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Abstract

This thesis aims to study a new type of stochastic partial differential equations (SPDEs) with
space interactions. By space interactions, we mean that the dynamics of the system at time ¢
and position in space x also depend on the space-mean of values at neighbouring points.

In the first part, we introduce linear SPDEs. Then we prove the existence and uniqueness re-
sults (mild solution) for nonlinear SPDEs under linear growth and Lipschitz conditions on the
coefficients. In the second part of this thesis, using results from Noisy Observation (nonlin-
ear filtering), we transformed this noisy observation stochastic differential equation (SDE) con-
trol problem into full observation stochastic partial differential equations (SPDEs), and then we
prove a sufficient and necessary maximum principle for the optimal control of SPDEs. In the
third part of this thesis, we prove the existence and uniqueness of strong, smooth solutions of a
class of stochastic partial differential equations with space interactions., and we show that, un-
der some conditions, we use white noise theory to prove a positivity theorem for a class of SPDEs
with space interactions. The solutions are positive for all times if the initial values are. Then we
study the general optimization problem for such a system. Sufficient and necessary maximum
principles for the optimal control of such systems are derived. Finally, we apply the results to
study an example of optimal vaccination strategy for epidemics modelled as stochastic partial

differential equations (SPDEs) with space interactions.
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Symbols and Abbreviations

The main symbols and abbreviations used in this thesis:

Q,Z,P): Probability space.
P: Probability measure
Pr: the product of the Lebesgue measure in [0, T

(Q,F,{Z}=0,P): Filtered probability space

B(1): Brownian motion

u(t, x): control process

Y (t, x): The average value of Y (¢, x+-)

Ay The second order partial differential operator acting on x
D: An open set in R”

0D: The boundary of the set D

T stopping time

o Wick multiplication

V,F: Fréchet derivative

ie.: Namely or that is.

a.s.: almost surely.

a.e. almost everywhere.

SDE: Stochastic Differential Equation

SPDEs: Stochastic Partial Differential Equations

BSPDE: Backward Stochastic Partial Differential Equations



General Introduction

0.1 Introduction

The theory of stochastic partial differential equations (SPDEs for short) finds applications in
many scientific fields, such as physics, biology, chemistry, and finance. The main motivation
for studying this type of equation is the filtering of partially observable processes. The first re-
sults on stochastic evolution equations started to appear in the early 1960s and were motivated
by physics, filtering, and control theory. An important development, concerning the potential
theory on infinite dimensional spaces, has been initiated by L. Gross [24] and Yu. Daleckij [14].
Basic results on the existence and uniqueness of solutions of SPDEs were obtained in the 1970s
by A. Bensoussan, R. Temam [4],[5] E. Pardoux [19], M. Viot [36], and many others. SPDEs are a
type of stochastic differential equation that is defined on an infinite dimensional space. A dif-
ferent method for studying stochastic partial differential equations, the so-called variational ap-
proach, was introduced by Pardoux [47], Krylov, Rozovskii [33] by Prévot and Réckner [50]. There
is another method, the so-called semigroups generated by unbounded operators and mild so-
lutions in [22] and [15]

Our objective in this thesis is to introduce a new type of generalised stochastic heat equation
with space interactions as a model for population growth. This result is new (we refer to read[38]).
By space interactions, we mean that the dynamics of the population density Y (¢, x) at a time ¢
and a point x depends not only on its value and derivatives at x, but also on its values in a neigh-

borhood of x. For example, define G to be a space-averaging operator of the form

i@) fK r(p(x+y)dy; @ e L*R™, 6))

Gx, @) = i
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where V(-) denotes Lebesgue volume and
K, ={yeR"%|yl<r}
is the ball of radius r > 0 in R” centred at 0. Then
Ye(t,%):=Gx, Y(¢,")

is the average value of Y (¢, x + -) in the ball K.
More generally, if we are given a nonnegative measure (weight) p(dy) of total mass 1, then the p

weighted average of Y at x is defined by

?p(t,x)::fDY(t,x+y)p(dy).

We believe that by allowing interactions between populations at different locations, we get a
better model for population growth, including the modelling of epidemics. For example, we
know that COVID-19 is spreading by close contact in space.

We illustrate the above by the following population growth model:

Example 1 With G as in equation (1), suppose the density Y (t, x) of a population at the time t

and the point x satisfies the following space-interaction version of a reaction-diffusion equation:

av(t,x) =(3AY(tx)+a¥ (6,0 -ut,0)Y(6x)dt+ Y (5, )dB(),
1Y(0,x) =¢éx); xeD, (2)

Y(t,x) =n(tx); (t,x)€0,T)xaoD,

where a is a constant, &, n are given bounded functions, Y (t,x) = G(x, Y(t,-) and B(t) = B(t,w); (t,w) €

[0, T x Q is a Brownian motion on a filtered probability space (Q, % ,{%} >0, P).
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Here u(t, x) is our control process, e.g. representing our harvesting or vaccine effort.

Y(t,x)

Then the equation (2) is a natural model for population growth with space interactions in an
environment.
If u(t, x) represents a vaccination effort rate at (t, x), we define the total expected utility Jo(u)

of the harvesting by an expression of the form

T
]O(u):E[fD‘[o Ul(u(t,x))dtdx—f-fDUg(Y(T,x))dx,

where Uy and U, are given cost functions. The problem to find the optimal vaccination rate u* is
1 2 8 p p

the following:

Problem 2 Find u* € % such that

Jo(u™) = L}?@fzh’(m’

where % is a given family of admissible controls.

We will return to the example above after first discussing more general stochastic optimal

control models with a system whose state Y (¢, x) at time ¢ and at the point x satisfies an SPDE
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with a non-local space-interaction dynamics of the following type:

dY(t,x) =A,Y(t,x)dt+b(t,x, Y(tx),Y(t"),ultx)dt
+o(t,x,Y(t,x),Y(¢,),u(t,x)dB(1), @

X

Y(0,x) =¢(x); xeD,

Y(t,x) =n(tx); (tx)e(0,T)xaD.

Here dY (t, x) denotes the differential with respect to ¢t while A, is the second order partial dif-

ferential operator acting on x of the form

n 2 n 0
Apx)= ) aij(x).—"’+2ﬁi(x)—¢- PeE;R). 4)

0
)
i,j=1 0x;0x; i3 0x;

The domain D is an open set in R” with a Lipschitz boundary 4D and closure D. We extend

Y (¢, x) to be a function on all of [0, T] x R" by setting

Y (¢,x) =0 for xe R"\ D.

Y (¢t x) :n(t,x)ﬁ

[0, T] x D

Y0,x)=¢(x) |

D A

t
0 Y (¢, x) :n(t,x)—J T

Example 3 In particular, the partial differential operator Ay could be the Laplacian A. or more

generally an operator of the div — grad-form

Ac(p) =div(a(x)Ve)(x); ¢ € €*(D),
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where div denotes the divergence operator, V denotes the gradient and
a(x) = [a;j(X)]1<i,j<n € R

is a nonnegative definite matrix for each x. Equations of this type are of interest because they
represent important models in many situations, e.g. in physics (e.g. fluid flow in random media,
see e.g Holden et al [25], in epidemiology and in biology, e.g. in population growth where Y (t, x)

represents the population density at t, x.

There are two well-known approaches to solve stochastic control problems: The Bellman
dynamic programming [12] method and the Pontryagin maximum principle [30]. Because of
the space-mean dependence in our model, the system is not Markovian, and it is not clear how
to apply a dynamic programming approach. Instead, we will use a stochastic version of the
Pontryagin maximum principle, which involves a coupled system of forward/backward SPDEs.
Stochastic control of SPDEs has been studied widely in the literature, for example, we refer to
Bensoussan [6], [7], [8], [9], Hu & Peng [27], Zhou [58], @ksendal [43], Fuhrman et al [20] and
Oksendal et al [44], [45], [46] and the references therein. In the fundamental papers [6, 25] it
is assumed that the diffusion coefficient of the system does not depend on the control, and in
[6, 25], there is no space-mean dependence so they do not cover our situation.

In [35], a general maximum principle of optimal control of SPDEs is proved, with an adjoint
equation (BSPDE) formulated in a weak setting. The general setting in [35] covers the situation
we consider, except that in [35] only the case with the underlying space D being all of R” is con-
sidered. Our approach deals with general D and is directly focused on the effect of the space
interaction, with application to population modelling in mind.

Moreover, for our type of equation, we prove the smoothness and positivity of the solution.
Specifically, in our case of a control problem for an SPDE with space-interaction in a subset D
of R", we derive an explicit adjoint equation, which is a BSPDE, also with space-interaction de-
pendence. We derive both sufficient and necessary maximum principles for this type of stochas-
tic control problem. For related singular stochastic control with space interaction, we refer to
Agram et al. [2].

This thesis is organized as follows:



General Introduction

Chapter 1: The aim of this chapter is to study stochastic partial differential equations (SPDEs).
We introduce linear SPDEs, and we prove the existence and uniqueness of nonlinear SPDEs.
Chapter 2: In this chapter, using results from noisy observation (nonlinear filtering), we trans-
form these noisy observation SDE control problems into full observation SPDEs and then we
prove a sufficient and necessary maximum principle for the optimal control of SPDEs.

Chapter 3: (The results of this chapter were the subject of a paper published in international
journal ESAIM: Control, Optimisation and Calculus of Variations, COCV 29,2023). In this chap-
ter, we aim to prove the existence and uniqueness of strong, smooth solutions of a class of
stochastic partial differential equations (SPDEs) with space interactions., and we show that, un-
der some conditions, the solutions are positive for all times if the initial values are. Sufficient
and necessary maximum principles for the optimal control of such systems are derived. Finally,
we apply the results to study an optimal vaccine strategy problem for an epidemic by modelling

the population density as a space mean stochastic reaction-diffusion equation.



Chapter 1

Preliminaries

Probability theory plays a vital role in the general study of stochastic calculus. Stochastic cal-
culus is concerned with the study of stochastic processes, which involve randomness or noise.
In this Chapter, we give preliminaries on stochastic calculus and semigroup theory which are

required for this thesis. For more details, we refer for example to [42],[15],[22],[16].

1.1 Elements from Stochastic Calculus:

Definition 4 A probability measure P on a measurable space (0, &) is a function P : & — [0, 1]

such that
() P@=0P)=1

(ii) if Ay, Az,... € F and {Aj}32, isdisjoint (i.e. Ain Aj =@ ifi# j) then

PUR,A) =) P(A).
i=1

Definition 5 A complete probability space is a probability space (Q0, & ,P) if & contains all subsets

A of Q with P-outer measure zero. That is,
P(A) =inf{P(F), FeZ#,Ac F} =0.

Definition 6 Let (Q,%,P) be a given probability space. A function f : Q — R" is called & -measurable
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if for all open sets U € R", we have,
) =weQ, fw) eUle Z.

Definition 7 If Q is a given set, then a o-algebra & on Q is a family of subsets of Q with the

following properties:

(i) ¢eZ,

(ii) Ae F = A°e Z,

(iii) Ay, Ay,...€e F =A:=URX AieZ.

Let H and U be two separable Hilbert spaces.

Definition 8 A process®(1),t € [0, T] with values in L(H, U) defined on a probability space (2, & ,P)
with normal filtration %, t € [0, T] is said to be elementary if there exists 0 = tp < t) < ... < t =
T, k € N such that .

d(1) = i Dyt i) (0,0t <T.

m=0

Where

(i) @, is F,, -measurable with respect to the Borel o -algebraon L(H,U),1<m < k-1

(ii) @, takes only a finite number of valuesin L(H,U),1<m<k-1.

Definition 9 The stochastic integral for an elementary process ®(t), t € [0, T'] is defined by

t k-1
f ®(s)dB(s) = Y. ©p(B(tms1 At)~B(tm A1),0<t<T.
0

m=0

Definition 10 (Q-Wiener processes) A U -valued stochastic process B(t), t =0, is called a Q-Wiener

process if

(a) B(0)=0,

(b) B(t) hasP-a.s continuous trajectories,
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(c) B(t) has independent increments,

(d)
L(B()—-B($)=20,(t-5Q),0=ss=<t=T.

Note that there exists a complete orthonormal system {ey}in U and a bounded sequence of

nonnegative real numbers{A} such that

Qer = Arex, keN.

Proposition 11 Assume that B(t)is a Q-Wiener process. Then the following statements hold.

