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Abstract

Record statistics is a broad term; it can refer to various types of statistical informa-
tion related to records. In a general sense, record statistics could involve analyzing
and presenting data related to records. The subject of the study is to introduce the
concept of record as applied to probability distribution function and present some
their characterization results based on the records values. In addition, we discuss
the problem of estimation of the location and scale parameters in Best Linear Un-
biased Estimator (BLUE) and how applied it in both different types of records with

differents distributions functions.
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Notations and symbols

iid Independent and identically distributed

cdf Cumulative distribution function note F'(-)

pdf Probability density function also density function note f(-)
h(-) Hazard or failure rate function

H(-) Cumulative hazard function

U(n) Upper record times

Ux Upper record values

Ufk nth value of upper k-records

fux () Probability density function of nth upper record values

fUz,g,Uff (z,v)

The joint probability density function of mth and nth upper records

fof\Uzg (y|x)

The conditional probability density function of nth upper given mth

upper record

foLfk@)

Probability density function of nth value of upper k-records

forf’MUflfk(xvy)

The joint probability density function of mth and nth upper k-

records

fUT{k|U7§’k(y|33)

The conditional probability density function of nth upper given mth

upper k-records

Lower record times

iv




Lower record values

nth value of lower k-records

Probability density function of nth lower record values

The joint probability density function of mth and nth lower records

The conditional probability density function of nth lower given mth

lower record

f ka(x) Probability density function of nth value of lower k-records
frx k’ka(x,y) The joint probability density function of mth and nth lower k-

records

The conditional probability density function of nth lower given mth

lower k-record

X; Random variables with 1 = 1,2, ...
et al and others

E(-) Mathematical esperance

Var(-) Mathematical variance

BLUE Best Linear Unbiased Estimation
MLM Maximum Likelihood Method
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Introduction

The word "record” is derived from the Latin verb "recordari” - to remember, and
everyone has a basic understanding of what a recorded event entails. People have
learned that a new record is something important that will be remembered. There-
fore, many people feel impressed by achieving and then breaking new and exciting
records, making the ”Guinness World Records” book itself a record holder as the
best-selling copyrighted book in history.

The study of record values has been undertaken by a relatively small but highly
talented group of individuals. The statistical study of record values began with
Chandler[[8]], where he formulated the theory of record values as a model for suc-
cessive extremes in a sequence of independently and identically distributed random
variables. Stuart was a pioneer in discovering the quantitative statistical applications
of record keeping in inference. Barton, Mallows, and F.N.David were fascinated by
the combinatorial aspects of record sequences. While Dwass established the inde-
pendence of record indicators, Rényi developed some of the initial limit theorems.
Resnick (1973) and Shorrock (1973) documented the asymptotic theory of records.
The theory of record values and their distributional properties have been extensively
studied in the literature; for example, see Ahsanullah (1995, 1997), Nagaraga[[10]],
Arnold and Balakrishnan [[6]], Balakrishnan and Ahsanullah (1994), Raqab|[2]], Bi-
eniek and Szynal (2002), Saran and Singh (2008). Many books on order statistics

and related processes have chapters on record values. Many of them emphasize the



close parallel between record value theory and the theory of sample maxima.

In life, during experimental testing, an experimenter may find it necessary to ter-
minate the experiment prematurely if a certain number of units fail, rather than
waiting for all units to fail. This approach is efficient in terms of time and cost, and
such observations are referred to as type II controlled sampling. Therefore, we use
estimation, which is considered the cornerstone of the decision-making, planning,
and resource allocation process. It involves the process of approximating or predict-
ing values, quantities, or outcomes based on available information, experience, and
logical reasoning.

In Chapter 2 we see the Best linear unbiased estimation (BLUE) wich is a widely
utilized method for estimating population parameters such as scale or location, par-
ticularly when the available sample is either complete or Type-II censored. Key
references for this method include works by Rao (1973), David [[10]], Balakrishnan
and Cohen (1991), and Arnold, Balakrishnan, and Nagaraja (1992). It’s important
to note that the concept of "best” is well-defined when estimating a single param-
eter, typically meaning the minimum variance. However, when estimating multiple
parameters, there is no single definition of ”best.” Therefore, two criteria, namely
trace and determinant, are commonly considered. These criteria are based on the
variance-covariance matrix of parameter estimators, with "best” being defined as the
minimum trace or determinant of this matrix. Consequently, estimators are cate-
gorized as either "trace-efficient” or ”determinant-efficient.” It’s worth noting that
only a limited number of distributions allow for the explicit derivation of BLUE for
any distribution. In certain cases, such as the exponential distribution, BLUE co-
incides with maximum likelihood estimators. Moreover, BLUE estimators are not
only explicit linear estimators but also highly efficient ones. In fact, they are asymp-
totically fully efficient compared to maximum likelihood estimators. An interesting

finding is that, for the two-parameter exponential distribution, trace-efficient and



determinant-efficient estimators align with BLUE estimators.



Chapter 1

Record statistics

In this chapter we start with a definition of upper-record and lower-record in the
section then we introduce record time and value with their characteristics for
continuous random variables in the section of K-record statistics, in section
we present its special case when(k = 1), which called ordinary or classical record
statistics. At the end, we extract the density of the lower and upper records from

specific continuous distribution in the section

1.1 Introdution

Record values are the local maxima or minima of a sequence of random variables,
records occur naturally in various fields of study such as medicine, sports, and engi-

neering among others.

