~ Kl 20— Ra)S |
o
A* g* |PP1, L tn —5s % T Pp= 1
S E[ fyLn ) ]m E[ (& (19(A (Xs ,Zs)) _Hﬂ{A*(XgE,ZS)>o}_RS)dS ]Pz
o
A*,0* P * —ds ’ —ds * T 2 =
< CE[py, 7 1 E[| e %ds| e P (I(A™(XT, Zs)) — kl{ax(xz 2,)50) — Bs)?ds] =
0 o
* [k 1/7\ 1 L o * 1
< CE[")/A 0 |1 E[J e 65(’[9(/1 (XSx,ZS))z+K/z]l{A*(st’Zs)>0}+R§)d8]iﬂ2’
0

where the second inequality is obtained by using Holder’s inequality and since fg” e 95ds <
I e %%ds a.s. As (R,1,A*(X*, 7)) € A%, we have

Ln p
supE[%‘i 0 J e_és(ﬁ(A*(Xf,Zs))—/ﬁ]l{A*(Xg,ZSbO}—Rs)ds ] < oo
o

neN

According to the Theorems A.1.2 and A.1.1 in Pham [83], we have the convergence of the

previous sequences in L* (IP). By passing to the limit in (4.4.10), we obtain

w(z,y)
L
> RATX )0 mj e O (WA (XE, Z,)) — 6lan (xz,2,)50) — Rs)ds —e Oy AU (JE)],

[0}

and so for all (z,y) € R x (0,00), we obtain w(z,y) > v(x,y) and then for all (z,y) € R x R*

we have :

w(z,y) > v(z,y). (4.4.11)
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2. We fix (x,y) € R x (0,00). Let ¢, be the stopping time given by

Qu(Xp IF) | du(Xg, I Wia* (X7, IE)

Ln:L*/\jnf{tZ0,0'(thN O By 9 (X7 j\va)) {a*(Xf,ftC’y)>o}
trYt

| >n}.

Since [0, ¢, C [l0,¢*[, then by (ii), w(Xf,th’y) > —U_l(jtc’y) on [[o,¢,[, and so by (iii),

we have :
Suw(XE, JEV) — L0 XETCN XETE (X3, O
* 2C, " ~C,
B (ﬁ(a (X7, y))_’i]l{a*(xﬁf’ybo}_r (X7, y)> =o on [0,
Therefore
*(yz 7C, * tn o
’w(xay) :Ea (X 7J y)[’an(Z) JO e 68(19((1*(Xv5x’j§7y))_K’]]'{a*(st7jSCv'y)>O}_a*(X§,j\g’y))dS]

+Ea*(Xz7vay) [6_6Ln’}/f:(z) w(XJ: ’\C,y)]

tn? % ln

Using the same previous steps, we can pass to the limit. From the definition of +* and since

tn, — ¥ when n goes to infinity we obtain :

w(z,y)

*

L
*(yz 7C, 0*(Z _ %
— B XTI )J e (W@ (X2, TON) = KL s gy — " (XT, TEY))ds]
_Ea*(XI,fC’y)[e—&* 9*(Z)U—1(ﬁay)]
<v(z,y).

As w(z,0) =v(z,0) for all z € R, we deduce that for all (z,y) € R xR", we have w(z,y) <
v(z,y). Combining with inequality (4.4.11), we deduce that w =v.

O

Remark 4.4.4. The optimal rent r*(x,y) depends on U’, and the marginal value, Bvéa;,y), of the

value function v(x,y). Specifically, it is given by :

The indicator function ]lav(x,y)@ ensures that the optimal rent is only positive when the marginal
oy

value of wealth is negative.
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4.5 Numerical study

In this section, we undertake the numerical solution of the HIJBVI presented in equation (4.4.4).
Initially, we confine the domain to the intervals [—Z, ] and [o, 5], where Z and y denote empirically
determined boundaries. Subsequently, employing finite difference approximations, we discretize
equation (4.4.4). Finally, the resulting discrete variational inequality is solved utilizing the Howard

algorithm.

