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Résumé

‘objectif de cette these est de généraliser, dans deux directions différentes, cer-

tains résultats existants dans la littérature qui concernent le principe du maxi-
mum stochastique pour les équations différentielles stochastiques rétrogrades (EDSR) ou
les équations différentielles stochastiques progressives rétrogrades (EDSPR).

La premiere direction est dédiée au probleme de contréle stochastique pour des EDSR
ayant des générateurs localement Lipschitz, ou le domaine de contrdle n’est pas néces-
sairement convexe. Nous établissons une condition nécessaire et suffisante d’optimalité
satisfaite par tous les controles optimaux. Ces conditions sont décrites par une EDS
linéaire localement Lipschitz et une condition maximale sur I’hamiltonien. Nous prou-
vons d’abord, sous certaines conditions convenable, I'existence d’une solution unique de
I’équation adjointe résultante. Ensuite, a 1'aide d’un argument d’approximation sur les
coefficients, nous définissons une famille ’EDSRs controlées avec des générateurs globale-
ment lipschitzienne. Puis, nous dérivons un principe du maximum stochastique approché
de tels systemes. Finalement, nous revenons au probléme de controle initial en passant a
la limite.

La deuxieme direction est consacrée au principe du maximum stochastique pour une
EDSPR avec des coefficients non différentiables et une diffusion peut étre dégénérée. Nous
supposons que les coefficients satisfont les conditions de Lipschitz, le domaine de controle
est non convexe et le coefficient de diffusion n’est pas controlé. L’approche que nous
allons utilisé est celle de Bouleau-Hirsch. Grace a cette propriété, nous pouvons définir

le processus adjoint en utilisant des dérivées au sens des distributions. FEnsuite, nous

iv



prouvons la condition nécessaire d’optimalité sous forme d’un principe du maximum de
Pontraygin.

Mots clés: Equations différentielles stochastiques rétrograde, équations différentielles
stochastiques progressive rétrograde, Controle stochastique optimal, principe du maxi-

mum stochastique, coefficients localement lipschitzienne, coefficients non differentiable.



Abstract

n this thesis, we aim to generalize some existing results in the literature that concern a
stochastic maximum principle for backward stochastic differential equations (BSDESs)
or forward-backward stochastic differential equation (FBSDESs), with two possible direc-
tions. The first direction is concerned with the stochastic control problem for BSDEs with
locally Lipschitz generators, where the domain is not necessarily convex, we establish a
necessary and sufficient condition for optimality satisfied by all optimal controls. These
conditions are described by a linear locally Lipschitz SDE and a maximum condition on
the Hamiltonian. We first prove, under some convenient conditions, the existence of a
unique solution to the resulting adjoint equation. Then, with the help of an approxima-
tion argument on the coefficients, we define a family of control problems with globally
Lipschitz coefficients whereby we derive a stochastic maximum principle for near opti-
mality to such approximated systems. Thereafter, we turn back to the original control
problem by passing to the limits.
The second direction is devoted to the stochastic maximum principle in optimal
control of possibly degenerate FBSDEs, with irregular coefficients. We assume that
the coefficients satisfy the Lipschitz conditions, the control domain is non-convex and
the control variable does not enter to the diffusion coefficient. We obtain the necessary
conditions for optimality utilizing an adjoint process, which is the unique solution of
a linear backward-forward stochastic differential equation and a maximal condition on
the Hamiltonian. Thanks to the Bouleau-Hirsch flow property, we are able to define the

adjoint process employing the derivatives of the coefficients in the sense of distributions.



Moreover, the adjoint process does not depend on the choice of the representatives of the
weak derivatives.

Keys words: Backward stochastic differential equations, forward-backward stochastic
differential equation, Optimal stochastic control, stochastic maximum principle, Locally

Lipschitz coefficients, non-smooth coefficients.
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List of Symbols and Abbreviations

The different symbols and abbreviations used in this thesis.

a.e : almost everywhere.

a.s : almost surely.

R : real numbers.

R™ : n-dimensional real Euclidean space.
R™ 4 : the set of all (n x d) real matrixes.
A : the closure of the set A.

14 : the indicator function of the set A.
o(A) : o—algebra generated by A.

E () : expectation at x.

E (- | G) : conditional expectation.

(Q, F, F;,P) : filtered probability space.
F = {Fi},cio : filtration.

W = (W4)iepo,r) : Brownian motion.

P ® dt : the product measure of P with the Lebesgue measure dt.

S%([0,T],R™) : the set of continuous and F—adapted stochastic processes
{p(t);t € [0,T]}, such that E (SUpogth lp (t)|2) < 0.

M?([0,T],R") : the set of F—predictable and R"—valued processes {p(t);t € [0, T},
such that E [ |p ()] dr < oco.




(DiC)g<i<r » The Malliavin derivative with respect to W at time ¢.

DY2 : The set of all random variables which are Malliavin differentiable.
SDFEs : Stochastic differential equations.

BSDFE's : Backward stochastic differential equations.

FBSDEs : Forward-backward stochastic differential equations.

J(+) : The cost function.

u(+) : Optimal control.

‘H : The Hamiltonian.

U : The set of values taken by the strict control v.

U, - The set of admissible strict controls.




General Introduction

he field of stochastic optimal control, though a relatively young branch in the realm
of mathematics, has captivated the attention of numerous researchers. Its appeal
lies not only in its theoretical intricacies but also in its diverse applications across various
domains, including mathematical finance, insurance, physics, economics, and more.
Typically, the exploration of stochastic optimal control problems involves two pivotal
methodologies. The first is rooted in Bellman’s dynamic programming principle, while
the second revolves around Pontryagin’s maximum principle, also recognized as neces-
sary optimality conditions—an area of focused investigation within this dissertation. The
primary aim of the latter is to ascertain optimal controls that minimize or maximize a
specified cost functional among the set of all admissible controls, elucidating the necessary
and sufficient conditions met by these controls. This endeavor necessitates the introduc-
tion of an adjoint process, delineated by a linear stochastic system, and a variational
inequality validated by the optimal controls.

We consider the stochastic control problem of minimizing the cost functional

T =E |G+ [ 1nao.ow)a] 01)

subject to the following forward stochastic controlled system

dx(t) = b(t,z(t),v(t))dt + o(t, x(t))dW;,
(0.2)
z(0) =z,




GENERAL INTRODUCTION 2

where b, o, [ and v are given maps. W = (Wt)te[o,T] is a standard Brownian motion, defined
on a filtered probability space (Q, F, (E)te[O,T] ,IP) satisfying the usual conditions. The
control variable v = (v (¢)),cjo 7 I8 an (Ft);cqp-adapted process with values in some
subset U of R¥. We denote by U,, the set of all admissible controls.
A control process u (-) that solves the problem {(0.1),(0.2)} is called an optimal control
that is u (-) satisfies
T@() = inf T((). (03)

VEULg
Under some differentiability assumptions on the data, the stochastic maximum prin-
ciple states that

H(t, x(t),u(t), P(t)) = vglgzde(t, x(t),v(t), P(t)); dt—a.e, P—a.s, (0.4)

which represents the strong form, and the weak form is given by the following equality
H(t, z(t),u(t), P(t)) = Hy(t,x(t),u(t), P(t)) (v —u(t)); dt —a.e, P — a.s, (0.5)

where the Hamiltonian function H(t,z,u, P) = Pb(t,x,u) — l(t,z,u) and for each ¢ €

[0, 77, the adapted process P (-) is given by

P(t)=-E l/tTgb*(r, Ol (r, z(r), u(r))dr + ¢*(T, )V (x(T)) | Fi|, (0.6)

here ¢*(r,t) denotes the transpose of ¢(r,t) (r > t) which is the fundamental solution of

the linear equation

d(t) = by (t, (1), u(t))p(t)dt + 3j<q i (t, x(t))p(t) AW,

Ot,t) = Iy, 0D

The stochastic maximum principle (SMP for short) problem for forward stochastic
systems have been extensively studied since the 1970’s. According to the convexity or
non-convexity of the control domain and the diffusion depend or does not depend on the
control, we can split up the existing studies in the literature into four categories.

The first category pertains to situations where the control domain is convex, and the
diffusion coefficient ¢ is independent of the control variable. In this contest, Kushner

[36] obtained an SMP of the type (0.4) for a class of controlled stochastic differential

Mohamed Khider University of Biskra.



GENERAL INTRODUCTION 3

equations (SDEs) with smooth coefficients. Subsequently, Haussmann [33] developed a
robust formulation of the stochastic maximum principle for a significant class of feedback
controls. This formulation allows the control variable to depend on the current state of
the system, expressed as v = (v(z (t)))co7)-

The second category, where the control domain is convex and the diffusion coefficient o
depends explicitly on the control variable was derived by Arkin and Saksonov [4], Bismut
[13, 14, 15]. Their findings assert that the optimal control adheres to the stochastic
maximum principle (SMP) as indicated by (0.5). Notably, the necessary and sufficient
conditions for optimality for linear systems with random coefficients have been established
by Cadellinas-Karatzas [21].

The third category represents the cases where the diffusion coefficient o is independent
of the control variable and has been thoroughly explored in [12]. For a comprehensive
compilation of references on the stochastic control problem, an extensive list is available
in [39, 45].

The fourth category addresses the general case where the control domain is not nec-
essarily convex and the diffusion coefficient ¢ may involve the control variable, which was
established by Peng [42]. He introduced two adjoint processes, the first and second-order,
to obtain the second-order variational inequality.

All the previously mentioned papers addressed the maximum principle for stochastic
systems with smooth coefficients. The natural question that arises is whether we can
derive the necessary conditions of optimality under a set of conditions on the coefficients
weaker than the differentiability condition. In this context, several attempts have been
made to relax the assumptions on the coefficients to establish a stochastic maximum
principle for a broad class of controlled stochastic differential equations (SDEs) in some
irregular cases. Specifically, in cases where the coefficients are only globally Lipschitz
(not necessarily differentiable). Based on the existing results in the literature, it can be
concluded that there are three distinct methods to address the aforementioned control

problems.

Mohamed Khider University of Biskra.



GENERAL INTRODUCTION 4

The first method relies on Clarke’s generalized gradients. Utilizing this approach,
Mezerdi in 1988 [20] addressed the control problem {(0.1),(0.2)} in instances where the
drift b is non-smooth but Lipschitz and [ = 0. The author established a stochastic
maximum principle for a controlled stochastic differential equation (SDE) by employing
Clarke’s generalized gradients and the stable convergence of probability measures. This
result serves as a generalization of Kushner’s maximum principle.

The second method predominantly relies on Krylov’s inequality, necessitating the uni-
form ellipticity of the diffusion matrix. Employing this approach, Bahlali et al. [11]
have developed optimality necessary conditions for the control problem {(0.1),(0.2)} in
scenarios where the coefficients b, and [ are Lipschitz continuous but not necessarily
differentiable and the diffusion matrix ¢ is non-degenerate. Utilizing Rademacher’s the-
orem (which asserts that every Lipschitz function is differentiable almost everywhere)
along with bounded Borel measurable derivatives, they derived an explicit formula for
the adjoint process and established inequalities between the Hamiltonians. Subsequently,
Ekeland’s variational principle was applied to derive the necessary conditions satisfied by
a sequence of near-optimal controls. Finally, the convergence of the scheme, aided by
Krylov’s inequality, led to necessary conditions for optimality.

The third method utilizes the renowned Bouleau—Hirsch flow property. Bahlali et al.
[8] established a stochastic maximum principle for a general class of degenerate diffusion
processes, assuming that the coefficients of the state equation b and ¢ are only Lipschitz
continuous and those of the cost functional v and [ are continuously differentiable with
respect to the space variables. They employed distributional derivatives of the coefficients
and a technique introduced initially by Bouleau and Hirsch [18, 19] to define the adjoint
process as the solution of a linear backward stochastic differential equation defined on an
extension of the initial probability space. Chighoub et al. [24] extended the results of [8] to
the case where the coefficients of the state equation b and ¢ and those of the cost functional
~ and [ are not differentiable. In the stochastic maximum principle, a significant challenge
arises in the computation, particularly numerically, of the adjoint process as expressed
by the equality (0.6) which involves a conditional expectation. To address this challenge,

we leverage [to’s formula and the martingale representation theorem, demonstrating that

Mohamed Khider University of Biskra.



GENERAL INTRODUCTION )

the process outlined in (0.6) satisfies the following new equation

—dP(t) = [B(t,2(t), u(®) (1) + Sy o3 (6 (t))2) (1) + Lt 2(t), u(t))] dt — 2(6)dWW;,

P(T) = 7, (a(T)) .
(0.8)

The equation (0.8), referred to as a linear backward stochastic differential equation (BSDE
for short), was introduced by Bismut see [15, 16]. Subsequently, the theory of BSDEs has
experienced rapid development at the hands of numerous academic researchers. Notably,

among these authors, Pardoux-Peng introduced the nonlinear form of BSDE.

dy(t) = —f(t,y(t), 2(t))dt + 2(t)dW,
y(T) =¢.

This nonlinear form of BSDE has found significant applications, particularly in the realms

(0.9)

of partial differential equations, optimal stochastic control problems, mathematical fi-
nance, and stochastic games. For an extensive exploration of its applications, we direct
the reader to the seminal papers [40, 41, 26, 1] . Given its widespread utility, it becomes
inherently compelling to delve into control problems associated with systems governed by
such stochastic equations.

