/@\‘%\\1 People s Democratic Republic of Algeria

= & I LMA
\ GRLY ) Ministry of Higher Education and Scientific é)
\ Hawa / :

Research

THIRD CYCLE LMD FORMATION

A Thesis submitted in partial execution of the requirements for the degree of

DOCTOR IN MATHEMATICS
Suggested by
Mohamed Khidher University Biskra

Presented by

Imene MADOUI
Titled

On some Properties of Forward and Backward Stochastic

Differential Equations with Jumps

Supervisor: Pr. Nabil KHELFALLAH

Examination Committee :

Mr. Djamel MERAGHNI Professor University of Biskra  President
Mr. Nabil KHELFALLAH Professor University of Biskra  Supervisor
Mr. Imad Eddine LAKHDARI MCA University of Biskra =~ Examiner
Mr. Djabrane YAHIA Professor University of Biskra =~ Examiner
Mr. Adel CHALA Professor University of Biskra =~ Examiner

Mr. Salah Eddine REBIAI Professor University of Batna2 Examiner



Dedication

[ dedicate this work:
to the late memory of my father,
my beloved mother,
my good husband,
my dear brothers,

and to my precious daughter.

(©
‘%
R

(

o U NG %mf‘?i,,. |
> 7 S N @:»_, 20 00 J&Y

9,




First, I should be so grateful and thankful to Allah, the most gracious and the

most merciful for giving me the patience, health, power, and will to complete this work.

I would like to take this opportunity to express my sincere gratitude to my super-
visor, Pr. Nabil KHELFALLAH, for devoting much of his time to the development of my
Ph.D. study, for the many suggestions, as well as for his continuous support and patience

with me. All words of thanks are not enough for you. Thank you so much.

I also wish to thank Pr. Mhamed EDDAHBI from King Saud University for his

time, precious advice, and helpful comments.

I would like to thank my review committee members: Pr. Djamel MERAGHNI,
Pr. Salah Eddine REBIAI, Pr. Adel CHALA, Pr. Djabrane YAHIA and Dr. Imad
Eddine LAKHDARI, for their examination of the report and their valuable remarks.

I would also like to thank all my teachers during my educational career, espe-
cially my professors from the university of Biskra and all the members of the applied

mathematics laboratory.

Last, my thanks would go to my beloved family, my mother, and my husband, z#

for their support and confidence in me all through these years. Without them, I would

not insist on finishing this work.




uadla

52y Ay (il (aege (fing (e gain e 028 o) ) #iSAl A g Hal 8w
A gl Ll Calaall ) g e Findind o i Calacal DA e sl Ao
ALiaal) i )l AS g 3l gl (5 guad 33 ol ) g3 50 gal) ma) il

A sliall Alialanl) Y alaall (e Alea dn 5 kY 02 (e 5V & saasall Jlity
< aall il YAl e g sill 138 Ja ddilaa g g aga g Ly o gS jla & 63 (e duaal il
Loyl b el oy Jalsall 8 el i) o e 5 (5 il gal) (55 Ledie
o8 Agae Jlga IS5 Lo ailiS (K SV alaall e JSEI 138 da o a5 ¢ i)
& Yaall e g sl 3gd Jsla asm s lBY Fadiad Ja i Calauza) 8 aadins 5 i)
5 5 IV priall Aplly paase A gall 585 Ladie (V) Al & ol pallal)
inne A gl (S5 Laie AN AMall 8 5 ol aiall Auailly it Ja yd isy
el Sl Y alaall (e Aallie (685 8 Ola ) Ay pla Jia SN & puatiall dially
DAl el 5 s JBY) e Jai Adal) Adbaall o il Jadl Agilas g 5 25a g dpaliy
Aaedl Jayd slie V) Gam cpdAT 4

S¥alaall Jsla Agilan g ol asas 58 5 DAL g sam g i g phal (ge (A 6 ) (3laty
dagill oda o lalinl | gl ) jusiall (8 e 5 saly Clalsall et G ol 38 <l
4 5laall 545 jlaall culia yie ) ZELaYL ol gal) daliaa CYalaad A 20 Ja Liadd
o e oall 13 8 A )5 KAl o gall CBN pueiall 8 AL Lyl G 90 A jluall
LAl caplall o gy VAl AN A g jaall WY abea Jy gatl ¢S5 68 ) o sl aladial
4 yad) ALl Alaliil) ¥l 5 ¥ aleall (e g sl 138y A8 LGB o)yl
A5l Jglad Ldlaiad Siad Jag) yill 1aa W1 85 ellll S8 o sl () 585 Ladie dgay il
IS ladls dapa sacluey WLEST A 5 A il 40 el cliidall b Y alaall and

Ol g9 el ¢ el Alae ¢Ama il A0 gdial) Alialanl) Y alaal) dalidal) clalsl)
i sS e dglae ¢4 ) ) AS jall ¢ A sl



Résumé

e but de cette these de doctorat est d’étudier le probleme de I'existence et I'unicité
en affaiblissant la condition de Lipschitz sur les générateurs d’équations différen-
tielles stochastiques rétrogrades avec sauts (EDSRSs en abrégé).

La premiéere partie traite les EDSRs Markoviennes multidimensionnelles dirigées
par une mesure aléatoire de Poisson et un mouvement Brownien indépendant. Des résul-
tats d’existence pour ce type d’équations avec des générateurs continus qui satisfont la
condition de croissance linéaire habituelle sont prouvés.

La deuxieme partie de cette these concerne une classe des EDSRs quadratiques
avec sauts (EDSRQSs en abrégé) ou les générateurs admettent une croissance quadra-
tique par rapport au terme de la composante Brownienne et une forme fonctionnelle non
linéaire par rapport au terme de saut. Nous établissons 'existence (et parfois 1'unicité)
des solutions aussi bien que des principes de comparaison et de comparaison stricte sans
condition de monotonicité sur le générateur. Des représentations probabilistes de solu-
tions a certaines classes des équations différentielles aux dérivées partielles quadratiques
(EDPQs en abrégé) sont données au moyen de solutions de ces EDSRQSs.

Ce travail sera présent en trois chapitres. Le premier chapitre port sur I'existence
et I'unicité de la solution d'une EDSRS Markovienne multidimensionnelle avec un généra-
teur Lipschitz et une condition terminale de carrée intégrable. Nous montrons aussi que
la solution de ’'EDSRS peut étre représentée en termes d’un processus de Markov donné

et de certaines fonctions déterministes.
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Le deuxieme chapitre s’intéresse aux EDSRSs Markoviennes multidimensionnelles
dans deux cas. Dans le premier cas, lorsque le générateur est continu par rapport aux pre-
miere et deuxieme variables et satisfait la condition de Lipschitz par rapport a la troisieme
variable. Dans le deuxieme cas, lorsque le générateur est continu par rapport aux trois
variables. L’existence d’une solution (pas nécessairement unique) de ce type d’équations
est prouvée par approximer le générateur par une suite convenable des fonctions Lip-
chitziennes et d’utiliser la condition de L?-domination, sur la loi du processus de Markov,
pour faire un passage a la limite. Ensuite, certains cas particuliers sur les conditions de
croissance linéaires et sous-linéaires et la régularité du générateur sont discutés. Nous
concluons ce chapitre avec plusieurs exemples de processus de Markov ayant la propriété
de L?-domination.

Le troisieme chapitre est consacré a 'existence et/ou l'unicité des solutions a
plusieurs types d’EDSRQSs. De plus, deux théoremes de comparaison sont établis. L’idée
principale des preuves est d’utiliser la transformation de Zvonkin [72], pour transformer
I’EDSRS quadratique initiale en une EDSRS standard avec un générateur continu ou
globalement Lipschizien. Gréce a la formule de Feynman-Kac, nous prouvons une relation
entre les EDSRQSs et les EDPQs. Cette connexion fournit une représentation probabiliste
des solutions de viscosité des EDPQs sous considération.

Mots-clés: Equations différentielles stochastiques rétrogrades; Processus de saut; Mesure

aléatoire de Poisson; Mouvement Brownien; Processus de Markov. .



Abstract

he aim of this Ph.D. thesis is to study the problem of existence and uniqueness by
relaxing the Lipschitz condition on generators of backward stochastic differential
equations with jumps.

The first topic deals with multidimensional Markovian BSDEs driven by a Poisson
random measure and independent Brownian motion. Existence results for such equations
with continuous generators that satisfy the usual linear growth condition are proved.

The second topic is concerned with a class of quadratic BSDEs with jumps where
the generators show quadratic growth in the Brownian component and non-linear func-
tional form with respect to the jump term. We establish the existence (and sometimes the
uniqueness) of solutions as well as a comparison and strict comparison principles under
no monotonicity condition in the third argument of the generator. Probabilistic represen-
tations of solutions to some classes of quadratic partial integral differential equations are
given by means of solutions of these QBSDEJs.

This thesis presents three chapters. The first chapter focuses on the existence
and uniqueness of the solution to multidimensional Markovian BSDEJs under the global
Lipschitz property of the generator and square-terminal value. We prove, under the
Lipschitz condition, that the BSDEJ’s adapted solution can be represented in terms of a
given Markov process and some deterministic functions.

The second chapter is concerned with multidimensional Markovian BSDEJs in
two cases. In the first case, when the generator is continuous with respect to the first and

second variables and satisfies the Lipschitz condition with respect to the third variable.
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In the second case, when the generator is continuous with respect to the three variables.
The existence of a solution (not necessarily unique) to BSDEJs under study is proved by
using the so-called L2-domination technique and some regularization and approximations
arguments. Furthermore, some special cases of linear and sub-linear growth conditions
and the regularity of the generator are discussed. We conclude this chapter with several
examples of the Markov process having the L?-domination property.

The third chapter is devoted to the existence and/or uniqueness of the solutions
to a variety of types of QBSDEJs. More precisely, the solvability of some QBSDEJs via
several examples dealing with different generators of other quadratic forms. Furthermore,
two comparison theorems are established. Finally, this chapter deals with the relationship
between quadratic BSDEJs and QPIDEs with measurable generators. This connection
provides a probabilistic representation of viscosity solutions of some QPIDEs, which is
proved by means of the Feynman-Kac formula.

Key-words: Backward stochastic differential equations; Jump process; Poisson random

measure; Brownian motion; Markov process.



List of Symbols and Abbreviations

These are the different symbols and abbreviations used in this thesis.

Symbols:
(Q, F,P): probability space.
F = (Ft)ejor): filtration.
(Q, F,F,P): filtered probability space.
W = {W, }iejo,r1: Brownian motion.
N: Poisson random measure.
v(de)ds: the compensator of N.
N: the compensated Poisson measure.
R: real numbers.
R?: g—dimensional real Euclidean space.
R4 the set of all (¢ x d) real matrixes.
E =R7\ {Og«}.

G =(Gs)eo7): the filtration generated by the deterministic functions JEEap(r, XE¥)dr

where 9 is a continuous R%valued function.
A: the closure of the set A.

114: the indicator function of the set A.
o(A): o—algebre generated by A.

(a,b): the inner product in RY.

la| = y/(a,a): the norm of R




(A, B): the inner product in R?*¢,

|A| = /(A, A): the norm of R?*,

L*(R): the space of the functions whose absolute value is integrable.

L?(92): the Banach space of RY-valued, square integrable random variables on

(Q, F,P).
LP: the set real-valued measurable functions u defined on [0,7] x E such that:
()l = ([ ufe) v(de)) < oc.
£24: the Banach space of R%valued deterministic functions (¢(e))cer such that:
eI, = [ le() v(de) < oc.

8% (0,T;R?): the Banach space of Ri-valued, F,—adapted and cadlag processes
(Y;)OStST such that:

E[ sup Y]] < oo.
0<t<T

MZ(0,T,RY): the Banach space of R-valued F;—predictable processes (¢¢)o<i<r
such that:

r 2
/ E |p:]” dt < 0.
0

MZ([0,T] x E,R?, dtv(de)): the Banach space of R%valued F;—predictable pro-

cesses (Yi(e))o<t<Tccr satisfying:
T
El/ /|wt(e)|2u(de)dt < o0.
0o JE

W2 (R): the space of continuous functions g from R to R such that ¢’ is continuous

and ¢” is integrable on R.

Wz’ 1oe (R): the Sobolev space of functions g defined on R such that both g and its

generalized derivatives ¢’ and g”are locally integrable on R.
M2 = MZ%(0,T,R?) @ MZ(0,T,R?*?) @ M%([0,T] x E,R?, dtv(de)).

M2 = 82 (0,T;R?) @ M2(0, T, R™*4) @ MZ([0,T] x E, R, dtv(de)).




Abbreviations:

a.e.: almost everywhere.

a.s.: almost surely.

i.e.: that’s to say.

cadlag: right continuous with left limits.

w.r.t: with respect to.

e.g: for example.

SDESs: stochastic differential equations.

BSDEs: backward stochastic differential equations.

BSDEJs: backward stochastic differential equations with jumps.
PDEs: partial differential equations.

QBSDEJs: quadratic backward stochastic differential equations with jumps.

PIDEs: partial integral differential equations.

QPIDESs: quadratic partial integral differential equations.

BDG: Burkholder-Davis—-Gundy inequalities.




Contents

Dedication . . . . . . . ..
Aknowledgemnt . . . . .. ...
Abstract in Arabic. . . . . .. oo
Abstract in French . . . . . . . ...
Abstract in English . . . . .. ... ... ... oo

Symbols and Abbreviations

General Introduction

1

Multidimensional BSDE]s with Lipschitz Generators

1.1 Introduction . . . . . . . . ...

1.2 Definitions and Auxiliary Results . . . . . . . .. .. ... ... ... ...
1.2.1 Predictable Representation Theorem . . . . . ... . ... ... ..

1.3 Existence and Uniqueness of Adapted Solutions . . . . . .. .. ... ...
1.3.1 A Priori Estimates . . . . .. ... ... ...

1.4  Deterministic Representation for Markovian BSDEJ . . . . . .. .. .. ..

1.4.1 Representation of Additive Functional of Markov Processes . . . . .

Multidimensional MarKovian BSDE]s with Continuous Generators

2.1 Imtroduction . . . . . . ..

2.2 Existence Results of BSDEJs . . . . . .. ... ... 0o
2.2.1 Measure Domination . . . . . . .. ... ... 0L
2.2.2  First Case: f is Continuous in y, z and Lipschitz in k(.) . . . . . ..

2.2.3 Second Case: fis Continuous iny,zand k. . . .. ... ... ...

X1

il
iv
iv

vi

viii

10
10
11
11
17
18
23
24



CONTENTS xii

2.3 Examples of Markov Processes Satisfying

L?-Domination Condition . . . . . ... ... ... ... .......... 46

3 Quadratic BSDETs and Related PIDEs 51
3.1 Introduction . . . . . . . ... 51
3.2 Existence and Uniqueness of Solutions . . . . . . ... ... .. .. .... 52
3.2.1 Krylov’s Estimates and [t6-Krylov’s Formula for BSDEJs . . . . . 55
3.2.2 A Priori Estimates . . . . ... ... oo 59

3.3 Solvability of some Quadratic BSDEJs . . . . ... ... ... ... .... 64
3.4 Comparison and Strict Comparison Theorems . . . . . . . ... ... ... 68
3.5 Application to Quadratic PIDEs . . . . . . . .. ... 0000 71
3.5.1 BSDEs and PIDEs: Existence and Uniqueness . . . . . . . ... .. 71
3.5.2  Solution of QBSDEs with Jumps via Solution of QPIDEs . . . . . . 74
3.5.3 Probabilistic Representation of Solution to QPIDE . . . . . .. .. 7
Conclusion . . . . . . . . .. 82
Bibliography . . . . . . .. 84

Mohamed Khider University of Biskra.



General Introduction

Ackward stochastic differential equations have been extensively studied from different
Bviewpoints due to their applications in many fields such as mathematical finance El
Karoui, Peng & Quenez (1997) [30], finance and insurance Dos Reis (2010) [26], insur-
ance reserve Delong (2013) [25], optimal control theory [6, 17, 35, 46, 61, 69] , stochastic
differential games and stochastic control Hamadene & Lepltier (1995) [38, 39], Hamadeéne
(1998) [36] and Baghery et al. (2014) [7] and their strong connection with partial differ-
ential equations [11, 12, 60, 62]. Applications on utility optimization and dynamic risk
measures were discussed by Becherer (2006) [14], Morlais (2009) [53] and Quenez & Sulem
(2013) [66].

In 1990, the theory of BSDE was greatly developed by many authors, and there
were a large number of published articles devoted to the theory of BSDE and its ap-
plications. Among these academic researchers, the most famous ones are Pardoux and
Peng [58] who showed, based on the martingale representation theorem, the existence
and uniqueness of solutions to BSDEs under the square-integrability on the terminal data
and the Lipschitz continuity condition on the driver, which is considered the powerful
condition that ensures the well-posedness of BSDEs.

A few years later, further research weakens the Lipschitz hypothesis on the genera-
tor. Besides, the former mentioned works, we would like to make a synopsis of papers that
focused on two directions: the BSDE with continuous as well as with quadratic generators.
In the context of the first direction, Lepeltier and Martin (1997) [49] proved the existence

of a solution for such BSDEs, where the generator is continuous, has a linear growth, and
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the terminal condition is square integrable. Later, Jia and Peng (2007) [43], based on the
result found in [49] showed that underlying BSDE has either one or uncountably many
solutions. They also provided the structure of those solutions. Then, Kobylanski (2000)
[47] provided existence, comparison, and stability results for one-dimensional BSDEs when
the coefficient is continuous and has a quadratic growth in the Brownian component and
the terminal condition is bounded. Contrariwise, there are a few papers that studied
the existence problem for continuous BSDE with jumps. Yin and Mao (2008) [71] dealt
with a class of one-dimensional BSDE with Poisson jumps and with random terminal
times. They showed the existence and uniqueness of a minimal solution when the BSDE
coefficient is continuous and has a linear growth condition. Then, Qin and Xia (2013)
[65] proved the existence of a minimal solution for BSDEs driven by Poisson processes
where the coefficient is continuous and satisfies an improved linear growth assumption.
They also extended the result to the case where the coefficient is left or right continuous.
More recently, Madoui et al. (2022) [52] and Abdelhadi et al. (2022) [1] provided some
examples that ensure the connection between one type of quadratic BSDEs with jumps
and standard BSDEs with continuous drivers. It is worth pointing out that all the former
mentioned results are given for one-dimensional BSDE and the main tools in the proofs
are the approximating technique and the comparison theorem. On the other hand, limited
results have been obtained about the multidimensional BSDE with continuous generator,
for example, Hamadene (2003) [37] and Hamadeéne and Mu (2015) [40].

The second direction is concerned with an interesting subclass of BSDEs that
shows a quadratic growth w.r.t respect to the Brownian component. Motivated by the
study of utility maximization problems and some particular forms of PDEs or PIDESs, this
genre of equations appeared and loomed large in BSDE’s theory. Quadratic BSDEs have
been extensively studied by many authors in various fields of applications. Among them,
in the continuous framework, Kobylanski [47] for QBSDEs and their connections with vis-
cosity and Sobolev solutions of PIDEs when the non-linearity has a quadratic growth in
the gradient. Limit theorems of QBSDEs and non-linear PIDEs by Eddahbi and Ouknine
(2002) [28]. Later, Briand and Hu (2006, 2008) [18, 19] have analyzed QBSDEs with con-

vex generators and unbounded but exponentially integrable terminal conditions. Classical

Mohamed Khider University of Biskra.