We will examine scenarios where the record values, such as the consecutive highest
insurance claims in non-life insurance, peak water levels, or extreme temperatures,
are considered as ”outliers.” Consequently, the second or third largest values become
particularly noteworthy. Examples could include insurance claims in certain non-life

insurance contexts. Dziubdziela and Kopocinski (1976) [[L1]}introduced a model for



K-th record values, with K representing a positive integer. Record values can be

used to characterize various distributions.

Let X1,X5,... be a sequence of independent observations on a random variable X
having the cumulative distribution function (cdf) F'(z) and probability density func-
tion (pdf) f(z). An observation X is called a record value (or simply a record) if its
value is smaller than or greater than all the preceding observations. If it is smaller
than all the preceding observations, it is called lower record. Hence X is a record,
if X,;<X, for every ¢ < j. An analogous definition can be given for the upper record
also. It is interesting to note here that the first observation is always a lower record
as well as upper record.

An observation is called is called a record if it is greater than (or less than) all the
preceding observations. Frequently, our attention is drawn towards witnessing fresh
achievements and documenting them, such as Olympic or global records. These
record values serve a purpose in reliability theory. Additionally, these statistical
metrics are intricately linked to the timing of certain non-uniform Poisson processes

utilized in models concerning shocks.

1.2 K-Record Statistics

Chandler [[§]]introduced the record values and the record times. Feller (1966) pro-

vided some examples of record values concerning issues related to gambling.

1.2.1 Definition of k-Record Values and k-Record Times

Suppose that X7, Xs, ..., X, is a sequence of iid random variables with cdf F and pdf

f . LetXy, < X5, <..<X,,, be the order statistics of X1, ..., X,,.



1/k-Record Values

Definition 1.2.1 Record wvalues refer to the maximum or minimum observations
within a dataset, representing the extreme points or peaks of a particular variable,
let’s define the sequences of upper k-record values, for a fixed integer k > 1 andn > 2
as follows:

X
UnJg = XUn,K—k:—i-l:Un,k

and the sequences of lower k-record values are as follows:
X
Ln,k - XL?L,ka‘i’l:Ln,k

2/k-Record Times

Definition 1.2.2 Record times denote the moments or instances when these extreme
values occur, indicating the times at which the highest or lowest observations are
recorded within a given dataset or timeframe. let’s clarify the sequences of upper

k-record times, for (n > 1) as follows:
Uy, = min {2 D> Uy, Xi > XUHK_MUH_L,C} U=k
and the sequences of lower k-record times are as follows:

Ln,k = min {Z T > Ln—l,k; X1 < XLnfl,K_k‘i'l:Lnfl,k} ;Ll,k =k

1.2.2 K-Record Probability Density Function

The model of k-record values is proposed at first by (Dziubdziela and Kopocinski[[T1]])

Lemma 1.2.1 The hazard (function also known as the failure rate, hazard rate, or

force of function) h(x) is the ratio of the probability density function f to the survival

6



function 1 — F(z), given by:

The cumulative hazard function
H(z) = —log[l — F(x)]. (1.1)
Theorem 1.2.1 The pdf of U, is obtained to be:

fok(x) = k”%[l — F@)]" ' f(x), —00 <z < 00. (1.2)

Proof. By induction ,the densitiesfyx (71, ...7x),n = 1,2, ..., satisfy the equations

Klgux (z1) f(21) f(@2).. f(Tr), 11 < 29 < . < 13,
fof(fL’b LX) =
0, otherwise

where
Jux (z) =1
and i
gux,, (x) = k/gUSf (y)lf(—g)(y)dy,n =1,2,..
Then we find

Jux ) = 1) [—klog(1 — F(z)]" 'n=1,2,..



In the end, we have

fok(x)://.../ o1 = P @) ) (a0)

[~klog(1 — F(x))]"'[1 = F(2)]""" f(x).

(n—1)!

Corollairy 1.2.1 The cumulative distribution function of the k-record value is of

the form
—klog(1—F(x))

unfl Y
FU,{fk(x>: / (n—l)!e du,n=1,2, ...

0

Definition 1.2.3 Let X be a continuous random variable. We define

1. The joint pdf of Uﬁf,kcmd Uifk ;where 1 <m < n, is given by Grudzien(1982) :

o 00) = o= ) ) = H@)P™ = P

h(z)f(y), —oco <z <y < oo. (1.3)

2. The conditional pdf of U,fk given Un)f’k(l < m < n)can be written as:

|[H(y) — H(x)]" ™1 — F(y)]*! f(y)

fUﬁ’k|U,{{k(y|$) = ( m;

n—m—1)!

x <. (1.4)

3. An analogous pdf’s can be given respectively for lower k record The pdf of Lff’kis

given by:




4. The joint pdf of Livkand Lik swhere 1 < m < n , can be written as (see,

Pawlas and Szynal )[[16]],[[17]]

[—logF (z)]™ ! [logF(x) — logF (y)]" ™!
(m —1)! (n—m—1)!