* B isa Gaussian process on U and
E(B(1)) =0,Cov(B(1)) =tQ,t=0.

e Forarbitrary t =0, B has the expansion

Bt)=)_ \/;jﬁj([)ej;
j=1

where
1
——(B(1),e;),j €N,

\/T]

are real valued Brownian motions mutually independent on (0, &% ,P).

B =

Definition 12 (Generalized Wiener processes) Let B(t),t = 0, be a Wiener process on a Hilbert

space U and let Q be its covariance operator. For each a € U define a real valued Wiener process

By(1), t =20, by the formula

Ba(t) = <ayB(t)>y r= 0

The transformation a — B, is linear from U to the space of stochastic processes. Moreover it is
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continuous in the following sense:

{al’l} < U: t2 0)

lim a, = a=> lim E[By(t)— By, (0]*=0.
n—oo n—oo

Remark 13 The operator Q is self-adjoint and positive definite, we call it the covariance of the
generalized Wiener process a — B,. If the covariance Q is the identity operator I then the gener-
alized Wiener process is called a cylindrical Wiener process in U. Denote by Uy the image Q'/?(U)
with the induced norm. We call Q''?(U) the reproducing kernel of the generalized Wiener process

a— By,.

Proposition 14 Let Uy be a Hilbert space such that Uy = Q” 2(U) is embedded into U, with a

Hillbert-Schmidt embedding ] . Then the formula
B(=Y Q'%e;pj(n),t=0,
j=1
1/2

defines a U -valued Wiener process. Moreover, if Qy is the covariance of B then the spaces Q;"'“(Uh)

and QV'?(U) are identical.

Definition 15 Let H and U be two separable Hilbert spaces. A bounded linear operator A: H— U
is called Hilbert-Schmidt if

Y Il Aegll* < oo,
keN

where ey, k € N is an orthonormal basis of H. We denote the space of all Hilbert-Schmidt operators

fromHtoU.

1.2 The Ito formula:

Assume that ¢ is an Lg—valued process stochastically integrable in[0, T'], ¢ a H-valued predictable
process Bochner integrable on [0, T], P-a.s., and Y (0) a &)-measurable H-valued random vari-

able. Then the following process

r t
Y()=Y(0) +f (p(s)ds+f ¢(s)dB(s),t€[0,T],
0 0

10
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is well-defined. Assume that a function F : [0, T] x H — R and its partial derivatives F;, Fy, Fyy,

are uniformly continuous on bounded subsets of [0, T'] x H.
Theorem 16 (The It6 formula) Under the above conditions, P-a.s., forall t € [0, T

t

F(t,Y (1) :F(O,Y(O))+f0 (Fy(s,Y(5),¢(s)dB(s))
t
+f0 {Fi(s5,Y(8) + (Fx(s,Y(5),9(5))

1
+ 5 TrFae(s Y () (()QV?) (p()QV?)*1}dls.

(see [15]).

1.3 Cauchy problems:

Linear evolution equations, as parabolic, hyperbolic or delay equations, can often be formulated

as an evolution equation in a Banach space E (see[15]):

(1.1)

u'(t) =Aul),t=0,
u0) =xe€E,

with A; being a linear operator, in general unbounded, defined in a dense linear subspace D(A;)

of E. In equation (1.1) u/(f) stands for the strong derivative of u(f)

u(t+h) —u(r .y

lim u ().

h—0 h

The equation (1.1) is the Cauchy problem or the initial value problem.
Definition 17 We say that the Cauchy problem (1.1) is well posed if:

1. for arbitrary x € D(A,) there exists exactly one strongly differentiable function u(t,x),t €

[0, +00), satisfying (1.1) for all t € [0, +00),

2. if{ixy} € D(Ay) and nh_pl X, =0, then forall t € [0, +00),

lim u(¢, x,) =0, (1.2)

n—oo

11
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If the limit in (1.2) is uniform in t on compact subsets of [0, +00) we say that the Cauchy

problem (1.1) is uniformly well posed.

1.4 Elements of Semigroup Theory:

Let (X, .l x) and (Y, |.lly) be Banach spaces. Denote by £ (X, Y) the family of bounded linear

operators from X to Y. £ (X, Y) becomes a Banach space when equipped with the norm

ITlex,yy= sup [ Txlly, TeZL(X,Y).

xeX, |l xlx=1

For brevity, £ (X) will denote the Banach space of bounded linear operators on X. Let X* denote
the dual space of all bounded linear functionals x* on X. X* is again a Banach space under the
supremum norm

I x*llx<= sup [{x,x")],
xeX,llxlx=1

where (.,.) denotes the duality on X x X*. For T € £(X,Y), the adjoint operator T* € £ (X*,Y™)
is defined by
(, T*y*y=(Tx,y"),xe X,y" e Y".

Let H be a real Hilbert space. A linear operator T € £ (H) is called symmetric if for all h,g € H,

(Th,g)y =(hT8)y-
A symmetric operator T is called a nonnegative definite if for every h € H,

(T]’l,h)H =>0.

Definition 18 Let X be a Banach space. A semigroup S(t) € £(X), t =0, of bounded linear oper-

ators on a Banach space X such that

(i) S(0) = I, the identity operator on X.

12
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(ii) S(t+s)=S(r)S(s) foreveryt,s =0, Semigroup property.
(iii) lirgl S(t)x = x for every x € X, Strong continuity property.
t— +

Let S(t) be a Cy-semigroup on a Banach space X. Then, there exist constants a« =0 and M = 1
such that

[ S(B) | 2x)< Me®' t=0.

Remark 19 If M = 0, then S(t) is called a pseudo-contraction semigroup. If o = 0, then S(t) is

called uniformly bounded, and if M = 1 and a = 0, then S(t) is called a semigroup of contractions.

Definition 20 The infinitesimal generator of a semigroup S(t) is a linear operator A defined by

. S(Hx—x .
D(A) ={xe X: lim ———, exists}
t—0* r
Where D(A) is the domain of A, and
t‘ —_
Ax = lim Sx-x
t—0* t

If

th%l+ | S(&)—Illex)=0.
A semigroup S(t) is called uniformly continuous.

Theorem 21 (Hille-Yosida) Let A: D(A) € X — X be a linear closed operator on X. Necessary

and sufficient conditions for A to generate a Cy-semigroup S(t) are

(@) Ais the infinitesimal generator of a Cy-semigroup S(.) such that

I S(¢) ||l< Me%t, V¢ =0.

(b) D(A) is dense in X, the resolvent set p(A) contains the interval (a,+o00) and the following
estimates hold

VkeN.

”Rk(/l,A)H <o

13
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Moreover if either (a) or (b) holds then
R\, A)x = f e MS(xdt,Vxe X,A>a.
0

Finally

S(H)x = lim e x,Vxe X,
n—o00

where

Ap=nAR(n, A),

and the following estimate holds

tAy, |

e |5Me%,Vt>0,n>a.

The operators A, = AJ, where J, = nR(n, A), n > a, are called the Yosida approximations

of A. The following properties of Yosida approximations will be frequently used.

1.5 Factorization formula:

Proposition 22 Assumethatp >1,r=0,a > % + r and that E,, E, are Banach spaces such that
|S(I)X|E1 <Mt " |)C|E2 ,0<t<T xe€E,

then G, given by
t
Gaf(t):f (t—9)*1S(t—s)f(s)ds, te [0, T).
0

is a bounded linear operator from LP (0, T, E,) into C([0, T1; E1).

Proof (see[15])

Assume now that U and H are Hilbert spaces and that B is a U-valued Wiener process. De-

14
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note

t
B, (1) f S(t—95)D(s)dB(s),t=0,
0

t
Yo(t) = f(t—s)“—lcb(s)dB(s),tzo.
0

The following result is a corollary of the stochastic Fubini theorem.

Theorem 23 Assume that for some @ € (0,1) and all t € [0, T,

t S
f (t—s)*! (f (s—0)2°E
0 0

1/2
Sli(t-0)®(0) ||§0] da) ds < +oo.
2

Then
. t
Bu(1) = smm[ (t= 9" Ya(9)ds t€ [0, T],
7 Jo
Thus
. t
s1nnanf0 (t— 9% LY, (s)ds
. t S
_ s1nnanf (= 9% 1St —3) [f (s—0)"%S(s—0)D(0)dB(0) | ds
0 0
: t t
_ smﬂan[ [f (t—s)“_l(s—a)_adsl S(s—0o)®(0)dB(0).
o LJo
Since

t
f (t—)*(s—0) %s = ,o€[0,T],a€(0,1).
0

sinan

Theorem 24 If Tr Q < +oo then for arbitrary p > 2,

sup |Ba(t) - Ban(t”p =0.
0<t<T

lim E
n—o0

15
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1.6 Useful results:

Theorem 25 (Burkholder-Davis-Gundy inequality) Let p > 0, there are positive constants cy

and Cy, such that, for any continuous local martingale X = (X;) >0, null in0:

sup | X,1” | < CE (X, 0%7).

e [ (X, 0K7| <E uy

Lemma 26 (Gronwall lemma) Let T < 0, and let g be a measurable positive function bounded

on [0, T]. Suppose there are two constants a = 0,b = 0, such that forall t € [0, T],
t
g)sa+ bf g(s)ds,
0

then, we have for all t € [0, T],

g(t) < aexp(bt).

Theorem 27 (Stochastic Fubini theorem) Assume that (E,&) is a measurable space and let
D:(t,w,x) — D(t,w, x)
be a measurable mapping from (Qr x E, 21 x B(E)) into (L9, %(Lg)). Assume that
fElld)(., 5 X) |l p(dx) < +oo,

thenP-a.s

dB(1).

f ®(t, x)uldx)
E

r T
f CD(t,x)dB(t)] p(dx) :f
0 0

J

proof (we refer to read [15])

Theorem 28 (Girsanov) Let Y (t) € R" be an Ito process of the form

ay(t) =a(t,w)dt+dB(1);t<T,
Y©O) =0.
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where t < oo is a given constant and B(t) is n-dimensional Brownian motion. Put

t 1 t

M; =exp (—f a(s,w)dB; — 5‘[ az(s,w)ds) 1< T,
0 0
. Assume that a(s, w) satisfies Novikov's condition
1 T
E[exp(if a’(s, w)ds] < oo,
0

where E = Ep is the expecation w.r.t.P. Define the measure Q on (Q, Zr) by

dQ(w) = Mr(w)dP(w).

Then Q is a probability measure on 9’}") and Y (t) is an n-dimensional Brownian motion w.r.t. Q,

fort<T,and
dQ(w)
dP(w)

T 1 T
= M7(w) =exp (—f a(s,w)dB; — 5[ az(s,w)ds) ,
0 0
is called the Radon-Nikodym derivative.

Lemma 29 (Bayes'rule) [42] Let be 1 and v be two probability measures on a measurable space
(Q; G) such that dv(w) = f(w)du(w) for some f € L' (u). Let X be a random variable on (Q; G) such
that

Ev[IX]] :fQ | X ()] f(w)dp(w) < oo.

Let A be a o-algebra, # 4. Then
Ev[X | AZ)ELf | A =EulfX | ] a.s.

Proposition 30 (Holder’s inequality) Let p,q € [1, +o0], with % + % = 1. Let f, g are measurable

applications, then

Irgl =<1, lslly-

Proposition 31 (Young inequality) Leta,b =0 and p,q €1, +ool, with % + % =1 then

P pa
absa—+—.
p q

17
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Definition 32 (Fréchet differentiable) Let f : R" — R is Fréchet differentiable at x if there is a

linear form L:R"™ — R such that
f(x+h)=f(x)+L(h)+ |hlle(h),YheR",

e(h) — 0, when h — 0. we can note f'(x) = L, we can replace | h| e(h) by o(h). The gradient of f is
the vectorV f = (%];) .

Theorem 33 (The Riesz representation theorem) Let H a Hilbet space and f a continuous lin-

ear form defined on H. Then there exists a unique vector y € H such that, forall x € H,

f)=(xy).

And

e = 1y

|71

Definition 34 (Duncan-Mortensen-Zakai equation) the Zakai equation is a linear stochastic
partial differential equation (Linear SPDESs) for the un-normalized density of a hidden state. It
was named after Moshe Zakai [57].