GENERAL INTRODUCTION 3

and variational differentiability of quadratic BSDEs has been addressed by Ankirchner,
Imkeller, and Dos Reis (2007) in [2]. Tevzadze (2008) initiated a fixed-point approach for
QBSDEs in [70]. Delbaen, Hu, and Richou (2011) [24] have established the uniqueness
of solutions to QBSDEs with convex generators and unbounded terminal conditions. BS-
DEs with stochastic quadratic growth have been studied by Essaky and Hassani (2013)
in [31]. Based on the former paper a domination method has been introduced by Bahlali,
Eddahbi, and Ouknine (2013, 2017) [9, 10] and Bahlali (2020) [8].

In the jumps setting, quadratic BSDEs with jumps have been also studied, in par-
ticular, motivated by exponential utility optimization Morlais (2010) [54] and Jeanblanc
et al. (2015) [41] considered quadratic BSDE with jumps. Kazi-Tani, Possamai, and
Zhou (2015, 2016) [44, 45] have adopted the fixed-point approach initiated by Tevzadze
[70]. Antonelli and Mancini (2016) [4] studied the same class under different assumptions
on local Lipschitz generators. Based on the stability of quadratic semi-martingales, Bar-
rieu and El Karoui (2013) [13] introduced the so-called quadratic structure condition and
have proved the existence of a non-necessary unique solution in the continuous setting
when the terminal value is unbounded. Some extended results to a quadratic-exponential
structure condition have been conducted by Jeanblanc, Matoussi and Ngoupeyou (2013)
[42] and El Karoui, Matoussi and Ngoupeyou (2018) [29]. Fujii and Takahashi (2018)
[32] have studied Malliavin’s differentiability of solutions of BSDEs with jumps under
the quadratic-exponential growth condition. Recent extensions on the monotone stability
approach to BSDEs with jumps have been developed by Becherer, Biittner and Klebert
(2019) in [15].

This present dissertation focuses on the study of the existence and/or the unique-
ness problem of two types of BSDE driven by both a Wiener and a Poisson random
measure. We first study the existence of multidimensional Markovian BSDE with a jump
with a continuous generator (not necessarily Lipschitz). To do this, we show, under the
Lipschitz condition, that the BSDEJ’s adapted solution can be represented in terms of a
given Markov process and some deterministic functions. Then, the second type focuses
on the study of the existence and/or uniqueness of the solutions to a variety of types

of BSDEJs when the generators show quadratic growth in the Brownian component and

Mohamed Khider University of Biskra.
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non-linear functional form w.r.t the jump term. Lastly, we study the relationship between
QBSDEJs and QPIDEs with measurable generators.

Let (Q, F,P) be a complete probability space, (]:t)te[o,T} be a non-decreasing fam-
ily of sub-o-algebras of F, on which are defined two fundamental time-homogeneous
independent stochastic processes: a standard R%-valued Wiener {W; : ¢ € [0,T]} and a
real-valued Poisson random measure N (ds, de) defined in [0, 7] x £, where E' = R?\ {Oga }.
We denote by v(de)ds the compensator of N where N(ds,de) = N(ds,de) — v(de)ds is
a martingale with mean zero called the compensated Poisson random measure. For the
theory of stochastic differential equations with Poisson’s measure, we refer to [34].

We consider F = (-Ft)te[o,T] to be the filtration generated by the two processes W and N.
For a given R%valued random variable ¢ defined on (Q, Fr,P) and an RP-valued cadlag
Markov process (X;)icpo,r) on (€2, Fr, F,P), we are interested in the following multidimen-

sional BSDEJ: for any ¢ € [0, 77,

Y, :5+/tT f(r,Xr,n,Zr,Kr(-))dr—/tT 7AW, —/tT/EKT(e)ﬁ(dr, de),  (0.1)

where the generator f : [0,7] x RP x R? x R?? x £%7 —3 R is of linear growth and
Lipschitz, w.r.t y, z and k() uniformly in s.

The purpose of this thesis is to focus in two research themes. Our first topic [27]
come to complete the studies of Hamadene [37], Hamadeéne and Mu [40] and Mu and
Wu (2015) [55] without jump part in the setting of BSDEs with jumps and continuous
generators.

As the first result, we prove, without using the connection with PIDE, a new
representation theorem in the setting of BSDEJs with globally Lipschitz generators. Then,
based on the seminal papers Cinlar et al. (1980) [23] and Cinlar & Jacod (1981) [22], we
represent the components of the BSDEJ’s adapted solution in terms of the Markov process
(Xﬁ’m)se[t,ﬂ. In other words, we prove the existence of three measurable and deterministic
functions u : [0,7] x R? — R, v : [0,T] x R? — R and 0 : [0,T] x R? x £ — £24
such that for any (s,e) € [t,T] X E

VI = (s, Xb%), Z0% = (s, X0) and Kb%(e) = 0(s, X", e).

Mohamed Khider University of Biskra.
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In fact, this result generalizes the one obtained by El Karoui et al. (1997) [30, The-
orem 4.1 p. 46] to the jump case. Compared with the representation by the well-known
Feynman—Kac formula using PIDEs. Our method does not require smoothness on the
coefficients.

As the second result, we study the BSDEJ (0.1) with a continuous generator in
Yy, z, and globally Lipschitz in k(-). For the case when f is of linear growth in z, y, z and
k(-), we prove the existence of at least one solution to BSDEJ (0.1) which belongs to the
Banach space M?2. The later result is obtained by utilizing the so-called L?-domination
technique related to the existence, with some lower and upper bounds, of the density of
the law of the transition probability of the underlying Markov process, as well as some
regularization and approximation arguments. Then, for the case where f satisfies the
sub-linear growth condition we can prove that the solution of BSDEJ (0.1) is in fact in
M2 which is a subspace of M2
Finally, by assuming that the generator f depends on z, y, z and [i k (e) v (de) rather
than k(-), we get the existence of at least one solution to BSDEJ whose generator is
continuous in y, z and k. Notice that our results do not use either a comparison theorem
or a representation based on the partial integral differential equations. We conclude our
results with several examples of Markov processes having the L?~domination property.

The second topic [52] is a natural continuation and extension to the jump case
of the recent papers of Bahlali, Eddahbi & Ouknine (2017) [10] and Bahlali (2020) [8].
We prove the existence and/or uniqueness of the solution of the R-valued BSDEJs of

quadratic type of the form:

Y, =§+/tTH(1@,ZS,KS(-))ds—/tT Z.dW, —/tT/EKS(e)N(ds,de), (0.2)

herein, the terminal data ¢ is assumed to be square integrable. Throughout this work, we

shall refer to the equation (0.2) as Eq(§, H).
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Our study covers the following cases:

F) |21” + ks (y) =2 Hy(y, 2, k()

h(y, k() + ez + Hy(y, 2, k()

a+blyl+clzl +d[[kC)l,, + Hy, 2, k()

H(y, 2, k() =1 ez + f(y) |2 = Jp k(e)v(de)

cz+ f(y) |z |2

hy k() +cz + f(y) |2

Ho (r, X,) + Hs(y, z,k(-)), (X;)r>0 is a Markov process,

where f is a measurable and integrable function, h and H, enjoy some classical assump-

tions and [k], () is a functional defined as follows

[k]f (y) _ A F<y + k(e)) _FZ;:%> — F/(y)k(e> I/(de),

and the function F' is defined, for every z € R, by

F(z) = /Ozexp (2/0yf(t)dt> d

The generators show quadratic growth in the Brownian component and non-linear func-
tional form w.r.t the jump term. Using Zvonkin transformation to eliminate the drift
or a part of the drift. Furthermore, comparison and strict comparison theorems (The-
orem 3.4.1 in chapter 3) are established to compare the solutions for QBSDEJs of type
Eq(§, F'). The novelty is that the comparison of solutions holds whenever we can com-
pare the generators a.e. in the y—variable and both the generators can be non-Lipschitz,
non-continuous, and non-convex. Moreover, let (Y, Z1 K1), (Y% Z2 K?) be respectively
the solution of Eq(&1, Hy,) and Eq(&2, Hy,) and if § < & P-a.s. and f1 < fy-a.e. Then
Y,! <Y? P-as. In addition, if P (& > &) > 0 then P(Y,? > Y,! for all ¢ € [0,7]) > 0. In

particular, we have, YZ > Y.

Mohamed Khider University of Biskra.
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Our goal in this topic is to investigate a class of BSDEJs and related PIDEs of a
quadratic type associated with a Brownian component and independent Poisson random
measure. We introduce the forward SDE with jumps that will generate a Markov process
to be used to solve some QPIDEs. For a given ¢ as the initial time and ¢ € L? (Q, F;, P; R)

as the initial state, let (X!)seper] be the solution of the following SDE with jumps:
X = ¢ [btrxfar [Tt x09aW,+ [ [ o XIS N @rde), (0.3
¢ t

where X!¢ = ( for all 0 < s < t and the mappings b: [0,T]xR — R, 0 : [0, 7] xR — R
and ¢ : [0,T] x R x ' — R satisfy the assumptions (As;), (As¢) and (As7) which will
be mentioned in the third chapter.

Now, we shall introduce the next Markovian BSDEJ:

T T
Y, = g(Xi) 4+ / (Ho(r, X5%) + H(Y®, 765 Kb ()))dr — / Z8 AW, (0.4)

—/ /K” N(dr,de), |

where

g:R— R, Hy:[0,T] xR —R,

satisfies the following conditions:

There exists L,C > 0, such that for all r € [0, 7] and x, £ € R
l9(x) — g (£)| + [Ho(r,x) — Ho(r, #)| < L |z — & and |Ho(r,z)| < C.
For any h: R x £2 — R and f satisfying (Az;) — (A32) from chapter 3, we set

:{Hf(yaz7k('>)7 h(y,k}('))+CZ+Hf(y,Z,kZ(')),
atblyl+elzl + k), + Hily. 2 k()
e+ )P = [ Kew(de), e+ f) 1=, by k() + ez + F(y)]])

Mohamed Khider University of Biskra.
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It is clear from all the results in the section 4 (from chapter 3) that the BSDEJ
Eq(g(X%"), Hy + H) has at least one solution for H in G. We show that this solution
can be represented by as a deterministic function of the Markov process X. which is the

solution of the following PIDE:

(L(0) +T(0, ) + Ho + H(B, 02, AO(-))(t, ) =0,
0T, z) = g(z),

(0.5)

where 6 be the C!? classical solution, H is one of the elements of G and the operators
L (6) and Z(0,¢) will be defined in chapter 3. The solution of (0.5) can be represented

by

00
Yst,x _ Q(S,Xﬁ’x>, Z;,z — g(s,X;f)a—(S,Xﬁic),
X

and
K (e) = 0(s, X + (s, X% ) — 0(s, X7

= Ab,(e)(s, X7,
for t < s <T and e € E. Furthermore, we have the representation
Vi =B [aXE)] B | [ (Hr X0%) + BV, 205, K2 ()
=0(t,z).

These connections provide a probabilistic representation of viscosity solutions of some
QPIDESs by means of the Feynman-Kac formula. This work is a continuation and extension

of Barles, Buckdahn, and Pardoux [12]. We consider the following QPIDE with a non-

linear functional term

(L(0)+Z(0,p)+ Ho+ Hy(6, 0%, Ab,(-))(t,x) =0,
(T, x) = g(x).

(0.6)

Mohamed Khider University of Biskra.
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Let (YA %)o<s<r be the unique solution of equation (0.5) where Y5* = Y;"* for all
0 < s < tandt < T. We prove that the continuous function 0(¢,z) = Y;t’x, for all
(t,z) € [0,T] x R, is a viscosity solution of the QPIDE (0.6) if and only if the continuous

function a(t, z) = F(Y;"") is a viscosity solution of the following PIDE

(L (a) + Z(er, ) + F'(F~ (o)) Ho) (t, ) = 0
a(T,x) = Fg(x)).
Finally, we get that the function 6 given by (t, ) := Y;"*, for all (t,x) € [0,T] x R is
a viscosity solution to the QPIDE (0.6).

The content of this thesis was the subject of the following relevant papers [27, 52]:

1. Mhamed Eddahbi, Anwar Almualim, Nabil Khelfallah, and Iméne Madoui. Mul-
tidimensional Markovian BSDEs with jumps and continuous generators. Axioms,

12(1):26, 2022.

2. Imeéne Madoui, Mhamed Eddahbi, and Nabil Khelfallah. Quadratic BSDEs with
jumps and related PIDEs. Stochastics, 94(3):386-414, 2022.

Mohamed Khider University of Biskra.



CHAPTER 1

Multidimensional BSDEJs with Lipschitz

Generators

1.1 Introduction

In this present chapter, we study the existence and uniqueness of the solution to
multidimensional BSDEs with jumps where the generator achieves the global Lipschitz
property and square-integrable terminal value £&. Note that this proof can be found in
many papers on BSDEJs with slightly different techniques in particular in dimension
one see [25, 67] and the references therein or in Hilbert valued BSDEs [69], but we give
complete proof here for the sake of the content of this work. We prove a new representation
theorem without using PIDE. Our objective is to generalize to the jump case in El Karoui
et al. [30]. That is to represent the components of the BSDEJ’s adapted solution in the
Lipschitz framework in terms of X and some deterministic functions.

We start this chapter by giving definitions and some technical results that will be needed
in the proofs of our main results. Section three is devoted to studying the existence and
uniqueness result of a multidimensional BSDEJ in the globally Lipschitz setting. Finally,
we focus, together with the representation of additive functionals of Markov processes, on
the most important result, which will be used in the second chapter that is to establish
a Markovian structure of the solution of a BSDEJ in terms of three deterministic and

measurable functions.

10
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1.2 Definitions and Auxiliary Results

1.2.1 Predictable Representation Theorem

Proposition 1.2.1
(Kunita-Watanabe [48, Theorem 2.9]) Let (My).cj0,r) be an RI-valued square integrable

(Ft)tcpo,mymartingale. Then there exist, predictable processes Z. and K.(-) taking

values respectively in R?*? and £2? such that:

/0 [|Z | }ds<oo and / ||K()||§V} ds < oo,

where |Z$|2 =37, Z?:1(Z§j)2 and \Ks(e)|2 =YL (K!(e))®. The martingale (M;)ieo1)

is represented by
M, = M0+/ Z,dW, +/ / K.(e)N(ds, de), (1.1)
or equivalently for alli =1,...,¢q
M= M’+Z/ Z”dW]Jr/ | Kile)N(ds, de).

The couple (Zs, K4(e)) is uniquely determined from (M;)icjor), i-e., if (My)iejor is
represented by (1.1) with another (Z', K(e)) satisfying (1.1), then we have Z. = Z'
a.e. ds®@dP and K.() = K'(+) a.e. ds®v(de) ® dP where ds is the Lebesgue measure

on [0,T] and v(de) is the Lévy measure on E.

Corollary 1.2.1

The spaces of continuous martingales M and that of purely discontinuous martingales

M are characterized as follows:

{/ Z, AW, : Z/ (273 ai7jd8<oo},

i,7=1

{/ / K,(e)N(ds, de) : /OTE {HKS()HEV] ds < 00}7

where a; ; is a non-negative definite symmetric matrix.

and

Proof. See [48].

Mohamed Khider University of Biskra.
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Corollary 1.2.2
Let M, N be Ri-valued square-integrable martingales represented by

M, = Z/ ZJdWJ+/ ] (e N (ds.de),

as well as,
N, = Z/ HJdW9+// N{(ds, de).
Then,
d t
:Z/ ZgHgds—i—/ / K(e)Js(e)v(de)ds,
=0 0 JE
and
Z/ ZJH]ds—ir/ [ Ko(e)Jule)N (ds, de).
Moreover,

(M, N], — (M, Ny, = [ t [ Kufe)u(e) (N(ds, de) — v(de)ds)
:/t/ K,(e)J,(e)N(ds, de)

is a martingale.

Proof. See [48].

Remark 1.2.1
Let K.(-) be a predictable process such that

]E/(]T/E|Ks(e)]1/(de)ds < .

We may define [} [, K,(e)N(ds,de) and [ [, K,(e)v(de)ds as integrable processes of

finite variation. Further,

//K N(ds, de) //K N(ds,de) — v(de)ds)

is a martingale.

In what follows, we state a version of useful It6’s formula that was proven in

Protter [64] or Applebaum [5].

Mohamed Khider University of Biskra.
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Proposition 1.2.2

Let Y, = (Y}},...,Y}") be a g-dimensional semi-martingale and F(y},... ,y!) be a

real-valued C? function on RY. Then, we have

F(Y;) = F(Yy) )Y+ WYY (1.2)
t ? ”221/ (93/183/]
1 aF
b (F ()~ F(Y) =Y 5o (1)AY)),
0<s<t i=1 yl

where [Y,Y7]¢ denotes the continuous part of [Y,Y’]. In particular, in the proofs,
we shall make use of the following two forms of the It6’s formula (1.2). For F(t,y) =

e |y|*, we have
T v (2 t v 2 r 2 e i e [T -
T V2 = e Y| +a/ e || ds+Z/ 2easxgadw+2/ e d[y),. (1.3)
t =171 i=1"1
Now, take o = 0 in (1.3), we obtain
Vi = |Yy)? +/ 2Y,_dy, +§j/ v, (1.4)
which is equivalent to

g ; El , a0t . N A
LA AEDWE A WIS
=1 i=1 i=1 i=1

Lemma 1.2.1
(Burkholder—Davis-Gundy Inequalities [63, Theorem 48, p.193)] Let M. be a martin-

gale with cadlag paths and let p > 1 be fixed. Let M} = supy<,,|M|. Then, there

exist constants ¢, and C, such that

e, (B[, 008])” < @ 107D < 6, (B[ 00])7

for all 0 <t < oo. The constants c, and C,, are universal: they do not depend on the

choice of M..

We state now the definition of the solution of multidimensional BSDEJs with

Lipschitz generators and prove some technical lemmas that will be used in the proofs of

Mohamed Khider University of Biskra.
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our results. Let us consider the BSDEJ on R?, for all 0 < s < T

5+/ (r, Yo, Zy, K, (- dr—/ Z,dW, — //K N(dr, de). (1.5)

In component-wise for any i = 1,...,¢q

dY? = — fi(r, Yo, Zo, K, (1) dr+ZZ”de +/ Ki(e)N(dr, de),
j=1
where Y7 = £ is an R%—valued terminal value and the generator f is defined as
f[0,T] x Q@ x R x R4 x £*7 — RY,
such that the following two hypotheses are investigated:

(Hs1) & and {f(¢,0,0,0)}o<t<7 are square-integrable in the sense:

< 4-00.

l|§y+/ £(£,0,0,0)[? dt

(Hsz5) There exists L > 0, such that P-a.s. forallr € [0,T],V (y,vy) € RY, V (2,2') € RI*?
and (k(-), K'(-)) € L3

|f(7“,y,z, k()) - f(T’, ylv Z/’k,(')” < L(|y - y,| + |Z - Z,| + H(k - k,) (')Hq,u)'

Definition 1.2.1
The triple (Y., Z., K.(+)) is solution of equation (1.5) which belongs to M%.

Lemma 1.2.2
For Z € M%(0,T,R??) and K.(-) € M%([0,T] x E,R? dtv(de)), we set
M¢ = [t Z.dW, and M = [! [, K.(e)N(dr,de). Let (Y., Z.,K.(-)) solution of the

following equation
dY, = —f(r, Yy, Z,, K.(-))dr + dM¢ + dM¢ and Yp = €.
Then, under (Hs ) there exists a constant C, > 0 such that for
= el [ (1F00.0,0) + L1Z + LUK, ) dr + sup [ME]+ sup 1]

we have

E l sup |Y}|2] < O R {Xﬂ .