POl

fLi’k,Lik($ay) =

fly),—0 <z <y<oo. (1.6)

5. The conditional pdf of Lik given Lﬂk,where 1 <m < n, can be written as:

n—m

anX,kILr)r(z,k(y‘x) :m[logF(a:) — logF (y)]" "™ ' [F(y)]**

fly)
Fa)F < y. (1.7)

Remark 1.2.1 we obtain ordinary upper and lower record values when k=1, which

we see in the next item.

Example 1.2.1 The data set available below is the pulse rates in beats per minute

of a random sample of adult females to test the claim that the mean is less than 73

bpm, by using a 0.05 significance level:
89,71, 66,47,42, 86, 54, 48,105,51,92, 59, 58, 36,47,105,77,74,42,43.

we create lower k-records from the data where k = 2,3,4,5,6 when n=1,...,20 ,by

using the definition we compute:
o for k=2

1. for n=1:

X
LLQ = 27 L172 - XL1,2—2+1:L1,2 - X1,2 - 89



2. for n=2:

LQ,Q = min {Z > L271,27Xi < XL2,17272+1:L2,1’2}

=min {Z Tl > 2,XZ < XLQ} . (18)

Now, we search the value of i that satisfies eq(l.8)). Thus, we find for
1= 3
Lyo=min{i:3>2 X3 <89},

Lys=3,L5y=Xpy,-211:0,, = Xog = T1.
(because 89 > 71 > 66).

3. for n=35:

L372 = min {Z 1> L3_1,2,Xi < XL3_1,2—2+1:L3_172}

= min {Z i1 > 3, X, < X273} . (19)
for 1=4:
Lso=min{i:4>3,Xy <71},
L3y =4, ng,g = X3,-211:05, = X34 = 66.
(because 89 > 71 > 66 > 47).

o We continue in the same way (we stop when the value is the same with the one

before it) to get the sequence of the lower 2-record which is given as follows:
89,71,66,47

As a consequence, the following table presents the lower k-record for
k=2 3 4,5,6.

10



2-records 89 71 66 47

3-records 89 71 66

4-records &9 71

H-records 89 &6 71 66

6-records 89 86 71

Table 1.1: The Lower K-record for k = 2,3,4,5,6.

1.3 Ordinary Record Statistics

Let X1, X5, ... be a sequence of independent and identically distributed random vari-
ables and X, < ... < X, , be the corresponding order statistics where:

Xin =min{X1, Xo, ..., X, Jand X,,,, = maz{ Xy, X, ..., X, }.

Definition 1.3.1 the classical upper record times U(n) and upper record values

UXas follows:

Ul)=1Un+1)=min{j:j>U(n),Xj> Ur)f},UT)f:XU(n),nzl,Q,...

Definition 1.3.2 the sequences of lower record times L(n)(n > 1) and lower record
values LX as follows :

L(1)=1,Ln+1)=min{j : j > L(n),Xj < L)}, Ly = Xppy,n=1,2,...

Remark 1.3.1 Moving from lower records to upper records by replacing the orig-
inal sequence of random wvariables {X;} by{—X;,7 > 1} or if P(X; > 0) = 1 by
{1/X;,7>1},5=1,2,...

1.3.1 Record Probability Density Function

In this subsection, we begin by presenting an expression of the density function of

UX and L. Furthermore, we introduce the joint pdf of upper and lower records,

11



concluding with the definition of the conditional pdf of the upper and the lower

records.

Theorem 1.3.1 The pdf of UX is obtained to be (Arnold et al.[[6]])

[H ()"

(= 1) f(x),—0 <z <oo,n=12,.. (1.10)

fox(z) =
Proof. To prove the theorem, we are going to consider exponential observations
since this distribution has a lack of memory property then the differences between
successive records will be iid standard exponential random variable. Let {X7,j > 1}
be a sequence of iidExp(1) random variables, and consequently, it follows that the

nth upper record U} has a gamma distribution with shape n + 1 and rate 1.
Uy ~Gamma(n+1,1),n=1,2, ... (1.11)

These results will be useful to obtain the distribution of the nth record corresponding
to an iid sequence of random variables { X' j} with common continuous cdf F'. If X has
a continuous cdf F', then the cumulative hazard function has a standard exponential

distribution. we have

H(X) = —log[l — F(X)],

then

3

XEF1(1-e™)

{ X7 Hollows standard exponential, therefore, we have:

4

Uy =F'1—eU)n=12. (1.12)

12



Repeated integration by parts can be used to justify the following expression for the
survival function of U} (a Gamma(n + 1, 1) random variable):
L @)

PU: > x) :em*z (k—l)"x* > 0.

k=0

We may then use the relation ([1.12)) to immediately derive the survival function of

the nth record corresponding to an iid F' sequence.

n

[—log(1 — F(x))]"
k-1

P(U, > x) =1 — Fyx(z) = [1 — F(z)]

k=0
which is equivalent to:

—log(1-F())
PU, <x)= / y"e Y /(n—1)ldy

[en]

If F' is absolutely continuous with the corresponding probability density function,
we may differentiate either of the above expressions to derive the pdf for UX. We

obtain:

_ [H@)
fof (z) = mf(ﬂf)

1

oo~ P ().