In the state of the system evolves and observation equation have the form:

dx(t) =f(x,t)dt+dB(1),
dz(t) =PB(x,)dt+dB(1).

where are independent Wiener processes. Then the unnormalized conditional probability density

p(x, t) of the state at time t is given by the Zakai equation:
dp=L(p)dt+ph'dz,

where
o(fip) N 1 d%p

Lip)=- -
(p) axi 2 Oxl-axj

(1.3)

18
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1.7 Sobolev Spaces

A Sobolev space is a vector space of functions equipped with a norm that is a combination of
LP-norms of the function together with its derivatives up to a given order. Sobolev spaces are

named after Sergei Sobolev, (We refer to read [1])

Definition 35 (Test Functions) LetQ be a domain inR". A sequence {® j}of functions belonging
to C3°(Q) is said to converge in the sense of the space (L) to the function ® € C5°(QQ) provided

the following conditions are satisfied:

* there exists K < Qsuch that supp (9 —®) < K forevery j , and

¢ lim;_., DY®;(x) = D*®(x) uniformly on K for each multi-index a.

Definition 36 (Schwartz Distributions) The dual space2'(Q) of2(Q) is called the space of(Schwartz)
distributions on Q. 2'(Q) is given the weak-star topology as the dual of 2(Q)), and is a locally con-
vex TVS with that topology. We summarize the vector space and convergence operations in 2'(Q)

as follows: if S, T, T; belong to 2'(Q) and c € C, then

($+T)(D) S@)+T(D),Pev(Q),

(cT)(P)

cT(®),Pev(),

Tj— T in2'(Q) ifand only if Tj(®) — T(®) in C for every ® € 2(Q).

Definition 37 (Derivatives of Distributions) Let u € C1(Q) and ® € 2(Q). Since ® vanishes out-

side some compact subset of ), we obtain by integration by parts in the variable x

0 0
f(—u(x))d)(x)dx:—f u(x)(—(D(x))dx.
Q GXj Q 6xj

Similarly, ifu € C'*(Q) , then integration by parts || times leads to

f(D“u(x))(D(x)dx:(—l)lalf u(x)D®(x)dx.
Q Q
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Definition 38 (The Sobolev Norms) We define a functional ., ,, where m is a positive integer

and 1 < p < oo, as follows:

1/
lalmp = (osiazm | D%u]?) ", if1< p<co.

lulmeo = max D%l

Definition 39 (Sobolev Spaces) Assume that Q) € R". For any positive integer m and 1 < p < co.
The Sobolev space WP (Q) Consists of functions u € LP (Q) such that for every multi-index a with

la| < m, the weak derivative D* u exists and D*u € LP(Q). Thus
W™P(Q)={uel?(Q): D%uc LP(Q),|a| < m}.
Definition 40 (White noise) The white noise process is the measurable map
w:F xS -R,
given by
w(p,w) = wy(w) =(w,¢),pe L,wve S

From wy we can construct a Wiener process W (1), t € R, as follows:

* (Stepl): The isometry E [ qub] = ||o|*,¢ € &, holds true where, according to our notation,
the left-hand side is

E|wp| :fy’<w,cp>2P(dw).

o (Step2): Use Step 1 to define the value{w,y ) for arbitraryw € L*(R), as (w,y) =lim{w, ¢, ),
wherep, € S, n=1.2,..., and ¢, — v in L*(R).

e (Step3): Use Step?2 to define
W(t,w) = (w,x0,0),LER,

by choosing
1 ifsel0,f)(orset,0)ift<0),

0 otherwise,

w(s) = Xx0,n(8) = {
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which belongs to L*(R) for all t € R. (see [16])

Definition 41 (The Wick Product) If Y = Y aqH, € (¥)*,Z = Y bgHp € ()" then the Wick
@ B
productY o Z of Y and Z is defined by

YOZZZdabﬁHa+ﬁZZ( Z aabﬁ)Hy.
@ Y \a+p=y
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Chapter 2

Stochastic Partial Differential Equations

A stochastic partial differential equation (SPDE) is an equation combining the features of equa-
tions with partial derivatives and stochastic differential equations. In the most general sense, an
SPDE is a partial differential equation in which at least one of the following is random: coeffi-
cients, initial conditions, boundary conditions, the region in which the equation is considered,

including the terminal time, and the driving force. There are two types of SPDEs:

(1) SPDEs as Stochastic Equations: A stochastic differential equation (SDE) describes an adapted
stochastic process with values in a finite-dimensional Euclidean space and has a finite-

dimensional initial condition (see Gikhman and Skorokhod [32], Khasminskii [51]).

(2) SPDEs as Partial Differential Equations: As partial differential equations, SPDEs can be
classified according to the following features: the order of the equation, the type of the
nonlinearity in the equation, the type of the initial and boundary conditions, elliptic/hy-

perbolic/parabolic,..., (see [40]).

This chapter consists of two parts. In the first part, we introduce linear SPDEs (see [15]) . In
the second part, we prove the existence and uniqueness of the solutions nonlinear SPDEs under
linear growth and Lipschitz conditions on the coefficients, we refer the reader to [15], using a
method that involves semigroups generated by unbounded operators and results in construct-

ing mild solutions.
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2.1 Linear SPDEs:

Let (Q,%,P) be a complete probability space together with a normal filtration %;,t = 0. We
consider two Hilbert spaces H and U, and a Q-Wiener process B(f) on (2, %#,P)(see Definition
9). We assume that there exists a complete orthonormal system {e;} in U, a bounded sequence

{Ax} of nonnegative real numbers such that
Qe = Arer, keN,
and a sequence {f} of real independent Brownian motions such that

(B(0),u) =YV Ar(u, e fr(0),ue U, 1 20.
k=1

We will consider the following linear affine equation

{ ay() =AY+ f()dt+ KdB(1), 2.1)

Y0 =¢.
Where

A : DA AcH—H

K : U—-H

are linear operators and f is an H-valued stochastic process. We will assume that the determin-

istic Cauchy problem
u'(t) =Au(p),
u@0 =xe€H,

is uniformly well posed (see Definition 17) and that K is bounded.

Hypothesisl.1 A generates a Cp-semigroup S(.) in H and K € L(U, H). It is also natural to re-

quire the following.

Hypothesisl.2 (i) f is a predictable process with Bochner integrable trajectories on an arbi-
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trary finite interval [0, T7.

(ii) ¢is Fp-measurable.

An H-valued predictable process Y (1), t € [0, T, is said to be a strong solution to (2.1) if Y (#)
takes values in D(A),

T
f |AY (s)|ds < +o00,P — a.s.
0

And for te€ [0, T]
t
Y (1) :€+f [AY (s)+ f(s)lds+ KB(t),P—a.s.
0

This is a strong solution that should necessarily have continuous modification.
An H-valued predictable process Y (), t € [0, T], is said to be a weak solution to (2.1) if the

trajectories of Y'(.) are [P-a.s. Bochner integrable and if for all z € D(A*) and all ¢ € [0, T] we have
t
(Y(1),2)=¢(,2) +f [(Y(s),A"z)+{f(s),2)lds+(KB(1),z),P— a.s.
0

This definition is meaningful for a cylindrical Wiener process because the scalar processes (K B(1), z),

te[0,T]

2.2 Nonlinear SPDEs:

The purpose of this section is to study mild solutions of nonlinear stochastic partial differential
equations (SPDEs for short), we prove existence and uniqueness of the solutions of nonlinear

SPDEs under linear growth and Lipschitz conditions on the coefficients.

2.2.1 Existence and uniqueness for nonlinear SPDEs:

Let (2, %,P) be a compete probability space together with a normal filtration %, t = 0. Let &?
and 221 will denote predictable o-fields on Q, = [0, +00) x Q and on Q7 = [0, T] x Q respectively.
For any T > 0 we define Pt to be the product of the Lebesgue measure in [0, 7] and the measure
. We assume two Hilbert spaces H and U, and that B is a Q-Wiener process on U c U; and
Uy = Q'2U, (see proposition 14). Spaces U, H and L) = L,(Up, H) are equipped with Borel o-
fields 4 (U), 28(H) and %(Lg). Morever ¢ is an H- valued random variable &,;-measurable. We
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fix T > 0 and impose first the following conditions on coefficients A, F and K of the equation We

proceed to study nonlinear equations

{ ay(t)= (AY(D)+F(t,Y))dt+K(t,Y)dB(1), 2.2)

Y0)= ¢
Where
A : DA cH-—-H,

F : Ox[0,T]xH— H,

K : Qx[0,TIx H— L.

Here, A is the generator of a Cy-semigroup of operators S(f) = e!4 t>0in H (see Defintion 18).
The initial condition ¢ is an %#,-measurable H-valued random variable.

Hypothesis:

(AO0) F is measurable from (Qr x H, P x 98(H)) into (H, %8 (H)).

(A1) K is measurable from (Qr x H, %y x 98(H)) into (L9, B(LY)).

(A2) Ais the generator of a Cy-semigroup of operators S(t) = e’4,t>0in H.

(A3) There exists a constant C > 0 such thatforall y,ze€ H,t€ [0, T],w € O, we have

|F(t,0,y) = F(t,0,2)| + | K(t,0,y) - K(t,0,2)| ;g = C|y - 2] (2.3)

and

[P, [+ Ko, 91 < CPa+[y[). (2.4)

Definition 42 A stochastic process Y (t) defined on a filtred probability space (Q, F ,{F}i<1,P)

and adapted to the filtration {%} ;< is amild solution of equation (2.2) if
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(1) the following conditions hold:

T
P([O | Y0 lgdt<oo)=1,

T
P([ 1 F@ I+ IK@ I <00 = 1.
(2) foreveryt<T,P-a.s.,

t t
Y(t):S(t)cf+f S(t—=9)F(s, Y)ds+f S(t=9)K(s,Y)dB(s).
0 0

Proposition 43 Assume Hypothesis 2.2.1 (A3) and that for arbitrary y,he Hyue U .
The processes {F(.,., ), h),{K(.,., ¥)Q'?u, h) are predictable. Then Hypothesis 2.2.1 (A0)-(Al) are
fulfilled. A predictable H-valued process Y (t), 0 < t < T is said to be a mild solution of (2.2) if

T
IP(f 1Y (s)|?ds < +o0) =1, (2.5)
0

and, for arbitrary0<t<T,P-a.s.,

t t

Y (1) :S(t)cf+f S(t—s)F(s,Y(s))dS—f-f S(t—$)K(s,Y(s))dB(s). (2.6)
0 0

Theorem 44 Assume that ¢ is an %y- measurable H-valued random variable and Hypothesis

2.2.1 is satisfied.

(1) There exists a mild solution Y to (2.2) unique, up to equivalence, among the processes, satis-
fying
T
IP(f 1Y (s)|*ds < +00) = 1.
0

Moreover, Y possesses a continuous modification.

(2) Forany p =2 there exists a constant Cy, t > 0 such that

sup E[IY(D)IP] = CprQ+E[IEIP]). (2.7)
O<t<T
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(3) Forany p > 2 there exists a constant CP,T > 0 such that

E| sup |Y(D)IP

0<t<T

< Cpr(L+E[IEIP)). (2.8)

Proof. We first prove uniqueness. We show that if Y;(.) and Y>(.) are two processes satisfying

(2.5) and (2.6) then, for arbitrary0< ¢t < T,
P(Y1(1)=Ya(1) =1
For a fixed number R > 0 we define
t

T; =inf{t < T:f |F(s,Y;(s))lds=R},i=1,2
0

or

t
7; = inf{r < T:f IK (s, Yi ()%, ds =R}, i=1,2
0 2

and T =17, AT,. Let Y; (1) = Iio1(DY;(1),0< t<T,i=1,2. then, for arbitrary0 < t < T, P-a.s.

t
Yitt) = I[o,r](t)S(t)f-FI[o,r](t)fo Iio1(8)S(t—=$)F(s,Yi(s)ds

t
+1p,7) (t)fo I10,71(8)S(t = $)K (s, Y;($))dB(s).

Consequently, for arbitrary0 < t < T, P-a.s.

t 2
E|[|fi-Bol’| < zm{fo |F(s,Y1(s))—F(s,Yz(s))|ds} (2.9)

t
+2[E{f0 | K, Ta(0) = K s, o)) 19 ds}.
By (2.3) and (2.4) we get
BN s 2 2 e s 2
E[|[Ti0- Bl <2c (T+1)fO E[|7i0) - B ds.