4.5.1 Numerical scheme

We utilize the finite difference method to discretize the HIBVI (4.4.4). This method involves
replacing the domain with a bounded interval, specifically [z, ], [0,y]. Let A, (resp. A,) be

A= (xi)i:1,N7

the finite difference step on the state coordinate. The grid points are defined as x
where z; = —z+iA,, and y2 = (¢i)i=1,N, Where y; =1A,. These points form the grid 24 =
{(—z+ilz,i=1,..,N}x{jAy,,j=1,...,N}. Next, we approximate the derivatives of the value

function v using the following expressions :

ov(x,y) N { %W if -9(a) +Klgse) > 0,
Tor T dlewvE-des) o0
dula,y) [ SEHEGIEEN it Ay U(r)—h(a) > o,
oy _{ —”(%y)_z(:’y_Ay) if not,
ov?(z,y) vlz+Ay,y)—2v(z,y)+v(z—As,y)
dzz A2 ’
ov?(z,y) wvlz,y+A4Ay)—2v(z,y)+u(z,y—4,)
oy Az ’
ovc(z,y) vlz+Ay,y+A4))—v(e+Ayy)—vlz,y+A4,)+2v(z,y)
oxdy 24, A, ’
U(I_Axay)+v(x7y_Ay)_U(x_A:cay_Ay)
B 24, A, ’
v(z,0) =0, v(z,y) =—-U""(y), dv(=T,y) =o0, Ou(z,y) =o.
Ox Ox

We represent the linear operator by the symbol £4+%". This operator takes the form of a block
tridiagonal matrix with dimension (N —1)% x (N —1)?

[*CA’(GL’T)]k,kfl — TkA,(aﬂ“); [EA,(a,r)]ng — DkA7(a,TJ; [*CA’((I’T)]k,kJrl — TkA’(a’T), k= 1, ,N— 1

T,?’(a’r), D,?7(a’r), ']I‘kA’(a7r) are tridiagonal matrices (N —1) x (N —1) defined by

wA,(a,r i pmd,(a,r Bri | % ;L
PR P isipi L1 )=+ 2~ saeas T i = 05
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A,(a,r) _ 5;; ap Ve L pAlar)y ki |’81§'L Qi Y Vi, i .
(D} Jijima = a, T2z _zAwAy>[Dk lig=0—"173"— a, 2\ 2: Ta: Taa,4, )

,+ 2
A(a,r) Bii | Y%a ki . ppAilar) , a i
Dy i = 2 + 28 —aa,4 T i =0T s = 30+ a8 — 32,4,

A,(a,r) Vei g .
[Tk ]i,i-ﬁ-l:ma Z:17...,N—1,

where ﬁll-:;r(x,y) = max( ZI-J,O), Bf; = max(— zl‘,j70)7 [ = 1,2, and the parameters v, ', 5%, o,
«® are given as :
hl
1 =—0(a) +Kligsop, B2, =—My—h(a)+U(r), al; = —20°(2i)Laso, a2, = —2(0(2:) 515?145,
h/
Yi,j = _0'2(1'2‘)19/53]1(1>0~
Through this process, we arrive at a system of (N —1)? linear approximation equations. The
vector VA = (le, ...,Uf/fl) represents the collection of unknowns associated with this system.
Each sub-vector within V4, denoted as viA = (Ufl, ...,UfNﬂ), has dimension (N —1).
min inf  [gAeryA L pAlen] yA Ly (yA)| =0 (4.5.1)

(r,a} €R+ XR+

where U™ (y4) = (U*I(yf))iq_,N_l. Each element U*I(yiA) is an RV vector given by
(U (y;),....,U*(y;)). Furthermore, we define the vector B4:(@7) ag

BAz(avT) — (BIA,((I,T‘) + TlAy(ayr) U1A7 B2A7(ayr), ey Bﬁizﬂn) , Bﬁﬁ?ﬂn) + Aﬁfi?’r)vﬁ_l)7

such that :
—9(a)+K+r+ {Tr,f’(“’”} vt {D,f’(“’”} v,
—d(a)+rK+r
BkAvﬁz(aJ‘) — '
—d(a)+rK+r

A7 , A? )
—9(a)+K+r+ [Dk (a ”}N_l LU {’]I‘k (‘”)}N_l R

Here, we address the solution of the discrete variational inequality (4.5.1) by employing Howard’s
algorithm. We detail the application of this algorithm as follows :