For more details see Arnold et al. [[0]] ,page (31) and Karlin[[I3]]. m

Theorem 1.3.2 The joint pdf of UX and UX ;where 1 < m < n, is given by (Arnold

et al(1998) )[[0]]

[H ()™ [H(y) = H ()"
(m—1)! (n—m—1)!

foxux(e,y) = W) f(y), —oo <z <y <oo. (1.13)

13



Proof. To start the proof, we begin by noting that the joint pdf of a set of Exzp(1)
records (Ug, U7, ..., U) can be readily formulated. Additionally, given that the record

spacings U} — U}_,are iid Fxp(1l). Thus, we find:

* * * x* * * *
fvzur. vz (g, 23, xy) =€ 0 <ap <ay <..<@p,

cey n

Now,we apply the transformation eq(|l.12) coordinatewise to obtain the joint pdf of

the set of records Uy, Uy, ..., U, corresponding to an iid F' sequence expressed as:

on,Ul,...,Un($07$1a 93771) - )

= flan) [ [Mxi), —00 < 29 < ... < 2. (1.14)

The joint pdf of any pair of records U,,, U, naturally be derived from eq by
integration.it might be more straightforward to first find the joint distribution for
two Exp(1) records (U}, Ur) and then use the transformation eq(L.12)) where m < n,
since (U, UY) = (Y1, Y1 + Ys) where Y] v Gamma(m +1,1) and Yy «~ Gamma(n —
m, 1) are independent, we may use a simple Jacobian argument starting from the
joint pdf of (Y1,Y3) to obtain:

1 *m

fU:mU;{ (x:mx:L) = m|(n —m— 1)'xm ("L‘:; - ‘rjn>n_m_1€_$;7 0< x:@ < {L‘:; < 0.

With eq(1.12)applied U}, to U}, we obtain

1-F(zn)

log(1 — Fle))” | 7129 (5763 | Flehia)

fUm,Un(xmaxn) = , — 00 < Ty, < Ty < OO,

m! (n—m-—1)! 1—F(xy)

14



Corollairy 1.3.1 The conditional pdf UX given UX (1 < n < m) using eq(1.10))
and eq(1.13))is as follows:

_ ugup(xyy)  [Hy) - H@)" ™ fy)
Juxwx(yle) = fux () N (n—m —1)! 1— F(x)

T <. (1.15)

Remark 1.3.2 The survival function of the nth upper record can be represented as:

1 — Fyx (x) =[1 — F(z)] S (1.16)
§=0 I
where
—log(1—F(x)) .
u"" —u
Fyx(z) = / (n_1>‘e du,n=1,2,...

0

The following corollary presents the pdfof lower records and the joint and conditional

pdf of LX and LX .
Corollairy 1.3.2 We have:

o The pdf of L is given by :

fL§ (z) =

n—1
[—ZOQF(IU)]' flz),—c0o<x<oo,m=12,... (1.17)

(n—1)

o The joint pdf of LX and LX ,where 1 < m < n, can be written as:

[—logF(x)]™ ! [logF (x) — logF (y)]"™ " f (x)

(m—1)! (n—m—1) F(y)f(y), (1.18)

fLig,Lg(%y) =

—o00o<x <y < oo.

15



e The conditional pdf of LX given LX where 1 < m < n,can be written as:

[logF(z) — logF (y)]"™™ " f(y) _ (1.19)

frxipx(ylz) = (n—m—1)! F(z)

Example 1.3.1 Consider the following 20 observations:
10, 10, 10, 8, 12, 5, 9, 36, 3, 2, 1, 30, 14, 20, 22, 22, 61, 4, 7, 90.
By the definition of upper record and lower record, we obtain:

upper record values:

10,12, 36,61, 90

lower record values:

10,8,5,3,2,1

1.4 Record From Specific Continuous Distribution

In statistical analysis, it’s often necessary to understand and visualize the behavior of
random variables and their distributions. In this example, we will focus on extracting
and analyzing specific record values from a continuous distribution, using R for the

computation and plotting.

1.4.1 Weibull Distribution

Record values are significant in understanding extreme observations in a dataset. In
continuous distributions, the upper k-record value is the k-th largest observation seen
so far. We will use the Weibull distribution, a widely used continuous probability

distribution, to illustrate this concept. Our objective is to:

1. Extract upper k-record values from a sample generated from the Weibull dis-

tribution.

16



2. Define the probability density function (pdf) for these upper k-record values.

3. Implement the theoretical concepts in R and visualize the results using a plot.

Theoretical concepts

F(r) =1- e‘(@r
_ AN\ Kk
fUifk(x) - )\r(:jl)r % rnh) (I)T_l (e*(ﬂ >

R implementation and plotting:

Here’s the step-by-step implementation in R:

e Generate a sample from the Weibull distribution:

We use the Weibull distribution, parameterized by shape (r = 2) and scale
(A =5) as provided in the code below (See the figure [L.1]).