We introduce the following backward stochastic differential equations, for any v(-) €

Z/{ad
dy(t) = —f (t,y(1), 2(t), v(t)) di + z(t)dW,,

(0.10)
y(T) = &,
and the expected cost has the form
J () =E[g(y(0))], (0.11)

where f and ¢ are given functions with appropriate dimensions. Observing that the
system (0.10) can be coupled with a controlled stochastic differential equation (SDE)
in two distinct manners. The first is termed a fully coupled forward-backward stochastic
differential equation (FBSDE), wherein all coefficients depend on the states of the solution
processes. The second is referred to as a decoupled FBSDE, such that the forward equation
does not depend on the solutions of the backward equation.

There exists an extensive body of literature dedicated to the investigation of stochas-

tic optimal control problems for backward stochastic differential equations (BSDEs) and

Mohamed Khider University of Biskra.
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forward-backward stochastic differential equations (FBSDEs) within the globally Lip-
schitz framework, coupled with the differentiability of coefficients. For a comprehen-
sive overview, the reader is encouraged to explore works such as those presented in
(2,3, 6,9, 10, 17, 22, 28, 32, 34, 35, 37, 30] and the associated references.

The initial breakthrough in relaxing the smoothness conditions on the coefficients
of controlled FBSDESs, assuming solely the globally Lipschitz condition for the forward
part was achieved by Xinwei Feng in [27]. To be more specific, the author established a

stochastic maximum principle for optimal control problems of FBSDEs of the following

type:
dx(t) = b(t,z(t),v(t))dt + o (¢t,z(t)) dW,
X(0) =
(0.12)
dy(t) = —f (8 x(t), y(t), 2(1), v(t)) dt + 2(t)dW,,
y(T) = h(x(T)).

In this case, the coefficients of the forward part represented by b and o, are Lipschitz
continuous, and the domain of the controls is not necessarily convex. The author applied
a technique akin to the one developed by Bahlali et al. [11].

As opposed to the globally Lipschitz case, only a limited number of papers have
addressed the stochastic maximum principle (SMP) for stochastic differential equations
(SDEs) and backward stochastic differential equations (BSDEs) with coefficients that
satisfy conditions weaker than the globally Lipschitz condition.

Orrieri, C. in [39], proved a version of a maximum principle for the problem {(0.1),(0.2)}
where the diffusion coefficient ¢ depends on the control variable. In this work, he replaced
the usual Lipschitz assumption on the drift b with dissipativity conditions, allowing poly-
nomial growth.

Xu, R., & Wu, T. in [43] achieved an existence and uniqueness result for mild solutions
to mean-field backward stochastic evolution equations in Hilbert spaces, relaxing the
Lipschitz condition. Following this, they established a maximum principle for optimal
control problems governed by backward stochastic partial differential equations of mean-
field type.

More recently, Azizi, H., & Khelfallah, N in [5] studied stochastic optimal control

problems of a BSDE of the type (0.10) Where the coefficients b is a given progressively

Mohamed Khider University of Biskra.
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measurable function which is supposed to be locally Lipschitz with respect to the state

variables y and z, the terminal data £ is bounded and Fp-measurable random variable.
It is worth pointing out that during this work we have encountered two major diffi-

culties. The first one is the coefficients of the following resultant locally Lipschitz linear

adjoint equation,

—dz(t) = by(t,y(t), (), u(t))z(t)dt + b.(t, y(t), 2(t), u(t))z(t)dWs,
z(0) = g,4(y(0)),

(0.13)

are only locally bounded, and hence, they are locally Lipschitz on x and they do not
satisfy the linear growth condition. As a consequence, we can not confirm whether the
adjoint Eq.(0.13) admits a unique solution or not. To get around this obstacle, we propose
two suitable different sets of conditions, whereby, we can prove that SDE Eq.(0.13) has a
unique solution. The second drawback is because the generator of the controlled BSDE is
merely locally Lipschitz which makes it technically difficult to apply the standard duality
method to derive the necessary condition for optimality. To overcome this difficulty, we
propose to convert the problem into the globally Lipschitz framework, by using an ap-
proximating argument on the coefficients. Then, by using Ekeland’s variational principle
and limit argument we investigate the stochastic maximum principle of Pontraygin’s type.

Let us briefly describe the contents of this dissertation:

Chapter 1

In the first chapter, we will introduce a stochastic maximum principle for nonlinear
controlled forward-backward systems. This analysis will focus on cases where the diffu-
sion coefficient o does not depend on the control variable and the control domain is not
necessarily convex. We formulate the problem as {(0.12),(0.11)} and outline the main as-
sumptions. We then introduce the conventional first-order variational equations and the
variational inequality to derive the maximum principle in its global form. This ground-
breaking work was initially explored by Xu, W. [44] and subsequently extended by [42] to
encompass the scenario where sigma contains the control variable and the control domain

need not be convex.

Mohamed Khider University of Biskra.
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Chapter 2

The second chapter dealt with an optimal control problem for locally Lipschitz BSDE
{(0.10),(0.11)} which is described by [5]. As the first result of this chapter, we give a
new existence and uniqueness result for one type of linear SDEs with locally bounded
coefficients. Then, we obtain the necessary conditions for optimality, under two different
sets of assumptions as two separate cases. Subsequently, under some further convexity
assumptions, we prove that the necessary condition for optimality is in fact sufficient for
optimal controls. To the best of our knowledge, this is the first paper studies the stochastic
maximum principle for BSDEs under conditions weaker than globally Lipschitz one. More
precisely, it extends the stochastic optimal control theory to a large class of BSDEs.

Chapter 3

The third chapter establishes a stochastic maximum principle for the optimal con-
trol problem {(0.12),(0.11)} applied to possibly degenerate controlled forward-backward
stochastic differential equations (FBSDEs). Here, the coefficients b and o are only Lip-
schitz continuous concerning the state variable X. Additionally, the diffusion matrix o
does not involve the control variable, and the control domain need not be convex. The
method employed to prove the main result revolves around approximating the initial
control problem using a sequence of control problems with smooth coefficients, obtained
through regularization of the original ones. For the approximate problem, we derive
optimality necessary conditions for near optimality by employing Ekeland’s variational
principle. The adjoint process and the variational inequality between Hamiltonians are
derived by transitioning to the limits in the approximate maximum principle, utilizing the
Bouleau-Hirsch flow property. Consequently, we obtain an adjoint process that serves as
the unique solution of a linear forward-backward stochastic differential equation defined

on an extension of the initial probability space.

Mohamed Khider University of Biskra.



CHAPTER 1

Stochastic Maximum Principle for Optimal

Control Problem of Forward-Backward System

1.1 Introduction

In this chapter, we will give a detailed demonstration of the maximum principle
for optimal control of systems driven by forward and backward stochastic differential
equations, where the control variable appears only in the drift and the control domain
is not necessarily convex, this work was first investigated in 1995 by Xu, W.[44]. The

authors studied the maximum principle in global form.

1.2 Assumptions and Statement of the Problem

We denote (2, F,P) a filtered probability space equipped with a natural filtration
Fi=0(W(s),0< s <t), where W(-) an R%valued standard Wiener process. We denote
Uqq the set of all admissible controls v(+), such that v(-) is a measurable F;—adapted
process with values in a compact subset U of R¥.

We consider the stochastic control problem of minimizing the cost function

T (u(-)) = E(yo)] -

Among a set of admissible controls subject to the following forward and backward stochas-
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tic control system

dx(t) = b(t,z(t),v(t))dt + o(t, z(t))dW,

where b: [0, T] xR"x U — R", o : [0, T] x R® — R™% f:[0,T] x R" x R™ x R™*4x U —
R™ h:R" — R™ ~:R™ — R.
We assume that the following hypothesis holds.
(A1) b, f,0,h and 7y are continuously differentiable with respect to (z,y, 2);
(Ay) the derivatives of b, f and o with respect to x,y, z are bounded.

(A3) There exists a constant C' > 0, such that
he| < C(A+Ja]), |yl < CA+Jy)).
(A4) There exists a constant C' > 0, such that

b(t, 2, 0)] < C(L+|z]),  |f(t2,y,2,0)] < C(L+[z] +|y]).

1.3 Variational Equations and Variational Inequality

Let u(-) € Uyq be optimal, (z(-),y(+), z(-)) be the corresponding optimal trajectory of
(1.1) be is the solution to the optimal problem. We introduce the spike variational with

respect to u(-) as follows:

v, if 7T<t<71+e,
u(t) =
u(t), otherwise,

where € > 0 is sufficiently small, v € U is an arbitrary F-measurable random variable,
t €10,7], and supyeq |v(w)| < co. Let (z¢(+), y°(+), 2¢(+)) is the trajectory of system (1.1)
corresponding to control u<(+).
For simplification, we introduce the notations
b £ bo(t,2(t)u(®)), o 2 fult 2(t),y(8),2(8), u(t),
b(u) 2 b(t, x(t),uc(t)), bt) =2 b(t, x(t), u(t)).

Mohamed Khider University of Biskra.



1.3. VARIATIONAL EQUATIONS AND VARIATIONAL INEQUALITY 11

Now we introduce the following variational equations

dz! (t) = [baz'(t) + b(u®) — b(u)]dt + o2 (t)dW,,

(1.2)
Ayl (8) = (Lo (8) + fyy () + fo2'(0) + F(u) — Fu)]dt + 21,
y!(T) = ha(2(T))z"(T).
The following lemmas are needed to establish the variational inequality which can be
obtained from the fact J(u¢) — J(u) > 0.
Lemma 1.3.1

We assume (A1) — (Ay4) hold. Then we have
sup E|z'(t) ’ < 0é, (1.3)
0<t<T
sup E |z'(t) ! < COe, (1.4)
0<t<T
sup E |y (t) ’ < 0, (1.5)
0<t<T
sup E |y'(t) ! < Oé, (1.6)
0<t<T
T
E ( / (zl(r))er> <ce, (1.7)
0
. 2
E (/ (zl(r»?dr) <Cé (1.8)
0

Proof: By the first equation of (1.2), we get

E ‘a:l(r)

[ </bx dr> +IE(/ Ib(u ())|dr) +IE/ - ))204’

by Hélder’s inequality and assumption (Aj), we get

’ 2

E\xl(t)]
< 3C*TE (/Ot( 2dr> + 3E (/ |b(u’ (u(r))| dr) + 3C*TE (/Ot(xl(r))er>
< 6C°TE (/Ot( 2dr) +3E (/ Ib(us (u(r ))|dr>2

< 6C*TE (/Ot( (r ))2dr) +3E (/ Ib(u(r)) — b(u (r))]dr)2
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Using the assumption (A4), we obtain

E|al ()] < 6C2TE (/Ot(xl(r))zdr) +3C (/+ dr)

< 6C*TE (/Ot(:vl(r))er> + 3C¢€%.

2

By Gronwall’s inequality, we have
102 2
Ele'(t)] < Ce, teo,T).

The proof of (1.4) can be obtained similarly.
Then we prove (1.5) and (1.7). Squaring both sides of

- [ S,

T
= —ha (@) (T)+ [ [£a3' 0+ Sy 0) + L2 0) + S () — Slulr))] dr,

t

we obtain
2

E (—yl(t) - /t ' zl(r)dWT> - E\yl(t)fﬂa ( /t ' zl(r)dWr> +2E

and using the fact that

E [yl(t) /t ! zl(r)dWr] _ElE <y1(t) /t L maw, ]}"tﬂ

we obtain
T 2
E <_y1(t) - / zl(r)dW>
2
—E( +/ faa! +fyy )+fzzl(r)+f(u€(7"))—f(u(r))} d?”)

2 T 2
< BE( — hy(2(T))z"(T))2 + 5E < /t fx:cl(r)dr> +5E ( /t fyyl(r)dr>

2

T 2 T
+ 5E (/t fzzl(T)dr> + 5E </t [f(u(r)) = fu(r))] dr) )

Mohamed Khider University of Biskra.
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From Hoélder’s inequality and (A,), we get

E ‘yl(t)’2 +E (/tT(zl(r))er>

< 5C°E (=" (T))?) + 5C*TE ( / T(xl(r))er> +5C°TE ( / T(yl(r))QdT>

t

2
+5C(T — E (/T(zl(r))er> +5E (/tT (s (r)) = Flu(r)] dr) ,

t

with § = te [l —6T)

1
1002’
2 1 T T
E ‘ytl’ +5E ( /t (z;)er> < 5C7E ((«})?) + 5C*TE ( /0 (x;)2dr>
T T 2
+ 5C2TE ( / (yl(r))QdT> +5E ( / (e () — f(u(r))] dr> .
t t
Using the assumption (A4) and Gronwall’s inequality, we obtain
E ‘yl(t)’2 <0, teT—6T),
T
E (/ (zl(r))er> <Ce, te|T—6T)
t
Similarly, we have
- [ e,
' T—6
— @0+ [ [t )+ £ )+ ) + F) = Futr)] dr,

then
E@%ﬂf+ﬁ([pifvwﬁﬁ

< BE |y (T - 5)\2 +5C°TE < / T_(s(xl(r))er> +5C°TE ( / T_g(yl(r))er>
2

-6 T—6
+5C%(T — 5 —t)E (/t (zl(r))er> +5E (/t F(s(r)) = flu(r)] dr) .
So
Ely ()| <ce telr—251)

E </tT(z1(r))2dr> <Cé, te|T—26T).
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1.3. VARIATIONAL EQUATIONS AND VARIATIONAL INEQUALITY 14

(1.5) and (1.7) are obtained after a finite number of iterations. Then, by using a similar
method and the inequality

T 4 T 2
E (/t zl(r)dBr> > BE (/t (zl(r))2dr>  B>0,

can be proved (1.6) and (1.8). [ |

Lemma 1.3.2
Let assumptions (A1) and (Ag)hold. Then we have the following estimations:
2
() = a(t) — 2'(t)] < Ce®, Cc— 0, (1.9)
0<t<T
2
sup E ’y —y(t) — yl(t)’ <O, C.—0, (1.10)
0<t<T
T
sup E 2°(r) — 2(r) — zl(r)’2 dr < C.é*, C.— 0. (1.11)
o<t<T Jt

Proof: Let us first prove (1.9), It can be easily checked that

/tb(xr)+ dr+/ W,

/Ot[b (r)) = ba(r), u(r)) + b(z(r), €(r))}dr
+ t [U J(x(r))—i—g(x(r))} aw,

0
— ) {b b (x(r) + Az (r ),vf(r))xl(r)cu] dr

—l—/t |:0' +/ oz (T +)\$ ( )d)\] dw,
/Ot {b )+ / ba(a(r) + Az (r), u(r )):z:l(r)d)\] dr
u(r)) = b(w(r), u(r) + ba(a(r), u(r)a! (r) — bela <>u<r)>x1<r>} dr

/0 [b(x(

).ulr)) ~ Ha(r
+ [ o) + a0 ) = oulal)e () + [ oatalr) + 3 ) (ryin]

+

~+

Mohamed Khider University of Biskra.