0<t<T

Mohamed Khider University of Biskra.
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Proof. We can write for any solution
t
Y=Y, — / F(r, Yo, Zo, Ko (-))dr + ME + M.
0
Using the L-Lipschitz assumption on f,

t
Yil < Yol + L [ ¥l dr + |27+ 0]

t
+ [ (1£0.0,0,0)+ L1Z| + LI K ()l,,) dr.
Therefore, taking the supremum over [0, 7], we get
T
Vil <x+L [ IYldr

Gronwall’s Lemma yields that

sup [Yi] < xelT.
0<t<T

By assumptions in Lemma 1.2.2 one can check using Lemma 1.2.1 that y € L? (Q, Fr, P),
this leads to the result. [

Remark 1.2.2

The above estimate remains true if f has a linear growth in y, z, k()

[f(roy, 2, k()] < er + Lyl + 2] + [1KC)]0),

where . is an (F;)-adapted process belonging to L? ([0,T] x Q,dt @ P).

Lemma 1.2.3
Let us denote by | Z,|* = Y0, S°4_,(Z9)2. It Y € S%(0,T;R?) and Z € M%(0,T, R7*?),

then
apt 4 4 d e 94 .
M= [y Y ziawi = [ 23 v ziaw?
i=10 j=1 j=170 =1

is a uniformly integrable martingale and for € > 0,

3¢ [T
E l sup |My] + ?q/o E [\Zrﬂ dr.

0<t<T

< 3¢E [ sup |Y;[?
0<t<T

Mohamed Khider University of Biskra.
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Proof. We know that

q

d T o d T4
Ml =304 [ oV z0ar =4 [ (o vizd)ar
j=1 70 =1 j=1 70 =1

By BDG inequality (Lemma (1.2.1)), we have

<3E -\/[M]T} < 6E

E [ sup | M|

0<t<T

<

d .7 4 .
| (oviziyar
=170 =1

d

1<i<qo<i<T

J

) T 4 .
< 6E | max sup Y;ZJ / > ZﬁJ)er].
170 =1

Use the inequality 2ab < ca? + % to get

E [ sup | M|

0<t<T

1Si<qo<i<r =

by convex inequality, we have

q . 9.1 .. 9.1 . q -
Oz = =27 <> (27 =q> (ZP)*.
=1 =1 q i=1 q i=1
Hence,
d T a d 4 T g
> [E [(ZZ:/)? ar<q> Y [ B[] ar
j=1"0 i=1 j=1i=1"0
T 2
:q/ E (|2, dr
0
Finally,
3 T
E l sup \Mt\] < 3¢E [ sup |Yt|2] +£/ E[|Z|?] dr,
0<t<T 0<t<T e Jo

which end the proof. [J

Lemma 1.2.4
IfY. € 8% (0,T;RY) and K.(-) € M%([0,T] x E,R? dtv(de)), then

N, = /0 t /E 2 (Z: Y,}'K,é(@) N(dr, de)

is a uniformly integrable real-valued martingale and for € > 0,

E [ sup ||

0<t<T

, d T .
< 3Rk lmax sup |Ytl|21 + i Z/ E l(z Zﬁ])Q] dr,
0 i=1

3g [T
< 3cE [ sup |Yt|21 + ﬁ/ E ||Kr(‘)||zud7"'
0<t<T g Jo 7

Mohamed Khider University of Biskra.
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Proof. We know that
_4// ZYl K'(e))*N(dr,de)
—4// ZY’ Ki(e))2v(de)dr + P,
where (P;)o<t<r is a real-valued martingale given by

Pt_4//ZYZ K2 N(dr, de).

Thanks to BDG inequality,

E [ sup |Nt|1 < SE[ [N]T] < 6F

0<t<T

J/ ZY’ Ki(e))2dr + Pr

< 6E

max su YZ / / Ki(e))?v(de)dr + Pr| .
1<z<¢10<t£T| \l Z T

Again using the inequality 2ab < a® + % to get
9 3
E [ ap |Nt|] < 3E [ o ] +zipy
0<t<T

+2 [k [/ (32 K)o ar

Similarly to (1.6), we obtain

oy ~1o Lo oy
QK (e) =a"(X 6KT(€)>2 <q¢> 5(&(6))2 =q_(K(e))’
i=1 i=1 i=1 i=1
Finally,
2 3q r 2
E| sup [NJ| <3E | sup Vi’ + 2L [ E|IK, ()2, dr,
0<t<T 0<t<T g Jo ’

which implies the desired result. [

1.3 Existence and Uniqueness of Adapted Solutions

Starting with this section, we derive the so-called a priori estimates, which are crucial
in the study of multidimensional BSDEJs. Then, we study the existence and uniqueness

result for multidimensional BSDEs with jumps.

Mohamed Khider University of Biskra.
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1.3.1 A Priori Estimates

Lemma 1.3.1

Let (Y., Z., K.(+)) be a solution to equation (1.5) then, for any k > 0 and o > 0

at 2 T as 2 T as 2
E|sup e [ViP + [ e |ZPds+ [ e K2, ds

0<t<T

T
< (estog s [+ [ e 70,000
0

provided that o > % + 2L + 4L?, L is the Lipschitz constant of f appearing in as-

sumption (Hs ).

Proof: The Itd’s formula (1.3) can be written for this particular process Y. satisfying

(1.5), as
T T T
eat|Yt|2—|—a/ ea5|YS|2ds+/ ea5|Zs|2ds+/ e || K, ()2, ds (1.7)
t t t ’
q T '
=TI 4 Y [ 20V fils, Vi Zu K()ds = (M = M) = (Nf = N?),
i=1

where
4t PR By o~
My =Y [2eyi S ziawi + 3 [ [ 20 Kie)N(ds,de), (18)
i=170 j=1 =170 JE

and

N;*:/(:/Eeasyf(s(e)|2ﬁ(ds,de) :/()t/Eeas|Ks(e)|2(N(ds,de)—V(de)ds) (1.9)

are real-valued martingales thanks to Remark 1.2.1. From the Lipschitz property of f
and the Young inequality 2ab < & |a|* + 1 b7,

izyifi(sayaza k()) =2y- f<37y7 2y k()) <2 ’y‘ |f($,y,z,k(-))\

< 21y|£(5,0,0,0)| + 2L [y|* + 2L [y |2| + 2L [y [|K(-)

lq.

1 1 1
< w175, 0,0,0) + (. +2L+4L2) gl + 5+ 5 IR, -
Set ¢ = e |¢ + & [y | f(5,0,0,0)|*ds, if > L + 2L +4L?, then for all 0 < ¢t < T,

at 2 e as 2 LT as 2 e e e el
NP+ [ etz s+ 5 [T e MG, ds < ¢ — (M7 = MP) — (N = NP).
(1.10)

Mohamed Khider University of Biskra.
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Taking the conditional expectation of inequality (1.10), we find

at 2 1 Tas 2d 1 Tas N2 d <
E e VP + 5B | [ e |Z ds | F| + B | | e 1K ()5, ds | Fo| <E[C]F].
(1.11)

Now, we take the expectation in (1.11), hence for ¢t = 0,
r 2 r 2
| e E(1Z,P]ds + [ e E[I1K,()I2,] ds < 2E[q]. (1.12)
0 0 ’
Taking the supremum over [0, 7] in (1.10), we obtain

sup e [Vi|* < (+2 sup |M{|+2 sup |N7|.
0<t<T 0<t<T 0<t<T

Therefore,

E l sup e Y|

0<t<T

<E[¢(]+2E [ sup |Mta|] +2E [ sup |Nta|] :
0<t<T

0<t<T

Thanks to Lemmas 1.2.3 and 1.2.4, corresponding to a = 0, we get with similar estima-

tions

E [ sup e |y’

0<t<T

T
co g ]2 [ sl
0

0<t<T

6q T
+ 6eE [ sup e |Y2!21 + ?q/o eE {HKs(')Hz,y} ds.

0<t<T

Choosing ¢ = i leads to:

1
1o,

2 |o<t<T

r as 2 r as 2
<E[C]+14dg| | eE [12.*] ds| + 1444 [ eE G2, ] ds.
Finally, taking into account the estimation (1.12)

T T
E [ sup e |Y;|? —i—/o e | Z,” ds —i—/o e HKS(~)H27V ds| < (2+576¢)E[(],

0<t<T

this archives the proof. [J
We are now in a position to state our main result of this section.

Theorem 1.3.1

Under the assumptions (Hs ;) and (Hs2) the equation (1.5) has a unique solution in

M2,

Mohamed Khider University of Biskra.
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Proof: Let (Y., Z,K.(-)) and (Y., Z,K.()) be solutions of equation (1.5) respectively
with inputs (¢, f) and (E, f) Apply Lemma 1.3.1 to (§ — E) and (f — fN) and
Y. =Y., Z — Z,(K.— K)(-)) to get

N T
E [ sup e™|Y; — Yt‘zl +/ e™E
0<t<T 0

< (24 576¢)E laT\g g\ +/ (- f)tOOO‘dt]

~ T —
~Z[ ds+ [ eE|(K, — KOs

The uniqueness follows directly for the same data.

The existence result is divided into two steps and makes use of the following version of
It6’s formula. To simplify the notations we shall write f; (r) = fi(r,Y,, Z,, K, (+)).

Step 1: For a given R%-valued square integrable random variable £ and a drift f(r)

independent of y, z and k(-) our BSDEJ becomes

dY, = — f(r)dr + Z,dW, + / K, (e)N(dr,de), Yy =€, (1.13)
E
or equivalently for any i =1,...,q
dY* = — fi(r)dr + ZZ”dWJ +/ Ki(e)N(dr,de), Yi=¢, (1.14)
7=1

or in integral form
. T do T
=§Z+/ fi(r)dr — Z/ ZiAw? — / / Ki(e)N(dr, de).
t =t
Consider the R?-valued square integrable martingale

_Eler/on(r)dr | ]-“t],

by the Proposition 1.2.1 there exist unique predictable processes Z. and K_.(-) taking values

respectively in R7*¢ and £2%7 such that
T 2
/ [|Z|}d3<oo and / ||K()||qy]ds<oo,
0 :
and
t t — T t
M, :Mo+/ ZSdWS+/ /EKS(G)N(ds,de) _E [H/ F(s)ds | ]—"t] +/ (s)ds.
0 0 t 0

Therefore,
My — M, = /ZdW+//K N(ds, de).
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On the other hand,
My — M, =E [S—F/Tf(s)ds | ]:T] —E [f—i—/tTf(s)ds | ]:t} —/Otf(s)ds
e+ [ fots—z F+[&@w|ﬂ]

Then, the equation becomes

E[§+/ ()ds|ft]_§+/ ds—/ Z,dW, — //K N(ds, de).

So, Y; = E[§ + [, f(s)ds | F].
Step 2: Now, let us define (Y™, Z", K™(-)) by the classical Picard’s iteration scheme:
Y0 =27%=K%=0and (Y"", Z" K"1(.)) is the unique solution to the BSDEJ:

T
Yt"+1:§+/ F(s, Y™, 20 K7(:) ds—/ ZmH AW, — / /K”“ N(ds, de).
t

We shall prove that (Y™, Z" K"(-)) is a Cauchy sequence in the Banach space M%.

To simplify the notations, we put:

Y= YIS Y, 20 = 20— 20 and KP() = KD() - KT,

s

and

Frm(s) = f(s, Y8, 28 KP() = fs, Y2, 20 KT()).
[t6’s formula (1.7), shows that for every n < m,
Snt1m+1 r >
eatn/tn-‘r ,m-+ |2 _'_-/ 6O¢S|Z;L+1,m+1|2d8
t
T _ T _
+/ eaSHK?Jrl’erl(')”gde+Oé/ eas‘y;n+l,m+l|2ds
t ’ t
T asorntlm+l 7 1,m+1 1,m+1 1,m+1 1,m+1
_ Q/t easnn_—&- ;m+ fn’m(s)ds . (M}H_ m+l Mtn+ m+ ) . (N}H_ m+l Ntn-I— m+ ) ,
where the processes M, """ and N;"™""*! are defined similarly as in (1.8) and (1.9) by

t t
1,m+1 Ll ml y nHlmtl g N
Mtn+ m+1 2/ eoesy;n_-‘r ;m+ Z§L+1’m+1dW5 _ 2/ / eoesy;n_-‘r M+ Kg+1’m+1(€)N(dS,d€),
0 0 JE

and

t _ —~
Nthrl,erl — /0 /Ee“S\KQH’mH(e)FN(ds,de)
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are real-valued martingales. Taking the expectation, we get
Eeot[YmHmt12 o E/tT eos| ZntLml |2 g
+E/tT e[| K11 ()2, ds + aIE/ as gLl 2 g
=2E /tT oSy L fram (6)ds
Since f is L-Lipschitz, we get
at’Yn'H m+1 E/ as| Zntlm+l|2 g
+ E/t eS| RPHLmH( 12 ds + a]E/ e |7 Mt 2 g
<2 [ e T [T 420 + K)o ds
The inequality 2xy < [%2? + éyz shows that
Eeat|)7tn+l,m+1|2 +E/tT eas|Z;1+1,m+1‘2dS I E/tT easHl_(;H-l,m—i-l(_)ijds
4 (a— L26%) E/Teas yrHlmel2gg
< BQE e

Choosing 3 and « such that /32 =1 and o —6L? = 1, we get

IR OIZ,) ds

_ _ T _
Eeat|y;n+1,m+1|2 + E/ eas|Z§L+1,m+1|2dS + E/ easHKg—i-l,m—i-l(_)Hg VdS
t t ’
< E]E /T o0 (|}7n,m|2 + ‘Zn,m’2 + H[_(n,m()HQ ) ds
— 2 : S S S q,V
It follows immediately, for all m > n, that

C
]E/ as|Ynm’ dS+E/ as’an|2dS+E/ ostKnm()HQ dS< 27

Using again [t6’s formula, BDG inequality and Gronwall’s Lemma, it is follows that there

exists a universal constant C such that

- C
B sup <[V HE [ |20 Pds 4B [ et KET Ol ds <
0<s<T 2
Consequently, (Y, Z™ K"(-)) is a Cauchy sequence in the Banach space M%, and
Y, Z,K.()) = nh_r>noo (Y", z" K'(+)

solves our BSDEJ. O
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1.4 Deterministic Representation for Markovian BS-

DEJ

The aim of this section is to investigate a deterministic representation theorem for
the solution of the equation (0.1). We first recall some existing results in the literature
that study regularity and representation of the viscosity solution of partial differential
equations via the solution of forward-backward stochastic differential equation driven by
continuous Brownian motion. The first result that went in this direction was established
by Pardoux & Peng in [59] which claims the backward components Y can be determined
in terms of the forward component X, when the coefficients satisfy the Lipschitz con-
tinuity condition. Then, they proved under more strong smoothness conditions on the
coefficients (e.g. of class C3 in their spacial variables), that the Brownian component 7
has continuous paths. Two years later, under the previous smoothness conditions, Ma et
al. [50] proved the following explicit representation for all s in [¢t,T], Y* = u(s, X%)
and Z0* = O,u(s, X1")o (s, X1®). Subsequently, this result has been weakened by Ma &
Zhang [51] where they relaxed the smoothness condition on the coefficients by assuming
that they are only C! and the diffusion coefficient of the forward component is uniformly
elliptic. Later, N'zi et al. [56] studied the regularity of the viscosity solution of a quasi-
linear parabolic partial differential equation with merely Lipschitz coefficients. The main
results are obtained by using Krylov’s inequality in the case, where the diffusion coefficient
of the forward equation is uniformly elliptic. In the degenerate case, they exploited the
idea used by Bouleau-Hirsch on the absolute continuity of probability density measures.
On the other hand, when the Markov process is a solution of some SDE with jumps it is
shown in Barles et al. [12] that the solution Y»* of a class of BSDE with jumps provides
a viscosity solution of PIDE by meaning the deterministic function u(t,r) = Y;** but no

representation has been given for the Z%* and K5 *(-).
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1.4.1 Representation of Additive Functional of Markov Pro-
cesses
Let X = (Q,F,F, 0, Xy, P,y) be a right—continuous left-hand limited strong Markov

process with an infinite lifetime, with state space RP. The operators 6;, t > 0, are called

the shift operators defined by
X, (0(w)) = Xigs(w),

where as usual X is the coordinate process. Assume further, that X is a right process in
the sense of Getoor see [33, (9.7) Terminology p. 55].
Definition 1.4.1

(i) An additive locally square integrable martingale on the space (X, (Ft)o<;<p) 18
an RP—valued process Y that is adapted to (F;)o<i<r, is right-continuous, is a locally
square integrable local martingale on (0, F, (Fi)y<y<p , Pz) for every x € RP and is

additive w.r.t (0;) (vanishing at 0), and for every pair (t,u),
Y;—i—u =Y, +Y,o0 gt

a.s.

(ii)) We say that Y is quasi-left-continuous if Y, — Y a.s. for every increasing

sequence (T,),>0 of stopping times with finite limit T.

Now, we recall some more facts about semi-martingales which are defined on
the probability space (2, F, (Ft),5q,Pz). We consider a g-dimensional semi-martingale
Y = (Y)1<i<q- We define the g-dimensional process Y = ((Y)'), .,

Y= > AVilljayen,
0<s<t
where 1l stands for the indicator function of the set G and AY, =Y, — Y,_. It is well
known that Y is a right continuous pure jump process having finitely many jumps in
any finite interval. Thus, the semi-martingale Y. — Y ¢ has bounded jumps and can be

decomposed uniquely in the following form:

}/;_}/;e:}/o_i_y;b_‘_}/tc_i_}/;d’
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where Y? is a predictable process of bounded variation on every finite interval, Y is
a continuous local martingale and Y is a purely discontinuous local martingale (corre-
sponding to the compensated sum of jumps). Furthermore, Y = Y = 0. The canonical

decomposition of the g—dimensional special semi-martingale Y. is
YVi=Yo+ Y+ Y+ Y+ Ve (1.15)

The decomposition (1.15) is unique up to a P,—null set. All the above processes are
q—dimensional, for example, the i® component of Y, is simply Y.
We define the following integer—valued random measure I' on R, x R? as follows:

D(w,dt, dy) = > 1{av@)0p0(s,avi () (dE, dy),

s>0

I is called the jump measure of Y.
Let Bt = Ytb in the deCOIIlpOSitiOH (115), Ct = (Ctij)lgi’qu = (<Y,ic, Y.jc>t)1§i7qu and Y is
the dual predictable projection of I' (called also the compensator). The triplet (B, C, %)
is called the local characteristics of Y which is unique, up to a P-null set. In fact, one

can choose a version of (B, C, ) which satisfies:

a. forallt > s >0, Cy — C; is a non—negative symmetric matrix;
b. T'(w, Ry x {Ors}) = 0;
c. Jea(LA ly*)v(w, [0,1],dy) < oo for every t > 0.

According to [23, Theorem 2.43], a g-dimensional additive semi-martingale has the de-
composition (1.15). Moreover, B. and C'. are F-predictable additive processes and + is an
F-predictable additive random measure.