The Howard algorithm : It consists in computing iteratively two sequences ((af’;,77;)i j=1,..N—1)n>1
and (VA’”)nzl, as follows :

e Step 2n— 1. To the vector VA", we associate the strategy

(a™,r") € argrgiTn{EA’(a’r)VA’"—|—BA7(‘”)}.
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e Step 2n. From the strategy (a”,r"), we compute a partition (D} U D) of R3 defined by

LA AR L pAanm) < AR L (yA) on DY,
Aty an g paAlatrt) S yAn L g (y2), on DI

The solutions VA" is obtained by solving two linear systems
A7 n? n A? A7 ni n e
L (a™,r )V n+1+B (a™,r )_07 OHD?,

and
VAT LU (yA) =0, on D?Y.

o If [VANMHL VAN < ¢ stop, otherwise, go to step 2n + 1.
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The Howard Algorithm involves an iterative procedure aimed at computing two sequences :

A sequence of pairs, denoted as ((azj,r;-fj)i,j:l,,,,,N,l)nzl.

A sequence of value functions, denoted as (VA’")HZI.
The algorithm proceeds through the following steps at each iteration n :

1. Minimization Step (Step 2n—1) : At this stage, we associate the vector VA" with the
strategy
(a™, ") € arg min{ﬁA’(a’T) yAan 4 BA7(a,T]}.
a,r

2. Partitioning Step (Step 2n) : Based on the strategy (a”,r"), we establish a partition
(DYU DY) of R defined by

LAy An . pAL) < AR L g (yA) on DY,
Ay An g pAlatr) 5 yaAn L =1 (yA) on DY

3. Update Step : Two linear systems are solved : The first system ensures the updated value

function V4"+* equals zero within region D7, i.e.
Attty Aty pAlet ™) — o on D?.

The second system ensures the updated value function V4" plus a specific threshold (U* (yA))

equals zero within region D2,
VA L U (y?) =0, on DY

4. Convergence Check : Should the condition [VA"+ — VA7 < ¢ be met, the algorithm halts ;

otherwise, it proceeds to step 2n+ 1.

4.5.2 Numerical results

In this subsection, we present a numerical analysis to investigate the impact of ambiguity on the
optimal effort level and rent within the consortium formation model. We define the key functions
involved in the model :

e Impact of effort on social welfare : ¥(x) = 3(1 —e %)
e Cost of effort : h(z) =ef* —1

e Consortium’s utility : U(z) = 2P

The corresponding parameters are chosen as o =o0.1, § =0.1, p= é and o = 2. Additionally, the

preference parameters for the public and consortium are set at d = A = 0.085.
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We numerically explore how varying the ambiguity level (k) affects the optimal solution. The
analysis considers four cases : kK =0, 0.25, 0.5, and 1. The initial value for the value function is

set to v(0) =0, and the threshold value is 7 = o.5.

Figure 4.1 depicts the value function across the range [0,7] for the specific case of kK = 0.5. Figures
4.2, 4.3, and 4.4 will subsequently present the value function, optimal effort level, and optimal
rent, respectively, for different values of k. Figure 4.5 will illustrate the relationship between the

optimal rent and the optimal effort level.

value function in [0, 7]

0.01
| —— 1=0.085, 6=0.085, 0=2, 5=0.5

—
y: 0.1925
-0.01 V:-0.001331

T

T

-0.02

T

> -0.03

The continuation region The stopping region

T

-0.04

T

-0.05

T

-0.06

_007 1 1 1 1 1 1 1 1 1 I
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

FIGURE 4.1 — Value function across the interval [o,].

We observe in Figure 4.1 that the value function is concave, in accordance with Sannikov [85],
Dumav and Riedel [43], and Hajjej, Hillairet and Mnif [51].

Figure 4.2 plots the value function for different values of k. We observe that the ambiguity
influences the continuation region. The higher of k, the smaller the continuation region. In
particular, the value function of the public without ambiguity is higher than the one with
ambiguity. Figure 4.3 and 4.4, respectively, plot the optimal effort and the optimal rent on the
continuation region for different values of k. When & is higher, the consortium makes more effort
to compensate the ambiguity and to increase the social welfare. However, at a high level of the

consortium’s value function, the public pays a higher rent when the ambiguity decreases.
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Figure 4.5 shows the relationship between the optimal effort and the optimal rent.
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The optimal rent versus the optimal effort is a decreasing function, which is by the results of
Sannikov [85] and Dumav and Riedel [43]. It is more costly for the public to incentivize the
consortium to start to work. In fact, for a low level of effort, the Principal pays more to the
Agent to make an effort. Figure 4.5 shows that, in the presence of ambiguity, the public stops
to pay rent when the level of effort exceeds 7.3. On the other hand, from figure 4.6, we remark
that in the absence of ambiguity, the public stops paying rent from level 2.25. From figures 4.5
and 4.6, when the consortium receives a rent, we notice that its level is higher when there is no

ambiguity.