1| set.seed (10)

2z <- rweibull (100, 5, 2)

17



[1] 1.850609 2.067896 1.936578 1.636301 2.395194 2.165961 2.105373 2.108018

[9] 1.730374 1.933633 1.687980 1.784876 2.336451 1.753217 2.010718 1.934551
[17] 2.484509 2.117748 1.966632 1.417700 1.359915 1.730926 1.521434 2.013433
[25] 1.959067 1.618646 1.413601 2.147960 1.528079 2.013073 1.820199 2.377573
[33] 2.242732 1.275613 1.941131 1.562127 1.442565 1.082296 1.646101 1.858099
[41] 2.104243 2.161505 2.669720 1.588558 2.135163 2.255759 2.648453 1.873519
[49] 2.357154 1.479080 2.014792 1.160149 2.140127 1.887349 2.211367 1.767575
[57] 1.901908 1.893431 1.965515 1.852965 2.561421 2.334642 1.891831 1.968568
[65] 1.422440 1.542590 1.778622 1.914643 2.398257 2.174139 2.417934 1.821472
[73] 1.700356 1.830903 2.529640 1.808995 1.994697 1.047792 2.126025 2.188945
[81] 1.367079 1.896671 2.169284 1.721387 2.194744 2.629511 1.484975 2.105624
[89] 2.247515 2.242213 1.870947 1.612335 1.757744 1.840183 1.985104 1.420261
[97] 2.136239 1.814744 1.567718 2.570375

Figure 1.1: The sample of Weibull distribution

e Extract Upper k-Record Values: Derive the upper record of the previous sample

we extract the K-upper records when £ = 1,2, 3,4, 5, 6 as shown in the following

table [[.2

1-record | 1.850609 2.067896 2.395194 2.484509 2.669720

2-record | 1.850609 1.936578 2.067896 2.165961 2.336451 2.395194 2.484509
2.648453

3-record | 1.850609 1.936578 2.067896 2.105373 2.108018 2.165961 2.336451
2.377573 2.395194 2.484509 2.561421 2.629511

4-record | 1.636301 1.850609 1.936578 2.067896 2.105373 2.108018 2.165961
2.336451 2.377573 2.395194 2.484509 2.529640 2.561421 2.570375

5-record | 1.636301 1.850609 1.936578 2.067896 2.105373 2.108018 2.117748
2.147960 2.165961 2.242732 2.336451 2.377573 2.395194 2.398257
2.417934 2.484509 2.529640 2.561421

6-record | 1.636301 1.850609 1.936578 2.067896 2.105373 2.108018 2.117748
2.147960 2.165961 2.242732 2.255759 2.336451 2.357154 2.377573
2.395194 2.398257 2.417934 2.484509 2.529640

Table 1.2: Upper K-record of k =1,2,3,4,5,6.
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Plotting the PDF in R

The Probability Density Function (PDF) of Upper k-Record Values in R is
defined in the appendix A section and by utilizing the code below, we
can visualize the density of the upper record value of a Weibull distribution

(with parameters r = 2, A = 5) on the graph [1.2]

i|f <- function(n, k, r, 1, w ) {

M

g <- ((r * k"n) / (1°r * factorial(n - 1))) * (w / 1)~(r * (n
- 1) x (w)"(r - 1) x (exp(-(w / 1)7°r)) (k)

3 return (g)

4 }

5| £ (100, 3, 2, 5, w )

6| DATAA <- data.frame(URV = z, DOURV = f£(100, 3, 2, 5, z))

-~

library (ggplot2)

oo

ggplot (data = DATAA, aes(x = URV, y = DOURV)) +
9 geom_line () +

10 geom_point ()

2.154008e-165 -

URV

Figure 1.2: Weibull distribution’s density in terms of upper k-record values
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Results and Discussion

This example demonstrates the extraction and analysis of upper k-record values
from a Weibull distribution using R. The theoretical function combined with R im-
plementation and visualization provides a comprehensive approach to studying upper
k-records in continuous distributions. The plot generated by the R code shows the
pdf of the upper k-record values from the Weibull distribution. This visualization
helps in understanding the distribution and behavior of the extreme values in the

sample.

Remark 1.4.1 The following results are just theoretical findings.

1.4.2 Gumbel Distribution

fl) = %e(w;L)e(—e(IB*i))
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1.4.3 Frechet Distribution

f@) =g (F)

F (x) = () T >

®

s, 0 :ak;@zﬁ);) [log(l : (W“’)]”1[1_6—(W)“T‘16—W>‘“

fux(@ - B (n 1!

93;
B
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Chapter 2

Power and Exponential

distribution: Records application

In this chapter we study two cases which are the power function distribution in the
section 2.] and the Exponential distribution in the section each one containing

some characteristics and parameters estimator with the BLUE methode and MLM.

2.1 Power function distribution

2.1.1 Characterization

The Power function distribution has a probability distribution used to model phe-
nomena where a small number of instances carry a significant proportion of the total
value. This distribution is notable for its heavy right tail, indicating that rare events
or extreme values occur more frequently than in a normal distribution. Understand-
ing the power function distribution helps in analyzing and modeling complex systems

where rare events play a significant role. Let Xy, Xr2), ..., X1 be the first 7 lower

22



record values from the Power pdf

2071 0<z <1

0, otherwise,

and cdf

F(x):x5,0§x§1

where 6 > 0, a simple description of the record value sequence is possible.