Lemma 1.4.1 (/23], Theorem 2.43)

Let Y be a g—dimensional additive semi-martingale on (Q, (]:t)tzo ,IP’) which is quasi—

left—continuous. Then, there exist:

(i) an (F:)-adapted continuous increasing additive functional A;

(ii) a B(RY)-measurable Ri-valued function b = (by,...,b,);
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(iii) a B(R?*%)-measurable R?*?—valued function lower triangular matrix—valued func-

tion ¢ = (¢;j)1<ij<q Of measurable functions such that ¢;; = 0 if j > i, or if

¢jj =0

(iv) a positive kernel ©(z, dy) from (R?, B(R?)) to (R?, B(R?)) having O(z, {0g«}) = 0

for all € R? such that
/Rq f(z,y)O(x,dy) < oo for all x € F, (1.16)
for (B(RY) ® B(E))-measurable strictly positive function f.
Such that

t t
B, = / b(X,)dA,, C = / cc*(X,)dA, and ~(ds,dy) = O(X,, dy)dA,,
0 0

define a version (B, C, ) of the triplet of local characteristics of Y under every P,,

r € RP,

We consider the following assumptions:

(A1)

Let Y = (Y%)1<i<4 be a collection of continuous additive local martingales on

(Q, (ft)t20> such that d (Y, V"), < dt a.s., forall 1 <i <gq.

Let ¢ = (¢ij)1<ij<q be the collection of B(R?*?)-measurable functions whose exis-

tence and properties are given by the Lemma 1.4.1 with A; = ¢.

Let I' be an additive integer-valued random measure on R, x RY defined over
(Q, <‘Ft)t20>' Let v be its dual predictable projection. For each G in B(R?) and
t > 0set v¢ = v([0,#] x G). Assume that dy" < dt a.s. such that the mapping
t — 4 is locally integrable. This is equivalent to the existence of a positive kernel

O(z,dy) on (R, B(R?)) satisfying (1.16) and ~y(ds, dy) = O(Xj, dy)ds a.s.

Lemma 1.4.2

[23, Lemma 3.4 and Theorem 3.7] Under the assumptions (A1) and (Az), there exist

a Wiener process and a Poisson random measure both still denoted by W = (W")1<;<,
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and N on R, x RY with compensator dsv(de) (by extending the probability space if

necessary by usual product spaces) such that
Z/ ciy(X)AW? forall i=1,2,....q,
and

//R Lo(s, 00X, )N (ds,de) for all G € B(R;) @ B(R),

where 0 is a measurable function satisfying

O(x, H) = /E 1(0(z, e))v(de) forall =€ RP and for all H € B(RY).

Remark 1.4.1

Suppose (Xi)g<;or 1S a semi-martingale Markov process on RP that is not time-
homogeneous, then the time-homogeneous process (t, X; — X,) is an RPTl-valued
semi-martingale additive functional. Thus, the measurable functions b;(z), c;j(x),

and 6(x,e) become b;(s,x), ¢;;(s,z), and 0(s,z, ).

Now, we are interested in a class of multidimensional BSDE with jumps for which
the generator f and the random terminal value & at time T are both functions of a right
process X on the filtered probability space (2, F, ()i F) for z € RP. Notice that
the filtration (F3) tefo,7] 1S generated by the Markov process X and two processes obtained
in the Lemma 1.4.2; still denoted W and N. We shall deal with the following Markovian
BSDEJ: for allt < s < T and x € R?,

T
Vi = g4+ [ XY 2 K ) (1.17)
—/ ZEe AW, — / /K““ N(dr, de),
where (X5%)s50 is an RP—valued right process, X:* =z if s <t and

f:[0,T] x R? x RY x R™*? x L£27 — R,

g:RF — RY

are measurable functions satisfy the following hypotheses:
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(Ha) supoe,r B[ X07[] < oo.
(Hy») For any (r,z,y,2) € [0,T] x R? x R? x R?? and k € L*7, |g(z)] < C(1 + |z]) and

[f(r 2,y 2, k() < OO+ [a] + Jy[ + |2 + 1k()ll,,)-

(H43) There exists a constant L > 0, such that for all » € [0,T],V x € RP, V (y,y') € RY,
V (z,2') € R and (k(-),k'(:)) € £L24

|f(’f’,.l’,y,Z, k()) - f(?“,x,y',z', k/(>>| < L(|y - y/’ + |Z - Z/| + ||(k - k,) (')Hq,y)'

Thanks for the hypotheses (Hy 1), (Hy2) and (Hy3), the Theorem 1.3.1 (see also [57, 67,
69]) among others, confirms that the BSDEJ (1.17) admits a unique solution
(Yo, Zb* Kb(.))s<r which belongs to M% where:
MZ = 8% (0, T;R?) @ M%(0, T,R™*?) @ M%([0,T] x E,R? dtv(de)).
The following lemma is found to be useful.

Lemma 1.4.3

Under the assumptions (Hy 1) — (Hy3). There exists a constant C' such that for any

t <s<T, we have

T
E [,Yst,x‘z +/0 (128 + | K ())12,) dr] < O(1+ |z]?). (1.18)

Proof. Applying Itd’s formula from s to T', to \y|2 with the equation (1.17), we get

T
ViR [ (12 K OIR,) ar
T
= g+ 2 [V o, X0 2 K ()
— (Mp" = M) — (Ng* — N;©),
where
Mb* =2 / Y 250 AW, + 2 / / Y K5 ()N (dr, de),
0 0 JE

and

ez = [ [ K (e) N (dr de)
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are real-valued martingales. Taking the expectation in each member, we obtain
2 T 2 2
E [IYJ’II [Tz O dr]
T
— Bl + 28 | [ X v 2 .

1

Making use the linear growth of ¢ and f and |ab] < ela|* + = |b|* for any ¢ > 0 and
£

a,b € RY, we obtain, by the usual techniques for BSDEJs,

t,x|2 1 r t,x|2 t,x 2
E ||V P 45 [ (120 F+ 1K O)2,) dr (1.19)
. T T

<C (1 +EIXFE+ [ EIXE P+ E|Yf’””|2dr> .

Thanks to Gronwall’s Lemma and assumption (Hy ), we find that
B|Y#[? < C (1 + sup E|szw12> <+ [,
0<s<T

Likewise, from (1.19), we can get

T
E U (1282 + | KL ()II2,) dr] < C(1+ ).

Finally, a combination of the two above inequalities leads to (1.18) which achieves the
proof. [J

In the following theorem, we are interested in establishing a Markovian structure of the
solution (Y!*, Zb* K%*(.))s<r of a BSDEJ in terms of some deterministic measurable
functions evaluated at (s, X5).

Theorem 1.4.1

Under the assumptions (Hy1) — (Hy3) , there exist three measurable and deterministic

functionsu : [0, T]xRP — R?, v : [0, T| xRP? — R™*? and 6 : [0, T| xRP x E — L£24

such that for any (s,e) € [t,T] x E
YE = u(s, X4, Z0° = v(s, X)) and K%*(e) = (s, X1", e).
Furthermore, V (s,z) € [t,T] x RP,

T
u(s,x>:E[g<X;@>+ [ pXem e 2o K ()]

and is continuous such that |u(t,z)| < C(1+ |z|) V (t,z) € [0,T] x RP.
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Proof. We divided the proof into two steps.
Step 1. We suppose that f does not depend on ¥, z and k(-) in which case, the equation
(1.17) becomes

T
Ve = g(X) + [ X / 20 dW, — / [ K @N(r de). (1:20)
Taking the conditional expectation w.r.t Fy, we get for all t < s <T
. T
v = o)+ [ s x| 7

T s
=F [g(X;m) +/ fr, X5)dr | }*51 —/ f(r, X1%)dr. (1.21)

t t

According to the Markov property of (s, X“* — X;*) = (s, X1® — ) for all s > t, we can

write Y% = u (s, X5*) where

w(s.) =B |o(xi) + [ 0z

The regularity of u can be checked similarly as in Proposition 2.5 in [12].

Define G = (Qs)se[oﬂ the filtration generated by the functions [ Ei(r, X2¥)dr where 1)
is a continuous R%-valued function. Consequently, for any G-measurable f and ¢ such
that

. T
Elg(Xi)P + [ EIf(r X1)dr < oo.
0

Remark that we do not change the filtration here; we have just introduced the appropriate
filtration to guarantee the measurability of the deterministic function u. The process

(Y") seo,r) admits a cadlag version given by Y* = u(s, X*) thanks to the decomposition

(1.21) as the sum of an absolutely continuous process and a martingale which can be

chosen to be given cadlag. Clearly, the stochastic process (f@)se[t,T]
Y, = / Fr, XE™)dr + Yo = l (X5 +/ r, X0V dr | F, (1.22)
t

is an additive square-integrable martingale and thus, by Lemma 4.1 [30] p. 45, or by the

above Lemma 1.4.2, with X starting at = at time ¢, it admits the following representation:

lN/S:/S r, XE) AW, +// 0(r, X", e)N(dr, de)
t
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where v(r,z) € R and 0(r,z,-) € L3¢ are two measurable functions. Further, for

s =T, we have
~ T T . —
Yr = / v(r, XH)dW, —I—/ / O(r, X272, )N (dr, de).
t t E
On one hand, we have
?T—?;:/ o(r, XE9)aW, +/ / O(r, X'", €)N (dr, de).
On the other hand, in view of the equality (1.22),
Vr— ¥, = / r, X5 dr 4 VAT — / Flr, X0 dr — Y
t
= o(X5) + [ flr X)ar - veE
Hence,
T
YHT = g(X5) +/ flr, XE*)dr

—/ST r, X5 AW, — // r X5 )N (dr, de)

:g(Xéim +/ r,Xt’z)dr

—/ A\ //K” N(dr, de).

Due to the uniqueness of the solution of equation (1.20), we conclude

7% = u(r, Xt%) and K'(e) = 0(r, X% ),

that is exactly the solution of our BSDEJ.

Step 2. We shall consider the general case where the generator f depends on 7, z, v,
z and k(-). Let us introduce the following sequence (Y5%" Zbtn Khn(.)), oy defined by
yte0 =0, 760 = (0 and K**° = 0 and

T
}/St’m’n—H _ g(X%m) +/ f(T, Xﬁ,m’ }/Tt,:r,n’ Zﬁ,m,n7 K;}xmj(.))dT
T ) T I3
_ / Zﬁ’xm—'—ldWr _ / / Ki,x,n-l—l(e)N(d’[“, de)
s s JE

Under the Lipschitz condition of the generator, one can show exactly as in the proof of

the Theorem 1.3.1 that (Y™, Zb*" K55 (.)),en is a Cauchy sequence in the Banach
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space M%, hence

(e, 20 Kt () = dim (Yhen, Z0en Khon (), (1.23)

n—-+4oo

The previous step leads that, for any r € [t,T], there exist three measurable functions

ul,v! and 6! such that
(Y;t’I’l? Z;E’x’l? K£7x71(6)) = (ul (Tu Xﬁ’x)’ U1<T7 X;E’x)u 0' (7"7 X;E’xu 6)), P-a.s.

By recursion, we get, for any n € N, there exist measurable functions v", v™ and 6" such
that
(v, Z0mn Ko (e)) = (u(r, XE), 0", XE), 07, X1 ). (1.24)

Notice that these representations have been studied in the literature for smooth coefficients
by Barles et al. [12], Bouchard & Elie [16, Section 4] and Delong [25].
Set

u(r, X1") = ngrgoo supu™(r, X2%), v(r, XH*) = ngrgoo sup " (r, X1),

and

O(r, X" e) = lim sup™(r, X" e).

n—>-+4oo

Then, by invoking (1.23) and (1.24), it follows that P-a.s. V r € [¢, T

u(r, X*) = lim supu™(r, X ") = lim Y"*" =YY"

n—>-+oo n—>-+oo
tr\ __ : n tx\ __ : txn __ r7t,x,
v(r, X%) = nirgoo sup v"(r, X)*) = ngnlw VALE N /e

O(r, X" e) = lim supf™(r, X", e) = lim K"""(e) = K""(e).

n—-—+oo n—-—+oo

Finally, the linear growth condition on u is a simple consequence of the previous repre-

sentation in step 2 and Lemma 1.4.3. This achieves the proof. [J
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CHAPTER 2

Multidimensional Markovian BSDETs with

Continuous Generators

2.1 Introduction

The purpose of the current chapter is to discuss the problem of the existence of
a solution to the multidimensional Markovian BSDEs driven by both a Wiener and a
Poisson random measure when the generator f is continuous and satisfies some linear
growth conditions and when the terminal value £ is a function of the Markov process
(Xs)seor) at time 7. Our principal aim is to complete the studies of Hamadene [38],
Hamadéne & Mu [40] and Mu & Wu [55] without jump part in the setting of BSDEs with
jumps and continuous generators.
This chapter is divided as follows. Section one is devoted to prove the existence of a
solution to our Markovian BSDEJ in two cases: the first one when f is continuous in y, 2
and Lipschitz in k(.), and the second one when f is continuous in y, z and k. Moreover,

in section two, we give some examples of Markov processes having the L?-domination

property.

2.2 Existence Results of BSDEJs

In this section, we aim to handle the existence problem for multidimensional Marko-
vian BSDE driven by both g-dimensional Brownian motion and compensated Poisson
random measure. First, we study the case when the generator of the BSDEJ is only con-
tinuous w.r.t the state variable along with the Brownian component and Lipschitz in the
jump component. The concept of the proof is to approximate this BSDEJ by a suitable
sequence of BSDEJs having globally Lipschitz generators that guarantee the existence
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and uniqueness of the solution (this result is proved in Theorem 1.3.1 from Chapter 1)
and then obtain the existence result of the original equation by using limit arguments in
appropriate spaces. The drawback to relaxing the Lipschitz condition on K (-) is that it
belongs to the functional space £27 and thus, the approximating technique does not work
in this situation. However, if we allow the generator f to depend on [ K, (e) v(de) rather
than K, (-), as a particular case, we can prove an existence result in the case where f is
also continuous in k. Finally, we mention here, that due to the lack of the comparison
principle between solutions of multidimensional Markovian BSDE, the technique used in
[49] cannot be applicable in our situation. As a trade-off, we shall use the relationship
between the processes X“* and (Y% Zb* K5*(.)) that is established in Theorem 1.4.1

and the L2-domination technique defined below.

2.2.1 Measure Domination

Before we state our main theorems, let us recall the precise definition of the L2-domination
condition as given in Hamadene [40].

Definition 2.2.1

(L?-domination condition) For a given t € [0,T], a family of probability measures

{ui(s,dz), s € [t,T]} defined on R? is said to be L?-dominated by another family of
probability measures {p(s,dx), s € [t,T]}, if for any € € (0,T — t], there exists an
application ¢, : [t +¢,T] x RP — R, such that

(i) VN>1, ¢y € L*([t + &, T] X [=N, NJ?; po(s,dx)ds).

(1) p1(s,dz)ds = ¢¢(s, x)po(s,dx)ds on [t +&,T] x RP.

Let g € RP, (t,x) € [0,T] xRP, s € [t,T] and u(t, x; s,dy) the law of our Markov process
(X5")<s<r, defined for each A € B(RP) by u(t, x;s, A) = P(X:* € A). We further assume

the following assumption:

(Hy1) For each t > 0 and for each x € RP the family {u(t,z;s,dy), s € [0,T]} is
L*-dominated by {u(0, zo; s,dy), s € [0,T]}.
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2.2.2 First Case: f is Continuous in y, z and Lipschitz in k(.)
We consider the BSDEJ of the following type for all s € [0, 77,
T
VI = g(X) [ X0 v 0, 0 K dr (2.)
T ’ T —
- / 2000 qW, — / / K20 (e)N(dr, de),
s s E

where Xg™ = x, € RP, g is the same, in chapter 1, as in BSDEJ (1.17) and f satisfies

the following assumptions:

(Ha2)  The mapping (y, z) — f(s,z,y, 2, k(+)) is continuous for any fixed

(s,2,k(-)) € [0,T] x RP x L9,

(Hy3) For any (t,2,y,2) € [0,T] x R? x R? x R?* and k, k' € L*4
[ftz,y, 2, k() — f 2y, 2, K () < C (k=) Ol -

To prove our main result the upcoming lemma is useful.

Lemma 2.2.1
Let f satisfy (H,,), (H,,), (Hs2), and (Hy3). Then, there exists a sequence of

functions (f,),>, such that:

(a) Supy o ’fn(ta T, Y, %, k()) - fn(ta Z, yla Zl: k,())‘
<C(ly—yl+lz= 2| +I(k = K)(),,) for some positive constant C.

(b) |fu(t, 2.y, 2, k() < OO+ [ + [y + [2] + [EC)]l,,),
for all (t,z,y,z,k(-)) € [0,T] x RP x RY x RI*9 x £29,

(c) For all (t,x,y,2,k(-)) €[0,T] x R? x RY x R1*? x L%7 and n > 1, there exists a
positive constant C' such that |f,(t,x,y, z, k(:))] < C(1 + |z|).

(d) Forany (t,z,k(-)) € [0,T] xRP x L%, and for any compact subset S C R? x R?*4

sup |fn(t,l’,y,2,]€(')) - f(taxvya Z7k<>>| — 0 asn — +o0.
(y,2)€S
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Proof. Let ¢ be an element of C*°(R? x R?*? R) with compact support and satisfies

Lo e =1,

where W = (y, z) € RIT7%4. For any k € £29, we set

flta, (k) s om()(@) = [ fla TRl = )av

and 1 € C®°(R? x R?%9, R) such that

TP > 2

=)

Then, we define the sequence of the measurable functions { f,,n > 1} as follows:

fn<t7x7 77 k) - ”%(Z) (f<t7 Z, ()7 k) * ¢(n())) (7)7

satisfies all the properties of Lemma 2.2.1. [

We are now ready to provide our main result in this subsection that is the following
theorem which extends a part from the paper [40], from BSDEs driven by Brownian
motion to BSDEs with jumps. However, our generator depends also on the state variable
k which is not covered in [40].

Theorem 2.2.1
Assume that (Hy1) — (Hyo) and (Hss) — (Hoy) are in force. Then, there exists a

triple of processes (Y., Z., K.(-)) belonging to M? that solves the BSDEJ (2.1) where
M2 = MZ(0, T, RY) @ MZ(0, T, R9) @ MZ([0, T] x E,RY, dtv(de)).

Proof. We first define the following family of approximating BSDEJs obtained by re-
placing the generator f in BSDEJ (1.17) by f, defined in Lemma 2.2.1.

T
VIR = g(XE) 4 [ fulr, XEE Y 205 K () 2.2
r o T o
- / ZbEn qW, — / / K5 (e) N (dr, de).
s s E

On one hand, since for each n > 1, f,, is uniformly Lipschitz w.r.t (y, z, k(+)), so Theorem

1.3.1 (see also [57, 67, 69]) shows that there exists a unique solution

(Yt,x;n’ Z.tw;na Kt’xm’())nZl S M?S‘a
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which solves BSDEJ (2.2). On the other hand, since f,, satisfies the property (c) in Lemma
2.2.1, Theorem 1.4.1 yields that, there exist three sequences of deterministic measurable
functions u” : [0, T] x R? — R, v : [0, T] x RP — R?*? and 6™ : [0, T]|xRP x E — L£24

such that
Yhem = (s, X0, Zben = y"(s, X5%) and K% (e) = 0" (s, X1*, e).
Beside, we have the following deterministic expression for n > 1,
u'(t,z) = E [g(X;:C) - /tT Fn(s,Xg’gc)ds] , V (t,x) € [0,T] x R?, (2.3)

where

F.(t,x) = fu(t,z,u"(t,z),v"(t, x),0"(t, x,-)).