4.6 Conlusion

This work investigates the optimal Public Private Partnership (PPP) contract between a public
entity and a consortium under the possibility of contract termination by the public. The study
addresses a Principal-Agent problem with moral hazard and Knightian uncertainty, characterized
by k-ignorance, and formulates the interaction as a Stackelberg leadership model. Through a
series of steps, including worst-case scenario analysis, the agent’s best response is derived, and
the public’s problem is solved by maximizing the social value minus the rent paid. Numerical
methods, specifically the Howard algorithm, are employed to compute the public value function,
optimal effort, and rent. The results indicate that increased Knightian uncertainty leads to higher
optimal effort from the consortium and a reduction in the public’s value function. While the
model and methods provide valuable insights, future research could benefit from calibration with

real-world PPP data to better assist public authorities in contract design.
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Conclusion

In summary, this comprehensive study substantially contributes to both the theoretical and
applied realms. The theoretical exploration begins by delving into fundamental questions regarding
the well-posedness of BSDEs. This includes a driving process involving a Poisson random measure
subject to compensation alongside an independent Wiener process. Through rigorous proofs under
key assumptions, the study underscores the importance of a generator with logarithmic growth
in both (y, z) variables and Lipschitz continuity concerning u. Relaxing Lipschitz conditions in
Assumption 2 adds nuance to our understanding, allowing the generator to exhibit logarithmic

growth in all variables.

The introduction of the exponential transformation proves instrumental in demonstrating the
equivalence between solutions of the auxiliary BSDEJ and the primary BSDEJ. Additionally, a
comprehensive discussion on the maximum principle, specifically in scenarios devoid of the jump

component, enriches the theoretical landscape.

Simultaneously, the practical front of this research focuses on Public-Private Partnerships (PPPs).
Using stochastic control techniques and the HJB Variational Inequality leads to developing a
robust solution methodology. This methodology targets enhancing contract design, risk mana-
gement, and value creation in public infrastructure projects and services. The inclusion of a
numerical study employing finite difference methods and the Howard algorithm sheds light on
the optimal rent and effort under real-world uncertainty. This emphasizes the importance of

addressing Knightian uncertainty in PPP contracts.

This dual-pronged approach, addressing theoretical intricacies before delving into practical
challenges, positions this research to have a lasting impact on both the theoretical foundations of

BSDEs and stochastic control problems and the implementation of PPPs.
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Perspectives

As this research journey unfolds, several promising avenues beckon for further investigation. One
crucial aspect deserving of future attention involves venturing into a multidimensional framework
by incorporating multiple agents. This extension would include considering scenarios where the

efforts of these agents exert influence on both the drift and volatility of social value.

Expanding the scope of this study could entail exploring contracts executed among numerous
agents and principals operating under the umbrella of a single company. In this intricate setup,
each agent operates under the stewardship of a principal, fostering complex interactions, whether
positive or negative. Additionally, each agent retains the prerogative to terminate their contract,

albeit subject to an associated penalty.

Upon formulating these problems mathematically, we are bound to encounter theoretical chal-
lenges, which add an extra layer of excitement to the research. Among the critical hurdles we
may face are the existence and uniqueness of certain types of multidimensional BSDEs and the
comparison theorem in the presence of a stochastic control problem. The latter may represent va-
rious elements, including agents’ actions and compensations. While challenging, these theoretical

obstacles contribute to the research’s depth and significance.

In conclusion, this thesis lays the foundation for future research pursuits examining dynamic
interactions among multiple principals and agents. These potential directions not only promise to
enrich our understanding of complex economic interactions but also present theoretical challenges
that are central to advancing the field. By connecting these perspectives with the current research
on Public-Private Partnerships, the proposed avenues hold the potential for both theoretical

insights and practical applications in real-world decision-making scenarios.
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