1.3. VARIATIONAL EQUATIONS AND VARIATIONAL INEQUALITY 15

:/tb(x( dr+/ ))dWs +/ (r) + bz (r), u(r)) —b(x(r),u('r’))} dr
[ [b (0(r) + A2 (1), (7)) —bx<x<r>,u<r>>} & M s [ otele e,

+/ [/ r)+ Azt (r ))_Um(ml(r))} zt(r )d)\] aw,

:/ b(z dr—i—/ ))dW, —|—/ Yk 4+ b(z(r), u(r ))—b(m’(y")’u(r))} dr
+/% dB—F/A6 d'r’—k/BE dw,

=z(t) — z(0) + 2 (¢t —}—/OAETdr—}—/OBer dW,.,
where
A = | [bala(r) + A (1), (7)) = bala(r), ()] @ (),
B(r) = /01 {ax(x(r) + Azt (r)) — Ux(a;(r))} z(r)dA.

From Lemma (1.3.1) we can easily get

o [(/ot AE(T)dT)Q (/Ot Be(T)dWrﬂ = o(”). (1.12)
= /Ot b(z€(r), u(r))dr + /Ota(we(r))dW

Then by

we have
—a(t) - z'(t)

_/ bz dr+/ )W, — /b dr—/ot ((r))d W,

/ [bx(m(r),u(r)):c (r) + b(x(r), u¢ (r))—b(x(r),u(r))] dr — /0 () (1) AW,

:/tb (r), uc( dr—/tb xl(r),ue(r))dr+/0tb(:z:(r)—I—xl(r),ue(r))dr
/ )W, — / + 2 (r)dW, + /O Lole(r) + 2 (1)),

/b dr—/0 o(z(r))dW,
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then

2 (r) = a(r) — ' (r)

[

s
s
s

we obtain

a +2t(r) + Ma(r) — 2(r) — 2! (r) (@ (r) — 2(r) - xl(r))d)\] dw,
(r),uf(r)) — bz(x(r),u(r))} ml(r)d/\} dr

ba

2 (2(r)
[bo((r) + Az (r)
[o2(a(r) + A1 (7)) = oulalr))] 2 ()2 | a1,

2(r) — (r) — 2 (r)
= [ t) - 26) - 2 Dar + [ D) -
+/O A(r dr+/0 B¢(r)dw,

where

— 2! (r)dW,

[ bl — 2 )+ 2@~ 2l) — 2 (), )
/0 Lo (@) — 2 () + Mz () — 2(r) — 2 (r)))d.

Using Gronwall’s inequality, (1.9) follows from the above relation and (1.12).
Now we prove (1.10) and (1.11). it easy to see that

T
[ 160 420,00 + 0, <>+z1<r>,u€<r>>+/t (:(r) + 2
—/f )+ 1), 2(0) 20, (e~ [l (), 2, )
4 [ 1), v, 20N+ [ Gt 6) 4 f ) + 12 )

T
—/ (fex' (r) + fyy' (r) + f22" dr+/
t

—}—/tTf(ac(r),y(r),zr ), u(r) dr—/t flx(r),y(r), z(r),u(r))dr,

Mohamed Khider University of Biskra.
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1.3. VARIATIONAL EQUATIONS AND VARIATIONAL INEQUALITY 17

then

, T
/.ﬂﬂm+xwﬂ <>+y<»4m+w%ﬂw“”““+A<“”+Z“”mW}
‘/ Uf 1)+ At (), ) M), 2(0) + A2 ()0 (0) = o] de ()]
+ / Uol )+ A (1), y(r) + Mgt (1), 2(r) + A2 (), ut (1) - £y ‘“yl(r)] @

L1 e oo, ()+/\y1(7“)72(7“)+>\21(T),u6(r))—fz}dkzl(ﬂ}dT

[ 0+ f )+ 2210+ 1), (),zm,uw_f@(?«),y(r),,z(r),u(r))]]dr
+/ r)dW, +/ flx dr+/

= [ G 0)ar 4 @) O ~ 00 + b)) - (),

where

G(r) = /0 [Felalr) + A0 (1), 9(0) + Mg (1), 20) + A1), () — 1] dna (1)
+ /0 [ Al0) + 22 (1), y0) + Mg (1), 2(0) + A2 (), 05() — £,] dag )
+ /0 1 @) + A2t (1), y(r) + M (r), 2(r) + 221 (), u(r) = £] dA=1 ().
So we have
— ()~ y(t) — ¥ (1)
)+ / fa (1), (r))ar
+/th( AW, + h(z / fla Ju(r))dr
~ [ a4 m e (@) - / ()W,
-/ U0+ £t )+ £2 )+ S @)y, 20,0 () = Falr),ylr), 2, u(r)] dr
-/ " Ha) + 1)) + g ), 2(0) + 2 ) () dr
+ " ) + )50+ 5 (1), 2(0) + 2 (1), ()
= —(h(z"(T)) = h(@(T))) + hy (x(T))a" (T)
+ ' [f(xf(rmw), (), u (1) = fla(r) + ' (), y(r) + 51 (), 2(r) + 2 (1), we ()] dr

+/ )dW+/G€
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we get

T 2
E l—(yg(t) —y(t) —y'(1) - /t (2°(r) — 2(r) — zl(T))dWr]

= E[ - h(z“(T)) — h(z(T)) + he(z(T))2z (T) + tT G(r)dr
T

+ [f(xe(r), ye(r), 24(r),ut(r)) = fla(r) + 2t (r),y(r) +y' (r), 2(r) + 2 (), ue(?"))} dr

t

+h(@(T)) = h(z(T)) + h(z'(T)) — h(z"(T))]?,

then

= E[~h(z*(T)) — h(x(T) +«(T)) + tTGe(T)dT

+ / 24(r),u(r) = fla(r) + 2 (r),y(r) +y' (r), 2(r) + 21 (r), UG(T))} dr

[P (x(T) + 2'(T)) = h(2(T))] + ho(a(T))z' (T)]?,
we obtain

E

(v (5) — y(t) — ' ()] +E ( [ e — =61 - o) dr)

=K {—h(aje(T)) — h(z(T) + z(T)) + tT G(r)dr

+/ () u(r) = Ja(r) + 2 (1), y(r) + ' (), 2(0) + 24 (), w () dre
2
/0 [hx( (T) +2(T) - hx(x(T))} xl(T)d)\} _

By Lemma (1.3.1) and (1.9), we have

supE(/ G(r ) = o(€?),
0<t<T

E[h(z(T)) — ¢(z(T) + 2" (T)]* = o).

We obtain (1.10) and (1.11) by using the same iteration method of Lemma (1.3.1) to the

above relation.
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1.4. THE MAXIMUM PRINCIPLE IN GLOBAL FORM 19

Lemma 1.3.3

Under the assumptions (A;) — (Ay), the following variational inequality holds

E [, (4(0))5(0)] > o(e). (1.13)

Proof: From Lemma (1.3.2), we get
E [7(y°(0)) = 7(y(0) + ' (0))] = o(e),
therefore

0 < E[y(y(0) + 4" (0)) — v(y(0))] + o(e)

=E |7, 1(0)y' (0)] + o(e).

1.4 The Maximum Principle in Global Form

In this Section, we introduce the adjoint equations. Then, we present the main result
concerning the maximum principle for optimal control problems. To this end, let us

define the Hamiltonian #H from [0, T] x R™ x R™ x R™*4 x [J x R™ x R™ x R™*? to R™ by
N
,H(t7 x’ y7 Z’ u?p’ q? k:) = <p7 b(t7 x? u)) _|_ <q7 f(t’ x? y’ Z? u)> + <k7 O-(t’ x)> )

and the Hamilton function for our problem. Starting from the variational inequality
obtained in Lemma 1.3.3, the maximum principle can be proved by using Ito’s formula.

The adjoint equations are
—dp(t) = (0p(t) + f1q(t) + o3k(t))dt — k(t)dW%,
p(T) = =h;(z(T))q(T),

—dq(t) = fyq(t)dt + fiq(t)dW,,

q(0) = —7,(y(0)).

(1.14)

The adjoint equations (1.14) can be rewritten in terms of the derivatives of the Hamilto-
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nian as

—dp(t) = Hadt — k(t)dW,,
p(T) = —h;(x(T))e(T),
—dq(t) = Hydt + H.dW,,

q(0) = —7,(y(0)).

From (1.15) and Lemma 1.3.3, we have the following theorem

Theorem 1.4.1

(1.14)Then the maximum principle holds, that is

Proof: Using Ito’s formula to (p(t), z!(t)) and (g(t),y*(t)), and we use the fact that q(0) =
—(y(0)) and p(T) = —hy(x(T)q(T), y(T) = hy(x(T))z*(T), we obtain
E [~ha(a(T))a(T)a(T)) (1.18)
T
=-E [/ fx(tyl‘(t)ay(t),Z(t)au(t))Q(t)ﬁfl(t)dt]
0

+E

[t w0, 0) — b, 20, u(tm] plt)at.

and
E [ (2(T))g(T)2"(T)] + E [1,(4(0))y* (0)] (1.19)
—E [ / " falta0) 5(0), 2(0), u<t>>q<t>x1<t>dt]

+E /OT[f(ta z(t), y(t), 2(t), u (1)) — f (£, 2(t), y(t), 2(1), u(t))]q(t)de] -

Using (1.18) and (1.19), so we get

T
E [ (0)y' O] = E[ | G(0lb(t,a(0). (1)) = b(t, 2(t), u(®) (1.20)
() (120, y(0), 2(0),u (1)) — F(E, 2(0), y(0), 2(), u(t))]dk,

(1.15)

Assume (A1) — (Ay) hold. Let (z(), y(), 2(), u(-)) be an optimal control and its
corresponding trajectory of (1.1), (p(+),q(:),k(-)) be the corresponding solutions of

H(E,x(t),y(t), 2(t), v(t), p(t), q(t), k(t)) (1.16)
> H(t, z(t), y(t), z(t), u(t),p(t), q(t), k(t)), Yo € U, a.e, a.s. (1.17)
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1.4. THE MAXIMUM PRINCIPLE IN GLOBAL FORM 21

by Replacing (1.20) in (1.13), we obtain

T
ofe) < ]E[/O (P(0)[b(E, (t), u(t)) — b(t, 2(t), u(t))]
+q@OLf (), y(t), 2(8), u () = f(t, 2(t), y(t), 2(2), u(t))])]dt,

o(e) <E

/OT[p(t)b(t, z(t), u(t)) +q() f(t, x(t), y(t), 2(t), ue(t))]dt]

~E [/OT[p(t)b(t,:c(t),u(t)) + q(t)f(t,q:(t),y(t)’z(t%u(t))]dt] ,

o(e) <E

/OT [p(@)b(t, x(t), u () + q(t) (8, (), y(t), 2(8), u(£)) + k(t)o (¢, x(t))]dtl

-k VOT[p(t)b(t z(t), u(t)) +q(t) f(t, z(t), y(t), 2(t), u(t)) + k(t)o(t, w(t))]dt] :
Thus it follows that

E [ 2(0), (1), 2(0), w(0), p(0), (), K (1))l
[ Mt w(0), y(0), 20, ult), p(2), (t), K(H)3de] > o(e).

Which gives the desired result. |
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CHAPTER 2

The Maximum Principle for Optimal Control of

BSDEs with Locally Lipschitz Coefficients

2.1 Introduction

In the second chapter, we study the Maximum Principle for Optimal Control of
BSDEs with Locally Lipschitz Coefficients. For the first time, we prove a new existence
result to one kind of linear SDEs with locally bounded coefficients. Then, we state the
control problem along with some auxiliary results. The last topic of this chapter is devoted

to the study of the necessary and sufficient conditions of optimality.