Hence, keeping in mind the property (b), as in Lemma 1.4.3, we can show that there

exists a constant C' > 0 (independent from n) such that for any n > 1 and s € [¢, T,

T
B |l X+ [ (12 PR OIR,) ] < 0+ 1af)

which imply that, since X} = z,
lu™(t,z))* < C(1+|z)*) ¥Yn>1andte|0,T).

Consequently,
lu(t,x)| < C(A+|z]) Yn>1andte0,T],

and thus, for any s € [0,7] and n > 1,
Y] = [u"(s, XJ70) < C(L+ X)), dP-aus. (2.4)

The remainder of the proof will be broken down into the following three steps.

Step 1. We will prove, for each (¢t,z) € [0,7] x RP, that (u"(t,x)),>1 has a convergent
subsequence in R?. In one hand, since f,, satisfies the property (b), the same technique
as in the proof of Lemma 1.4.3, yields

T
sup B [|Y| [ (120w | FOm ()2, ) dr
O b

n>1

<C, Vs<T. (2.5)
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The property (b) with assumptions (Hz 1), (H4 1) and the estimate (2.5), show that there

exists a positive constant C' such that, for any n > 1,

T T
/ / IF(s, )| 1(0, 20; 5, dy)ds = ]E/ |Fy (s, X00)2ds < C. (2.6)
0 RP 0

This implies that, there exists a subsequence {n;}, (which is still labeled by {n}), and
B([0,T]) ® B(RP)-measurable deterministic function F(s,x) such that

F, — F weakly in L*([0, T] x R?; u(0, xo; 5, dz)ds). (2.7)
So, let (t,x) be fixed, ¢ > 0, N, n, and m > 1 be integers. From (2.3), we have

W (¢, 2) — ™t z)| = ‘]E [/tT(Fn(s,Xﬁ’z) _ Fm(s,Xﬁ’:”))ds}

/t+£
t

T
+ ’]E [/ (Fo(s, X1*) — Fp(s, Xz’m))]l{|Xt,z|<N}dS‘|
t S —_

<E Fn(s,Xg’z) — Fm(s,Xﬁ’x)

Y

+e

T
+E [/ Fn(S, Xﬁw) - Fm(sa X?w)‘ ﬂ{|X§’I>N}dS]
] :

+e
= T I 2.9
According to Schwarz inequality and estimate (2.6), we find

2

ds

1
T 2
Ime < et {IE V |Fuls, XI7) = Fu(s, X1) } < CVe.
0

At the same time, thanks to the L?-domination property
T
Iy = / / (F(s,y) = Fin(s,y)) Mgy enyult, o s, dy)ds
RP Jt+e

T
= [, [, (Fuls.) = Fruls. ) Lz s, 5)p(0, 01 ., dy)ds.

Since ¢ .(s,y) € L*([t +¢&,T] x [N, NJP; (0, zo; s, dy)ds), for N > 1, it follows from the

weak convergence (2.7) that for any ¢t > 0, u(0, zo; s, dy)-almost every = € RP, we have

T
E [/ (Fo(s, Xb¥) — Fm<S,X§7I))ﬂ{Xt,x<N}dS] — 0 asn, m — 00.
t S —

+€
1
2 2
ds] }

Again, applying Schwarz inequality and estimate (2.6), we get

n,m,e T % T
I g{]E [/t+€11{|X§,I>N}dS]} {]E VH

< ¢
VN

Fn(s,Xﬁ’“”) — Fm(s,Xt’“c)

S
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Therefore, by letting N tend to infinity, we obtain
|u(t, z) — u"(t,z)] < Cy/e.
We take € small enough so that
lu™(t,x) —u™(t,x)] — 0 as n, m — 0.

Thus, the sequence (u"(t,x)),>1 has a convergent subsequence in R? with limit u(¢, z) for
any t > 0 and every x € RP.

Step 2. Now, we are going to show the existence of a subsequence still denoted

0,z0;n 0,z0;n 0,z0;n
(Y 0 ’Z. ¢ ,K, 0 )n217

which converges in M2 to (Y., Z., K.(+)) solution of the BSDEJ (2.1). From step 1, there

exists a measurable function u on [0, 7] x RP, such that for any ¢ € [0,77],

lim Y,2"" = u(t, XP™), P-a.s.

n—-+o0o

Considering estimate (2.4), and using Lebesgue’s dominated convergence Theorem, the

sequence (Y "™),5 converges to Y, := u(t, X"*°) in MZ%(0,T,R?), that is,
T 0.0 0
E / [YV,70m — "0 2dt | — 0 as n — oo, (2.9)
0

Next, we will show the convergence of (Z%%0"),; and (K%%"), -, respectively in
MZ(0,T,R7*?) and M%([0,T] x E,R? dtv(de)) as n — +oo (we omit the subscript

(0, zg) for convenience). To simplify the notations, for any n, m > 1, and s < T, we set:

VIS Y Y 20 = 20— 2 and KD = KI() = KIC),

s

and

fmm(s) = fn(57 ngO? st—7 ng Kg()) - fm(sv ngov Y:srﬁv Z;nv Kgn())
Using It6’s formula to |[Y»™|?, we get
o T T )
R A R M e Ol

T _ _
=2 [ ¥ (e = (M = M) = (N = N2, (2.10)
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where

Mﬁmzz/i?mZynam—2/ /§mew%@N@n@%
0 0o JE
and
N = [ ] Rz e) PN (ar, de)
0 JE
are real-valued martingales. Hence, according to property (b), the assumption (Hy ;) and

the estimate (2.5), we obtain by taking the expectation in (2.10)
T % 2 T [15rnm 2
[ lze v iz ar < o | [ 5 o)

Thanks to result (2.9), it follows that ((Z"),>1, (K"(:))n>1) converges to some (Z., K.(+))
in M%(0,T,R??) @ M%([0,T] x E,R? dtv(de)). Finally, we have proved that for a
subsequence n;,

(Y, 72" K" (:))js1 — (Y, Z,K(-)) in MZ, (2.11)

Step 3. We will verify that the limits of the subsequences are exactly the solutions
to BSDEJ (2.1). Indeed, we need to show that f,(t, X"™,Y;", Z/", KI'(-)) converges to
f(t,X?’xO,Y;, Zy, Ki(+)) dt @ dP. For N > 1, we define

Ay = {(rw) s [V + 12 < N}, Ay = Q\ Ay, (212)
We have,
T
: U [Falr, X0 Y 20 () = Fr X0, 2, K () dr]
0

T
= E / ‘fn(rv X197x07 Y;nv Zﬁ? Kﬁ()) - fTL(rv X;)’xov Y;nv Zﬁ? Kr(»‘ d7;|
0

+B [ [0 = 0 X2 1 20 K )| L]

[ rT
+E/O (fn_f)(TJXB’r()?K«n?Z:LvKT('))‘HANdT]

[, T
+ E / f(T, Xg7xoay;~n7 Z:}v KT()) - f(ra Xv(')’x07y;‘7 ZT’ KT())‘ dT]
0
=17+ I3+ I3 + 17,

Thanks to property (a) in Lemma 2.2.1 and (2.11) I converges to 0. Again according to
(2.11) and the continuity of f w.r.t (y, z, k(+)), it follows, using assumptions (Hy 1), (Hy.2)

Mohamed Khider University of Biskra.



2.2. EXISTENCE RESULTS OF BSDEJS 41

from chapter 1 and Lebesgue’s dominated Theorem, that I} converges to 0 as n tends
toward infinity. Moreover, due to the facts that f, satisfies the property (b), f satisfies
(Hy1), (Hy2) and the estimate (2.6), a simple computation shows that there is a positive

constant C such that

< {E VOTHANdrH

<CN-3.

N|=
[NIES

{E [ [N = 5 x vz ) dr] }

Now, we return to estimate the second term 1. The linear growth condition (b) together

with (Hy 1) and (Hys) imply that:
| (fn - f) <T7 Xq(}’xO?}/rn? Z;Iv Kf’('))l]lAN < 20<1 + N+ |X£7z0|>'
On the other hand, it is easy to see that

’ (fn - f) (Ta Xg’xoaxﬂna Zfa KT(.))‘]lAN

< sup | (fa = f) (r, X7y, 2, KG()].
{(y,2),ly|+|z|<N}

Thanks to the property (d) in Lemma 2.2.1, we conclude that the second term of the last
inequality converges to 0. Finally, Lebesgue’s dominated convergence Theorem asserts
that I} converges also to 0 in L'([0,7] x Q,dt @ dP). Eventually, we find, by sending

respectively n and N to infinity; the convergence of the sequence

(fult, X050V Z0 KT () o<t )nz1
to
(f(t, Xto’moa Yy, Zy, Ki(4)))o<t<r

in L([0, 7] x Q,dt ® dP), and then F(t, X)) = f(t, X™,Y;, Z;, K,(+)), dt @ dP-a.s.
Thus (Y., Z., K.(+)) solves the equation (2.1). O

To get the convergence in M%, we add the following assumption on the generator f:

(Hoy)  f:[0,7T] x Q x RP x RY x R4 x £29 — RY is measurable and for any
(t,2,y,2,k(-)) € [0,T] x R? x RY x R9*? x L£*9 there exists a constant C' > 0 and
0 < 8 < 1 such that

|f(t 2y, 2, k()| < CA+ o] + [yl + |2 + [1C)]l,,,)° -
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Corollary 2.2.1
Assume that (Hy;) and (Hso) — (Haoy) are in force. Then, there exists a triple of

processes (Y., Z., K.(-)) belonging to M% that solves the BSDEJ (2.1).

Proof. By using the inequality |z|” < 1+ |z|, it is easy to check that the sub-linear
growth condition (Hs4) implies the linear growth condition (Hys). Thus, the above

theorem confirms that there exists a triple (Y., Z., K.(-)) solution to the BSDEJ (2.1)

which belongs to M2. It remains to prove that the sequence (Y*),>1 = (u™(s, X {%%0))), 5

defined in the above proof converges to Y. in §%(0, T, R?). From equations (2.1) and (2.2),

we have

T
Y;"n - Y; - / (fTL(r; X797x071/;"na Z:?>K;L()) - f(7“> XE7IO7K“> ZraKT(')))dT

[N = zaw, — [ (20) - K ()N (ar,de).

Squaring both sides of (Y, —Y,), taking the supremum and the conditional expectation,

we get
2,
0<r<T
T
=¢ [E | |l X0, ¥, 20 K 0)) = F (5, X0V, 2 Ko ()] o
0

2
—{—E(sup >+E(sup
0<s<T 0<s<T

Using BDG inequality, we show that there is a universal constant C' such that

/ST(Zf — Z,)dW, /ST(Kf(.) _ Kr(-))ﬁ(dr, de)

)i

T
E[sup vy < B [ (- DXt vz KO Ladr (213)
0

0<r<T

T 2
VE [ (= £)(r X012 20, K, () Ly
T
+ ]E/ ’f(ra Xg,xo’ }/;n’ Z;Lv KT()) - f(?”7 Xg’x07 }/’M ZT? }(T())‘2 d?”
0
r 2 T 2

+E [ 1Zr -2 Pdr+E (- K) O, dr|
where Ay and Ay are defined by (2.12).
Since (Z"),>1 (respectively (K"(+))n>1) converges in M%(0, T, R7%?) (respectively

MZ([0,T] x E,R? dtv(de)) to Z. (respectively K.(-)), the fourth and fifth terms in the
right hand side of the above inequality tends to 0 as n goes towards infinity. Then, by
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using similar arguments to estimate [} (respectively I}) in the previous step, one can
prove that the first (respectively the third) term also tends to 0 as n goes to infinity.
Next, we proceed to estimate the second term in inequality (2.13). Since f,, satisfies the

property (b) and f satisfies (Hy4), we get
T . 2
: Uo (o= 1) (r X270, Y7, 20 K ()] ﬂANdrl

T
< OB | [0+ X0 71201 1 Ol Py 5 € 0,11

1

Thanks to Holder’s inequality applied with p = % and ¢ = 1=, along with (Hy.;) and the

estimate (2.5) one can get that,
T 0 )
: Uo ((fo = ) (r, X000, 20 KL ()| ﬂANdT]

T p T
<cfe| [T sz kOl ][]l

<0 (TP(Ay) "

1-5

Chebyshev’s inequality yields that there is a positive constant C' such that:

T
E[/ [(Fo = 1) (r, X070, Y2, 20 K, ()] g, dr| < ONPY
0

Eventually, by letting NV tend to infinity, the previous inequality tends to 0 as n goes to
infinity. Therefore,

r

T 2
]E/ [l X020 Y 20 KD () = [, X7, Y,, Zo, Ko ()] dr — 0 s n— oo,
0

Consequently, (Y"),>; converges to Y. in S%(0,7T,R?). O

Remark 2.2.1
Noting that all the previous results of this section still hold true if the Markov process

X is constant with value x € R? on [0, t].

2.2.3 Second Case: f is Continuous in y,z and k&

We claim that, from a mathematics point of view, it is hard to deal with the general case

where the generator f is continuous in (y, z, k(-)). Indeed, the difficulty comes from the
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fact that the process k(-) takes values in the functional space £27 not in RY, we try, in
the sequel, to relax the globally Lipschitz condition on k(-) by considering the following

special case:

T
vir gty + [ f (rxe vz [ Koo ar )
s E
T T .
- / Zt AW, — / / Kb (e)N(dr, de),
s s E
where X5 = x for s € [0, t].

For a given measurable function f defined from [0, 7] x R? x R? x R?9*? x R? into R?, we

consider the three following assumptions:

(Hp5)  Forany (t,z,y,2,k) € [0,T] x R? x R? x R7*7 x RY, there exists a constant C' > 0
such that
[f (2, y, 2, k)| < C(1+ [z + [y + 2] + [K]) .

(Hyg) Forany (¢t,z,y,2,k) € [0,T] x R? x R? x R7*? x R?, there exists a constant C' > 0
and 0 < 8 < 1 such that

[t 2y, 2, k)] < CL+ || + |yl + [2] + kD",

(Hy7)  The mapping (y, z, k) — f(t,z,y, z, k) is continuous for any fixed t € [0, 7] and

r € RP,

Theorem 2.2.2
Under (Hy 1), (Ha5) and (Hy7) , the BSDEJ (2.14) has at least one solution (Y., Z., K.(-))

which belongs to M. Furthermore, if f satisfies (Hy.1), (Hog) and (Hy7), then, the

solution is in M.

Proof. For a given ¥ an element of C*°(R? x R7*9 x RY R) with a compact support such
that
/ W(7)dT =1,
Ra+axg+q

where U = (y, z, k) € RITexata. We define

f(t.a, () U (n())(T) = f(t,e, D) (n(T —T))dv

Ra+axa+g
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and ¥ € C®(R? x R7*9 x R?, R) such that

L)<,

0, |7>>2.

Let f be a function satisfying (Hs5) and (Hy 7). The sequence of the measurable functions

{fn,n > 1}, defined by

=]

Faltow, ) = n®U(—) (f(t, 2, () * U(n(-))) (),

n

satisfies the following assumptions:

(i) Suptﬂ: |fn(t7x7 Y, %, k)_fn(t7x7 ylu 2,7 k/)‘ Sc(ly - y,| + |Z - Z/| + |k - k/|) for some pos-

itive constant C'.

(i) |fu(t,z,y, 2, k)| < C(1+ |x|+ |y| + |2] + |k|), for all (¢, z,y, 2, k) in the product space
[0,7] x R? x R? x R?*? x RY.

(iii) For all (¢,z,y, 2, k) € [0,T] x R? x R? x R?7*? x R? and n € N, there exists a positive
constant C' such that |f,(¢,z,y, 2z, k)| < C(1 + |z|).

(iiii) For any (¢,z) € [0, 7] x RP, and for any compact subset S C R? x R7*? x R

sup |fu(t,z,y,2,k) — f(t,z,y,2, k)] — 0 as n — +o0.
(y,2,k)€S

Firstly, we define the following family of approximating BSDEJs obtained by replacing
the generator f in BSDEJ (2.14) with f,, defined above.

T
verr =)+ [ g (n X v e [ R ou o) ar @)
s E
T T —~
= [z aw, = [ RN drde),
s S E

The result obtained by Tang and Li (Lemma 2.4 in [69]) implies that the equation (2.15)

admits a unique solution denoted
Yt,a:;n Zt,x;n Kt,:r};n
( . y A y 43 ('))nzl

belongs to M?2.
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Taking into account that f, satisfies (iii), Theorem 1.4.1 confirms the existence of

three sequences of measurable and deterministic functions u" : [0,T] x RP — R,

v" 1 [0,T] x RPF — R and 6" : [0, T] x R? x E — L*7 such that
yhem = (r, X50), Z850 = o™ (r, X5%) and K25 (e) = 0" (r, X17, €).
Besides, we have the following equality
u'(t,x) = [ (X7") —I—/ F,(r, X")d ] V (t,z) € [0,T] x R?,
where we have denoted by
F.(t,z) = f, (t,x,u”(t,x),v”(t,x), /EH(”)(t,:c, e)y(de)> :

Starting from the sequence defined in (2.15) and reasoning as in the three steps of the
proof of Theorem 2.2.1, we can also establish the existence of at least one solution
(Yte zb* K5(.)) to BSDEJ (2.14) which belongs to M? provided that (Hy;), (Has)
and (Hs7) hold true. Furthermore, using similar arguments in the proof of Corollary
2.2.1, one can prove that the solution (Y* Z4* K5*(-)) is in fact in M% whenever (Hy ),
(Hy4) and (Hy7) are in force. O

2.3 Examples of Markov Processes Satisfying
L?-Domination Condition

Let us give some examples of Markov processes satisfying the assumption (Hy ).

1. Obviously the Brownian motion with drift, starting at x at time ¢: X5 = B +as,
where Bﬁ"’” =2 € RP? for all s <t and B»* is an RP-valued Brownian motion and

a € R, satisfies the (Hy 1) since it has a density.
2. Let us now consider a more general Markov process solution to the following SDE
Xt =+ (o0, XE)dr + [ o(r, X)W,
t t

with X0% = if s < t.
The functions b : [0,7] x R? — R? and o : [0,T] x R? — RP*P_ gatisfy the

following conditions:
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(a) o is Lipschitz w.r.t = uniformly in ¢;
(b) o is invertible and bounded and its inverse is bounded;

(¢) bis Lipschitz w.r.t  uniformly in ¢ and of linear growth.

According to Lemma 4.3 in [40] the law pu(t, x; s, dy) of X* satisfies (Ha ).

3. Let (W!®);<s<r be an Ré-valued Brownian motion such that Wh* = z if s < ¢ and
(As)o<s<r an §-stable subordinator starting at zero, 0 < o < 2, independent of
WE* for every P,. Set X1* = Wﬁf a rotationally invariant a-stable process whose
generator is the fractional power of order 5 of the negative Laplacian, corresponding
to the Riesz potential of order . It is well known that X% is a Markov process

and the law pu(t, z; s, dy) of X" has a transition density p(¢, x;s,y) satisfying the

following upper and lower estimates

_d s—1
ci(s —t) = /\W < p(t,x;5,9)
_d s—1
:p(t—s,x—y)SCQ(S—t) o /\m,

for all s > ¢, and x,y € R% Under a simple relation between o and d, the law

u(t, z;s,dy) of X5 satisfies (Ha ).