The boundedness of E [|171 (1) — 172(t)|2] ,0<t<T,and by the Gronwall lemma (sse Lemma 26)

27



Stochastic Partial Differential Equations

we have

E[|Ti0- B[] =0

. Therefore, forall0 < t < T, one has
P(Y1(2) = Ya(1)) = 1.

So the predictable processes Y1(), Y»() are Py-a.s. identical. Since this is true for arbitraryR >0
therefore Y;(.) and Y»(.) are Pr-a.s. identical. Taking into account that Y; and Y are solutions of
the equation (2.6) one easily deduces that for arbitrary 0 < £ < T, Y1 () = Y»(?),P-a.s.

The proof of existence is based on the classical fixed point theorem for contractions. Denote
by #,, p = 2, the Banach space of all the H-valued predictable processes Z defined on the time
interval [0, T] such that

1/p
1Zll, = ( sup [E[IZ(t)I”]) < +00.
0=t<T

If one identifies processes which are identical Pr-a.s. then#,, with the norm || Z] ,, becomes a

Banach space. Let £ be the following transformation:

t t
K (Z2)(1) S(t)§+f S(t—s)F(s,Z(s))ds+f S(t—38)K(s,Z(s))dB(s)
0 0

S(OE+ () (D) + H2(Z2)(1),0< t < T, Z € FE).

We assume that E(|¢]”) < +oo and show that & : Sy — A p. As the composition of measurable
mappings is measurable therefore, taking into account Hypothesis 2.2.1 (A0-A3), one obtains

that the transformations £7 and %> are well defined. Moreover

IA

T p
I ()1}, Mp[E(f0 IF(S,Z(S))Ids)

TP~ MPE

IA

T
f |F(s, Z(s)IP ds
0

2PI2=1 =1 P CPE

IA

T
f A+1Z($)1P)ds
0

2P L (T MO)P (1 + 1 Z1P).

IA

where M = sup [|S(7)ll. Consequently £ : A, — #,. To show the same property for £, we
0=t=T
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remark that, by Theorem [47] we find

I A (D)1l

p

I\

sup E
0<t<T

t
f S(t—3)K(s,Z(s))dB(s)
0

pl2

IA

T
MPCya | [ 1K, Z(9)IEy ds

pl2

IA

T
MPCp,CPE f (1+1Z)P)ds
0

IA

T
MPCp,CTP*E f (1+|Z(s)|2)p/2ds]
0

IA

T
MPCyp,CTP> 12P/27 1 f A+1Z(s)|P)ds
0

MPCpaCRTP* T+ Z1 )P

IA

Let Z; and Z, be arbitrary processes from ), then

£ (Z) - £ (2 = I£1(Z) - F (2], + 1 £2(21) — K22l

and

IA

IA

IA

By Theorem [47] we have

IA

IA

= Il +Ig,

p
sup E
0<t<T

t
j(; S(t—38)(F(s, Z1(8)) = F(s, Z2(s)))ds

p
MP sup E

t
f[IF(S,Zl(S))—F(S,Zz(S))IJdS
osr=T LJo

T
(MC)PTP! f E|Z1(5) — Zo(s)1P ds
0

(MOPTP sup E[1Z21(s) — Zo(5)|P]
0<t<T

(MOPTP 121~ Zo |-

T pi2
[T AR

T
Cpra(MO)P TP E fo (1K, 21059 - K (5, Z2 (1 | ds

Cpr2(MC)P TP"*7 1| 2y = 21}
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Summing up the obtained estimates we have:
IA (Z1) = K (Za)|ly < CM(TP + Cp o TP'HVP N1 21 = Z 1, (2.10)
forall Z,, Z, € & . Consequently, if
MCT(1+CpaTVHVP <1, 2.11)

then the transformation £ has unique fixed point Y in /), which, as it is easy to see, is a solu-
tion of the equation (2.2).

To construct a solution when E[£|P = +o00, we show first that if ¢ and 7 are two initial con-
ditions satisfying E|¢|P < +oo,E |17|p < +oo, and if Y, Z € /£, are the corresponding solutions of
equation (2.2), then

IrY()=1IrZ(), (2.12)

P-a.s., where

['={weQ:{(w) =n(w)}

We define
YO=80)& YR = 2 (vh,0<r< T, keN.

Thusfor0 <t < T,P-a.s.
t t
YEHL () = S(t)é+f S(t—$)F(s, Yk(s))ds+f S(t—$)K (s, Y*(s)dB(s).
0 0

Since Ir is an Z)-measurable random variable, therefore I+ K (., Y*(.)) is an Lg-predictable pro-

cessandfor0<t=<T,

t t
fS(t—s)IrK(s,Yk(s))dB(s):Irf S(t—$)K(s, Y*(s)dB(s).
0 0
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ThusforO0<t=<T,

t
Yl = S(t)Ir€+f S(t—s)IpF(s, Y*(s)ds (2.13)
0

t
+f S(t— ) IrK(s, Y*(5))dB(s).
0
If for a similarly defined sequence

Yo =S(tn, Y (=2 (Y, 0st<T keN,

we have
I'Y*) =250, Pr—a.s.
Then
IrF(, Y*() = ItF(, ZF (), Ik B(, Y*() = ItK (., ZF (), Pr — a.s.
Consequently

Y = 280, Pr - as.

Since the processes Y and Z are limits in the |[|.|| , norm of the sequences Y*(.) and Z*() respec-
tively, therefore (2.12) must be true. Moreover the processIrY (.) satisfies the equation (2.2) with
the initial condition It¢ = Itn.

We now prove existence. Let us define, for n € N

; ¢ if lEl=n,
1o if 1&l>n,

and denote by Y, (:) the corresponding solution of (2.11). By the previous argument we have
Yn(0) = Y1 (0),{w e Q: ¢l < nl.

Then
Y(t)= lim Y,(1),0=<t=<T,
n—oo

is P-a.s. well defined and satisfies the equation (2.2).
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For proof of the existence of continuous modification of the mild solution assume first that

E|&?" < 400 for some r > 1. From the first part of the theorem one knows that

sup E[IIY(5)*"] < +oo,
0<t=T

Define
O =K(t,Y(1),0=t=<T,

and

T T
r-e|[ ||<D(t)||§6dr]:tEf ||K(r,Y(r))||izdt].
0 2 0 2

By (2.3) and (2.4) we have
T
I< CZT[EU 1+ |Y(t)|2)’dr) < +00.
0
Consequently Proposition (45) below implies that the process
t
f S(t—35)K(s,Y(s)dB(s),0<t=<T,
0

and therefore also Y (t), 0 < t < T, has a continuous modification. The case of initial conditions
satisfying E [|¢ |2r] = 400 can be reduced to the case just considered by regarding initial condi-

tions &,
¢ if Il=n,
$n
0 if KEl>n,
as in the proof of existence. Finally (2.8) follows again from Gronwall’s lemma. The proof is
complete. m

We consider now the approximating problem

(2.14)

dY,= (A,Y +F(t,Y,)dt+K(t,Y,)dB(1),
Y,(0) = ¢.

where A, are the Yosida approximations of A (see Theorem [21]), the problem (2.14) has a

unique solution Y, for any random variable ¢ , %j-measurable. We will need the following re-
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sult.

Proposition 45 Let p >2,T >0 and let ® be an L3 -valued predictable process such that

T
E D)7, ds| < +oo.
0 Ly
There exists a constant Ct > 0 such that
T
E| sup |S(t—$s)®(s)dB(s)|”| < CrE f o)1, ds]. (2.15)
0st=T 0 Ly
Moreover
lim E| sup |BS(9) —BA,,,(t)|’7] =0, (2.16)
n—=oo |o<i<T

where BY, , is defined as
t
BY (1) :f e 4D (5)dB(s),0< t< T,
' 0
and A, are the Yosida approximations of A. where Bf" has a continuous modification define by
t
wy = f S(t—s)®(s)dB(s)
0

Proof. We will use the factorization method, Let a € (%, %), the stochastic Fubini theorem (Theo-

rem27) implies that

sinma
BY (1) =

t
:f (t—9)*1S(t—95)Z(s)ds,0<t<T,
T 0

where

Z(s) :f (s—0) *S(s—0)P(0)dB(0),0<s<T.
0

Since a > %, applying Holder'’s inequality (see Proposition [30]) one obtains that there exists a

constant Cy,7 > 0 such that

T
sup |BS(1)|” < cl,Tf 1Z(s)IP ds. (2.17)
0=t=T 0
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Moreover, by Theorem(47), there exists a constant Co, 7 > 0such that
s pl2
E[1Z(9)I”] < CorE (fo (s—0)72¢ ||d>(c7)||f0 da) . (2.18)
2

Now, using the Young inequality (see Proposition [31]), we obtain that

S
f o *%do
0

T
[ 100, do] .
0 2

IA

T p/2 S
| ez as) = cure | 1@z do
0 0 2

I\

Cs,TE

This finishes the proof of (2.15) with C = C,,7Co, .

We now prove (2.16), we have
sinta [*
By, ()= —— f e (1 -9 Z,(9)ds,
) T Jo

where
Zn(s) = f e~ (s _ 5)"%®(0)dB(0).
0

Thus

sinnma

t
B3 (1) B (1) fo [S(t—s)— V] (1 - 9% Z(5)ds

. t
_ smﬂnaf [S(t—5)— 9] (£ = 9% Z(s)ds
0
. t
s1nﬂnaf0 eI=94n (1 — )9V Z(5) = Z,(s)] d's

We proceed now in two steps.

Step 1 Exactly as in Step 1 of the proof of theorem 24 we show that

sup |I,(D)IP
0<t<T

lim E =0. (2.19)

n—oo
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Step 2
lim E| sup |J,(0)|”|=0. (2.20)
n—oo  |o<t<T
The following estimate is proved as (2.17)
T
sup [Jn(0IP < Cz,Tf |Z(s) = Zn ()P ds. (2.21)
0<t<T 0
We now show
T
nlim E f | Z(s)— Z,(s)|Pds| =0.

We define the operators
S
K ®(s) = f (s—0) " %S(s—0)— e DD (5)dB(s).
0

Where £,® = Z — Z,,. We will show that ifEfOT |D(s) IIZ0 ds < oo, then
2

lim E =0. (2.22)

n—oo

T
f | A, ®(s)|P ds
0

It follows from considerations following (2.18) that the operators
Hn: LP(Qx [0, T L)) — LP(Q % [0, T]; H).
It is enough to prove (2.22) for a dense set of such that
T
E U |A%0(s)||7 ds | < 0.
0 2
In fact, the processes Z can by approximated as follows:
Zm = (m(mI-A)"HZ,®,, = (m(mI - A)™)?.
By Theorem (47)

pl2
E[|£,®($)|”] < cpE

f (s=0) 2| (S(s — ) — e~ M)@(0) | o do
0
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However;,

M
” (S(s—0) — e(s—U)An)(D(O') ||ig = (n ) ||A®(S)||LO,

and therefore

pl2
rE[wncD(snP]wp( ) U (s=0) 2 | AP}, do

By Young’s inequality, it follows that

M 2 T 2lp
<alizg) o) E
n—w 0

and we get the required convergence. Finally, the existence of a continuous modification of

E

T T
1) fo |40 @)1, da]

W;f now follows easily from (2.16)

Proposition 46 Under the hypotheses of Theorem (44), assume that ¢ € LP(Q, % ,P) with p = 2,

and let Y and Yy, be the solutions of problems (2.2) and (2.14) respectively. Then we have

lim sup E[|Y(#) - Y,(0)IP] =0.

n=®00<t<T

Moreover, if p > 2
lim E| sup |Y(£)—Y,(6)|”| =0

n—oo |ost<T

Proof. The result follows from a straightforward application of the contraction principle de-

pending on the parameter n, Theorem (47) and Proposition (45). =

Theorem 47 For every p > 0 there exists ¢, > 0 such that for every t = 0,

s pp/2

s 14
f O (1)dB(1) ®(1)dB(1)
0 0

sup
O<s<t

< cp[E

proof (we refer to read [15])
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Chapter 3

Partial (Noisy) Observation Optimal Control

In the theory of stochastic processes, filtering is the problem of estimating the state of a system
as a set of observations. Filtering found applications in many fields from signal processing to
finance. In 1960, R.E. Kalman published his famous paper [29] on recursive minimum variance
estimation for linear Gaussian dynamical systems. Basically, the filter gives a procedure for esti-
mating the state of a system which satisfies a noisy linear differential equation, based on a series
of noisy observations. The problem of optimal non-linear filtering (even for the non-stationary
case) was solved by Ruslan L. Stratonovich (1959, 1960) (we refer to read [54]and [55]), see also
Harold J. Kushner’s work [31] and Moshe Zakai’s, who introduced a simplified dynamics for the
unnormalized conditional law of the filter(see [57]) known as Zakai equation. In this chapter,
using results from Noisy Observation (nonlinear filtering), we transform this noisy observations
stochastic differential equation (SDE) control problem into a full observation stochastic partial
differential equations (SPDEs for short) control problem, we refer the reader to [17], [46] and
[59]. Then we obtain a sufficient and a necessary maximum principle for the optimal control of

SPDEs.