2.2 Problem Formulation and Assumptions

2.2.1 Formulation of the Control Problem

Let T be a strictly positive real number, (Q, F, (F;)o<i<7,P) be a complete prob-
ability space equipped with a filtration satisfying the usual conditions, on which a d-
dimensional Brownian motion W = (W})o<¢<r is defined. We assume that F = (F;)o<i<r
is the P-augmentation of natural filtration generated by (W;)o<t<r. Throughout this

chapter, we will use the following spaces:

e S?2([0,7],R"): denotes the set of continuous and F-adapted stochastic processes

{y(t);t € [0, T}, such that E (supye,<r |y (t)|*) < oo.

o MZ2([0,T],R"™): denotes the set of F-predictable and R™-valued processes {z(t);t € [0,T]},
such that E [ |z (r)* dr < oco.

22



2.2. PROBLEM FORMULATION AND ASSUMPTIONS 23

We consider the following controlled backward stochastic differential equation (BSDE
for short):
dy(t) = b(t,y(t), z(t), v(t))dt + z(t)dW;,
y(T) =¢,

where b : [0,7] x R" x R4 x U — R" is a given measurable function which supposed

(2.1)

to be locally Lipschitz with respect to the state variables y and z, the terminal datum &
is a bounded and Fr-adapted random variable. The process v () stands for the control
variable, which is assumed to be an F-adapted process that takes values in a given non-
empty subset U of R". We denote the set of all admissible controls by U,4. For a given
measurable function g : R” — R, we introduce the cost functional of our stochastic control

problem

J (v () =E[g(y(0))]. (2.2)
The controller wants to minimize the cost functional Eq(2.2) among the set of all admis-
sible controls. Now, we can formulate our control problem as the following:

Problem (A): To find u(-) € Uug such that w(-) minimizes the cost functional
Eq.(2.2) subject to Eq.(2.1).

2.2.2 Assumptions

Throughout this chapter, we shall work on the following two sets of assumptions as two
separate cases that we will deal with.

Assumption 2.1

(H.1) b and g are continuously differentiable with respect to (y, z), and the derivatives b,,

b. and g, are continuous in y and z.
(H.2) There exist a constant, M > 0 such that for every y and z,

bty 2, 0)) < MO+ P+ Iyl 2] P—as.ae. t€[0,T].

(H.3) There exist two constants, M > 0, a € (0, 1) and a positive function ¢ : R, — R,
such that

b(t,y, z,v)| < M1+ (ly]) +12]%); P—a.s.,a.e. t € [0,T].
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2.2. PROBLEM FORMULATION AND ASSUMPTIONS 24

(H.4) For every N € N, there exists a constants Ly > 0, such that
b(t,y,z,v) —b(t,y,z,v)] < Ly ly — | ; P—a.s.,a.e. t € [0,T],
and Yy, y', such that |y| < N, |[¢/| < N .
(H.5) There exists a constant L > 0, such that

Ib(t,y, z,u) — b(t,y, 2", u)| < L(|z — 2|); P—a.s.,a.e. t €[0,T].

(H.6) There exists a constant M > 0 and a positive function ¢ : Ry — R, such that,

by ((t,y,2,0))| < M(1+ ¢ y]); P—a.s.,a.e. t € [0,T]. (2.3)

We let D2 denote the set of all random variables which are Malliavin differentiable;
(DiC)<i<p the Malliavin derivative with respect to W. at time ¢ of a given random variable
¢ € D2, We refer the reader to [38] for more information about Malliavin’s calculus and
its applications. Now, we introduce the following Assumptions,

Assumption 2.2

(H.7) Assume that (H.1) is fulfilled. Furthermore, suppose that ¢ is an element of D2

and there exists a constant M such that

Di¢

< MNt<Tii=1,p,
(H.8) There exists a constant M > 0 such that,
Ib(t,y, z,v)| < M1+ |yl + |2]); P—a.s.,a.e. t € [0,T].
(H.9) b, satisfies (H.8), there exists a constant M > 0 and « € ]0, 1 such that
by (t,y, z,0)| < M (1+1In(1+ (Jy| +|2))")); P—a.s.,a.e. t €[0,T7].
(H.10) For every N € N, there exists a constants Ly > 0, such that

bty 20) = bty 2, 0) < Inlly —y/ | + 12— 2] P—aus,ae t €[0,T],

and Yy, v, z, 2" such that |y| < N, |¢/| < N ,|z| < N ,|2/| < N.
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2.3. SOME EXISTENCE AND UNIQUENESS RESULTS 25

Examples: To motivate the Assumption 2.1 and Assumption 2.2, we exhibit
some relevant examples for the coefficient b and the terminal data &.

1) Let g : R? — R™ be a continuously differentiable function with bounded derivatives.
If £ = g (Wr) then for every t < T, D;§ = Vg (Wr), and thus ¢ satisfies (H.7).

2) Let h: Ry — R, be a function defined by

r i 0<ze<1
h(x) = ae(0,1).
x® ifx>1
Obviously, h is Lipschitz and satisfies the sub-linear growth condition. Define b (¢,y, z,v) :=

—(14y)log|l1 4+ y|+h(2)+ f(t,v) where f:[0,7] x U — R is a bounded function, then
b satisfies the Assumption 2.1. Indeed, due to the fact that |(1+y)log(1+y)| <
1 +i ly|"t* for all @ > 0 and (y, —ylogy) < 1, it is not difficult to see that the b is locally
Lipschitz on R, and satisfies (H.1), (H.2), (H.3), (H.5) and (H.6).

3) Define the function hy (z) := 2y/1 + log x + log ‘%ﬁggﬁ , then b (t,y, z,v) := hy (y) +

hi(2)+ f (t,v) satisfies Assumptions 2.2.

2.3 Some Existence and uniqueness Results

In this section, we will state some basic results related to BSDEs theory and prove
a new existence and uniqueness results for one kind of linear SDEs with locally Lipschitz
coefficients. More precisely, we prove under Assumptions 2.1 or Assumptions 2.2 that the
linear adjoint equation Eq.(0.13) has a unique solution. The following two lemmas state
some existing results in the literature which are related to BSDEs with locally Lipschitz
generators. More precisely, they provide the existence and uniqueness of solutions on top

of some estimates satisfied by their solutions.
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Lemma 2.3.1

Let & be a bounded random variable. Assume that Assumptions 2.1 or As-
sumptions 2.2 are satisfied. Then, for any v (-) € U, there exists a unique pair

(y(-),2(-)) € S*([0,T],R™) x M? ([O,T] ,]R"Xd) which solves BSDE Eq.(2.1).

Proof: The proof under Assumptions 2.1 can be found in Bahlali [7, Proposition
7], and the proof under Assumptions 2.2 has been established in [31, Theorem 2.c and
Theorem 2.d (ii)].

Before we state and prove an existence and uniqueness result for SDE (0.13). We need
the following auxiliary lemmas.

Lemma 2.3.2
Let (y(-), z(+)) be the unique solutions of the BSDEs Eq.(2.1). Then, there is a positive

constant C, such that

i) Under Assumptions 2.1, we have P—a.s.

2 r 2
sup |y (¢)|” < C and IE/ |z (r)|"dr < C; (2.4)
0

0<t<T

ii) Under Assumptions 2.2, we have

sup ([y ()| +[2()]) < C; P—a.s. (2:5)

0<t<T

Proof: The proof of (i) follows by using Ito’s formula, the conditional expectation, Jensen’s

inequality and Gronwall’s Lemma. The proof of (ii) is given in [31, Proposition 2.d (i)]. W

Remark 2.1. Notice that for any v (-) € U,q the functions b,(¢,-,-,v(t)) and
b.(t,-, -, v (t)) are not bounded in general. However, for any ¢ € [0, 7], such that (y (t), z (¢))
is the unique solution of BSDE Eq.(2.1), b,(t,y (t), 2 (t),v (t)) and b,(t,y (t), 2 (t),v (¢))
are bounded. Indeed, under Assumption 2.1, Lemma 2.3.2 (i), shows that there exists
a positive constant such that supy<,<r |y (t)] < V/C. We conclude using the hypothesis
(H.6),

by(ty (1), (), 0 (1) < M(1+ ¢ (jy (B)) < K (M, ).

Besides, b, (t,y (), z(t),v (t)) is bounded due to the fact that b is Lipschitz in z.
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On the other hand, under Assumption 2.2, b, (t,y (t),z (t),v (t)) and b, (t,y (t), z (t) ,v (¢))
evaluated at (y(t),z(t)) are bounded, it is easy to see that, using (H.9) and Lemma
2.3.2 (i),
b (t,y (), 2 () v (1)) < M(1+ [y ()] + [z (#)])

< M(1+ OiltlgT(ly @]+ |z (®)1)
< M(1+0).

Finally, the boundedness of b, goes similarly.

Throughout the following theorem, we claim a new existence and uniqueness results

for SDE Eq.(0.13).
Theorem 2.3.1 (Existence and uniqueness of SDE)

Suppose that Assumptions 2.1 or Assumptions 2.2 holds. Then, for any v(-) €
U,q, SDE Eq.(0.13) has one and only one solution z(-) € S?([0,7],R"). Moreover,

there is a positive constant C' such that

<. (2.6)

E [ sup ()]

0<t<T

Proof: Under Assumption 2.1 or Assumption 2.2, Remark 2.1 shows that, for any ¢ €
[0, 7], by (t,y(t),z(t),v(t)) and b, (t,y (t),z(t),v(t)) are bounded, where (y (), z (t))
is the unique solution of the BSDE Eq.(2.1). This implies that the coefficients of the
Eq.(0.13) satisfy the globally Lipschitz condition on top of the linear growth propriety.

Therefore, it has a unique solution such that, for any p > 1, we have

E( sup \w(t)]p> < Cp.

0<t<T

In particular, the inequality (2.6) is satisfied. This finishes the proof. |

2.4 A family of Control Problems

Since the purpose of this chapter is to deal with the control Problem (A). The

controller objective is to derive a necessary condition as well as a sufficient condition of
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optimality under the locally Lipschitz framework. Notice that, because the derivatives of
b are not bounded, the standard duality technique can not be directly applicable in our
setup. To overcome this difficulty we approximate Problem (A) by a family of perturbed
control problems with globally Lipschiz coefficients. Then we apply Ekeland’s variational
principle in order to derive the necessary and sufficient conditions for near-optimality.
Finally, the desired results are obtained by using the limit argument.

Before we state the following lemma which plays an essential role in approximating
the initial control Problem (A), we need to define the following family of semi-norms.

For any p > 1, we define (p;, ,(b))nen by

=

pnp(b) = (E /OT sup |b(r,y, 2)|" dr) " (2.7)

lyl,lz|<n

Lemma 2.4.1

Let b be a function which satisties Assumptions 2.1 or Assumptions 2.2. Then,

there exists a sequence of functions b™ such that ,
(1) For each n, b" is globally Lipschitz in (y, z) P—a.s.,a.e. t € [0,T]

(i1) If b satisfies (H.3), then sup [0"(t,y, z,v)| < M(1+¢ (Jy]) +12|*) P—a.s,a.c.
te0,7] '

(113) If b satisfies (H.8), then sup [b0"(t,y,z,v)] < M(1+ |y| + |2]) P — a.s,a.c.
te 0,7 '

(iv) For every n, p,,(b" —b) — 0 as n — oc.

by| < [by| + B b, and [b7] < |b.| + B[b| 1., where n,, converges to 0

(v) For every n,

as n tends to +oo.

Proof: Let (¢,,),cy be a sequence of smooth functions with support in the ball B (0,n + 1)
and such that 1,, = 1 in the ball B (0,n) . Obviously, the sequence of truncated functions,
defined by b, = b, satisfies the assertions (i), (ii), (iii) and (iv). We give now the proof

of (v). By the definition of b", we have, for any (¢,y, z,v)
by (t,y, z,v) = by(t,y, 2, 0)¢" (y, 2) + b(t, y, z,v)y (y,2) .
Set 8 = supsup {@ZJ;} (y,2), |yl <n+1,|z| <n+ 1} and 1, = 0,1 _p[Ujn,n+1]- Then,
n

6t 2,0)| < by (t, 2,0) [ + B [b(E 1, 2,0) [ 0.
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Obviously, lim,,—o 7, = 0. The proof of Lemma 2.4.1 is complete. |

Let us recall Ekeland’s variational principle, which plays crucial role in proving

the necessary condition of near optimality.

Lemma 2.4.2 (Fkeland’s variational principle)

Let (V,d) be a complete metric space and f : V' — RU{+o0} be a lower-semicontinuous
function, bounded from below. If for each ¢ > 0 there exists u(-) € V satisfies
f(u) <inf{f(v)+e;v € V}. Then, there exists u. such that

1 f(ue) < f(u).

2. d(u,u.) < e2

3. f(v) +ez -d(v,u) < flu),Yv e V.

Our aim in the next paragraphs is to convert the initial control Problem (A) by
a family of control problems with globally Lipschitz coefficients. To this end, for any
fixed n € N and v (+) € Uyq, we denote (y (+), z (+)) the solution of the following controlled

BSDE

(t),v(t)dt + z (t) AW, 2.8)

QU
—
—~
~
S~—
I
S
3
—~
\"\\F
<
—~
~
SN—
0

and
J"(v () =Elg(y(0))]. (2.9)
The following lemma gives some estimates that will be used to relate the control
problem {Eq.(2.8), (2.9)} with Problem (A).