4. Let D be an open subset of R? and 75 = inf{s > 0: X, ¢ D} be the exit time of
X from D. The process X killed upon exiting D is defined by

b X, if s<7f¥ Wy, if s<7f
XS = =
w if s>Th wx if s>7h

where s is an isolated point. The infinitesimal generator of the Markov process
XP is the Dirichlet fractional Laplacian, —(—A)2|p i.e., the fractional Laplacian
with zero exterior conditions. It is shown in [21, Theorem 1.1], that when D is a
C'! open set in R? d > 1 the heat kernel pP(t,x;s,y) of —(—A)%|p which is also

the transition density of X has the following lower and upper estimates: for every
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T >0and (s,z,y) € (t,T] x D x D,

o(x)? oly)?
(0 52 (o )
o PPt s, y)
~op(t s, y)

o(x)? oly)?

(10 225 (1 802,

where o(z) denotes the distance between z and D¢ the compliment of D and

p(t, z;s,y) is the transition density defined in example 3. Therefore, under a simple

condition on « and d, the law u(t, x; s, dy) of X%* satisfies (Hy1).

5. For simplicity and ease of notation, we shall take ¢ = 0. The Brownian motion killed

upon exiting D is defined as

W, if s<rt1y

x if s>1h.

Now, we define the subordinate killed Brownian motion, Y” = Wfs for all s > 0, as

the process obtained by subordinating W?* via the 5-stable subordinator A., that
is
v _ wp it s<1y

S
: W
»n it s>7).

Let rP(t,x;s,y) be the transition density of Y. It is proved in [68, Lemma 2.1]
that if D is a bounded C*!' domain in R”, p > 1 then for any 7' > 0, there exist two

positive constants C3 and C} such that for any s € (¢,7] and z,y € D.

rP(t, x;8,y)
p(t, x;s,y)

P = (<(|)|> “> ((ﬁ),))

Therefore, under a condition on « and p, the law u(t, x; s, dy) of X* satisfies (Hay1).

CaqP(s —t,z,y) < < Cug(s —t,z,y),

where

6. For d > 2, we consider the time-inhomogeneous and non-symmetric non-local oper-

ators:

Lof(x) = & f (@) + b - Vf(z) + L f (), (2.16)
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where
9160) = 3 3 ()50, e TH = nien 3w,
and
£ = [, (e +2) = ) = L= V1) e,
where a(t, ) = (a;(t,2))1<ij<q is a d x d-symmetric matrix-valued measurable

function on R, x R4, b(t,z) : Ry x R — R? and s(¢,7,2) : Ry x R? x R? — R?
are measurable functions, and « € (0,2). We denote by p(¢, x; s,y) the fundamental
solution of the operator {£¢,¢ > 0} and ¢(¢, x; s,y) the fundamental solution of the
operator {£;,t > 0}. From (2.16) £; can be interpreted as a perturbation of £f by
the operator b, - V + £7, so the heat kernels p and ¢ are related by the following

Duhamel’s formula:

q(t, x5 s,y) = p(t, z;8,9) (2.17)

* /t /Rd q(t, z;r, 2) (b -V + £7) p(r, -5 8, y) (2)dzdr

= p(t, 7;5,9)

+ / / p(t,zir, 2) (b - V + £7) q(r, 5 5,y)(2)dzdr
t R

forall 0 <t < s <ooand x, y € RL Forany T'> 0 and € € [0,T), we denote

DT:{(ta$;3,y)33; t >0 and =z, yE]Rd With5<s—t<T}.

£

It is proved under some mild conditions of the coefficients a, b and & (see (H®), and
(H") in [20, Thoereom 1.1]) that there exists a unique heat kernel ¢(t,x; s, y) sat-
isfying (2.17). Moreover, ¢(t, z; s, y) is the transition density of the Markov process
X associated to the operator {£,t > 0}. The two-sided estimates below of ¢ were
established in [20, Corollary 1.5]: For any T' > 0, there exist constants C' and A > 1

such that on DJ:

d -1 la—y|2

b0 (s =0y R s =) (= 0E e —wl) )

<q(t,z;s,y),
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and

q(t,x;s,y)

<O (5= 52l (=0 (=0 o —yl) ),

where m,, = inf(; ;) essinf,cga K(t, z, 2). The law p(t, ; s, dy) of X1* satisfies (Hy ).
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CHAPTER 3

Quadratic BSDETs and Related PI'DEs

3.1 Introduction

Let [0, 7] be a bounded time interval, £ = R\ {0} endowed with the Borel c—-algebra
B(E) and (2, F, (]:t)te[o,T} ,P) a filtered probability space supporting a one-dimensional
standard Brownian motion W = {W,}icjo,r) and a time homogeneous Poisson random
measure N (ds,de) with compensator v(de)ds on ([0, 7] x E, B ([0,T]) ® B(F)), indepen-
dent to each other. We denote by N(ds,de) = N(ds,de) — v(de)ds the compensated
jump measure and we take (F) tefo,T] @S generated by W and N, completed with P-null

sets and made right continuous. Moreover, we assume that the filtration (F;) o) has

te|l
the predictable representation property, that is any local martingale can be written as the
sum of two stochastic integrals with predictable integrand processes, one w.r.t. W and
the other w.r.t. N.

The aim of this chapter is to investigate a class of BSDEJs and related PIDEs of a
quadratic type associated with a Brownian component and independent Poisson random
measure. Let us point out that our work [52] is a natural continuation and extension to

the jump case of the recent papers of Bahlali, Eddahbi & Ouknine (2017) [10] and Bahlali
(2020) [8].

o1



3.2. EXISTENCE AND UNIQUENESS OF SOLUTIONS 52

Concretely, we are concerned with R—valued BSDEJs of quadratic type of the form
T ~
V=gt [ HOYG Z K ds—/ Z,dW, — / [ K()N s, de). 31)
t

Herein, the terminal data & will be assumed to be square integrable. Our study covers

the following cases:

F) |21” + ks (y) =2 Hy(y, 2, k()

h(y, k() + ez + Hy(y, 2, k()

a+blyl+clzl +dIk()llw + He(y, 2, k()

H(y,z k() = § cz+ f(y) |2 = [ k(e)v(de)

cz+ f(y) |z |2

hy k() +cz + f(y) |2[*

Ho (r, X))+ Hs(y, z,k(-)), (X;)r>0 is a Markov process,

where f is a measurable and integrable function, [k] f (+) is a functional of the unknown
processes Y. and K.(-) to be defined later and h and Hj enjoy some classical assumptions.
A long the whole chapter, we shall assume that the measurable function f is not constant.
The case where f is constant has been considered under some restriction on the terminal
data &, see [18, 19] for the continuous case and [3, 32, 44, 45| for the jump setting.

This chapter is organized as follows. Firstly, we prove Krylov’s estimates, [t6-Krylov’s
formula and a priori estimates for eventual solutions of Eq(&, Hy) and then used to estab-
lish existence and uniqueness of solutions to Eq(§, Hy). The second result is devoted to
the solvability of some QBSDEJs via several examples dealing with different generators
of another quadratic form in z. These examples can not be covered by previous papers
[3, 18, 19, 32, 44, 45]. Moreover, a comparison principle, for a class of QBSDEJs, is proved
without any assumption on the third argument of the measurable generator Hy. The last
section deals with the relationship between quadratic BSDEJs and quadratic PIDEs with

measurable generators.

3.2 Existence and Uniqueness of Solutions

In this section, we will study the existence and uniqueness of solutions to one kind

of quadratic BSDE with jumps and globally integrable drift H.
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Definition 3.2.1

Given an Fr—measurable and square integrable random variable ¢ and measurable

function f : R — R, a triple of processes (Y, Z, K), with adapted Y and predictable Z
and K, is a solution of Eq(§, Hy) if (Y, Z, K) satisfies Eq(§, Hy), P-a.s. forallt € [0,
such that Z € M%(0,T,R), K € M%([0,T] x E,R,dtv(de)), Y € S%(0,T;R) and
E[| [ £(Y3)|Z.|? ds|?] is finite.

The next lemma is very useful. More precisely, it plays a crucial role in the proof of the
Proposition 3.2.2 and the Theorem 3.2.2 below. In fact, the transformation F' allows us
to eliminate the generator H; in the Eq(&, Hy).

Lemma 3.2.1
The function F' defined by

satisfies,

F'"(x) = 2f(z)F'(x) =0, for a.e. x € R, (3.3)

and has the following properties:

(i) F and F~' are quasi-isometry, that is for any x, y € R and |f|, = [z |f(x)| dx

e Wz —y| < |F(x) = F(y)| < e?Vhjz -y,

(3.4)
e M|z —y| < [FHx) = Fl(y)] < eVhfz—yl.

(i) F is a one-to-one function. Both F' and its inverse function =1 belongs to W? (R).

Proof of (i). By definition the functions F' and its inverse F~! are continuous, one to
one, strictly increasing functions, moreover F"(x) — 2f(z)F'(x) = 0 for a.e. x € R. In

addition F'(x) = exp(2 [y f(t)dt), hence
for every z € R, e 2V < F'(z) < &/ and e”h < (F71Y(2) < ¥Fh, (3.5)

Proof of (ii). Using the inequality (3.5), one can show that both F' and F~! are C'(R).
Since the second generalized derivative F" satisfies (3.3) for almost all x, we get that F”
belongs to L'(R). Therefore, F' belongs to the space W} (R). Using again assertion (i),
one can check easily that F~! also belongs to W2 (R). O
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Lemma 3.2.2
For a given real number y and a measurable function k(-) in L],
(i) the operator [k, (y) given by

_ [ Fly+k(e)) = Fly) = F'(y)k(e)

k], (y) = /E i) v(de) (3.6)
is well defined. Moreover,

1], ()| < (14 €M) [k ()], - (3.7)

(ii) If f is non negative then [k], (y) > 0.

Proof of (i). From the quasi-isometry properties of the function F' defined in (3.2), for

ally e Rand 0 < s < T, we have

Fly +k(e) — F(y)

Thus,
k], )] < (14 1) 1K)y, -

Hence, the operator [k], (-) is well defined.

Proof of (ii). Observe also that for each y € R, we can write

Hy ) = gy J, (F(o -+ () = F(y) = F()k(e)) w(de)
1

“m ol FE@ - Fw) )
" F(y) /E /yw(e) (F'(z) = F'(y)) Lg(e)>0ydav(de)

1 y ) /
* F'(y) /E/y+k(e) (F'(y) — F'(x)) Lig(e)<oydav(de).

The last two terms in the above inequality are non-negative since F’ is positive and

increasing. [J
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Corollary 3.2.1

For a given real number y and a predictable process ks(e) on [0,T] x E, such that

T
/ 1ks()l,, ds < 400 P-a.s.
0 )
We have, using (3.7)

/UT [1k); ()| ds < (1+471) /OT/E Iky(e)| v(de)ds P-as. Yy € R

Moreover, if k.(-) in M%([0,T] x E,R,dtv(de)). Then there exists a constant Cy,
(depending only on f and v) such that

e (i @) ds < € [CE 180l ds (38)

3.2.1 Krylov’s Estimates and It6—Krylov’s Formula for BSDEJs

Let us recall the Tanaka’s formula. If (X, ¢ > 0) is a real-valued semi-martingale such
that Y g<.<; |AX,| is finite P-a.s. for each t > 0 and ¢ is the difference between two
convex functions, then, for each z € R | there exists an adapted process (L;(x),t > 0)

such that, for each t > 0, with probability 1, we have

9(X) = 9(Xo) + [ Gi(X)aXc+ 5 [ gt @) Lata)do

+ D0 9(X) — 9(Xeo) — (X )AX,),

0<s<t
where g, stands for the left first derivatives of g and g is a signed measure which is the
second derivative of ¢ in the generalized function sense.

Proposition 3.2.1
Let (Y, Zy, Ki(e))o<i<r, ece be a solution to Eq(§, Hy) in the sense of the definition

3.2.1. Put

T
n=2 sup |Yi|+ (2—1-64”‘1)/0 1K)y, ds,

0<t<T

then, for any measurable and integrable function ¢ on R, we have

T
E [ 16 (V)| Z,ds < 2B [i] 0], ¢/ (39)

Mohamed Khider University of Biskra.



3.2. EXISTENCE AND UNIQUENESS OF SOLUTIONS o6

Proof. Let = be a real number, set for notational simplicity ¥,(y) = (y — z)~. By

Tanaka’s formula, we have
Bel¥) = a00) 4 [ DY + L L)
b eV o) = V) - Ly Ku(@)r(de)ds
= () + My + iLm
[ Ve (PO 12+ K] (V) ds

+ /0 L (0alYee + Ku0) = 0alYer) = Ty ey Kile)) vi(de)ds,
where
t ¢ )
My = [ Ly ZadWo+ [ [ Ly Ko (e) N (ds, de)

is a martingale. Since the map y — 1, (y) is one—Lipschitz, it follows that:

wasm—%ufﬁm@mawaﬁﬁ—m
+/ d5+2/ 1K)y, ds,
hence
0< Lia) <2 —2M+2 [ Liy)|f()ldy, (3.10)

where we have used the estimation (3.7), the occupation time density formula and the

notation (3.9). Taking the expectation in (3.10), we obtain

E[Li(x)] < 2Bl +2 [ E[Ly)] /()| dy.

Now, Gronwall’s Lemma gives
sup E [Ly(x)] < 2E [n] 2711, (3.11)

Let ¢ be a measurable and integrable function on R. The time occupation formula shows

that
E [ 1ol (v)1Zas =& [ 1ol ()AL = [ 16](2) Lr(w)da

< SupE[Ly() / 16l (2)da < 2(6], SHE].

Proposition 3.2.1 is proved since E [] is finite thanks to Definition 3.2.1. O
Now, we shall establish an It6—Krylov’s change of variable formula for the solutions of

one-dimensional BSDEs with jumps.
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Theorem 3.2.1
Let (Y, Zt, Ki(€))o<i<r, ecr be a solution to Eq(&, H). Then, for any function g be-

longing to the space Wi ,.(R), we have with probability 1

g(¥) = g(%p) +/ Y)Y, + - / Y,)|Z,|2ds (3.12)
+ Y (g(Ys) — g (Yio) — ¢ (Yio)AYS),
0<s<t
which can be written as
1 t ! 2
oV = g¥0) + [ V)Y + 5 [ " (¥))IZ,Pds

+// (Yoo + Ky(€) — g (Ya) — ¢/ (Yoo ) Ki(e)) N(ds, de).

Proof. For R > |Yp|, let 75 := inf{t > 0 : max(|Y;_|, |Yi— + Ki(e)|) > R}. Since 7g
tends to infinity as R tends to infinity, it is then enough to establish the formula (3.12)
by replacing t with ¢ A 7. The stochastic integral [;"™ ¢'(Y;)dY, is well defined since ¢’

is continuous and (Y;)o<s<r is a cadlag semi-martingale. Moreover, the jump term
tATR ;
| o (e + K(e)) = 9 (Vi) = g/ (Yoo )Ko(€)) N (de, ds)
is also well defined since
tATR ,
L e e + Ku(e) = g (Vi) = g (Vi ) K () v(de)ds
t/\TR
/
< (M + e g 00)1) [ 1Ol ds

and the fact that g and ¢’ are locally Lipschitz continuous functions. Using Proposition

3.2.1, the term [;"™ ¢"(Y,)| Z,|*ds is well defined since

tATR
‘ / Y,)|Z.[2ds

< IE|/ Y)|Z|?ds| < supE[Lt( Nd"|, -

Now, let g, be a sequence of C?~class functions obtained via a classical regularization by
convolution satisfying:
(1) gn converges uniformly to g in the interval [—R, R].

(77) g, converges uniformly to ¢’ in the interval [—R, R].
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(ii1) g¢" converges in L'([—R, R]) to g”. Classical 1t6’s formula applied to g, (Yinr,)

gives
gn(Yerrs) = gn(Y0) +/MT g (Ye)dYs + = / Yy)|Zsds (3.13)
[ o (Vi Ke) = g (Vi) = (Vi) () (s, de).

Passing to the limit on n in (3.13) then use the above properties (i), (ii), (i) and
Proposition 3.2.1, to obtain

o) =900+ [ giavi+ 5 [ g 0017,
[ [0+ Kufe)) = 9 (Y) — g (Y )Kfe)) N(ds, de).

Henceforth, the following types of It6-Krylov’s formula are used frequently throughout
the remainder of the chapter. For a given generator H satisfying suitable conditions which

guarantee the existence of a solution for BSDEJs
Y, =§+/tT (Ya, Z, K (- ds—/ Z.dW, — / / Ko(e)N(ds, de).
[t6-Krylov’s formula (3.12) applied to F(Y;) leads to
F(Y) = F() + / (PO 2, K0) - ;FWS) 2 ds
—/ F'(Y,_)Z,AW, — / /F (€)N(ds, de)
S (F(Y.) — F(Y, )~ F/(Y, )AY,).

t<s<T

Furthermore,

> (F(V) ~ F(Vi) = F)AY) = [ [ (FG) — F(Y.) — F(V. )K(e)) N(ds, de)

t<s<T

Remember also that

F(y) (K, () = [ (F(y+ k() = Fly) = F'(y)k(e)) v(de).
This implies
PR = F(©) + [ (F0) (Y., 2 K0) — [ (Y00) = SF"00) |7 ds
(3.14)

—/ F'(Y, ) ZdW, — // (Yo + K,(e)) — F(Y,_)) N(ds, de).
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In particular, if H(y,z k(-)) = Hy(y, 2, k(-)) = f(y)|2|* + [k, (y), we get
F(Y;) = F(€) —/tT F'(Y, ) Z,dW, / / (Y, + K,(e)) — F(Y,.)) N(ds, de). (3.15)

For each 0 < s < T we set ys := F(Y5), 25 := F'(Ys_)Zs and k; (e) := F(Ys— + K(e)) —
F(Y;_). These notations will be used repeatedly until the remainder of this chapter. O
Before proving the existence and uniqueness of solutions to Eq(§, Hy), we establish some

useful a priori estimates.

3.2.2 A Priori Estimates

Proposition 3.2.2
Let £ € L*(Q) and f € LY(R). If (Y, Z, K) satisfies the Eq(§, H;), then we have:

(i) (ZT)OSTST’ (Zr)ogrgT S M%.—(O,T, R) and (kT(e))OSTST,eeE’
(Ko () oererper € ME(0,T] x E,R, dtr(de)),

(ii) (yT)OgrgT ) (K’)OSTST c S.?: (07 T, R),

(iii) E’fo Y,)|Z,|? dr‘ is finite.

Proof of (i). From Ito Krylov’s formula (3.15), we have

F(Y;) = F(€) —/tT F'(Y, ) Z,dW, — / / (Y, + K,(e)) — F(Y,.)) N(ds, de), (3.16)
since F satisfies (3.3). For ¢ = 0 we get

/O ) Z,dW, +/ / (Y, + K, (e)) — F(Y,)) N(dr,de) = F(€)— F(Yy). (3.17)

Take the square of the L?(2) norm in (3.17), thanks to the orthogonality of the martin-
gales W. and [; [, N(dr, de) together with the inequalities (3.4) and (3.5), we get
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o4l (/ yzy dr+/ HK )i, } T)

/ P,z

0

—E|/ 2y
= [(E[p dr+/ [ ()l13,] dr

< F(Yo) + B [F2(6)] < F*(Yp) + ¢'MhE [¢7] < oo,

<E 4 ]E/T/ F(Y, + K.(e)) — F(Y, )] v(de)dr

+ E N(dr, de)

This implies that 2z, Z € M%(0,T,R) and k, K € M%([0,T] x E,R,dtv(de)).
Proof of (ii). From It6-Krylov’s formula (3.15), we have

F(Y;) = F(€) —/tT F'(Y, ) ZdW, — / / (Yo + Ko(€)) — F(Ys_)) N(ds,de). (3.18)
Thanks to (3.4) and F (0) =0,

e Y| < [P (V)]

< IF©)+ /TF'<YS_> :
F(Y,_ + K,(e)) — F(Y,_)) N(ds, de)
< |F(f)\+0i1;£T /0 2dW,| + sup. / / N(ds, de)|.