3.1 Problem formulation:

We consider the signal processX(f) with X(#) = X (¢) and the observation process Z(t) are

given respectively by the following system of stochastic differential equations (SDE) of the form:
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* (Signal process)

dX(f)= a(X(@),Z(0),u(®)dt+o(X(t), Z(t), u(r)dB(t); t€ [0, T1, 5.1
X0)= X '
* (Observation process)
(3.2)

dZ(t)= BX@))dt+dB(t)
Z(0)= 0.

a : RxRxU-—-R,
o : RxRxU-—-R,

B : R—-R,

are given deterministic functions. Let (Q, %, {%} >0, P) be a complete filtered probability
space equipped with a natural filtration %; = o (B(s), B(s),0 < s < t} where B and B be
two independent standard Brownian motions.. The process u(t) is our control process,
assumed to have values in a given convex set U c R. Such that u(¢) be adapted to the
filtration

G:={%to<t=T1>

where ¥; is the sigma-algebra generated by the observations process Z(s), s < t. A control
u(.) is called admissible if it takes values in U and is {¥;} ;>0 adapted. We call u(t) admissi-

ble if, in addition, (3.1) and (3.2) has a unique strong solution (X(#), Z(¢)) such that

T
E[fo |fX(0), u@)|dt+|gX(T)|] < oo

Where f:RxU— Rand g:R — R are given functions. The set of all admissible controls is

denoted by </ For u € o/ we define the performance functional

T
J(u) = E[f0 FX @, u®)dt+ g(X(T)]I.

Problem 48 We consider the noisy observation sochastic control poblem to find u* € </ such
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that
sup J(u) =J(u") (3.3)

uesl;

We now proceed to show that this noisy observation SDE control problem can be trans-
formed into a complete observation SPDE control problem (sse [17], [46] ). To do this, first,
we change the probability measure as followes:

Define the probability measure P by:
dP(w) = M;(w)dP(w).
where

t - 1 t
Mt(w)=eXp(—f0 ﬁ(X(S))dB(S)_EfO B(X(s)ds).

By the Girsanov theorem (Theorem 28) that the observation process Z(f) defined by (3.2) is a
Brownian motion with respect to P
Moreover, we have

dP(w) = Ki(w)dP(w)

where

t . 1 t
Ky =M; (w) = exp(fo B(X(s)dB(s) + Efo B2(X(5))ds).

In (3.2), we have

dB(1) =dZ(t) - B(X(1), Z(1), u(t))dt

then
t 1 t
K; = M; (w) = exp( fo B(X(s)dZ(s)— > fo B (X (s)ds).

For ¢ € C5(R) and fixed g € R, ¢ € U define the integro-differential operator A= Ag . by

Aol = a5, 2,022 0+ L2, ) L2 (3.4)
g,C(p - ’g’ ax 2 )g) axzy .
and let A* be the adjoint of A, in the sense that
(Ap, ) 12w = (@, A" V) 2 ) (3.5)
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for all ¢, UICS (R).

Suppose that there exists a stochastic process y(t, x) such that
Eplo(X(1)K: |94 =fR<p(x)y(t, x)dx (3.6)

for all bounded measurable functions ¢. Then y(t, x) is called the unnormalized conditional
density of X (#) given the observation filtration ¢;. Note that by the Bayes rule ( see Lemma 29)

we have
Eplp(X (1)K | %]

Elp(X (1) 1%, =
[p(X (1) | 4] 5K, |G,

(3.7)

Then y(t, x) exists under certain conditions and satisfies the following integro-SPDE, called the

Duncan-Mortensen—Zakai equation (see Definition 34):

{ Ay(t,0) = Al wV6X)AE+ Ry DAZ(0), as)

y0,x)= F(x).

If (3.6) holds, we get

J(w) E

T
fo F&X(®, u(t))dt+g(X(T))]

o

r T
= E; fo fX@®),u®)Kdt+ g(X(T)Kr

r pT
= Ep fo [Eﬁ[f(X(t),u(t))Kt|(gt]dt+Eﬁ[g(X(T))Kt|(gf]]

r prT
= Bp| fo Es [f(X(0), 0)K; 19:] i A +E [§(X(T)K; | %]]

T

= Ep f f[f(x,u(t))y(t,x)dxdt+fg(x)y(T,x)dx
lJo Jr R

= J;(w).

This transforms the noisy observation stochastic control problem (3.3) into a full observation

SPDE control problem of the type we have discussed in the previous sections.

Theorem 49 [17] we transform the noisy observation SDE control to full into SPDE control as-
suming that (3.6) and (3.7) hold. Then the solution u*(t) of the noisy observation SDE Control

Problem (3.3) coincides with the solution u* of the following stochastic partial differential equa-
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tions (SPDE:s for short) control problem:

Problem 50 Find u* € ofg such that

sup Jp(w) = Jpw™),

ueslg

where

Jp(u) =Ep

)

T
f ff(x,u(t))y(t,x)dxdt+fg(x)y(T,x)dx
0 JR R

where y(t, x) solves the stochastic partial differential equations (SPDEs) (3.8).

3.2 Stochastic maximum principle for SPDEs:

Stochastic control of the stochastic partial differential equations (SPDEs) arising from partial
observation control has been studied by Mortensen [39], using a dynamic programming ap-
proach, and subsequently by Bensoussan, using a maximum principle method. See [9] and the
references therein. In this section, We prove a sufficient and necessary maximum principle for
the optimal control of SPDEs (see [46]).

Let T >0 and let D be an open set in R” with C! boundary dD. Suppose that the state Y (£, x) € R
of a system at time ¢ € [0, T] and at the point x € D = DU D is given by stochastic partial differ-

ential equation of the form

ayY(t,x)=|AY (t,x)+ b(t,x, Y (t,x),u(t,x)) |dt (3.9)

+o(t,x,Y(t,x),u(t,x)dB(1), (t,x) € (0,T) x D
with boundary conditions
Y(0,x) =¢&(x); xe D (3.10)
Y(t,x)=n(t,x); (t,x)€[0,T]x0D (3.11)

The operator A is a linear integro-differential operator acting on x.

The equation (3.9) for Y is interpreted in the weak (variational) sense, i.e., Y (t,.) satisfies the
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equation

t
(Y(t,-),(P)LZ(D) = (a»(P)LZ(D)"'fO (Y(S,-),A*(P)LZ(D)dS

t t
+f0 (b(s,Y(s,.),</b)Lz(D)ds+f0 (0(s,Y(s,.),$)2(p)dBs

for all smooth functions ¢ with compact support in D. Here

(W, ) 12(p) :fDU/(x)(P(X)dx

is the L? inner product on D and A* is the adjoint of the operator 4, in the sense that

for all smooth L? functions v, ¢ with compact support in D.

The process B(t) = B(t,w);t = 0,w € Q is a Brownian motion on a filtered probability space
(Q, F ,{F} =0, P), while u(t,x) = u(t, x,w) is our control process. We assume that u(z,x) has
values in a given convex set U c R¥ and that u(t,x,.) is %;-mesurable for all (¢,x) € [0, T] x D,
i.e., that u(¢, x) is adapted for all x € D. The functions b: [0, T] x DxRxU — Rand o : [0, T] x D x
Rx U — R are given C! functions. The boundary value functions ¢ : D — Randn: (0, T) x0D — R
are assumed to be deterministic and C'.

We call the control process u(t, x) admissible if the corresponding stochastic partial differ-
ential equation in (3.9), (3.10) and (3.11) has a unique, strong solution Y (.) € L%(A x P), where
A is Lebesgue measure on [0, T] x D, and with values in a given set S c R. The set of admissible
controls is denoted by <.

we define the performance J(u) obtained by u € & of the form

T
](u):E[fO (fo(t,x,Y(t,x),u(t,x))dx)dt+ng(x,Y(T,x))dx . (3.13)

Where f:[0,T] x DxRx U — Rand g: D x R— R are given lower bounded C! functions and E

denotes the expectation with respect to P.
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Problem 51 Find u* € «f such that

sup J(u) = J(u™) (3.14)
uesf

This is an optimal control problem for the stochastic partial differential equation (SPDE).

3.2.1 A sufficient Maximum Principle:

We now formulate a sufficient maximum principle for optimal control.
Define the Hamiltonian H:[0,T] x D xR x U x RxR — R
by
H(t,x,y,u,,p,q) = f(t,x,y,u)+b(t,x,y,wp+o(t,x,yuq. (3.15)

We define the adjoint process p(t, x), q(t, x) as the solution of BSPDE

dp(t,x)=—{A"p(t,x)+ (%I)(t, x,Y(t,x),u(t,x), p(t,x),q(t,x)dt+ q(t,x)dB();(t,x) € (0,T) x D

 p(T,x) = %(x, Y(T,x)); xe€D

p(t,x)=0; (t,x)€[0,T]xaD,
(3.16)
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Theorem 52 (A Sufficient Maximum Principle) [46], [17] Let 0i € o/ with corresponding solu-

tions Y (t,x), p(t,x), §(t, x) of (3.9) and (3.16) respectively. Suppose that

(1) y— g(x,y) is concave for all x,

(2) (y,w)— H(y,uw) := H(t,x,y,u, p(t,x),q(t,x));y € R, ue U,is concave for all t, x,

3) sup Ht,x,Y(t,%),u,p(t,x),G(t,x)] = Hit,x, Y (£, x), 4(t, x), p(t, %), G(t,%)] forall t, x.
ue

Then i(t, x) is an optimal control for the stochastic control Problem (51).

Proof. Let u € of be an arbitrary admissible control with corresponding solution of (3.9) and

(3.16) be Y (t, x) and p(t, x), q(t, x), respectively. For simplicity of notation, we write
f=1xY(t,x,ult,x), f=ft,x Y(tx), 0 x)
and similarly with b, b,0,G. and so on. Moreover put

H(t, x)

H(t,x,Y(t,x),u(t,x), p(t, x),q(t, x)),

H(t,x) = H(t,x,Y(t,x),1(tx),p(t,x),G(t,x)).

~ o~

In the following we writef: f—f,b =b-b,oc=0-0.

Consider
Jw—-J)=hL+15L
where
T ~
L = Ef (f{f(t,x)—f(t,x)}dx)dt],
o \Up
L = EUD{g(x)—g(x)}dx :

By the definition of H we have

T ~
I=E f f{ﬁ(t,x)—ﬁ(t,x)b(t,x)—Zi(t,x)&(t,x)}dxdt , (3.17)
0 D
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Since g is concave with respect to y we have

gx,Y(T,x)-gx,Y(T,x) < g—i(x, Y(T,x)).Y (T, x). (3.18)
where
Y(T,x):=Y(T,x)- Y(T,x),
and
H(t,x):= H(t,x)— H(t, x).
We get
0g _
< [E[f = (x,Y(T,x) Y (T, x)dx] (3.19)
D0y

=[E[f P(T, x)Y (T, x)dx]
D

=L

T T T
f(f ﬁ(t,x)d?(t,fo Y(r,x)dﬁ(t,x)+f d[ﬁ,f’],;)dx
D \JO 0 0
AH(t,x)

T ~ ~
=E ff 1P(t, ) [AY (£, %) + b(t,x) — Y (£, x){A* p(t, x) + b+ 3 (,x)G(t, x)}drdx| .
DJO

Where

0H(t,x) OL{([ x,¥, Y (t, %), 4(t, %), (£, %), G(t, x))
ay B ay ’ )y) ’ ’ ’ ’p ’ ’q ’ '

By a small extension of (3.12) we get
f ?(t,x)A*ﬁ(r,x)dx:f pt, x)AY (t,x)dx (3.20)
D D
Therefore, adding (3.17)-(3.19) and using (3.20) we get

Jw-J@) =< (3.21)
0H(t,x)

T
E[f (f {(H(t,x)— H(t,x) - [p(t, ) AY (£, x) + Y (£, X) ldt)dx).
D JO

Hence

T
Jw) - J(@) < E[f (f H(t,x) - H(t,x) - Vy HY)(t, x)}d ) dx]. (3.22)
D JO
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where

Vo HY)=V,H(Y)

By the concavity assumption of H in (y, u) we have
_ SN oH _
H(t,x)-H(t,x) <V H(Y - Y)(¢t,x) + E(t’ x) (u(t, x) — u(t, x))
and the maximum condition implies that

0H R
—(t, x)(1(t, x) — u(t,x)) < 0.
ou

Hence by (3.22) we get
J(w)—J(@) =0.