Lemma 2.4.3
Let y(-) and y;(-) be respectively the solutions of BSDE Eqs.(2.1) and (2.8) corre-

sponding to the control v(-) € Uy, then the following estimates hold:

(i) E[15t) = y()”] < Kuv, and E [T 50) — 20 dr] < Ko

(i1) |7"(v) = T ()] € C - 2y

where K, n and €, n converge to 0 asn and N tend successively to +o00, here N stands

for the radius of the ball B (0, N).

Proof: Let us first prove, under Assumption 2.2, the two inequalities of assertion (7).

The proof under Assumption 2.1 is similar.
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Squaring both sides of

T T
— (@) - y(t))—/t (2(r) = 2(r)) AW, = /t [0"(r, y(r), 2(r), u(r) = b(r,y(r), 2(r), u(r)] dr,

Taking the expectation and using the fact that

we get

2
E|y(t) (t)] —l—E/ ) — z(r | dr =E (/ b" (ryy(r), z(r), u(r) —b(r,y(r),z(r),u(r)dr) )

Then, the Cauchy-Schwarz inequality leads to

T T
B1g(0) — yOF+E [ 120) = 20) P dr < (T=0B [ 1070 50),20),u(r) = bGr,y(r), 2600, )
For a given N > 1, let Ly be the Lipschitz constant of b in the ball B(0,N), we
define Ay := {(r,w); l2(r) 2+ |2(r) > > N2} and Ay = Q\ Ay, it follows by using the

Cauchy-Schwarz inequality,
Bl ~yOF +E [ 120) — (IPar < (T (F ), (210

where , 2

T =E [ a). 20),u(r) = b (). 20),u) P Ly,
and

n r n = > 2

T =E [ (), 200, ulr) = (). =), ur) L

We first estimate Ji'. Since b satisfies (H.3) and sup,, |b"| < |b|, we use Holder’s

EEND 2

[2(r)|” + [2(r)]
N2(1—a)

K(M,¢§)
N2(1—a) "

inequality and the fact that Ty~ < , we obtain

Jp < (2.11)

Now, we proceed to estimate J3'. Taking into consideration that b is Lipschitz in the ball

B(0,N), we get

T2 < 2p2%(b" — b) + 212 IE/ [50r) —y()? + 2(r) — 2(r)[) dr. (2.12)
Then, we have, by replacing (2.10) and (2.11) into (2.12)
Blg(0) ~y(OF +E [ [2() - =) dr < (7 - t)[f;(ﬁ”_’? 2 ("~ b)

212 IE/ P 4 [2(r) — 2(r)?) dr].
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1
For every §, such that T'— ¢t = §, we obtain by choosing § = R
N
T K(M,§)  px (" D)
— o 2 = - 2 ) N
BIg(0) ~y(OF +B [ J0) =) dr < gy + A
+ E/ y(r) 2+ |z2(r) — z(r)\Q) dr.
From the above inequality, we derive two inequalities
_ K(M,§) p —b)
2 )
El5(0) v < 572 o + +18 [ o) -y ar
and
LT K(M.§)  py(b" —b)
2B J ) — 200 dr < S + LrE [ i) - war
Set K, N - 4L2 %‘f(f) o7 + p?V(anfb). Obviously K, y tends to 0 as n and N tend succes-

sively to +00. Consequently, by Gronwall’s lemma, the first inequality, becomes

Elg(t) —y(t)]* < CLKn N (2.13)
Then, by (2.13), we obtain
T
E |2(r) = 2(r)|? dr < Co K -
T—6
Similarly, we get
Ey(t) — y(t)]* < CK, v, te|T—26T-4.
IEJ/ PPPdr<CKZy,  telT—25T -4

After a finite number of iterations, we prove the assertion (7). Next, we prove the
assertion (7).
Since ¢ is Lipschitz continuous, then by using the Cauchy-Schwarz inequality and (2.13),

one can prove the following
[T (u()) = T ()| < C-éenn-

such that ¢, ny tends to 0 as n and N tend successively to +o0o0. The proof of Lemma

2.4.3 is complete. |
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Let u(-) be an optimal control for the initial control problem, that is u(-) satisfies

J(u(-)) = inf F(u()),

U(')euad
subject to Eq.(2.1). Note that u(-) is not necessarily optimal for the new perturbed control
problem, according to Lemma 2.4.3, there exists a sequence (d,,) of positive real numbers

converging to 0 such that:

j"(u()) S inf jn(U(>> + 6n,N7 5n,N =2C - En,N-

v(')EUad
To apply Ekeland’s lemma 2.4.2, let us define a metric d on the space of admissible

controls. For u(-),v(+) € Uyg
d(u(-),v(:)) = P dt{(w,t) € Q@ x [0,T] : w(w,t) # v(w,t)}, (2.14)

where P ®dt is the product measure of P with the Lebesgue measure on [0, 7] . According
to Ekeland’s lemma applied to the continuous cost functional J"(u(-)), there exists an

admissible control u™(-) such that:
d(u"(-), u(-)) < (dn,n)?,

and

JMu"(1) < j”(v()) for any v(-) € Uy,

where

NI

T"(w()) = T"(0()) + (6ax)? - d(v(-),u" (). (2.15)
This means that u"(-) is optimal for control problem {Eq.(2.8),(2.9)} with the new
cost function J”. For each integer n, we denote by (y(-), 2"(-)) the unique solution of

the following BSDE controlled by u"(+)

dy™ (t) = b"(t,y" (1), 2" (t),u™ (t))dt + 2" (t) AW, (2.16)
y" (1) =¢
And its corresponding cost is given by
T"(v () =Elg(y"(0))]. (2.17)

Then, we can formulate the following optimal control problem.
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Problem (B): For each integer n, we want to find u" (-) € U,g such that u™ (-)
minimizes the cost function Eq.(2.17) subject to Eq.(2.16).
We conclude this subsection by introducing a family of controlled SDEs called adjoint

equations. For each integer n, we introduce the following SDE

—daz"(t) = b;(t, y"(t), 2"(t), u™(t))x™(t)dt + b2 (t, y"™ (1), 2"(t), u"(t))x" (t)dW,,
z"(0) = g,(y"(0)).

Since b" is globally Lipschitz function, their derivatives b} and 07 are bounded. Hence,

(2.18)

the coefficients of SDE Eq.(2.18) are globally Lipschitz and of linear growth, which means
that, for each integer n, equation Eq.(2.18) admits a unique solution.

We also define the a family of Hamiltonian functions H" : [0,7] x Q x R™ x R™? x
R" x U — R by

H™(t, y", 2", 2™ u™) = 2" (¢, y", 2", u") for each n € N.

2.5 Maximum Principle for Optimality

The purpose of this section is to derive the necessary conditions of optimality for the
aforementioned control Problem (A). To this end, we need some auxiliary lemma which

will be gathered and proved in the next subsection.

2.5.1 Some Convergence Lemmas

In this subsection, we will summarize and prove some useful lemmas which will be used
in the next section to prove the main results.

Lemma 2.5.1

Let (b,) be the sequence of functions associated to b by Lemma 2.4.1 and (y" (-) , 2™ (+))
stands for the solution of Eq.(2.16). Then, there exists a constant C' = C(M) such
that,

i) Under Assumption 2.1, we have P—a.s

T
sup ( sup |y" (t)]2> < C and supE/ 12" (H)]? < C.
n 0

n \0<t<T
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ii) Under Assumption 2.2, we have
sup (sup (5" 01+ 1 )] < ¢ P-a.s
n \0<t<T
Proof: The proof can be performed as the proof of Lemma 2.4.1. We omit it here. |

Lemma 2.5.2
Under Assumption 2.1 or Assumption 2.2, we have
lim E l sup [y (t) —y (t)°] = 0. (2.19)
o0 |4ef0,T]
T 2
ImE [ |2" () — 2 (t)["dt = 0. (2.20)
n o0 0

Proof: Noting that the coefficient b™ depends explicitly on the control variable u"(-) and

since d(u™(+), u(-)) converges to 0 as n goes to +00, we may replace u"(-) by u(-), therefore,

the proof goes as in [7, Lemma 1]. [ |
Lemma 2.5.3
Under Assumption 2.1 or Assumption 2.2, the following estimates hold
t
lim E [0 (r, " (1), 2" (1), w(r) = b(r,y(r), 2(0), u(r) P dr = 0, (2.21)
n oo 0
3 t T n n 4
T [y (), 2 (), u(r) = by (ry(r), =), ()| dr = 0. (2.22)
t
lm B [ 02,57, 2 (), () = by, 2(0), u(r)) P dr =0, (223)
n oo O

Proof: We only give the proof under Assumption 2.1, the proof under Assumption
2.2 goes similarly with some suitable changes.
First, we shall prove Eq.(2.21). Let N > 1, we put AY := {(7’, w); |2 + |20 > N2}
and AY = Q\ AN then we have

E/ot 0" (" (r), 2" (1), u(r)) = b y(r), 2(r), u(r))]* dr < C(If + 13), (2.24)
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where
I = E/Ot " (r, 5™ (r), 2" (r), u(r)) = b(r, y(r), 2(r), u(r)) | Tyydr,
B =B [ 105 (0), 2200, 0(0) — b (), 2),ulr )P H_
0 AN

Since b satisfies (H.3), we obtain, using the fact that |z|* <1+ |z|,
t
1< KOLOE [ (241201 + @+ y(r)| + |2()[%)?) Lydr
0

2" (r)[* + |=(r)

e , we get, using Holder’s inequality and

In view of the inequality T v <

n o KM, e
I < N(Q(la)) (2.25)

On the other hand, it is not difficult to see that

Using the fact that b™ is Lipschitz in the ball B (0, N) and the definition of the semi

norm (2.7), we get
t
Iy < L?VE/O [y"(r) = y(r)” + 2" (r) = 2(r)* dr + p} (6" — b), (2.26)
then, plugging (2.25) and (2.26) into (2.24), to obtain

B [y (r), 2" (), () — bl (), 2(0), )
0

K(MaSO) 2 (pn
< Cm‘f'CPN(b —b)

+CLYE /Ot (ly"(r) = y@)I* + 12" () = 2(0)]) dr.

Passing to the limit, successively on n and N, we get (2.21). Next, we only give the proof
of Eq.(2.22). The proof of Eq.(2.23) can be performed similarly. A simple computation

shows that
t 4
E [ 0). (), u(r) = by ry(r), 260),u)| dr < OO + 1),
where
B = [ (55000200l + by rpr), 20 )ulr) ) Ly

t 4
I} =E /O 3" (), 2" (), () = by (), 2 () ()|

n
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2" (r)” + J=(r)”
N2
the relation (v) in Lemma 2.4.1 and (2.5), we obtain

Due to the fact that Tynv < , using Holder’s inequality together with

K(M, @)+,

< -

On the other hand

T _ dr.

n

t 4
1 <E [ |57 0), 2 (), u(r) = by .7 (), 27 (1), ()|

B [y (), 2700, 0) = by ) 20, DT

n

which implies

I§ < pna(by —by) + E/Ot by ("™ (), 2" (r), u(r)) = by (r, y(r), 2(r), u(r)[* 1 dr.

n

According to Remark 2.1, b, evaluated at (y(-), 2(-), u(-)) is bounded. We deduce, using

Lebesgue’s dominated convergence theorem,

n§&ﬁ(AW%0w%Mx%mﬂw»—%@w@%dﬂmv»ﬁnm):m

A

passing to the limits successively on n and N one gets (2.22). |

Lemma 2.5.4
Let z(-) and 2™(-) be respectively the solution of Eqs.(0.13) and (2.18), then under

Assumption 2.1 or Assumption 2.2, we have

lim E [|2" () — 2(t)[*] = 0. (2.27)

n—oo

Proof: We only give the proof under Assumption 2.2, the proof under Assumption 2.1
is similar. From Egs.(0.13) and (2.18), we obtain

E[ja" (1) — 2(1)?] < CE/Ot By (r), 2 ()" () (2" () —2(e))[ e (228)

+CE [ (0,200, () () = ()P

+ai(t),
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where

ot (t) = E g, (5" (0)) — gy(4(0))[?
t 2
E [ |(050070), (00,00 0)) = by (). 20), () )| ar
+E | by (), (), (1) = b (), (), () ()

Since by (t,-,-,u™(t)), bs (t,-,-,u™(t)) and b (¢,-,-,u"(t)) evaluated at (y"(t),2"(t)) are

bounded. Then, taking into account the relation (v) in Lemma 2.4.1, we get
t
E [la"(t) - 2 ()] < C(2+m) E/ 2"(r) — z(r)[* dr + Cal(t). (2.29)
0

Let us prove that li_)m af(t) = 0. Since g, is bounded and continuous, then by Eq.(2.19)
n—oo

and the dominated convergence theorem, we have

lim E |g,(y"(0)) — g,4(y(0))]> = 0. (2.30)

n—00

Hence, using Cauchy-Schwarz inequality taking account of (2.6), we get

2

E [ (bt (), )0 () = by ), ), ) 2
<c (]E /01t 3,57 (1), 2" (), 0™ (1) by(r,y(r),z(r),u(r))‘4dr)2
By Eq.(2.22), we have

t 2
limIE/O | (b (™), 2" (), ™ (1) = by (1, y(r), 2(r), u(r) ) (r)

n—o0

dr =0. (2.31)
Similarly

lim E/Ot (7 (r, " (1), 2" (), u™ (1)) = ba(r, y (1), 2(r), u(r))) z(r)|* dr = 0. (2.32)

n—o0

From Eqgs.(2.30), (2.31) and Eq.(2.32), it is easy to see that

lim of(t) = 0. (2.33)

n—oo

Returning back to (2.29) and using Gronwall’s lemma taking account of Eq.(2.33), we
obtain Eq.(2.27) by passing to the limit. |
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2.5.2 Necessary Condition for Optimality

To claim and prove the necessary condition of optimality we need the following

lemma. Firstly, we set

B (r) = [H(r,y" (r), 2" (r), 2" (), u" (r)) = H" (r, 5" (r), 2" (r), 2" (), 0(r))]

and
F(r) = [H(r,y(r), 2(r), z(r), u(r)) — H(r,y(r), z(r), z(r),v(r))] .
Lemma 2.5.5

Assume that Assumption 2.1 or Assumption 2.2 is in force. Then, we have

lim]E/ [F™ (1) — F (r)| dr = 0.
n—oo

Proof: A simple computation shows that, using the definition of H™ and H

B[ 1F" () = F0ldr = CE [ (" (), 2,0 ()2 1) = blr,y(r), =), u(r)) ()
+CE [0y, (), 0())a" () = b ), 2(0), ()l
<cu+n).

where

m= E/Ot b (r,y" (r), 2" (r), w” (r)a" (r) = b(r, y(r), 2(r), u(r))=(r)| dr

1y = E/Ot 0" (r, 4™ (r), 2" (r), 0(r))a" (r) = b(r, y(r), 2(r), v(r))x(r)| dr.