We introduce some basic rules that play a central role in the present study. The

probability density function of X is given by

fr () = [~ In (F (2))]" f (2), 00 <z < o0,

= [—In (a:a)r_l S0t

and the joint probability density function of two lower record values Xy, and Xp,4)is

given by
Flon) = w7 (@) = n (F ) L ),
—00 < Ty < Ty < 0.
= —(52 —In (20 ! n(z°) —In (20 st im‘s_l
=TTy ] I e) —n @]

Corollairy 2.1.1 eThe first moment of Xy from the Power function probability-

distribution is given by

E(Xpp) = (#;JT
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e The second moment of Xy is (similar to the first)
5 T
EXpm)=[—=] .
e = (55)
eWe compute the variance of Xy to be

Var(Xpm) = E(X1)® — (B(X1m))
SRANES
-(7h0) [(r2) - () |

= a,b,. (2.1)

Proof. let’s define

E(Xrm) = /xf,, (x)dx

/ 1 \171 ¢ 6-1
O/xf(r) [— In (ac )} 0z’ dx

substituting y = —In (x5) and simplifying we get

“+o00

E(Xpry) = / b)?f‘lexp <—y (1 + %)) dy

0

=

+oco
by using the Gama distribution( [ F(al) = ya—le_% = 1) and by matching we find
0

E(Xp) = (5%) —b,. (2.2)

By using the same method we can prove the other statements. m
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2.1.2 Parameters estimator

The following concepts, Mbah and Tsokos, [[15]], identifies the analytical estimator

of the parameters for p and o when ¢ is known.

Lemma 2.1.1 Let x1,29,...,x, be r lower record values from the power function

distribution is given by equation (f (z) =0 ((x — p) Jo)° "), where
ht = (231,372, . ,QZT),

then

E (ht) =ul +oa,

and

Var (ht) =%V,

Proof. We have from Lloyd (1952) that:

where (hq, ha, ..., h,) and(zy, 29, . . ., 2,) in ascending order of magnitude of (z1, xo, . ..

and ¥, in the order when

yr:(xr_,u)/@

Ze = (hr = pp) /0.

Let

E(z)=a, , Var(z)=V;
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these quantities have known values depending on the form of the parent distribution

but not on the parameters p and 0. we clearly have in the matrix form:
E(h')=pl+oa , Var(h')=o*V.

where, from equations (2.2)) and (2.1

Lemma 2.1.2 The inverse of covariace martix
Vii=(VI),1<i<j<r,

where

ait1bi—1—a;_1bit1 e B
(aibi—1—ai—1bi)(ai+1bi—aibi+1)’ Zfl =j=1tor—1
Vi PR ——— ifj=i+1landi=1tor—1
br71 e
bT‘(aTbrflfflrflbr)’ ZfZ = j =r
O ifj>i+1

Proof. From the lemma (2.1.1)) we can write the Esperance and the variance as
E (ht) =M , Var (ht) = 0%V,

where M is the (r x 2) matrix (1, «),and 6" = (u, o) .With V is the (r x r) symmetric
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positive definite matrix

Var (zy1,z1) Cov(xy,29) ... Cov(zy,,)

Cov (x1, z2) Cov (xo, ;)
V=uv;=

Cov (z1,z,) Cov(xe,x,) --- Var(z, x,)

For A = V! the required estimator of the vector 6 of parameters are given by
6= (M'AM) ™" M'AR".

The variance matrix of the estimates is (M*AM) " 62 ,where

1tA1 1'Ax
MAM = ,
1"Aa ofAa
which his inverse
B 1 otAa —1'Aa
MAM) ™ = —
(rann) = ,

—1tAa 1'A1
where A is the determinant of the matrix M*AM . m

Theorem 2.1.1 The BLUE,ji and ¢ for i and o based on r lower record values

from the power function probability distribution is given by

o'V (a1t —1a') V~'h
ILL - A Y

and

1'V-1 (1ot — a1Y) V-'h
X .

T =
Proof. By using lemma (2.1.1) and lemma (2.1.2)) (using the results of the inverse
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matrix in the equation of 0 We find the following estimates)

where W is the skew-symmetric matrix defined by

A(lat —al®) A

W = A

Corollairy 2.1.2 The variance of these estimates are

ot Aao? R 1*Alo?
A , Var(o) = A

Var (1) =

Lemma 2.1.3 The best linear unbiased estimates (BLUE),ii and & for p and o for

known & are respectively

1 (642 (d+2)\? s4+2\"" §+2\"
M__Fo 5 + 5 To+ ...+ 5 T — (6 + 1) — ) @
and

041 (6 +2)° 542\ §+2\""

0 = 5DO D[)—|— 5 T+ T To+ ...+ T Tr_1

_(5+1) (‘”—2) x]
o

where

£ (5

=2

Proof. Using the method introduced by Lloyd, [[14]]; the entries of V™! are given
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1% :B_C:(252+45+1) (—> i=1,...,r —1;

where:

51\ 5 i+1 5 i+1
(5+2> _<5+1) ]_(6+1>

() (%)

p= ) () - G- G (G () )
) (7 G5 ) ) (G- (6]
Vi=V
_ —1
(29) |(ED)™ - G2 - )T E8) - 2]
= — (6 1)(5+;) =i+1li=1,...r —1
VV=0  for |i—j|>1

and
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we have that by Mbah[[15]]

AV =[6+1)(6+2),0,...,0],

and
§+2 §+2\? §+2\"! §+2\"
tv-1 | - o r—2
1'V —[ (20 + 3) 5 < 5 ) e (—5 > ’(6+1)<—6 )(5 ]
Therefore,
'Vl =6(042),
atV’11:(5+1)(5+2),
and
2
1'V-11 — (0 + 1)5(5+2) \ Dy,
Let
A= (a'V ) (1'V 1) - (a'V 1)
then
r—2
'V (al' =1 ) VT =65 (6 +2)° —(5+2),——5§2,...,—<—5§2) ,