Since u € of was arbitrary, this shows that U is optimal. m

3.2.2 A Necessary Maximum Principle:

We proceed to prove a corresponding necessary maximum principle, we need the following as-

sumptions about the set of admissible control processes:

* Forall 7 € [0, T] and all bounded %, -measurable random variables a(x,w), the control
0(t, x,w) defined by

0(t, x,w) := 14, 1 (X, )
belong to .

e Forall u, By € of with By(¢,x) < K < oo for all ¢, x define
o(t,x) = L dist(u(t,x),0V)Al1>0
» - 2K » »

and put
B(t,x) =8(¢,x)Po(t,x) (3.23)
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then the control

u(t,x)=u(t,x)+ap(t,x)e<f,te€l0,T]
forallae (-1,1).

* For all § as in (3.23) the derivative process

d
n(t,x) = %Y’”“ﬁ(t, )| a=o- (3.24)

exists, and belongs to L?(A x P) and

dn(t,x) = [An(t,x) + J(1, 0n(t, x) + J.(1, 0 p(, 0)]d t

+[§2 (1,0 (8, ) + §2 (1, ) B2, )1 d B(1)

A (t,x)€[0,T] x D, (3.25)
1(0,x) = 2Ly (0, x)| 4= = 0,

n(t,x) =0;(¢t,x) €[0,T] xdD.

Theorem 53 (Necessary maximum principle) [46], [17] Let ii € «f Then the following are equiv-

alent:

a
—J(t+aP)la=0 =0,
da
for all bounded B € </ of the form (3.23).

0H
E(t’x)”:ﬁ =0,forall(t,x)€[0,T] xD

da

where

T
Il=iE[ff Fltx, Y P (1, x), ut, x) + ap(t, ) dtdx] || a=o
da JplJo
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and

d
I = —E[f g, Y P(T,x))dx] | a=o -
da Jp

By our assumptions on f and g and by (3.24) we have

rof of
Il_E[foo {E(I,x)n(t,x)+a(t,x)ﬁ(t,x)}dtdx], (3.26)
g
Iz=E[f —(x,Y(T,x))n(T,x)dx]=E[f p(T, x)n(T, x)dx]. 3.27)
D0y D
By It6 formula

T
I, = E[f p(T,x)n(T,x)dx]:E[ff p(t,x)dn(t,x)dx (3.28)

D DpJo

T T
+ff n(t,x)dp(t,x)dx+ff dlp,nl(t, x)dx]
DJo DJo
T
= E[ff p(t, x){An(t, x)
pJo

+%(t,x)17(lf,x)+%(t,x)ﬁ(t,x)}dtdx
oy ou
+f fT (¢ ){6_a(t n(t )+a—0(t )B(t,x)}dB
Dop’xay P BIE T G b PG A5
T
—ff n(t,x)[A*p(t,x)+ai{(t,x)]dtdx
DJo dy
r oo oo
+foO q(t»x){a(t,x)n(l‘,x)+a(l‘,x)ﬁ(t,x)}dtdx
T
+ff n(t,x)q(t,x)dB;dx
pJo

T
= E[f (f {p(t,x)An(t,x)}dt
p Jo

+fT (t, x){p(t x)%(t xX)+qg(t x)a—a(t x)—A"p(t x)—aii(t x)tdt
0 T] ) p ) ay ) q ) ay ) p ) ay )
T
+f ﬂ(t,x){p(t,x)%(t,xHq(t,x)a—a(t,x)}dt)dx]
T oH
= ff n(t, x)—}dt+f {—(t )——(t X)}B(t, x)tdtdx]

_ _11+E[ff M\ bt x)dredxl.
pJo Ou
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Adding (3.26) and (3.28) we get

d ToH
%](u+ aP)lag=o=hL+ L= E[fo0 E(t,x)ﬁ(t,x)dtdx].
We conclude that
A ru+ap)
da a=0

if and only if
T
E[ff aij[(t,x),B(t,x)dtalx]:0,
pJo Ou

for all bounded B € <. of the form (3.23)

Now apply this to f(t, x) = 0(t, x), we get that this is again equivalent to

0H
G_(t’ x)=0 forall (t,x)€[0,T] x D.
u

3.3 Controls which are independent of x

In many situations, for example in connection with partial (noisy) observation control, it is of
interest to study the case when the controls u(t) = u(t, x) are not allowed to depend on the space

variable x. Thus we let the set «#) of admissible controls defined by:
o ={ue o, u(t,x)=u(t)}

where control u des not depend on x. With the performance functional J(u) as in Problem

(3.14), the problem is now the following:

Problem 54 For each find uj € <, such that

sup J(u) = J(uy). (3.29)
uesl;
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Theorem 55 (Sufficient SPDE maximum principle for controls which are independent of x) [17//46]
Let il € o, with corresponding solutions Y (¢, x) of (3.9) and p(t,x), 4(t,x) of (3.16) respectively.

Suppose that

(1) y— g(x,y) is concave for all x,

(2) (y,u)— H(y,u):= H(t,x,y,u, p(t,x),q(t,x)); y € R, ue U,is concave for all t, x,

3) sup Hit,x, Y (t,x),u, p(t,x),§(t,x)] = Ht,x, Y (t,x), @(0), p(t, %), G(t, x)] forall t, x.
ue

Then 1i(t) is an optimal control for the stochastic control problem in (Problem 3.29).

Proof. Let u € o/ be an arbitrary admissible control with corresponding solution of (3.9) and

(3.16) be Y (£, x) and p(t, x), q(t, x), respectively. For simplicity of notation, we write
f=rxY(tx), u(f)),fZ f(t,x, Y (t, %), 4()
and similarly with b, E, 0,0. and so on. Moreover put

H(t,x)

H(t,x,Y(t,x),u(t),p(t,x),q(t,x)),

H(t,x) H(t,x, Y (t,x),0(t), p(t, x), §(t, X)).

In the following we write f = f—f,E =b-b5=5-o0.

Consider
Jw—-J=hL+1
where
T o~
L = Ef (f{f(t,x)—f(t,x)}dx)dt],
0o \UJD
L = E fD{g(X)—g(x)}dx.

By the definition of H we have

T ~
L=E f f{ﬁl(t,x)—fi(t,x)b(t,x)—ﬁ(t,x)&(t,x)}dxdt ) (3.30)
0 JD
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Since g is concave with respect to y we have

gx,Y(T,x)-gx,Y(T,x) < g—i(x, Y(T,x)).Y (T, x). (3.31)
where
Y(T,x):=Y(T,x)- Y(T,x),
and
H(t,x):= H(t,x)— H(t, x).
We get
0g _
Izs[E[f =2 (x,Y(T,x)Y(T,x)dx] (3.32)
p 0y
:[E[f (T, x)Y (T, x)dx]
D
T _ T~ T _
=E f(f ﬁ(t,x)dY(t,x)+f Y(t,x)dﬁ(t,x)+f d[ﬁ,Y]t)dx
D \JO 0 0

T ~ ~ N . OHLX),
- ff 1P, 0AY (1, x) + B(t, %) — Y (£, O){A* (£, %) + Y+a(t,x)q(t, x)tdtdx|.
DJo
Where -
OHWLX) _OH o 9, a0, pt, %), 30t 1) (3.33)
0)’ - ay ) ;J/» » » ’p ’ ’q ’ ' '

By a slight extension of (3.33) we get
f ?(t,x)A*ﬁ(r,x)dx:f pt, x)AY (t,x)dx (3.34)
D D
Therefore, adding (3.30)-(3.32) and using (3.34) we get

Jw-J@) < (3.35)
oH(t,x)

T
E[f (f (H(t,x)— H(t,x) - [p(t, ) AY (£, x) + Y (£, X) ldt)dx).
D JO

Hence

T
Jw) - J(@) < E[f (f H(t,x) - H(t,x) - Vy HY)(t, x)}d ) dx]. (3.36)
D JO
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where

Vo HY)=V,H(Y)

By the concavity assumption of H in (y, u) we have
_ o o0H _
H(t,x)-H(t,x) <V HY - Y)(,x) + E(t' x)(u(t) — u(r)
and the maximum condition implies that

0H R
—(t, x)(U() —u(r) <0.
ou

Hence by (3.36) we get
J(w)—J(@) =0.

Since «f; was arbitrary, this shows that i is optimal. =
We proceed as in Theorem 53 to establish a corresponding necessary maximum principle

for controls which do not depend on x. We assume the follwing:

e For all f € [0, T] and all bounded .#£;,-measurable random variables a(x,w), the control
0(t,w) defined by

0(t,w):= l[to,T]a(w)
belong to <.

e For all u, By € o) with fp < K < oo for all ¢ define
o) = L dist(u(t),0V)A1>0
= s distu(1),

and put
B(1) = 6(1)Po(2) (3.37)

then the control

a(t) = u(t) +ap(t) e o, te [0, T]

forallae (-1,1).
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 For all § as in (3.37) the derivative process
d u+ap
n(t,x) = —— YL, Xl aso- (3.38)

exists, and belongs to L?(A x P) and

dn(t,x) = [An(t,x) + F(1, 0 (t, x) + J(1, 0 p(1, 0)]dt
+[52 (5, )z, %) + & (1, ) (2, 1)1 d B (1)
) (£,x) €0, T] x D, (3.39)

1(0,x) = Lyt (0, x)| 4= = 0,

n(t,x) =0;(t,x) €[0,T] xAD.

Theorem 56 (Necessary SPDE maximum principle for controls which are independent of x) /17,

46] Let it € of Then the following are equivalent:

d
_](iz"‘ aﬁ)la:O = Or
da

for all bounded B € </ of the form (3.37).

0H
E(t’x)u:ﬁ =0,forall(t,x)€[0,T] xD

Proof. The proof is analogous to the proof of Theorem 53. =
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Chapter 4

Stochastic Partial Differential Equations
with space interactions and application to

population modelling

The purpose of this chapter is to introduce a new type of generalised stochastic partial differ-
ential equations (SPDEs) with space interactions as a model for population growth this result is
new [38]. The SPDEs have space interactions, where the dynamics of the system at time ¢ and
position in space x also depend on the space-mean of values at neighbouring points. Our goal
in this chapter is to prove the existence and uniqueness of a strong, smooth solution of a class
of space interaction SPDEs, including the application studied in Section 4. In this application,
we have an example in which the density Y (z, x) of infected individuals in a population in a
random/noisy environment changes over time t and space point x according to the following
space interaction reaction-diffusion. And we give an iterative procedure for finding the solution
(Theorem 57). Then we use white noise theory to prove a positivity theorem for a class of SPDEs
with space interactions (Theorem 58). White noise W () is formally defined as a derivative of
the Brownian motion:

W= dB(t)
t_dl_ ’

(we refer to read [34],[16]) and we prove that the solution is positive if the initial values are (The-
orem 59). Subsequently, in Section 3 of this chapter, we study the general optimization problem

for such a system. We derive both suffcient and necessary maximum principles for optimal con-
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trol. See (Theorem 66 and Theorem 67). Finally, as an illustration of our results, in Section 4, we
study an example about optimal vaccination strategy for epidemics modelled as an SPDE with

space interactions.