Now, let us prove that liril I = 0. Applying Schwarz inequality, using the fact that
n—-—+0oo
E ) lz(r) | dr < C, we get

m< {E/Ot\b"(r,y”(r),z”(r) )2 dfr} [ / 2"(r) — () dr}l (2.34)

+CE /Ot b7 (" (r), 2" (1), " (r)) = 0,y (1), 2" () () P L ) ey () dr

+C {E/O 16" (ry y" (r), 2" (r),u(r)) — b(r,y(r),z(r),u(T))IZdT]

Since b" satisfies (H.3), we use Lemma 2.5.1 and the relation (ii) in Lemma 2.4.1, to

deduce that E [} [b"(r, y"™(r), 2"(r), u"(r))|*dr is bounded, then by Eq.(2.27) the first
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expression in the right-hand side converges to 0 as n — oo. On the other hand by using
Eq.(2.21), one can confirm the convergence of the third term to 0. We proceed now to

estimate the second term, we apply Holder’s inequality to get

B [ 150,577,200 ) = V), 2,0 P Wy 1)

[N

t
§ 2C {E/o ’Zn(T)|2a ]I{u"(r)yﬁu(r)} (1") dT‘]

‘ a t 11—«
<20 [E / IZ”(r)IQdT} [E / T () ()} (T)dr}
0 0

<2C[d (u" (), u())]' ™.

Since d(u™(-),u(-)) converges to 0 as n goes to +00, the second term in the right-hand
side of (2.34) tends to 0. On the other hand, by using similar arguments developed

above one can easily show that EIJ'I_I I} = 0. This completes the proof. |
n [o.¢]

Now we are in a position to state and prove the first main result in this paper.

Theorem 2.5.1 (Necessary optimality conditions for the locally Lipschitz case)

Let (u(),y(+),z(:)) be an optimal solution of the initial control problem. Then,
there exists a unique adapted processes z(-) € §*(|0,T],R"), solution to the forward
stochastic differential equation Eq.(0.13) such that

Ht, y(t), z(t), z(t), u(t)) = vglga%(t, y(t), z(t), z(t),v(t)); dt —ae, P—a.s.
(2.35)

Proof: To make the main idea of the proof much clear, we start by giving the outlines of
the proof:
1) Firstly, since the generator b is differentiable and locally Lipschitz with respect to the
state variables, and thus, their derivatives are not bounded, we convert the Problem (A)
into Problem (B).
2) Then, we use a spike variation method to derive the necessary condition of near
optimality by handling the Problem (B).
3) We get the necessary condition of optimality (2.35), by passing to limits using Lemma
2.5.5.

Now, for each integer n, we suppose that u™ () € U,q is an optimal control for Problem
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(B), in the sense that J™(u"(-)) < (i)nzf/{ J"(v(+)), and we denote (y"(-),z"(-)) the
v()€EUqd
solution of BSDE Eq.(2.16) corresponding to u" (-). Then, we introduce the following

spike variation

IR if t € [to,to + 6],
u™ (t) otherwise,

where 0 < to < T is fixed, 6 > 0 is sufficient small, and v is an arbitrary F;,—measurable

random variable.

The fact that

T (-)) < T"(u™ (),

and

d(™ (), u" () <6,

imply that

D=

T () = T (" (-)) = —(6n,n)20. (2.36)

By using standard arguments (see for example [44]), it is easy to show that, the left-hand
side of the inequality (2.36) is equal to
to+0
E [H" (&, 5" (8), 2" (), 2" (), u" (8)) = H" (E, 5" (1), 2" (), 2" (¢), v(r))] dr + 0 (0) .
to

Dividing the both sides of the inequality (2.36) by 6, we get

(n,n)? < SE \ [H"(r,y" (1), 2" (r), 2™ (r), u(r)) = H" (r, y" (r), 2" (r), 2"(r), ()] dr+—p=.

By using Lemma 2.5.5 and passing to the limits successively on n, N and 6, keeping in

mind that ¢y is an arbitrary element of [0,7], we get

E[H(t,y(t), 2(), x(t), u(t)) = H(E,y(t), 2(2), 2(t), v:)] = 0.

Now, let a € U be a deterministic element and B be an arbitrary element of the o —algebra
Fi, and set
w(t) = allp + u(t)lgp.

It is obvious that w (-) is an admissible control. Applying the above inequality with w (+),

we get

E[Tp (H(t,y(t), z(t), z(t), u(t)) — H(t,y(t), z(t),z(t),a))] >0, VB e F,
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which implies
BT [H(E y(1), 2(8), 2(8), u(t)) — H(t, y(t), (1), z(t),a)] > 0.

The quantity inside the conditional expectation is F;—measurable, and thus the result

follows immediately. This proves Theorem 4.1. |

2.5.3 Sufficient Condition of Optimality

In this section, we will prove that under additional hypothesis, a necessary optimality
condition Eq.(2.35) becomes sufficient condition of optimality.

Theorem 2.5.2 (Sufficient optimality conditions for the locally Lipschitz case)
Let (y(-),z(+),u(-)) be solution of Eq.(2.1), and z(-) is the solutions of the adjoint

equation Eq.(0.13), corresponding to (y(+), z(+),u(-)) . Assume further that (y,z,u) —
H(t,y,z x,u) is convex for a.e. t € [0,T], P — a.s., g(.) is convex. If the neces-
sary condition of optimality Eq.(2.35) is satisfied, then (y (-),z (-),u () is an optimal
triplet for Problem (A), in the sense that

J ()< inf JF(v()).

v(~)61/{ad

Proof: Let u(-) € Uyq be candidate to be an optimal control. For any v(-) € U,q, we have

Since g is convex, then
9("(0)) =g (y¥"(0)) = gy (¥(0)) (y°(0) — y*(0)).

Thus,
T W) =T (u() = Elgy ((0)) (y°(0) —y*(0))].

Using the fact that 2*(0) = g, (y*(0)), we have

J () =T (u() = E[z*(0) (y°(0) —y"(0))].
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By applying Ito’s formula respectively z%(-) (y°(-) — y*(-)), we obtain
E [2%(0) ("(0) —4"(0))] =
E/OT Hy (E,y"(1), 2°(8), 2 (1), u(t)) (y°(t) — y"*(t)) dt
+ E/{)Tpf [b(t,y°(t), 2" (), v(t)) — b (t,y"(£), 2"(t), u(t))] dt
+E /OT He (t,y" (1), 24 (1), z"(t), u(?)) (2°(t) — 2"(2)) dt.
Then,
T W) =T (u()) (2.37)
> E/OT [H (8,97 (), 2°(8), 2" (1), v(t)) — H (£, y"(2), 2" (¢), 2" (t), u(t))] dt
- E/OT Hy (9" (1), 2°(8), 2 (), u(t)) (" (t) —y"(t)) dt
- IE/OT He (E,y" (1), 2% (), 2" (), u(t)) (2" (1) — 2"(t)) dt.

Since H is convex in (y,z,u), then by using the Clarke’s generalized gradient of H
evaluated at (y(-), z(-), u(-)) and the necessary optimality conditions Eq.(2.35), it follows
by [46, Lemmas 2.2 and 2.3], that

0 <H(t,y°(1),2°(1), p° (1), 0(8)) = H (£, y"(), 2*(2), p" (1), u(t))
— My (8" (t), 2% (1), p" (1), u(®)) (y°(t) — y"* (1))
— M. (6, y"(1), 2% (1), p* (1), u(t)) (2°(t) — 2"(1)) -

We conclude, by replacing the above inequality into (2.37),
J () =T u()) =0.

Theorem 2.5.2 is proved. |
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CHAPTER 3

A Stochastic Maximum Principle in Optimal
Control of FBSDE with Irregular Coefficients

3.1 Introduction

In this chapter, we outline the necessary conditions for the optimality of a control
problem associated with a forward-backward stochastic differential equation featuring ir-
regular coefficients. Our presentation unfolds in several steps. Initially, we articulate the
problem statement and introduce our main result. Subsequently, we define a family of
smooth control problems designed to approximate the original one. Leveraging distribu-
tional derivatives of the coefficients and the Bouleau-Hirsch flow property, we then proceed
to define the adjoint process on an extension of the initial probability space. Finally, we

establish the stochastic maximum principle.

3.2 Problem Statement and the Main Result

3.2.1 Formulation of Control Problem

Let (Q,F, (Ft)=0,P) be a filtered probability space, where 2 = Co(R4,R") be the
space, of continous functions w(0) = 0, endowed with the topology of uniform convergence
on compact subsets of R,. Let F be the Borel o—field over €2, P be the Wiener measure
on (Q,F).and (F;),5, the filtration of coordinate process augmented with P—null sets of
F. We define the canonical process Wi (w) = w(t), t > 0. Thus, on (0, F, (F),50,P),
<Wt)t20 is a Brownian motion.

Let T be a strictly positive real number and U a non-empty set of R¥.
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We consider a stochastic control problem, where the control domain need not be
convex and the system is governed by the following controlled forward-backward stochastic

differential equation (FBSDE for short) of the type

dX(t) = b(t, X(t),0(t))dt + o (t, X(t)) dW,,
X(0)= X,

dY () = —f(X(1),Y ), Z(t),v(t)) dt + Z(t)dW,,
Y(T)= h(X(T)),

(3.1)

where b, 0, f, g and v are given maps. The control variable v = (v(t)) is an F;-adapted
process with values in some set U of R¥. We denote by U,; the set of all admissible
controls.

The expected cost on the time interval [0, 7] is

J(v () =E|v(X(T)) +9(y(0))+/0Tl (t, X(),Y(t),Z(),v@)dt] .  (3.2)
In the above statement,

b:[0,T] xR" x U — R",
o:[0,T] x R® — R™%,
f:[0,T] x R* x R™ x R™4 x U — R™,
1:[0,T] x R" x R™ x R™ x U — R,
h:R" —-R" ~v:R" - R,g: R"™—R.
The optimal control problem is to minimize the cost function J (v (-)) over Uyy. An

admissible control u (-) is called optimal if it satisfies

J ()= inf J(v()). (3.3)

VEULg
Equation (3.1) is called the state equation, the solution (X (-),Y (-), Z (+)) corresponding
to u (+) is called an optimal trajectory.

In what follows, we assume that the coefficients satisfy the following assumptions

(A.1) b is bounded function and Lipschitz continuous of z,v with a Lipschitz constant L

and o is bounded functions and Lipschitz continuous in x with a Lipschitz constant

L.
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(A.2) h is continuously differentiable of x and its derivative is bounded. [ is continuous

and continuously differentiable in x,y, z, v and the derivatives of [ are bounded.
(A.3) v and g are continuously differentiable and the derivatives in v and ¢ are bounded.

(A.4) f is continuous and continuously differentiable in z, y, z and their partial derivatives

are bounded.

Note that since the functions b (¢, z,v) and ¢7 (¢, x) are Lipschitz continuous of x, then
by Rademarcher’s theorem See [23], they are differentiable almost everywhere (in the

sense of the Lebesgue measure). Let us denote by b,, 0’ any Borel measurable functions

such that A
J .
%(; (t,x) = ol (t,z) dz — a.e;
gb (t,z,v) = b, (t,x,v) dz —a.e.
x

These almost everywhere derivatives are bounded by the Lipschitz constant L. Let us as-
sume that b, is continuous in v uniformly in (¢, ). Under the assumptions (A.1) and (A.2),
for every v () € Uaq, equation (3.1) admits a unique adapted solution (X (+),Y (-),Z () €
S4([0,T]3R™) x S (0, T]; R™) x M ([0, T]; Rm=a).

From well-known results on SDE and BSDE, we have the following lemma.

Lemma 3.2.1

for p > 2,we have the following estimation

E [suboseer [X(OF +supoeier [V OF + (512 dt)

<CE [1+ |2 + B f§ [b(t,0,0) [P dt + B [ |o(t, 0)[” dt + fi [£(£,0,,0,v(t))” dt] .
(3.4)

Let h be a continuous positive function on R” satisfying
/h(x)da; —1 and /|x|2h(ac)dx < to0.