(641 <5%2)] ,
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and

(6+2)* (6+2)° (6+2)"
5 ) 52 7 67._1 )

(0+1)(6+2)

R A

1V (1a' —al' ) VI = (64+1) (6 +2) | Do+

Thus, the best linear unbiased estimates (BLUE),i and @ for p and o for known ¢

are respectively

. 1 [(0+2)7%2  [6+2)° §+2\"" 5+2\"
- P R B D e
m Dy 5 + 5 To+ ...+ 5 1 — (0+1) 5 o
and
. d+1 D+(5+2)2 EER: 2 L (02 -t
0 = 5D0 0 5 T —(5 ) —5 Tr_1
—(0+1) (H—Q) xr],
)
where
6+ 2\
D —
-3 (%)
||

Corollairy 2.1.3 The variance of i, and covariance of fi,o are given by

. aV7la ,  o?
Var (i) = N Dy’
1'v-11
Var (o) = A o

[ (5+1) 1 )
“\ "o, Tio+n T
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Remark 2.1.1 If6 =1, then Dy = 9(3"~* — 1)/2, and BLUE fi,00f p and o from

the uniform distribution based on lower record values Xy 1y, Xr), ..., Xr@) are
1 r—1
ﬁ = — —32XL(1) + Z3ZXL(1‘) + 2 X STXL(T) ,
0 i=2
and

g =2 (X0 —n),

with
Var (5) = ——2
@) =51

Method of Maximum likelihood:

Lemma 2.1.4 The joint pdf of r lower record values Xp,, X1,,..., X, from a con-

tinuous cumulative probability distribution function F(x) is given by:

x.
f172 77777 r(:cl,:l:g,...,x,,):f(xr)Hf( z.)’ —o<r<...<z <00.

Observe from the previous lemma that the likelihood of a standard power function

distribution is

)
L(5 ’ 1'17-1'27---71'71) = xiH—
T

=1

The loglikelihood function is given by
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log (L (0| z1,x9,...,2,)) = log:cf + log <H£)

i=1L;
N

=dlog (z,) + Z (log o — log x;)

i=1

= —dlog (z,) — Z log z; + rlog (4) . (2.3)

i=1

Differentiating ([2.3)) with respect to 6 and equating to zero gives the MLE estimate

of (5agMLE to be

5MLE = -

In(z,)

2.2 Exponential Distribution

2.2.1 Characterization

The exponential distribution is a probability distribution that describes the time
between events in a Poisson process, where events occur continuously and indepen-
dently at a constant average rate. It is commonly used in various fields such as
reliability engineering, queueing theory, and survival analysis, it is often used to
model phenomena such as the time until the next radioactive decay, the lifespan of
certain devices, or the waiting time between arrivals of customers at a service point.
Suppose that Xy 1), Xy (), ..., Xu() are r upper record values with probability den-

sity function (pdf) given by:

Aexp(—Az) 0<z < oo,
fx) =

0 otherwise.
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and cumulative distribution function (cdf)
F(z) =1—exp(—Ax).

We introduce some basic rules that play a central role in the present study. The

probability density function of Xy, is given by

() = f (= = Pl fla), —o0 < <o,

1
= —N'az" lexp(—Az).

()
The first moment of Xy () from the Exponential distribution is given by

E(Xv) = “ypey

Proof. Let’s define

E(Xyw)) = /000 zfr(x)dx

! 1 r—1
:/0 a:r(r)[—ln(exp(—)\x))] Aexp(—Az)dz.

By using the Gamma distribution <f+°° L_yo-le=W/h gy = 1) and by matching

0 De)pe
we find
['(r+1)
E(XU(T)) - )\F—(T) - br-

The second moment of Xy, is (similar to the first)

B (v = are-
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We compute the variance of X ;) to be

Var(Xvy) = E(Xuw)? — (E(Xu@))”

_T(r+2) (F(r+ 1)>2
A2T(r) AL (r)
_ID(r+1) < I'(r+2) F(r+1))

T X T(r) \A(r+1) AL(r)

= a,b,.

2.2.2 Parameters estimator

Best Linear Unbiased Estimator

Suppose that z1, xa, . .., z, are the r (upper) record values from E(u, o) (by Ahsanullah[[3]]
), with pdf

Lexp(oH(z—p), —co<p<z<oo, o>0,
fz) =

0, otherwise.

Without any loss of generality, we will consider in this part the standard exponential
distribution, E£(0, 1), with pdf f(z) = exp(—x), 0 < x < 00, in which case we have

flz) =1 - F(z),
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The inverse of V' can be written as

2 i=j=1tor—1

-1 |i—jl=1landi,j=1tor
V=

1 i1=j=r

0 otherwise.

Using the method introduced by Lloyd, [I4], we have that (by Ahsanullah [3])

'V =(0,0,...,0,1),

and
'Vt =(1,0,...,0).