Using convex inequality and taking the supremum over [0, 7] lead to

e~k sup. |Yt| < sup. |

/Ozs //k N(ds, de)

Now, by taking the expectation and using BDG inequality, we get

+ sup

<22 (e g + sup
0<t<T

0<t<T

)

e‘*'f'lE[sup V,[’| <E

0<t<T

<4 <e4|f1E “gﬂ / |zS ds +/ ||k ||2V s) )

The right-hand side of the above inequality is finite by (i).

2
Sup Iyt\ ]
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Proof of (iii). Since (Y., Z., K.(-)) satisfies Eq({, Hy), thus

/(( )12, 2 dr_/ ZdW+//K N(dr, de)

+Yo— € /0 K], (V) dr.

Using convex inequality and taking the expectation, we obtain

’/ V) |2 |? dr §24(‘

2 (Wil + Bl + 7 /0 TE Mmf m>\2dr)

4 e g 2
<2 (E [ 12 dr+E [ KO,
0 0 ’

4 2 2 T 2
2 (I + B1P + 7O/E [ I, ).

—|— E N(dr, de)

)

2
Finally E ’fOT FY) 2 dr‘ is finite thanks to (i). O
We now state and prove the main result, which is given by Theorem 3.2.2 below. We

shall refer to the following simple equation

y = F (&) —/t 2, dWy — / / N(ds, de)

as Eq(F'(£),0).
Theorem 3.2.2

Let € be an Fr—measurable and square integrable random variable. If f is an inte-

grable function, then (Y, Zy, Ki(€))o<t<t, ccr Is a solution to Eq(§, Hy) if and only if

(Y, 2t, kt(e))OStST, ccp 18 a solution to Eq(F(€),0).

Proof. If (Y, Z, K) is a solution to Eq(, Hy), then (3.16) shows that (y:, 21, ki(€))o<i<r, ccr
satisfies Eq(F'(§),0). Moreover, thanks to the Proposition 3.2.2, (yt, 1, ki(€))o<i<r, ccp 18
a solution to Eq(F'(§),0) in the sense of the Definition 3.2.1.

Conversely: Let (yi, 21, ki(€))o<icr. e D€ @ solution to Eq(F(€),0), then It6-Krylov’s
formula (3.12) applied to Y; = F~(y;) (since F~! belongs to W#(RR)) shows that

) = € — / (o) 2sdW, — / LY (e () N (ds, de)
3 Y P -5 () <ys_>—<F-1>'<ys_>Ays),
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then,
Y, =¢- / (o) 2ud WV, — / / ¢)N (ds, de) (3.19)
[ s
‘/ / P (g — (P (e k(@) N(ds, de)
=&- / (s )2d W, - // (e)N(ds, de)
[ EY w2 as

+ ‘/tT /E (F_l(ys— + ks(e)) - F_l(ys—) - (F_l)/(ys—)ks(e)) ]/(d@)ds
_ /t /E (F*l(ysf + ky(e)) — F 1 (y,-) — (Fﬁl)/(ysf)ks(e)) N(ds,de).

Notice that:

SN gy - ATET@) oy FI(ET ()
S o) R O R

Set Z, = (F71Y(ys_)zs and Ky(e) = F'(ys_ + ks(e)) — F~'(ys_) this implies

BP0 o = e e E ) A 52
= —f(Y) |2’
and
| (F e+ k) = F 7 (50) = (F7) (g Jh(e)) w(de) (3:21)
-/ (Kse - 1YS F(&@)—F@fs))) v(de)
- [ (O ORI ) — — ), (0

Substituting (3.20) and (3.21) in (3.19), we end up with

Y, = 5+/ Y |Z,? + K ds—/ Z,dW, — //K N(ds, de).

Observe that as in the proof of the Proposition 3.2.2 and thanks to the properties (3.4)
and (3.5) we show easily that

Vil < Myl | Z] < |z and K (e)] < eV [k (e)] .
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Consequently,

(Y57 Zsu Ks(e))OSSST, ecE = (F_l(ys)a (F_l)/<ys—)Z57 F_l(ys—+k8(6))_F_1(y8—))0§s§T, eck

is a solution to Eq(§, Hy) in the sense of Definition 3.2.1.

Comment: Taking the conditional expectation on both sides in Eq(F(€),0), we get

vy =E[F(E) | A,

and thus
Y, =F L E[F(¢) | F]).

Since F and F~! are globally Lipschitz then F(£) belongs to L*(Q2, Fr,P) if and only if
¢ belongs to L*(Q, Fr,P), then the martingale representation theorem shows that there
exists a unique predictable process (z,k) € M%(0,T,R) @ M%([0,T] x E,R,dtv(de))
satisfying Eq(F(£),0). Now, comparing with Eq(F'(£),0), one can easily arrive at

~ F(F1(y,))

We deduce finally that Eq(¢, Hf) admits a unique solution if and only if Eq(F(£),0)

Yo=F ' (y), Z and K, (¢) = F' (yo_ + ks (€)= F ().

admits a unique solution. [

Corollary 3.2.2
Let f be a bounded and integrable function on R. The Eq(¢, Hy) admits a unique

solution for any Fp—measurable square integrable random variable €.

Remark 3.2.1
If the function f is bounded and integrable on R, then

[H(y, 2, k()| < itelﬂg(lf(w)HZIQ) + (L ) RO, = H (2, k().

Therefore, the existence and uniqueness of the solution to Eq(§, H*) requires the
existence of exponential moments or the boundedness of the terminal value . However,

Eq(&, Hy) has a unique solution for  in L*(Q, Fr,P).
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3.3 Solvability of some Quadratic BSDEJs

In the present section, we shall use the results of the previous theorem to solve some
QBSDEJs in the following examples. Let h : R x £2 — R be a measurable function

which satisfies:
(Asy) For all k(+), k(-) in £2 and y, 7 in R

1y, k() — by, k()| < Ly — g + 1k(-) = E()]l20),
and there exists a constant C' > 0 such that

Ay, k()] < C.

(A3s) fis bounded and integrable.

(As3) The function h (y, k(+)) is of the form h(y, [r g(k(e))v(de)) and the mapping (y, k) —

h(y, k) is continuous
iy, [ gth(e)wide))| < Lyl +I5C),).

Example 1: Eq(§, h (y, k(-)) + cz + He(y, 2, k(+)))
The formula (3.14) corresponding to

Hh,f(ya Z, k()) =h (y7 k()) tez+ Hf(y7 2y k())? ceR,
shows that Eq(¢, Hy, ¢) is equivalent to Eq(F(€), H + cz) where

H,(y, k() = F'(F~ () (W(F 7 (), F~Hy + k() = F7H(©)))-

The equation Eq(F'(§), Hy + cz) has a unique solution if and only if H; is Lipschitz
and F(€) is square integrable. Which is the case under assumptions (As1) — (Asz2).
Therefore, Eq(F(£), Hy + cz) has a unique solution, thus our original Eq(&, Hy, f)

admits a unique solution.

Example 2: Eq(¢,a +bly[ + c[z[ + d|[kC)y, + Hp(y, 2, k()
Similarly to the Example 1, Eq(¢,a + byl + clz| + d|k()[l,, + Hy(y, 2, k(")) is
equivalent to Eq(F(£), Hy) where

Hy(y, 2, k) = F'(F~ (y))(a+ b F " () [ +clel + Al F (y + k() = FH()]l10)-
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The generator Hs, is continuous in (y, z, k) and is of linear growth in |y|, |z| and
[k(-)|l;,» therefore, thanks to the result of Qin and Xia [65] the Eq(F'(£), H2) has

at least one solution whenever £ is square integrable and f is integrable.

Example 3: Eq(¢, ¢z + f(y) [2[* — [z k(e)v(de))
Consider the following BSDEJ

Y, = §+/ <cZ+f ) 12,2 /K )
—/ZdW //K N(ds, de).
By taking H(y, 2, k(")) = cz + f(y) |2 — [ k(e)v(de) in (3.14), we get
F(Y; / / (Yo + K(e)) — F(Y_))u(de)ds—kc/tTF’(Ys_)sts
—/ F/(Y, ) Z.dW, — / L (PO + K(€)) = F(¥.0)) N(ds, de),

or equivalently as

+/ (czs /k )ds—/t 2 dW, — //k N(ds, de).

Since the generator H3(z,k (+)) = cz — [y k (e) v (de) of the above equation is linear
in z and k and F(§) is square integrable for square integrable &, then it has a unique

solution. Thus, Eq(F(£), H3) has a unique solution.

Example 4: Eq(¢,cz + £(y) |+/?)
Consider the following BSDEJ

Y, = §+/ Zy+ [(Y,)| 2, ds—/ Z,dW, — //K N(ds, de).

Then, by taking H(y, z, k(-)) = cz + f(y) 2> in (3.14), we arrive at

+/ (czs—i-/ H(ys—, ks( (de)) ds—/t zsdWs / /k N(ds, de),

where H(y, k(e)) := F'(F~!(y)) (F~(y + k(e)) — F~'(y)) — k(e).

Simple computations show that
[H(y, k(e)) — H(g, k(e)] < L(L+[k(e)]) [y — g| + (1 + e k(e) — k(e)]

and

[H (y, k(e)| < min((1+ ) [k(e)]; [k(e)] + 2¢*1 ([K(e)] + 2]y]))-
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Consequently, the generator

H(y, = k() = ez + [ H(y. k() (de)

is Lipschitz in z and k(+), continuous in y and is of linear growth in all arguments,
this implies that Eq(F(€), Hy) admits at least one solution whenever F'(§) is square
integrable (see e.g. [65]).

Consequently Eq(€, cz 4+ f(y)|2|%) has a solution.

Example 5: Eq(¢, h (y, k(-) + ez + f(y) |2])
Let h satisfy (As3) and f be integrable. Consider the BSDEJ

Yt=€+/tT(h(Ys_,Ks(-))+cZ + F(Y)12.) ds— / Z,dW, //K N(ds, de).

By using It6-Krylov’s formula (3.14) and taking H(y, z,k(:)) = h(y,k(-)) + cz +
f(y)|z]%, we obtain

T
F(Y)) = F(¢ +/ F'(Ys ) (h (Yoo, Ko(-) + ¢Z,) ds

_ / / Y,_) — F'(Y,.)K,(e)) v(de)ds

—/ F'(Y, ) ZdW, — // (Yo + K,(€)) — F(Y,.)) N(ds, de),

which can be written as

b= F©+ [ Hylyo o ki()ds = [z~ [ [ ki (e) Nids, o),

where
H5(Z/7 2, k()) = Hl(ya k()) + H4(y,z, k())

But H; of the Example 1 is continuous under (Aj3) and H, of the Example 4 is

continuous in y, Lipschitz in z and k() and is of linear growth on y and k(-).

Therefore, by the result of [65], the equation Eq(F(€), Hs) has a solution. Finally
Eq(&,h (y, k(-)) + cz + f(y)|2|?) has at least one solution.
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Example 6: Eq(¢, Ho(r,x) +cz + Hf(y, 2, k(+)))

For a given adapted stochastic process (Xs)o<s<r and a measurable bounded func-
tion Hy : [0,7] x R — R such that [ E[|Hy(s, X,)|’]ds is finite, we consider the
BSDEJ

Y = §+/tT (Ho(s, Xs) + cZs + Hi(Ys, Zs, K,())) ds—/tT stws—/tT [E K,(e)N(ds, de),

where the terminal value £ is a square integrable random variable and f is bounded
and integrable.
With the same transformation as before the equation Eq(&, Hy(r, x)+cz+H(y, 2, k(+)))

is equivalent to the new equation below

T T T ~
Yt = F(g) +/ Hﬁ(w7 S, Ys, Zs)ds - / stWs - / / ks (6) N<d87 de),
t t t E

with stochastic Lipschitz coefficient of the form Hg(w, s,y,2) = F'(F~! (y))Ho(s, X,)+
cz which is Lipschitz in y due to the boundedness of f and linear in z. Hence

Eq(F(€), Hg) has a unique solution.

Remark 3.3.1

If we replace cz by c|z| in all the previous examples the results still hold true.

Remark 3.3.2
We learned from the above particular QBSDEJs that the choice of Hy(y, z, k(-)) as the

drift of our principle QBSDEJs Eq(&, Hs(y, 2, k(+))) is very important since it allows
us to eliminate the both parts (f(y)|z|* and (k] (y)) of the drift and get a BSDEJ
without drift. Any other quadratic drift in z leads to simple BSDEJs but sometimes
we get non Lipschitz generators, therefore, uniqueness of solution is not possible in
general. Nevertheless, under some additional assumption, one can get the existence
and uniqueness of solutions still under square integrability of the terminal condition

and non-continuous f.
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3.4 Comparison and Strict Comparison Theorems

The comparison principle below was proved for the first time by Eddahbi and Ouk-
nine [28] when f is a measure in the Brownian setting. In Theorem 3.4.1 below, we shall
compare solutions associated with comparable data (&1, f1) and (&2, f2). Notice that tech-
nically the proofs of comparison and strict comparison principles for this class of QBSDEJ
are completely different from the classical proofs for ordinary BSDEJs.

Theorem 3.4.1

(Comparison principle) Let &, & be Fr—measurable and square integrable random
variables. Let fi, fo be elements of L'(R). Let (Y, Z', K'), (Y2 Z% K?) be respec-
tively the solution of Eq(&;, Hy,) and Eq(&2, Hy,).

. 1 2
1< —a.s. < fy-a.e. < —a.s.
(i) If & <& P-aws. and fi < fo-a.e. ThenY,! <Y? P-a.s

(ii) If, in addition to (i), Yy = Y, then & = & and Hy, (y,2,k(-)) = Hy,(y, 2, k(+))

a.e.

(iii) (Strict comparison) In addition to (i), if P (& > &) > 0 then P(Y;? > Y! for all
t € [0,T]) > 0, in particular Y > Y.

Proof (i). Notice that the solutions (Y!, Z, K') and (Y2, Z2, K?) belong to M%. For
a given integrable function f;, remember that F; associated to f; is defined by (3.2) and
satisfies (3.3). We first apply Ito’s formula to F;(Y;?), to obtain

T 1 T
ROF) = RO + [ DA+ [ F2)dy?);

+ Y (ROD) - AL - F(Y2)AY?)

t<s<T
= RO?) - [ B2 R0 Z2 s
+/TF' YQ_)ZQdWS+/T/EF1’(Y52_)K52(6)N(ds,de)
by [ EO2Zs — [ R0 )ds

+ / | (R = R(YZ) - FY2)KXe) N(ds, de).
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Arranging terms and use the definition of the operator [KZ],, (-), we get
Fi(Y7) = Fi(Y?) + (Mr — M)
Tr1
+ [ (GRO2) = RO Rd) 122Ps,

where

t ¢ 8

My =[R2 ziaw,+ [ [ (R2) - RY2)) N(ds,de)
0 0 JE

is an Fi—martingale. Remember F) satisfies (3.3), thus according to Lemma 3.2.1, we

obtain
Fy(Y7) = Fi(Y2) + (My — M) — /t ' (FO2) (R0 - A(YD)1227)ds.  (3.22)

Since the term
T
| RO = Av2)|122 s

is positive for all ¢ € [0, 7], then
F(Y?) > Fi(Y7) — (Mp — M),

Passing to conditional expectation and using the fact that [} is an increasing function

and & > &, we get

R(Y?) > E|R(Y7) | B =E[F(&) | 7
>E[F(&4) | F] = (Y.

Taking Fy ' in both sides, we conclude Y;? > Y;! for all ¢ € [0, T).
Proof (ii). From (3.22) for t = 0, we get

Fi(&) = ROR) + M~ [ (FO2) (R02) ~ R02)1227) ds, (328)
and from (3.18) for ¢ = 0 we have
F(Yy) = Fi(&) — Nr, (3.24)
where

Nt_/OtF{(Y;_)Z;dWS_/Ot/E(Fl(Y;_+K;(e>>—F1<Y;_)) N(ds, de).

Mohamed Khider University of Biskra.



3.4. COMPARISON AND STRICT COMPARISON THEOREMS 70

If Yy = Y2, then we get, by substituting (3.24) in (3.23)
T 2 2 2 22
Fy(&) = Fi(€) + My — Ny — /0 (FIY2) (R(Y2) = A(YD)) 12217) ds,
taking the expectation we obtain
T2 2 2 212
E[Fi(&) — Fi(&)] +E /0 (F2) (£0v2) = A(Y2)1227) ds = 0.
Since the quantities inside the expectation are positive, we conclude that
Fi(&) = Fi(&) P-a.s. and thus & = & P-a.s.
In addition to that, we have fy = f; dr—a.e. Finally
Hfl (ya = k()) = Hf2 (ya 2, k()) a.e.
Proof (iii). We have from (3.22)
T
R(Y2) = Fi(@) = My = M) + [ (FO2) (YD) = £(D) 1Z27) ds.
Moreover, thanks to (3.18)
F(Y}) = F(&) — (Nr — Ny) .
Therefore, subtracting both sides of the above inequalities leads to
F(Y?) = Fi(Y)) = Fi(&) — Fu(&) + (Np = Ny) — (Mr — M)
T 2 2 2 22
+ [ (FO2) (ROD) - A(VD) |22 ds.
Conditioning on F;, we get
F(Y?) - B(Y)) 2 E[Fi(&) - Fi(&) | F.

Consequently, F(Y?) — Fy(Y;') > 0 on the set {{; < &}, finally taking into account the
fact that the function F} is one to one, P(Y,? > Y;') > 0 for all ¢ € [0,T]. This achieves
the proof. [
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Remark 3.4.1

The comparison theorem 3.4.1 does not require any additional condition on the gen-

erator Hy in particular w.r.t its third argument k(-). No monotonicity assumption is

needed.

3.5 Application to Quadratic PIDEs

3.5.1 BSDEs and PIDEs: Existence and Uniqueness

In this subsection, we show, under mild conditions, that the BSDEJ has a unique solution.
We then put ourselves in a Markovian framework, in which case a certain function defined
through the solution of the BSDE is the unique viscosity solution of a system of parabolic
PIDEs. These results were obtained by Barles, Buckdahn, and Pardoux [12]. We consider
the following SDE:

Xo=C [ W0 Xdr+ [0/ X)aWe + [7 [ 90X, )N de),  (3.25)

where ¢ € L? (Q,]—},IP’; Rd) ,
The functions o' : [0,7] x R — R? and ¢’ : [0,T] x R? — R¥*? be globally Lipschitz
and ¢ : [0,T] x RY x E — R? be measurable and such that for some real L , and for all

eek,

| (t,x,e)] < L(1Ae), x€ R? t € 0; 77,

' (t,z,e) — @ (t, 2 e)| < Lz —2'| (1 Ae), z,2" € R

We denote by (X5¢)scp 7 the unique solution of equation (3.25) starting from ¢ at time

S

s = t. We introduce the following generator:
f:00,T] x Q x RY x R x £29 — RY,
that satisfies the following assumptions:
T
o B[ [£(1,0,0,0)Pdt < oo;
0
o Forany t € [0,T],y,y € RY, 2,2/ € R and k, k' € £29, there exists L > 0 such that

|f(t7y72a k()) - f(t>yv 2 k/())‘ <L (|y - y/‘ + ‘Z - Z/‘ + ”(k - k/) (.)Hq,l/) :

Mohamed Khider University of Biskra.