Define the space of functions

D: = {f € L*(hdz); such that aaf € L*(hdz),j =1, ...,n},
Lj

Mohamed Khider University of Biskra.



3.2. PROBLEM STATEMENT AND THE MAIN RESULT 46

where 2L denotes the derivative of f in the sense of distributions. Equipped with the

Ox;
97\ 1/2
7l = [/ raact 32 [ (55) hdx] ,

1<j<n

norm

D is a Hilbert space, which is a classical Dirichlet space. Moreover, D is a subset of the
Sobolev space W} _(R™).

Let Q: = R"xQ and F the Borel o-field over Q and P: =hdz®P, Wy(z,w): = Wi(w)
and (.7:}) . be the natural filtration of W, augmented with P-negligible sets of F. It

>

is clear that on (Q,]:' , (.7:}) ,IF’), (Wt) is a Brownian motion. We introduce the
>0 >0
process (X(t), Y(t), Z(t)) defined on the enlarged space (Q,]:", (]:"t) . P, ~t>, solution

>
of the forward-backward stochastic differential equation

dX(t) = b(t,X(t),00))dt + 0 (£ X(t)) AW,
X(0)= =,
AV (t) = —f (t. X(8),Y(t), Zt),0(t)) dt + Z(t)dWW,

V()= h(X(1)).

(3.5)

Since the coefficients are Lipschitz continuous and grow at most linearly, FBSDE (3.5)
has a unique F;—adapted solution with continuous trajectories.

Equations (3.1) and (3.5) are almost the same except that uniqueness for (3.5) is
slightly weaker. One can easily prove that the uniqueness implies that for each t > 0,

(X(®),Y (1), Z(t) = (X (1), Y(£), Z (), P—a.s.
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Now we introduce the adjoint equations and the Hamiltonian function for our problem.

The adjoint equations are defined by

dP(t) = [f3 (&, X(6),Y (), Z (), u(t) P (t) = 1L, (t, X(£),Y (), Z (t), u ()] dt
F (X, Y (), Z(8),u(t) P (8) = L (¢, X(8), Y (1), Z (t) ,u ()] AW,
P0)  =-g,(y(0),
—dQ(t) =[—f3 (&, X(),Y (1), Z(t),u(t) P (t)+b; (¢ X(t),u(t) Q)
op (6, X (1) R(t) + 1, (6, X (1), Y (1), Z (1) ,u (t)] dt — R (t) AW,
Q(T) = 7 (X(T)) —hy(X(T)P(T),

(3.6)
and the Hamiltonian function is given by
H(t,x,y,z, P,Q,R,u) :==Qb(t,x,u) — Pf (t,z,y,z,u)
+ Ro (t,x) +1(t,z,y,z,u),
where H : [0,T] x R" x R™ x R™4 x U x R™ x R" x R"*? — R.

Let us recall the Bouleau—Hirsch flow property which will be used in the sequel.

Lemma 3.2.2 (Bouleau—Hirsch flow property)

Let X be the solution of the forward component of FBSDE (3.5) on ( Q, F, (]}t)po P, T t) :
Then, for P—almost every w

1) For all t > 0, x — X,(w) is in D",

2) For every t > 0, the image measure of P through the map X(t) is absolutely

continuous with respect to the Lebesgue measure.

Proof: The proof is similar to the deterministic case see [25] [ |

3.3 A Maximum Principle for a Family of Perturbed
Control Problems

Let ¢ be a non-negative smooth function defined on R", with support in the unit

ball such that,
/ ¢ (z)dx = 1.
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Define the following smooth functions by convolution:

B (tw,0) = K [ b(tw — y,0) @ (ky) dy,

n

okt x) = k:”/ o(t,x—y)e(ky)dy.

In the next lemma, we list some properties satisfied by these functions.

Lemma 3.3.1

(a) b*(t,z,v), 07k (t,z) are Borel measurable, bounded functions and M-Lipschitz
continuous.

(b) There exists a constant C' > 0 such that Vt € [0, T :

o7k (1, x) = o7 (t, )| + B (¢, 2, 0) = bt @, 0)| < Ok = & (3.7)

(c) V*(t, z,v),0%*(t, x) are C* functions in x and Vt € [0,T] x A :

klirf otk (t,x) =ol(t,x) dx a.e,
—+00

lim b¥(t, z,v) = by(t,z,v) dz a.e,
k—4o0

(d) For every p > 1 and M > 0

lim // sup |bY(t, z,v) — by(t, x,v)‘p dtdz = 0,
k—+00 [0,T]xB(0,M) acA

where B(0, M) denotes a ball in R" of radius M

Proof: Statements (a), (b) and (c) are classical facts (see [29] for the proof). (d) is proved
as in [8]. |

Now, let us consider (Xf(), YE(), Zf()) the solutions of FBSDE defined on the
enlarged probability space (Q,.}E , (]:}) o P, Wt> by

>

dXF(t) = b (6, XE (), 0 (1) dt+ o (¢, XF (1)) dWW,
XkO0) = =,
) (3.8)
AP (6) = —f (6, XE (1), V), ZE(0),0 (1)) dt + ZF (1) W,
YHT) = h(XED)).
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The corresponding cost is given by:
T (o) = E [v (XE@) +9 (vFO) + [ 1(1 5 0. ¥ (), 2500 1) dt] (3.9)

where b* and o* are the regularized functions of b and o.
Lemma 3.3.2
Let u(-) € Uyq, (X(-),Y ("), Z(+)) and (X} (),Ylk(), Zf()) the solutions of (3.1) and

(3.8) corresponding to the control v(-) then the following estimates hold:

El&m‘Xf@f—X@ﬂ1+E[sm)hf@)—Y@ﬂ1+EATVf@%—Z@ﬁdt i

IA

Y

)

0<t<T 0<t<T

(3.

—_

C
\T* (0) =T )| < 7

where C' is a positive constant.

Proof: The proof of (i) is similar to the deterministic case see [25]. Item (i) is proved by

using the approximation (3.7) and Lemma (3.2.1) |

Let u(-) be an optimal control for the initial control problem, that is

Note that wu(-) is not necessarily optimal for the new perturbed control problem, ac-
cording to Lemma 3.3.2, there exists a sequence (Jx) of positive real numbers converging
to 0 such that:

JH()) < inf  T(u(-)) + 0.

v(‘)euad
Let us consider the metric d defined by (2.14) in Chapter 2. Then, Ekeland’s lemma
applied to the continuous bounded functional J*(u) shows that there exists an admissible

control u* such that:

d(u* (), u()) < (62,
and

THuh () < T*(v(:)) for any v(-) € Uaa,
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where

TH () = TH0() + (61)2 - d(v(-), ub (). (3.11)

This means that «*(-) is optimal for (3.8) with the new cost function J*. For each
integer k, we denote by (X*(-), Y*(-), Z*(-)) the unique solutions of the FBSDEs controlled
by u*(-) of the type

dX® () = b (£, XE (), uk (1)) dt + o (8, X" () AT,
XH0) =

dy* (1) = —f (6 X" (1), Y*(t), 2% (1) ,uF (1)) dt + Z* () AWV,
YHT) = h(XHT)),

(3.12)

and its corresponding cost is given by

k(0 (V) k k T k k k k
TE () =E |y (XHD)) + g (Y*(0)) + i Lt XE), YR, 28 (1) uf (1)) dt| . (3.13)
Now, we introduce the following adjoint equation

dPF (1) = PR (t) = I (£, X*(2), YR(E), 2% (), ub (1)) dt
PE (1) — Iz (8, XH(), YR(), 2% (1) , o (1)) | AW
(£, XE(1), YR(t), Z5 (£) ,ub (1)) PR (1) — bk (£, XF (8), P (1)) Q" (¢)
B8 XE () BE (1) + L (£ X5, YR(1), 28 (8) ,ut ()| dE -+ RF (2) AWV,
)

)
PR(0)  =—g, (Y*(0)), Q"(T) = (X*(T)) — h(X*(D)PX(T).

(3.14)

Under the Assumptions (A.1)-(A.4) It is easy to see that the FBSDE (3.14) admits a
unique solution (P* (), Q* (), R* (-)) € S* ([0, T]; R™)xS* ([0, T]; R")x M* ([0, 7] ; R™).

We turn our attention to proving the stochastic maximum principle for control Problem

{Eq.(3.12), (3.11)}. For this end we define the following family of perturbed controls

uPo ()
5 (1) = { vy, if t € [to, to + 0], (3.15)
uk (t) otherwise,
where ty € [0,7) is an fixed time, # > 0 is sufficient small, and v, is an arbitrary

Fi,—measurable random variable.
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k k

Since u* is optimal for J* and the functions b*, 0% are smooth enough, we can prove
the following proposition by utilizing the same steps as in the proof of Theorem 1.4.1 in
chapter 1.

Proposition 3.3.1

For each k € N, there exists u*(-) € U,q with (Xk (), Yk (), Z* ()) the corresponding
trajectory and (Pk (),Q% (), RF ()), the solution of (3.14), such that for every v () €

U

IE/OT M (8, X4, Y1), 25 (1) uh (1), PR (1), QF (1), B* (1))

SB[ [ (540, YHO. 2 (@) (0, P 6.0 (1), B (0)] 2 0(6) — 6050
(3.16)

3.3.1 Estimation Between Two Solutions and some Technical

Results

Lemma 3.3.3
Let u(-) € Uug, (X(-),Y (), Z(-)) and (X*(-),Y*(.), Z*(-)) the solutions of (3.1) and
(3.12), then under Assumptions (A.1)-(A.4) the following estimates hold

lim E l sup ‘Xk (t)— X (t)ﬂ =0, (3.17)
k—o0 0<t<T
lim E [ sup ’Yk (t)—-Y (t)ﬂ =0, (3.18)
k—o0 0<t<T
- (T 2
lim B [ [2%(t) - 2 (1)| dt =0. (3.19)
k—o00 0

Proof: By squaring, taking expectation and Burkholder-Davis—Gundy inequality, we ob-
tain

E L)E?ET’X}C (t) — X(t)ﬂ < C (M + My + Ms),

where,
M, = E (/Ot ‘bk (T,Xk (7‘) ,uk (7‘)) — bk (r,Xk (7“) , U (1”)) ‘2 ]I{uk(r)yéu(r)}dr> ,

My =E (/Ot 0 (r, X* () u () = 85 (X () u ()| [0 (n XE () = oF X () dr) ,
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My =E (/Ot B (. X () u () = b (r, X () u ()] 4 [o" (X (1) — a(r,X(r))fdr) .

By the boundedness of the derivative b* and ¢* and the fact that d (uk (+) ,u()) — 0

as k — +00, we obtain limg_, M{“ = 0. Then, b* and o are Lipschitz continuous, we

have

ot
My < CE sup ’Xk (r)—X (r)
0 0<r<t

By (3.7), we have limy_,o, M3 = 0 = 0. Then by Gronwall inequality, we obtain (3.17).

2
‘ dr.

2
Applying Ito’s formula to ‘Yk (t) =Y (t)| , we obtain by Holder inequality and Burkholder—

Davis—Gundy inequality

i ( sup [* (1) - Y(t)f) +1E/OT 24 ()~ z (o) ar

0<t<T

<E[n(X*1)) - h (X(T))‘Q +CE OT sup. YE@) -y (t)f dt.

By Gronwall inequality, (3.17) and dominated convergence theorem, we obtain (3.18)

and (3.19). [ |

The following technical Lemma is needed to prove Lemma.3.3.5.

Lemma 3.3.4

(a)]EVOT

ok (, X5 (), uk (1)) = ba (t,X(t),u(t))rdt] —0 as k — +oo,
[T

(b) Foreverylgjgd,]E[/
0

o” (t,X’“ (t)) — o, (6, X (t))rdt} —0 as k— +oo.

Proof: Let us prove the first limit, we have

EUOT

<c{rf++1},

b (8,20 (8) . (1)) — by (2. (1) (1)) dt]

where

IF=F /OT b (1. (1), ¥ () — be (£, X5 (1) ,u(t))rll{uk(t#u(t)}dt] ,

=% /OT b (1. XF (0) u () — by (£, X" (t),u(t))]“dt] :

I —E /OT be (1. X% (1), 0 (D) — b (t,X(t),u(t»fdt] .
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According to the boundedness of the derivative b* by the Lipschitz constant and the fact
that d(u® (), u(-)) converges to 0 as k goes to +00, we obtain limy_, I¥ = 0.

Moreover, we have

B[
2 Rdan

Let us show that, for all t € [0,7],

4
y(),0) = bu (ty (1) )| pf (y)dydt.

lim
k—o0 R4 aclU

k 4y
2 (Y, a) = bz (L, y, a)’ pf (y)dydt = 0.

where pF(y) denotes the density of X*(t) with respect to Lebesgue measure

For each p > 0,
E [ sup ‘xk (t)‘pl < 0.
0<t<T
Thus,
lim P [ sup ’Xk ‘>R =0,
R—+o00 0<t<T
then it is enough to show that for every R > 0,

lim
k——+o0 B(0,R) acU

Rt — b, (t L oE(y)dy = 0
x(?yaa) z(,y,a) Pt(y) y=Uu.