Therefore,

a'V3ia=r,

o'V =1,
and

v =1
Let

A=r—1,

Thus, the best linear unbiased estimates (BLUE), i and ¢ for p and o are respec-

tively:
~ rry — Ty
= ———
r—1 "7
and
~ Ty — 1
o= ,
r—1
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The variance of 1, o and covariance of u, o are given by

. ro

Var(p) = —
2

Var(c) = 7 T
r —

Method of Maximum Likelihood

Observe from equation ([1.14)) that the likelihood of the Exponential function distri-
bution is

1 N
L(o|zy, g, ..., 2,) = — exp (_m_) —.

The log-likelihood function is given by

r—1

1 T, 1

log(L ooxy)) =1 — ] ——+1 ”—
Og( (U’th?v ,l’)) 0g (0’) o + Og<‘ O'>

= —loga—ﬁ—(r—l)loga.
o

On differentiating the above equation concerning the parameter ¢ and equating to
zero, we get
Ly

OMLE = T

To determine the Best Linear Unbiased Estimator (BLUE) and the Maximum Like-
lihood Estimator (MLE), one typically relies on statistical models and assumptions
about the data. BLUE is derived from the Gauss-Markov theorem, which assumes
linearity, unbiasedness, and minimal variance within linear estimators. Conversely,
MLE involves maximizing the likelihood function based on the observed data to es-
timate the parameters that make the observed data most probable. Both methods

are essential in statistical inference, offering different approaches depending on the
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context and assumptions.
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Conclusion

In the present study, we have introduced the concept of records and explained
record time, record value, and lower and upper records including some important
properties of K-record and ordinary record which are the special case when (k=1),

then we provide them by giving two examples.

We present records from specific continuous distributions, in addition, we discuss it

by an application for the Weibull distribution.

On the other hand, we investigate the problem of estimation of the location and
scale parameters in the best linear unbiased estimator (BLUE) of the Power func-
tion and the Exponential distributions by using different types of record (Record in
the first and the upper-record in the second), where we started with some basic char-
acteristics by extracting the single and the second moment with the variance of that
distribution, then we summarized the method of the Best Linear Unbiased estimator
and give the estimation of parameters with their first moment and variance, at the

end we use the Likelihood Estimation.

In conclusion, record statistics is a broad term; it can refer to various types of
statistical information related to records. In a general sense, record statistics could

involve analyzing and presenting data related to records.

The Best Linear Unbiased Estimator is the most accurate method to estimate com-
pared with Likelihood or moment estimation methods but it has negative points

of which: Limited Applicability; BLUE is specifically designed for linear regression
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models. It may not be suitable for non-linear relationships or models with complex

functional forms.

The study of other distribution with respect to records is not very much exploited.
This could be because of the complex form of the probability density function of
record observation since close form solutions will not be obtained for the maximum
likelihood estimates.Another method is to investigating the concept of records with
respect to using the kernel density approach to characterize the behavior of records

is an interesting extension of the theory of records.
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Appendix A: Software R

2.3 What is the R language?

e The R language is a programming language and mathematical environment used
for data processing. It allows you to perform both simple and complex statistical
analyzes such as linear or non-linear models, hypothesis testing, time series model-
ing, classification, etc. It also has many very useful, professional-quality graphics
functions.

e R was created by Ross Ihaka and Robert Gentleman in 1993 at the University of
Auckland, New Zealand, and is now developed by the R Development Core Team.
The origin of the name of the language comes, on the one hand, from the initials
of the first names of the two authors (Ross IThaka and Robert Gentleman) and, on
the other hand, from a play on words on the name of the language S to which it is

related.

2.4 R code used at chapter 1

upper.record.values <- function(sqnc, k) {
if (sum(is.na(sqnc)) > 0) {
stop("There are missing values in data. The function is not
designated for such data!")

} else {
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10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

if (length(k) == 1 && k >= 1 && k <= length(sqnc) && is.
numeric (k) && floor(k) == k) {
sqnc <- unique (sqnc)
dl <- length(sqnc)
wndw <- sort(sqnc[1:k])
records <- wndw[1]
if (k < dl) A
for (i in (k+1):41) {
if (sqncl[i] > wndwl[1]) {
if (i <= dl-k+2) {
w <- which(sqnc[i] > wndw)
} else {
w <- which(sqnc[i] > wndw([1:(d1-i+2)])
}
where <- w[length(w)]
if (where > 1) {
wndw [1: (where-1)] <- wndw[2:where]
}
wndw [where] <- sqnc[il]

records <- c(records, wndwl[1])

}

return(records)
} else {

stop("k must be an integer between 1 and length(sqnc)")
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Abstract

Record statistics is a broad term; it can refer to various types of statistical information related
to records. In a general sense, record statistics could involve analyzing and presenting data
related to records. The subject of the study is to introduce the concept of record as applied to
probability distribution function and present some their characterization results based on the
records values. In addition, we discuss the problem of estimation of the location and scale
parameters in Best Linear Unbiased Estimator (BLUE) and how applied it in both different types
of records with differents distributions functions.

Résumé

Les statistiques des records sont des termes larges; elles peuvent se référer a divers types
d'informations statistiques liées aux records. Dans un sens général, les statistiques des records
peuvent impliquer I'analyse et la présentation des données relatives aux records. Le sujet de
I'étude consiste a introduire le concept de record tel qu'appliqué a la fonction de distribution
de probabilité et a présenter certains résultats de leur caractérisation basés sur les valeurs des
records. De plus, nous discutons du probléme de I'estimation des parameétres de localisation et
d'échelle dans le Meilleur Estimateur Linéaire Non Biaisé (BLUE) et de son application a
différents types de records avec différentes fonctions de distribution.
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