3.5. APPLICATION TO QUADRATIC PIDES 72

According to Theorem 1.3.1 in chapter 1, there exists a unique triple (Y, Z, K) € M%
which solves the following BSDEJ:

Y, — c+/ (r, Yy, Zo, K (- dr—/ Z,dW, — //K N(dr,de),0 <t <T.

In the sequel, we are concerned by a specific class of BSDEJs where both ¢ and for
each t,y, z, k, the process (f(s,¥, 2, k)),<,<p are given functions of the process X6, More

precisely, we are given two continuous functions
g:R* — RY  £:[0,T] x RY x R x R x RY — RY,

and a measurable function v : R x E — R? such that, for each 1 <i < q, fi(t,z,y, 2, k)
depends on the matrix z only through its i—th column z;, and on the vector k only

through its i—th coordinate k;. We assume specifically that:
(As1) f(t,2,0,0,0) < C+ |z"), |[g(x)] < C(1+ |z|"), for some C,p > 0;
(As2) f= f(t,z,y, 2, k) is globally Lipschitz in (y, 2, k), uniformly in (¢, z);
(As3) for each (t,z,y,2) € [0,T] x R4 x R? x R4 1 < < g, the function

p+— fi(t,x,y, z,p) is non-decreasing;

(As4) there is some real C' | such that for all 1 <i < g,

0 <(t,r,e) <C(1Ae), x€R ecE,

Vi(t,z,e) —vi(t, 2’ e)| < Clz — 2’| (1 Ae), z,2/ €R%ecE.

Under the assumptions (Ajs;) — (As4), for each t € [0,7] and z € RY, we consider the
BSDEJ

T
Vi =X + [ R Xt v 2 [ KO X p(de)dr (3.26)

—/ Zir AW, — //K” N(dr,de),1<i<gqt<s<T.

The proof of the next result can be found in Barles, Buckdahn and Pardoux [12].
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Corollary 3.5.1
For each t € [0,T],x € RY, the BSDEJ (3.26) has a unique solution

(Y;t7r7 Zﬁ’m7 ng('))SST € M?S

and (t,2) — Y;"" defines a deterministic mapping from [0,T] x R? into RY.

We consider the system of PIDEs of parabolic type

:T?Uz‘(t,x) = Liui(t, x) = fit, @, ult, x), (Vuso')(t, 2), Biug(t, ) = 0, (3.27)

ui(T, ) = gi(),
where the integral operators L; and B; were defined in [12]. We now show that BSDEJ
(3.26) provides a viscosity solution of (3.27), where the definition of a viscosity solution
will be presented in Subsection 3 below. The following theorem is proved in [12].
Theorem 3.5.1
The function given by u(t,z) = Y, (t,2) € [0, T] x R? is a viscosity solution of PIDE
(3.27).

Now we give a uniqueness result for (3.27). This result is obtained under more restrictive
conditions than the existing one: namely we need the two following additional assump-

tions:

. ’fi(tvxvrapa k) _fi(t>yv7a7p7 k)| S mﬁ%(|37—y| (1 + |p|))7 for 1 S 1 S q, where mﬁ%(s)
goes to 0 when s goes to 0T, for all t € [0,7],|z|,|y| < R,|r] < R,p e R,k € R
(VR < 0).

e For 7, we assume in addition

itz e) — ity e)] < Crlz —y| (LA lef), 1 <i<q,

for some constant C; > 0 and for any z,y € R e € E.

Mohamed Khider University of Biskra.



3.5. APPLICATION TO QUADRATIC PIDES 74

Theorem 3.5.2

Assume that f, g, and v satisfy the previous assumptions. Then, there exists at most

one viscosity solution u of (3.27) such that

lim  |u(t, z)] e A= = g, (3.28)

|z| =400

uniformly for t € [0,T)], for some A> 0. In particular, the function u(t,z) = Y,»" is
the unique viscosity solution of (3.27) in the class of solutions which satisfy (3.28) for

some A > 0.

Proof: See [12] p. 74. [ |

We give now a mutual correspondence between solutions of quadratic BSDEJs associated
with two independent stochastic processes a Brownian component and Poisson process

and solution of a class of partial integral differential equation with a non-linear functional.

3.5.2 Solution of QBSDEs with Jumps via Solution of QPIDEs

We introduce the forward SDEJ that will generate a Markov process to be used to solve
some QPIDEs. For a given t as the initial time and ¢ € L? (R, F;,P;R) as the initial
state, let (X5¢)ep 7 be the solution of the following SDE with jumps:

X =+ /: b(r, X29)dr + /ts o(r, X)dw, + /ts /E o(r, XE e)N(dr,de)  (3.29)
where X6 = ( for all 0 < s <t and the mappings
b:[0,T]xR—R, o0:[0,7T]xR—Rand p:[0,T]xRx E— R
satisfy the following assumptions:

(As5) For every fixed (x,e) € R x E, the mappings r — b(r,x), r — o(r,z) and

r +— @(r,x,e) are continuous.
(As6) There exists a L > 0 such that, for all r € [0,7], z, £ € R

b(r,z) = b(r,z)| + |o(r,z) — o (r,z)| < L |z — 1.
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(As57) There exists a function p : E — RT with [ p?(e)v(de) < 400, such that, for any
rel0,T], z, te Rande € F

lp(r,m,e) — @ (r,d,e)| < ple)|r— 2] and [p(r,0,e)] < p(e).

It is clear the above conditions imply that b, o and ¢ satisfy the global linear growth

conditions: that is there exists some C' > 0 such that, forall 0 <r <T, z € R
b(r, )| + |o(r,z)] < C(1+|z]) and [p(r,z,e)| < p(e)(1 + [z]).

It is well known that under (As5) — (As7) the SDEJ (3.29) has a unique strong solution.
Moreover, there exists C' > 0 such that, for any ¢t € [0,7] and ¢, ¢’ € L*(Q, F;, P;R),

E l sup | X9 — XHPR | Rl <[¢= ] P-as. (3.30)
t<s<T
and
E [ sup | XX | F| < C(1+[¢) Pras. (3.31)
t<s<T

Now, we shall introduce the generators of our Markovian BSDEJ. Given
g:R— R, Hy:[0,T] xR —R,
that satisfy the following conditions:
(Ag4) There exists L, C' > 0, such that for all r € [0,7] and z, £ € R

|9(x) = g (€)| + |Ho(r, 2) — Ho(r, #)] < Lz —&| and |Ho(r,z)| < C.

For any h: R x £2! — R and f satisfying (As;) — (Az.), we set

g= {Hf(yaz> k())’ h (y7k()) tez+ Hf(y7z7 k())’ a+b |y| tc |Z| +d ||k()||1,y
+ Hy(y, k() cz+ f) 2 = [ Kew(de), ez + fy) ]l
h(y, k() + ez + f(y) |2},
It is clear from the results in the section 3 that the BSDEJ Eq(g(X3"), Hy 4+ H) has at

least one solution for H in G.

In what follows we show that this solution can be represented by as a deterministic
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function of the Markov process X. which is the solution of a PIDE which will be specified
below. For any smooth function 9 we define for any ¢t € [0,7] and = € R, the following

operators:
o a(t,x) 0%V

L) (ta) = G (ta)+ T2 k),

and for AV, () (¢, z) == J(t,x + ¢ (t,z,-)) — (¢, ), we put

Z(Y,p)(t,x) = /E (Aﬁw(e)(t, x) —(t,x,e) ?j(t,x)) v(de).

Remember also that form the definition of [k] (+) we can write

80,1 () = [ w“’”*%’;éﬁé >§> FOWD) _ g, (o)t 2)w(de).

Let 6 be the C1? classical solution of the following PIDE

{ (L(0) +Z(0,0) + Hy+ H(B,02, AO()))(t.z) =0, 5

(T, x) = g(x),
where H is one of the elements of G. Then we have the following result.
Theorem 3.5.3
The solution of Eq(g(X3"), Hy + H) can be represented by

06

Yim=0(s, X07), 27 = o5, X0) o

S

(s, X:),

and

Ky (e) = 0(s, X + (s, X e)) = 0(s, XJ7) = AG,(e) (s, XJ7),

fort < s <T and e € E. Moreover, we have the representation

Ve =B [g(X5)] 4 B[ (Holr, X0%) + HOYS, 27, K2 (9)dr] = 0t ).

Proof. Applying It6’s formula to 0(s, X), we obtain

O(T, Xr)—0(t, Xy) = /tTﬁ (0) (s, Xs)ds + My — M,
+ > (0(5,)(5) —0(s, X,_) — gz(s,XS_)AXS>,

where

t 00 t,x \J
M, = [ S5, X )o(s, X,)aw. +/ /Eax s, Xy )e(s, X%, )N (ds, de)
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is a martingale. Writing the above equation in terms of N(dr,de) and use the identity

X, =X, + (s, X7, e) lead to

t<§T (6(57)(5) —0(s, X ) — gi(s, Xs_)AXS>
= /tT/E (9(S,Xs) —0(s, X)) — (gz,(s,Xs—)w(S,Xﬁf,eQ N(ds, de)
L <9<s,xs)—e(s,xs)—Sz(s,xsms, ng,e)> F(ds, de)
+ /tT/E (9(5,)@) —0(s, Xs_) — gi(s,Xs)w(s,X?,e)) v(de)ds,
hence,
O(T, Xr) — 0t X,) = /tT (£(6) (s, X,) + Z(0,9)(s, X)) ds + Nr — N,
where
N, :/Ota(s,Xs)gz(s,Xs)dWS+/0t/E(0(s,Xs) — 0(s, X,_)) N(ds, de)

is also a martingale. Now, taking account that Y; = 6(¢, X;) and 6(T, Xr) = g(X7), we

obtain

Y= g(Xr) ~ [ (£(0) +T(6,9)) (5, X, )ds — (Nr = N)

— g(Xp) 4+ /tT (HO +H(, gi, A9¢(-))> (5, X )ds — (Ny— Ny,

from which we get the desired result by replacing X by X;_ + ¢ (s, Xs_, e) in the discon-
tinuous martingale part of N. and the fact that 6 satisfies (3.32). O

3.5.3 Probabilistic Representation of Solution to QPIDE

We consider the following quadratic PIDE with a non-linear functional term

{ (L(0) +Z(0,¢) + Ho+ Hs (0,02, A0,(-))(t,x) = 0, (3.33)

(T, x) = g().
We want to give a probabilistic representation of the equation (3.33) by means of the
solution of the QBSDEJ Eq(g(X4"), Hy + Hy). Let (Y%)g<s<r be the unique solution of

s

Eq(g(X5"), Hy + Hy) where YA% = Y, forall 0 < s <tand t < T .
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Proposition 3.5.1

The mapping (t,x) — Y** is continuous. Moreover, there exist two constants

C, L > 0 such that, forall 0 <t <T,x, t € R

Y = Y| < Lle — ] and [Y"] < C (14 |a]).

Proof. For t in [0, T], we set ;" := F(Y,*"). Remember that (y5®, 5%, k4 ())o<s<r is the
unique solution of the BSDEJ Eq(F(g(X%")), H), where H(t,z,y) = F'(F~(y))Ho(t, z).
For any 0 <t < T and x € R, we set a(t,z) = y;°.

The mapping (¢, z) — «a(t, x) is continuous on [0,7] x R™ since |H(t,z,y)| < C (1 + |z]|)
and |H(t,z,y) — H(t,%,9)| < C(|x — Z| + |y — ¢|). Finally, due to the continuity of F~!
the mapping (t,z) — 0(t, ) = F~'(y;") = Y;"* is continuous on [0,7] x R. OJ

Viscosity solution:

Set CI} ([0, 7] x R): the space of all real functions, which has a bounded continuous first
derivative w.r.t ¢, and up to the second derivatives w.r.t x.

Definition 3.5.1
A continuous mapping [0,7] x R > (t,x) — 0(t, x) is called a

(i) viscosity sub-solution of (3.33) if §(T,z) < g(x) and for all ¥ € C,*([0,T] x R) at
all maximum point (t,x) of function § — 9 such that 0(t,z) = J(t,x), one has
a0

(L) +T°(9,0, ) + Ho + Hy (0,05, A () (¢, 7) > 0,
where for any 0 > 0, Es = {e € E : |e|] <} and

20.0:9)0,0) = [ (000 40,0 = 00.2) = ¢ (0.0) Jo(0.0) ) (a0

oV

+/ ( (t,x + ¢ (x e))—&(t,m)—g@(a?,e)ax(t,x)> v(de),

(ii) viscosity super-solution of (3.33) if (T, z) > g(z) and for all ¥ € C;*([0,T] x R)
at all minimum point (t,z) of function  — ¥ one has

(£(0) +Z°(0.0,¢) + Ho+ Hy(0,0 00 A0, ())(t,) <0,

(iii) viscosity solution if it is a viscosity super-solution and sub-solution.
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The proof of the following lemma can be performed as in Lemma 3.3 in [12] p. 66.

Lemma 3.5.1

A continuous mapping [0,T] X R 3 (t,x) — 6(t, z) is called a

(i) viscosity sub-solution of (3.33) if (T, z) < g(z) and for all 9 € C,*([0,T] x R) at

all maximum point (t,z) of function § — ¢ one has

(£.(5) +T(9,6,0) + Ho + Hy(0.0 50 M,()(t,) > 0

(ii) viscosity super-solution of (3.33) if (T, z) > g(z) and for all ¥ € C,*([0,T] x R)

at all minimum point (t, ) of function 6 — 9 one has

00

(£(0)+T(0,0,0) + Ho+ Hy(6,05_

Abo(-)))(t,x) < 0.

Consider PIDE
(£ () +Z(er, ) + F'(F~ () Ho) (t,x) = 0

a(T,x) = Fg(x)).

(3.34)

Theorem 3.5.4

The continuous function (t,z) = Y, is a viscosity solution of (3.33) if and only if

the continuous function a(t, z) = F(Y,"") is a viscosity solution of (3.34).

Proof. Let 0(t,z) is a viscosity sub-solution of (3.33) so (T, z) < g(z) implies that
o(T,z) = F(O(T,z)) < F(g(z)) since F is increasing. Let ¥ € C;*([0,T] x R). If (t,z)
is a maximum point of § — ¢ such that 0(¢,z) = ¥(¢, x), its is also a maximum point of

F(6) — F(¥). Applying the operators £ and Z to J(t,z) = F(J(t,z)), we get

L)t x) = ((gf + ";giﬁ) F'(9) + "; (gi)Q F”(ﬁ)) (t, )

_ (c (9) + £(0) <agi> )F’(ﬁ)(t,x)
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and

B
E@tr+e(tz,e) = FOGD) 5 ) vide
F9(t,2)) A (e) (& )> (de)

thus
(£(9) +Z(0, )+ F'(F~(9)) Ho) (t, )
= (F’(ﬁ) (L (V) +Z(9, @) + Ho + H (Y, agi, Aﬁw(-))» (t,x),

but Ady,(-)(t, ) = A, (-)(t, z) which implies that the right-hand side of the above equality
is non-negative as soon as 6 is a viscosity sub-solution of (3.33) since F”(x) > 0 for all
zeR. O

Theorem 3.5.5

The function @ given by 0(t,z) := Y;"", for all (t,x) € [0,T] x R is a viscosity solution
to the QPIDE (3.33).

Proof. From Theorem 3.5.4, 0(t,2) = Y,*" is a viscosity solution of (3.33) if and only
if a(t,z) = F(Y;"") is a viscosity solution of (3.34). But a(t,z) is a viscosity solution of
(3.34) thanks to the result in subsection 1. Observe that we do not need the monotonicity

type condition on k() because our generator in the (3.34) is independent from k().

Let H(y, 2, k(:)) = cz + f(y)|2|* — [ k(e)r(de) and consider the following PIDE

{ (L (0) +T(6, ) + H(B, 02, AG,())(t,z) =0, (3.35)

(T, z) = g(x).
We want to give a probabilistic representation of the equation (3.35) via the solution of

the associated QBSDEJ.
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Let (Y%)g<s<7 be the unique solution of Eq(g(X%"), H) where Y5* = Y, forall 0 < s < ¢
and ¢t < T.

One can check as in the Proposition 3.5.1 that the mapping (¢, z) — Y{* is continuous.
Applying the transformation F, the Eq(g(X%"), H) is equivalent to Eq(F(g(X%")), H)
where H(z, k(:)) = cz — [, k(e)v(de) is a Lipschitz function, without the quadratic term.

Now, observe that the generator H satisfy the required assumptions of f;, thus the map-

ping (¢, z) — y;* is a viscosity to the PIDE

{ (£ (a) + T(a, ) + H(022, Aay(-))(t, ) = 0
a(T,z) = F(g(x)).

Finally, thanks to Theorem 3.5.4, we conclude that the mapping (t,z) — Y*" is a
viscosity solution of (3.35). O

Corollary 3.5.2

For H(y, z,k(-)) = cz + f(y) |2|* — [z k(e)v(de), we consider the QPIDE

90
{ (£(0) +T(0.¢) + Ho+ H(O, 05, A0,()(t7) = 0 556
(T, x) = g(x).

The mapping (t, ) — Y;** is a viscosity solution of (3.35).

Proof. This is a consequence of Theorem 3.5.4 and the fact that (¢, z) — F(Y;"") is

a viscosity solution to

{ (£ (@) + Z(a, ) + F(F () Hy + H(0%, Aa, () (t,2) = 0
a(T,z) = F(g(z)).

This leads to the result. O
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Conclusion

Ur greatest contribution to this Ph.D. dissertation is that we successfully discussed new

Oresults for different categories of BSDEs with jumps driven by a Poisson random mea-

sure and independent Brownian motion. The main results of this thesis are summarized
as follows.

The first main topic is about the global existence of the solutions for a class of
continuous multidimensional Markovian BSDEJs. We first, generalized the representation
obtained by El Karoui et al. [30] to the jump case which claims that the solution of
Markovian BSDEJ with Lipschitz generator can be represented in terms of the Markov
process and some deterministic functions.

This result with the help of the so-called L?>-domination condition, on the law of
the underlying Markov process, played a crucial role in proving the main results. More
precisely, we proved that BSDEJ (0.1) in the case where its generator is continuous w.r.t
y and z and globally Lipschitz in k(-) has at least a solution. Then, we have extended the
later result by studying a particular form of BSDEJ (0.1) whose generator is continuous
in y,z and k.

We hope to treat in future research the more general case where the generator of
BSDEJ (0.1) is totally continuous w.r.t all its state variables to fill the gaps and solve
this open problem.

The second main topic suggests establishing the existence and uniqueness of solu-
tions to a class of BSDEJs of quadratic type Eq(, Hy) when the coefficient is measurable
and integrable and the terminal condition is square integrable. Before this, we proved

Krylov’s estimates, It6-Krylov’s formula and priori estimates for eventual solutions of

82
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Eq(¢, Hy) and then used to prove Theorem 3.2.2. On the other hand, a comparison and
strict comparison theorems are proved without any hypothesis on the third argument of
the generator H;. Then, we investigated to standard relationship between QBSDEJs and
QPIDESs in the Markovian setting. In particular, a probabilistic representation of viscosity

solutions of some quadratic PIDEs is proved by utilizing the Feynman-Kac formula.
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