4.1 Solutions of SPDEs with space interactions,
and positivity

In this section, we prove the existence and uniqueness of a strong, smooth solution of stochastic
partial differential equations (SPDEs) with space interactions. We are not aiming to prove this
for the most general SPDE of this type, but we settle for a class of SPDEs which includes the

application in Section 4. Thus, for simplicity, we consider only the case when A, = L given by

but it is clear that our method can also be applied to more general situations.
Fixt>0,andletkeNg=1{0,1,2,...,...},; a = (a1, q2,...,an) EN":m=1,2,....
For functions f € €;° (R™) (the family of functions in ¢ (R") with compact support), we define

the Sobolev norm (see Definition 38)

1
fle= 2 (fan“f(x)lzdx)Z;a: (@1,az,...,an) €N,

la|l<k

and we define the Sobolev space H¥ (see Definition 39) to be the closure of Cy°(R™) in this norm.

Note that H* is a Hilbert space for all k. Also, note thatif f € H**2 then L fe H¥, because

1
Y (fRn|a“Lf(x)|2dx)% =3\l @D

|la|<k+2

N |~

Lfle= X (| l0°Lff dxns? <
lal<k JR"

Let @/k(” denote the family of adapted random fields Y (s, x) = Y (s, x, w) , such that

1Y[lx < oo,
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where

1

2
Yl =E sup{IY(s,.)Ii}] , 4.2)
S<t

and let @) be the intersection of all the spaces #,"; k € Ny, with the norm
2. N ok 2
Y117 := Y 275 1Y Il (4.3)
k=1
In the following we let

@ — @x)

be any averaging operator such that there exists a constant C, such that
[l < Crloply for all g, k. (4.4)

This holds, for example, if p(x) = [ @(x+ y)p(dy) for some measure p of total mass 1.

We can now prove the following:
Theorem 57 Let& € %D be deterministic and let h - [0, T] — R be bounded and deterministic.
(i) Then there exists a unique solution Y (t,x) € %D of the following SPDE with space interac-
tions:
t
Y (t,x) =¢(x) +f LY (s,x)ds
0

t t
+f ?(s,x)dﬁ-f h(s)Y(s,x)dB(s); te[0,T].
0 0

(i) Moreover, the solution Y (t, x) can be found by iteration, as follows:

Choose Yy € %) arbitrary deterministic and define inductively Y,, to be the solution of

t

t
Ym(t,x):f(x)+f LYm(s,x)dS+f Y po1(s, x)ds
0 0

t
+f h(s$)Y,,(s,x)dB(s); t€[0,T;m=1,2,... (4.5)
0
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Then

Yy — Y in®@'" when m — oo.

Proof. Part(i): In the first part of the proof, we are concerned on proving the existence and the
uniqueness of the solution of Y (¢, x) € "), Define the operator F: %D — D by F(7) = YZ

where Y is the solution of the equation
t t t
YZ(t,x) :€(x)+f LYZ(s,x)ds+f Z(s,x)ds+f YZ(s,.)h(s)dB(s).
0 0 0
For i = 1,2 choose Z; € % 1) and define Y; = Y% =: F(Z;) to be the solution of the SPDE
t . t
Yi(t,x):é(x)+f LYi(s,x)dS+f Zi(s,x)d3+f Yi(s, ) h(s)dB (s).
0 0 0

Note that here Z; (and hence Z;, is given for each i. Therefore the existence and uniqueness
of the solution Y; follows by the general existence and uniqueness theorems for solutions of

SPDEs. e.g. as given in Theorem 3.3 in [22]. Define

Y:Y]._YZ’

Z(t,x) = Zy(t,x) — Z (t,X)

Then
t T~ t
?(t,x):f L?(s,x)ds+f Z(s,x)ds+f Y (s,x)h(s)dB(s).
0 0 0

Hence

Y (s,.)

< LY (r,)|,.d +fs
o= [ LT 0ldr+ [
f Y (r,) h(r)dB(r)
0

%(r,.)‘kdr

N (4.6)

k

By (4.1) we have

LY (r, )|, = |Y (r,) 4.7)

k+2’
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and from (4.4) we get

)Z‘k < C1ZI; for all k. (4.8)
Then by (4.6), (4.7) and (4.8), we get
E{sup|¥ (s, 4.9)
S<t
s 2 s 2
< 3E sup(f |Y(r,.)|k+2dr) +3CE sup(f |Z(r,.)|dr)]
S<t 0 S<t 0
s _ 2
+3E supf Y(r,)h(r)dB (r) ]
s<t |JO k

By the Burkholder-Davis-Gundy inequality (see Theorem 25) for Hilbert spaces (see e.g. [41]),

there exists a constant C, such that

E [sup

S<t

t
< GF U |l7(r,.)|ih2(r)dr]
0

2
k

f Y (r,) h(r)dB(r)
0

< Czhg tE

i] ; where hi = sup |h(s)%.
s€(0,T]

sup|Y (s,.)
S<t

Combining the above we get,if0 <t <1,

E|sup|¥ (s,.)|% (4.10)
S<t
<37%E [sup |V (r,)[7,, | +3C1 1°E sup|Z(r,.)|i] 4.11)
r<t r<t
+3Cyh3tE sup|i/v'(r,.)|?C . (4.12)
r<t
In other words,
Y12 <3N yp +3C1ENZIE  +3CRGHIYITE . (4.13)

Note that

o k| 12 © (-2 7 N> S ok =
D 2T VIE = 2NN <4 Y 27 IV Ny <4 ) 27KV ek = 411 N
k=1 j=3 j=3 k=1
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Therefore, by multiplying the terms in (4.13) by 2~* and summing over k, we get

o0
Y117 =Y 27 Y12, < 122V 1 +3C 2| Z11F + 3C I eI Y 1%,
k=1

or
(1-1262=3C R30I 112 < 3C1 21| Z) 2.

Hence, if fy > 0 is chosen so small that

3C; tg
2 2 <
1- 12t0 —3C2h0 )

we obtain that the map

Z—-Y?=F2)

is a contraction on % (), Therefore, by the Banach fixed point theorem there exists a fixed point

Y of this map. Then Y solves the SPDE

Av (t,x) =LY (t,x)dt+ Y (t,x)dt+ Y (t, x) h () dB(1); t€ 0,1l
Y (0,x)=¢(x); xeR™

Uniqueness follows by a similar argument.
Since the constants do not depend on f;, we can repeat the argument starting from 7y and
hence by induction obtain a solution Y (¢,x) € % (210) Repeating this argument we thus obtain a

solution Y € &0, This proves part (i).

Part (ii): The second part of the theorem follows by the Banach fixed point theorem on the

Banach space %D, u
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4.2 The non-homogeneous stochastic heat equation and posi-
tivity
In this section we will prove positivity of the solutions Y (#, x) of SPDEs of the form

dY (t,x) =LYdt+K(t,x)dt+h(t)Y ()dB (1),
Y(0,x) =¢&x); xeR”,

where the function & € 1) is deterministic and positive, h : [0, T] — R is bounded and deter-
ministic and K(t, x) = K(¢, x,w) : [0, T] x R"” x Q — R is a given positive random field.

To motivate our method, we first recall the following basic results about the classical heat equa-
tion:

Let L= %A and consider the equation

{ dY (t,x) =LYdt+K(t,x)dr,
(4.14)

Y0,x) =¢x); xeR"

where ¢ e ") and K € L2([0, T] x R") are given deterministic functions. Define the operator

P,:L?(R") — L? (R"™) by

_ " [x-y°
P f(x)= Rn(zm) 2 f(y)exp - dy, (4.15)
then
4p = L(P:f)
dt tf_ tfr

and if we define
t

Y (£,x) = P5 (x) +f0 P (K (s,.) (x)ds,

we get

d t
EY (£,x) = L(P&) (x) + Py (K (2,.)) (x) +f0 L(P;—s(K(s,.))(x)ds

=LY (t,x)+ K (t,x).
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Hence

Y (¢, x) solves the heat equation (4.14).

Next, consider the case
dY (t,x)=LYdt+K(t,x)dt+0 (1) Y (t,x)dzt.

Multiply the equation by
t
Z (t) =exp (—f H(S)ds).
0

Then the equation becomes
AdZY (t,x)=L(Z) Y (t,x)dt+ Z(t)K(t,x)dt.

Hence, if we put

Y=Z®Y(x),

then Y solves the equation

dY (t,x) =LYdt+Z @)K (t,x)dt,
Y(0,x) =&,

and we are back to the previous case.

Finally, consider the SPDE
dY(t,x)=LYdt+K(t,x)dt+h(t)Y (£)dB (1), (4.16)

where £ is a given bounded deterministic function and K(t, x) is stochastic and adapted, and
E[ fOT fRn K2(t, x)dtdx] < oo. We handle this case by using white noise calculus on the Hida space
()" of stochastic distributions: We introduce white noise W; € (#)* (see Definition 40) defined
by

W= dB(t)
t_dt ’
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and then we see that equation (4.16) can be written

%Y(t,x):LY+K(t,x)+Y(t)h(t)<>W,;,

where ¢ denotes Wick multiplication or (wick product) (see Definition 41). We refer to e.g. [16]

for more information about white noise calculus. If we Wick-multiply this equation by
t
Z; .= exp® (—f h(s)dB (s)),
0

where in general exp®(¢) = ¥9° %cp‘m ;¢ e (F)* is the Wick exponential, we get

d
ZIOEY(t,x):L(Y<>Zt)+K<>Z[+Y(L‘)h(t)thoZt. (4.17)
Now
i(Z YW.=2Z iY(L‘)—Y(t) Zioh ()W, (4.18)
dr < = todt Lo t .

and hence (4.17) can be written as

d
L (ZyoY) = L(ZoY) +K (1, X) 0 Z;.
At —— ~——

Y: Y

This has the same form as (4.14). Hence the solution Y is

t
Y (£,x) =P (x)+f0 Pi_s(K(s,.) (x)o Zgds.

Now we go back from Y to Y and get the solution

t
Y(t,x):?(t,x)oexp°(f h(s)dB(s))
0
t
= P& (x)oexp® (f h(s)dB (s))
0

t t
+f P; (K (s,.) (x)oexp® (f h(r)dB (r)) ds. (4.19)
0 s
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Note that
t t t
exp°(f h(s)dB(s)) :exp(f h(s)dB(s)—%f hz(s)ds) > 0.
0 0 0

Recall the Gjessing-Benth lemma (see [11], [23] or Theorem 2.10.6 in [25] or Proposition 13 in

[10]), which states that

t t
Ppoexp® (f h(s) dB(s)) = (1_p¢p) exp® U h(s) dB(s)),
0 0

where, for ¢ : QO — R, we define 7_j,¢(w) = ¢p(w — h); w € Q to be the shift operator on Q.

Using this in (4.19) we conclude that if
{=0and K=0then Y =0.

We summarize what we have proved as follows:

Theorem 58 Assume that& € %D is deterministic, E[f; [n K?(t, x)d tdx) < co and let h: [0, T] —

[0, T] be bounded deterministic.

1. Then the unique solution Y (t, x) € %D of the non-homogeneous SPDE

ady (t,x)=LYdt+K(t,x)dt+h(t) Y (£)dB (1),

Y(0,x)=¢(x); xeR”
is given by

t
Y (t,x) = (t_pP$) (x) exp® (fo h(s)dB (5))

t t
+f0 (T_hPt-s(K(s,.))(x)eXp°(f h(r)dB(r))ds,
S

where exp® ([, h(r)dB(r)) = exp(f; h(r)dB(r) -1 [{ K*(dr); 0ss=st<T.

2. In particular, if {(x) = 0 and K(t,x) = 0 for all (t,x) € [0, T] x R", then Y (¢t,x) = 0 for all
(t,x) € [0, T] x R™.

Combining this with Theorem 57 we get
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Theorem 59 (Positivity) Assume that & € %1 is deterministic and let h : [0, T] — R be bounded

and deterministic. Let Y (t,x) € %) be the unique solution of the following SPDE with space

interactions:
t t t
Y(t,x):f(x)+f LY(s,x)ds+f Y(s,x)ds+f h(s)Y(s,x)dB(s); te][0,T], (4.20)
0 0 0
given by Theorem 58.

Then ifé(x) = 0 for all x € R", we have Y (t,x) =0 for all (t,x) € [0, T] x R".

Proof.
By Theorem 57 we know that the solution of (4.20) can be obtained as the limit when m — oo
of the sequence Y,,(t, x) defined recursively by the equation (4.5). Then by Theorem 58, part 2,

we know that Y;,,(t, x) = 0 for all ¢, x, m. We conclude that Y (¢, x) =0 forall (£,x). m

Remark 60 The results from this and the previous section can be extended to equations of the

form
dY(t,x) = [LY (t,x) +y(t, )Y (t,x)|dt + Y (t,x)dt + h()dB(t); te[0,T], 4.21)

for a given adapted process y € %D . To see this we apply the arguments above with the operator

L replaced by the operator L defined by Lo = Lo + y@; @ € €™ (R"). We omit the details.