According to Lemma (3.3.1)

4
]; (ta Y, CL) - bz (ta Y, a)‘ —0 dy'a'ea

aclU

at least for a subsequence. Then, by Egorov’s theorem, for every § > 0, there exists

a measurable set F' with A\(F) < §, such that sup,c; [bF (¢, 9,a) — bz (¢, 9, a)’ converges

uniformly to 0 on the set F°. Note that, since the Lebesgue measure is regular, F' may

be chosen closed. This implies that

lim
k—+o0 J e aclU

< lim
k=400 \ yeFe aclU

Now, by using the boundedness of the derivatives b%, b, we have

k 4k
/ T (tvyaa) - bCB (t7yaa’)’ Pt (y)dy
FacU

-F LGU (x4 0)0) o (X4 @) 0) | H{XWt)eF}]

< oM*P (X"“ (t) € F) .

(1 y.a) — by (t.y.a)| p(y)d
x PR T »d pty Yy

k 4
r(t)yva)*bx (t,y,a)‘ =0.
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Since X* (t) converges to X (t) in probability, then in distribution. Then, using the
Portmanteau-Alexandorv Theorem we get

lim [ sup

F acU

< 2M*lim sup P (Xk (t) € F) .

k 4 g
bx (tv Y, CL) - b:B (t7 Y, a)‘ Pt (y>dy

<2M*P(X(t)€F). = 2M4/ pe(y)dy < e,
F

where p;(y) denotes the density of X (¢) with respect to Lebesgue measure.

Now, since

k 4
bx (t7 Y, (L) - bx (ta Y, CL)’ Pt (y)dy

/ sup
B(0,R) acU

:/ sup
FacU

+ sup
FeacU

k 4
bx (ta Y, CL) - bx (ta Y, a)’ Pt (y)dy

k 4k
bx (t, Y, a) - bl‘ (tv Y, a)‘ Pt (y)dy7

we get limg_ 100 Ié“ = 0.

Let ko > 0 be a fixed integer, then it holds that I¥ < C (Jfo +Jh 4 J;fo), where

T — _/OT be (1. X5 (1) u (1)) — 0 (1, X* (1) ,u(t))]“dt] .

T — & /OT o (1, X% (1) u (1)) — 02 (6, X (1) ,u(t))\“dt] .

k = T k 4
J3°:IE/O b (1, X (1) u (1)) — b (£, X (1) (1) dt].

Applying the same arguments used in the first limit (Egorov and Portmanteau-Alexandrov
Theorems), we obtain that limy_, | Jfo = 0. We use the continuity of bf;o in z and the
convergence in probability of X¥ (¢) to X (t) to deduce that bko (t,X k() ,u(t)) con-
verges to b (¢, X (t),u (t)) in probability as kg — 400, and to deduce by using the
Dominated Convergence Theorem, that limg oo Jé“) = 0. Since b‘;ﬁo,bgC are bounded
by the Lipschitz constant and by using the absolute continuity of the law of X (t) with
respect to the Lebesgue measure, the convergence of b:]ﬁo to by, and the dominated con-
vergence theorem, we get limg_, 4 Jgo = 0. The case of the second assertions (b) can be

treated by the same technique.
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Lemma 3.3.5
Let u(-) € Uaa, (P(+),Q(),R(:)) and (P*(-),Q*(-), R¥(:)) the solutions of (3.1) and
(3.12)Assume that Assumptions (A.1)-(A.4) hold. Then we have the following esti-

mates
lim l sup |P* (¢) P(t)ﬂ —0, (3.20)
—00 s<t<T
hm 1) l sup ‘Qk - Q (t)ﬂ =0, (3.21)
—00 s<t<T
Jim UO R (1) — R(t)fdt] —0. (3.22)

Proof: We first prove (3.20), using standard arguments based on Holder inequality, we

easily get

E l sup ‘Pk P(t)ﬂ
0<t<T

We have

1431@/
+IE/

In view of the boundedness of f,, (3.17), (3.18), (3.19) and d (u’C (+) ,u()) converges

t Xk @), YR, 25 (), u” (t)) — fr X (8),Y (), Z(t) ,u(t))’4 L )y y 4

(1, (6).YR(0), 2% (1) u () = £ (6.5 (6).Y (0, 2 (1) u (0))] .

to 0 as k goes to +o0, by dominated convergence theorem, we obtain limy_,, I¥ = 0.
Similarly, we have limg_,o0 I¥ = limj_soo If = limp oo I¥ = 0. Therefore, (3.20) is

proved.
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2
Applying Ito’s formula to ‘Qk (t)—Q (t)’ , we obtain

t

fr@, X (r),Y(r),Z(r),u(r))P(r))dr

By standard arguments based on Hoélder inequality and Burkholder-Davis-Gundy in-

equality, we easily get that

: (p ew-eof) <2 [ [w o -riof o

9. (X*(1)) = g (X (D))

~ 2 ~ 2
<CE[ sup |QF(t)-Q)| dt+CE
0 t<s<T

2
+ CE ( sup ‘Pk P(t)’ >
0<t<T

+CIF:/
0

fx t,Xk ), Y*(@), Z" (t) , o (t)) — fa (t,X(t),Y(t),Z(t),u(t))’2dt

(8. X% (1) ¥ (6) — bo (1, X (1) u () at
+C< th —ax(t,X(t));aZdt>2a
t Xk (), YR®), 25 (t) W (t)) — 1l (4, X (1),Y(t), Z(t) ,u(t))‘th

—C (IE‘: sup ’Qk t) - Q (t)]QdH Z;Ji’f) .

0 t<s<T

By dominated convergence theorem and (3.17), we have limg_, J{“ =0.
From (3.20), we have limy_,o, J§ = 0. Similarly as the proof of I}, we have limy_,, J§ =

0 = limg_,00 J§ = 0. Next, by assertion (a) in Lemma 3.3.4, we get limy_,o, J& = 0.
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Define
vy, i t € [to, to + 6],
ug (t _ to [0 0 ]
u(t) otherwise,
where, ty € [0,T) and we are defined vy, in (3.15). See easily that d(u®?(-),u?(-)) — 0 as

k — +oo0.

3.3.2 Maximum Principle for Optimality

We need the following lemma to prove the necessary condition of optimality

Lemma 3.3.6
We assume (A.1)-(A.4). Then, we have for any 6 > 0,

lim E

k——+o0

—/OT”H (t,X(t),Y(t),Z(t),P(t),Q(t),R(t),u"(t))dt‘:0,

/TH’f (t, XE@), YR (), ZF(t), P*(t),QF (t), R (t), u™? (t)) dt

0

(3.23)
and
lim & | [ £, XR (), YR (t), Z%(t), Pk (t),Q" (t),R* (t),u” (t)) dt
fbee /0 ( ) (3.24)

—/OTH(t,X(t),Y(t),Z(t),P(t),Q(t),R(t),u(t))dt‘:0.

Proof: For simplicity, denote by

HEO (8 = HE (1, X0 (1), YR (1), 28 (1), PR (1), Q (1), RF (1) ,u™ (1))

HY(8) = H (6, X (1),Y (1), (1), P(t),Q1),R(t),u(1)).
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Therefore,

T T
k.0 B 0
/0 HEO () dt /0 HO (1) dt

<cC { (E/OT [P¥ (1) P(t)‘zdt>2 + (E/OT Q* ()~ Q(t)‘2dt>2

+ (fE R¥ (1) - R(t)’2dt>

E

=

NI

~/T ; (t,Xk (6), Y5 (1), 2" (1), ub? (t)) —f (t,X t),Y (t),Z(t),u’ (t))‘Q dt>
0

~/T (e XE (1), YR (1), 28 (6) B (1) — 1 (6 X (1), Y (1), 2 (), (”)fdt)
0

+ ( / o (10 0 @) = (X 0 ) dt)
C

=

) > \?
/0 o (1. X4 (1)) — o (1.X (1) dt) }

First, by Lemma 3.3.5, we obtain that
: k k k) _
Jim (Lt + L5+ 1) =o0.

Next, by Lemma 3.3.3, the Lipschitz continuity of f,l and dominated convergence theo-
rem, we have
: k E) _

Finally,
(5 <88 [ o (5,55 (0,040 ) 0 (65 (0,0 ()] ey
+3E/OT o4 (2. X5 (1) (1) — 0 (X (@) (1) [
+ 3E/OT o (£.x (1) (1) b (8. (1) o (1)) .

According to the boundedness of b¥,b and the fact that d(u*?(-),u?(-)) = 0 as k — +o0
guarantee the convergence of the first part on the right-hand side of the above inequality
to 0 as k — +o00. Moreover, by the Lipschitz continuity of b* and the fact that X* (t) —
X (t) uniformly in probability, we get the second part tends to 0 as k — +oc. In view

of assertion (b) of Lemma (3.3.1) we have the last part tends to 0 as & — +oo.Hence
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limg 1 o0 L'g = 0. Similarly, we get limy_, o L'? = 0. Therefore, (3.23) is proved. By

the same argument, we obtain (3.24). [ |

The main result of this chapter is stated in the following theorem.

Theorem 3.3.1 (Necessary Condition for Optimality)

Let u(-) be an optimal control and (X (-),Y (), Z(+)) be the corresponding trajectory.

Then, for any v () € Uy,q, we have

H(t, X (1), Y1), Z(1), P(t), Q(t), R(t), u(t)) — H(t, X(t), Y (1), Z(1), P(1), Q(t), R(t),v)

>0, dt —a.e.,P—a.s.,
(3.25)

where, (P(-),Q(-), R(+)) is the solution of the adjoint equation (2.13) with respect to

(X(), Y (), Z2(),ul))-

Proof: From Proposition 3.3.1, we have

_ [T
B[ [HF (1 XM, Y40, 25 (0. 0P (1), PF (0.9 (), B (1)
‘E/OT (M5 (8, X5, Y1), 2% (), ub (1), PR (1), Q% (8), R* ()| = 0(0) — 0C ().

Letting k£ goes to 0 and by using Lemma 3.3.6, we obtain that for each 6 > 0,

0 <E/ .Y (1), Z(1).P(1).Q (1), R(1) .« (1)) (3.26)
CHEX @), Y (), Z(), P(1),Q 1), R(t),u )] dr +0(0).

Dividing the both sides of the inequality (3.26) by 6, and passing to the limit on 0, we
get

E [H (to, X (to) Y (tO) 2 (to) P (tO) ,Q (tO) R (tO) 77}150)
—H (to, X (to) .Y (to) , Z (o) , P (to) , @ (to) , R (o) , u(to))] = 0.
Keeping in mind that t( is an arbitrary element of [0, 7], we get
E[H (X (1),Y (£),Z (1), P(t),Q(t),R(t),v)
—H X (1), Y (t),Z(t),P(t),Q(@1),R(t),u(t)) >0.

Then, completing the proof as the proof of Theorem 2.5.1 given in chapter 2, thus the

result follows immediately, which achieves the proof. |
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The following theorem is another result of this chapter, where the coefficients of the
Forward part b and ¢ are only Lipschitz ( not necessarily differentiable) and the generator
f is C! function and hence is Locally lipschitz.

Theorem 3.3.2
Suppose (A.1)-(A.3) hold. Assume further that the function f satisfies Assump-

tion 2.1 or Assumption 2.2 of chapter 2. Let u(-) be an optimal control and
(X(),Y(-),Z(+)) be the corresponding trajectory. Then, for any v (-) € U,4, we have

H(t, X (1), Y (1), Z(t), P(t), Q(t), R(t), u(t))
—H(t, X(),Y(t),Z(t),Pt),Q(t),R(t),v) >0, dt—a.e.,P—a.s.,

where, (P(-),Q(-), R(+)) is the solution of the adjoint equation (2.13) with respect to

(X(), Y (), 2(),ul))

Proof: The proof of this theorem can be performed as a combination of the proof of The-

orem (3.3.1) and the proof of Theorem (2.5.1) in Chapter 2. [ |

Mohamed Khider University of Biskra.



Conclusion

In this thesis, we establish a set of necessary conditions of stochastic optimal control
for different stochastic models. As the first result, we have discussed a stochastic optimal
control problem for one type of controlled BSDE with locally Lipschitz coefficient. We
strongly believe that it is the first attempt that goes in this direction and it is a new
endeavor. Pretty much all of the difficulties come from the fact the BSDE generator and
the adjoint equation are only locally Lipschitz which makes it difficult to solve the control
problem using the standard duality technique. We have firstly proved an existence and
uniqueness result to the related adjoint process which is described by a linear SDE with
locally bounded coefficients. Then, by means, of Ekeland’s variational principle along with
an approximation and limit arguments, both the necessary and the sufficient conditions
for optimality are obtained. As a second result, we have developed a stochastic maximum
principle for optimal control problems of the degenerate FBSDEs systems, where the
coefficients of the forward equation are only Lipschitz continuous with respect to the state
variable z. Using Ekeland’s variational principle to a sequence of approximated control
problems with smooth coefficients of the initial problems and applying the Bouleau-Hirsch
flow property to define an adjoint process which is the unique solution of the linear
backward-forward SDE defined on an extension of the initial probability space. Several
optimal control problems are still open problems. For example, the stochastic maximum
principle for locally Lipschitz systems driven by SDEs of Ito’s type, coupled or semi-
coupled FBSDEs, and so on. We hope that we can extend the results to the classical
non-Lipschitz framework of dissipative or one-sided Lipschitz coefficients

Another open remaining problem is the stochastic maximum principle in the case
where coefficients of the BSDE are globally Lipschitz and non-differentiable with respect
to y and z. We plan to fill the gaps by studying these open problems in our forthcoming

research papers.
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