4.3 The optimization problem

In general, if ', % are two Banach spaces and F : & — % if Fréchet differentiable at x € &', then
we let V F denote the Fréchet derivative of F at x (see Definition 32). Itis a linear operator from
Z to % and the action of V,F to h € & is denoted by VF(h) = (V. F h) € % . Recall that if F is

Fréchet differentiable at x with Fréchet derivative V. F, then F has a directional derivative

D,F(h) ::lir%%(F(x+€h) - F(x)) (4.22)
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in all directions h € & and
DyF(h) =VyF(h) =(VxF h).

In particular, note that if F is a linear operator, then V,F = F for all x.

4.3.1 The Hamiltonian and the adjoint BSPDE

We now give a general formulation of the problem we consider.

Let Ay be alinear second order partial differential operator given by

n 0
Axp(x) = Z aij (3 (;/’ Zﬁi(x)a—‘/’; PeE;R).
i,j=1 Xi

(4.23)

(4.24)

Let T > 0 and assume that the state Y (¢, x) at time ¢ € [0, T] and at the point x € D := DuUdD

satisfies the following non-local quasilinear stochastic heat equation:

dY(t,x) =AY, x)dt+b(t,x,Y(t,x),Y(t,-), u(t,x)dt
+o(t,x,Y(t,x),Y(t,),u(t,x)dB(1),
Y(0,x) =¢(x); xeD,

Y(t,x) =n(tx; (,x)€(0,T)xaD.

We make the following assumptions on (a, 3, b,0,¢,1)

(4.25)

(@) (a;j(xX)1<i,j<n is a given symmetric nonnegative definite n x n matrix with eigenvalues

bounded away from 0 and with entries a;j(x) € €*(D)N€ (D) foralli,j=1,2,..,n

(b) Bi(x) e €3(D)NE(D) foralli=1,2,..,n

(c) The functions b and o are F-adapted, 6> with respect to y and u and admit uniformly

bounded derivatives.

(d) &€ L*(D), andne L*([0, T] x D x Q) inF-adapted.

We call the equation (4.25) a stochastic partial differential equation with space-interactions.
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In general, the formal adjoint A* of an operator A is defined by the identity
(Ap,w) = (¢, A*y), forall ¢,y € €5(D),

where (¢1,¢2) = (1, P2) 12(p) = fqul(x)(pg(x)dx is the inner product in L*(D) and 67 (D) is the

set of twice differentiable functions with compact support in D. In our case we have

2
N N 9 2 . 2
Ax(b(x)_,-,jzzl 550 (aij(xX)p(x)) ; ox Bi(X)P(x)); e B D).

We interpret Y as a weak (variational) solution to (4.25), in the sense that

t
<Y(t),¢>L2(D) = (‘f(x),(P)LZ(D) +j(; <Y(5);A;¢>LZ(D)dS

t t
+j(; (b(S,Y(S)),(P)Lz(D)dS+/(; <(7(S,Y(S)),(p)LZ(D)dB(S),(P€(€()Z(D)

For simplicity, in the above equation, we have not written all the arguments of b,o.

In the following, we will assume that there is a unique strong solution of (4.25). It is not known
to us under what conditions this is the case for general D. In the case when D = R" it follows by
Proposition 12.1 in [35] that there exists a unique weak solution Y (; x) of (4.25) for all given ini-
tial values & € L?(D). In Section 2 of this chapter, we have proved that there is a unique smooth,
strong positive solution of equation (4.21) if ¢ > 0 and D = R". The process u(t, x) = u(t, x,w) is

our control process, assumed to have values in a given convex set U c R¥,

Definition 61 We call the control process u(t, x) admissible if u(t; x) isF-predictable for all (t, x) €
[0, T] x D and u(t,x) € U forall t, x. The set of admissible controls is denoted by % .

The performance functional (cost) associated to the control u is assumed to have the form

T
](u):[Ef ff(t,x,Y(t,x),Y(t,.),u(t,x))dxdt+f gx,Y(T,x),Y(T,))dx|;ue%. (4.26)
o Jp D

We make the following assumptions on (f, g):

(e) The functionf(t,x, y, ¢, u) isF-adapted and the function g(x, y, ¢) is #r-measurable. They

are assumed to be bounded, 62 with respect to y, ¢, u, with uniformly bounded deriva-
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tives.
We consider the following problem of optimal control of a solution of an SPDE:

Problem 62 Find ii € % such that
J(@) = inf J(w). 4.27)
ueu

As mentioned in the Introduction ( General Introduction), this type of problem has been stud-
ied by many authors, and it may in some sense be considered as a special case of the general
problem discussed in [35], except that we are considering strong solutions on [0, T] x D, where
D a given open subset of R”, with given boundary values on D. Moreover, our approach is
specifically focused on the stochastic reaction-diffusion equation with space interaction pre-
sented in Section 1 of this chapter, and therefore gives more explicit results.

To study this problem we define the associated Hamiltonian H:[0,T] x D x R x L(R"™") x U x R x
R x Q — R by

H(t,x,y,o,u,p,q):=H(t,x,y,0,u,p,q,0) = f(t,x,y,,u) + b(t,x,y,, W)p

+o(t,x,y,¢,u)q. (4.28)

In general, if h : I[2(D) — L2(D) is Fréchet differentiable map, then its Fréchet derivative (gra-
dient) at ¢ € L?(D) denoted by Vyh = Vh is a bounded linear map on the Hilbert space L2(D),
and by the Riesz representation theorem (see Theorem 33) we can represent it by a function

Vh(x,y) € L*(D x D). We denote the action of Vh on a function w € L?(D) by (Vh,v).

Hence

(Vh,t[/)(x)::f Vh(x,y)w(y)dy; forally e L*(D). (4.29)
D

Remark 63 e« Notein particular that ifh: L?(D) — L*(D) is linear, then

Vh(x,y) = h(x,y)
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 Also note that from (4.29) it follows by the Fubini theorem that

f(Vh,t//}(x)dx:ffVh(x,y)t//(y)dydx:ffVh(y,x)l//(x)dxdy
D DJD DJD
:f U Vh(y,x)dy)u/(x)dx:fﬁh(x)w(x)dx,
D\JD D
where
Vh(x):= f Vh(y,x)dy. (4.30)
D

Example 64 a) Assume thath: L2(D) — L[2(D) is given by

h((p)=(h,<p>(x)=G(x,<p(-))—V(Kr f p(x+ydy. (4.31)

Then

(V)@ = () 00 = o [ wes pdy

V(K})

Therefore Vh(x, y) is given by the identity

fD Vh(x, y)w(y)dy = f v(x+ydy; yel*D).

V(K;)

Substituting z = x + y this can be written

etz [ Lot

fD Vihx, Yy (ydy = » VK

1
[ dav.
VK Jxik. viydy

Since this is required to hold for all v, we conclude the following:

b) Suppose that h is given by (4.31). Then

Lk, ()
V(K;)

Vh(x,y) =

)

and
_ 1
V(ph(x)—fDVq)h(y,x)dy—TKr)fDlyug(x)dy )f ek, (dy

B V(x—-K;)nD) _ V(x+ K;)NnD)
- V(K;) B V(K;)

VK,

’
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since K, = —K;.

We associate with the Hamiltonian the following backward stochastic partial differential equa-

tions (BSPDE for short) given by
dp(t,x)=- [A;p(t, x)+ %—;I(t, x)+VH(t,x)|dt+q(t,x)dB(¢), (4.32)

with boundary/terminal values

og v
(T,x) =x2(x)+Vgx); xeDb,
{ p oy & (4.33)

p(t,x) =0; (t,x)€(0,T)x0D,
where we have used the simplified notation
H(t,x) = H(t,x,y,0,U, p, D0 y=v (1,%),0=Y (t,),u=u(t,x),p=p(£,%),g=q(t,)»

and similarly we have used the notation g(x) for g(x, Y(T,x),Y(T,-)). Here A} denotes the ad-
joint of the operator Ay.

Note that in differential of p in (4.32) can be written explicity as follows:

dp(t,x)=

Z al](x) 6 -p(t, x)
i,j=1
n

+Z( ﬁ(x)+22 a,](x))a p(t,x)

i=1 ]
( 1:215_161 (x)+i§16 . al](X))p(t x)+((—+V)b(t x))p(t x)

4 ((% +v)a(t,x))q(t, X+ (% +€)f(t,x)]dt+ q(t, x)dB(b).

To the best of our knowledge, the existence and uniqueness of a solution of (4.32)-(4.33) is not
known in general. However, note that (for given u) the equation (4.32), regarded as a BSPDE
in the unknown @ () x o (1) _yalued processes (p, q), is linear. Therefore, in view of our general
assumptions (a)-(d) above, the existence and uniqueness of solution follows from e.g.Theorem
2.11n [18], provided that the terms Vb(t, x), Vo (¢, x) and V f (¢, x) satisfy condition (F,,) in [18].

To this end, it suffices that b,0 and f depend linearly on ¢ and in a space-averaging manner,
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as in the example with h in (4.31) above. In particular, this holds in the application studied in

Section 4 of this chapter.

Remark 65 Here, as in Sections 1 and 2, of this chapter we are primarily interested in strong
solutions (p,q) € D x %D but weak solutions are also of interest. A pair (p,q) of random
fields is said to be a weak solution to the backward SPDE (4.32)-(4.33) if, forall ¢ € C€02 (D),

T T _
(p(t,.),¢()) —<(p(T,.), () =f (ALp(s, -),¢(-))d5+f (%—I;(l‘, J+VH(t,.),p())ds
t t

T
—f (q(s,.),¢p()YdB(s); a.s. foreachte|0,T].
t
Hence, we observe that p admits the following mild representation
T N T
p(t, %) :PT_t(p(T,x)) +f Ps_t(%—’;’(t,x) +VH(t,x))ds—f Ps_t(q(s,x))dB(s); 0<t<T,
t t

where P; denotes the semigroup of the operator A*.

4.3.2 A sufficient maximum principle approach (I)

We now formulate a sufficient version ( a verification theorem) of the maximum principle for
the optimal control of the problem (4.25)-(4.27).
In the special case when D = R the result follows from Theorem 12.21 in [25]. We give direct

proof for our situation, with general D.

Theorem 66 (Sufficient Maximum Principle (I)) Suppose i € %, with corresponding

Y (t,x), p(t,x),G(t, x). Suppose the functions (y, ) — g(x, y,¢) and

(y,p,u) — H(t,x,y,¢0,u,p(t,x),q(t,x)) are convex for each (t,x) € [0, T] x D. Moreover, suppose
that, forall (t,x) €[0,T] x D,

min H(z, x, Y(t,x),Y(t,),v,pt,x),G(t X))
ve

= H(t,x,Y(t,x),Y(t,), 4(t,x), p(t, x), §(t, x)).

Then 1 is an optimal control.
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Proof. Consider

Jw) —J(@) =6+,

where

T
L=E f f{f(r,x,Y(r,x),Y(t,-),u(t,x))—f(t,x,?(t,x),?(t,-),mr,x))}dxdt ,
0 D

and

L= fD[E[g(x,Y(T,x),Y(T,-))—g(x,?(T,x)’?(T"D]dx-

By convexity on g together with the identities (4.29)-(4.30) (by putting Vh(x, y) = V,&(T, x) and
w=(Y(T,.)- Y(T,.)), we get

I fD[E | BT, (1,0 = VT, 0) + (Vo 8(T,0, (Y (T,) - (T, )| dx
:f E[ S8 0 (1,0 - V(T,0) + VE(T, ) (Y (T, %) - (T, x))| dx
D
:f[E[ﬁ(T,x)(Y(T,x)—?(T,x))]dx
D

= fD[E [A(T, )Y (T, x)] dx,
where we put
Y(t,x)=Y(t,x)- Y (t,x);(t,%) €[0, T] x D. (4.34)
Applying the It6 formula to p(t, x) Y (¢, x), we have

T ~ ~
Izzf f[E[ﬁ(r,x){Ax?(t,x)+b(t,x)}—Y(r,x){A;;ﬁ(t,x)
0 JD

H —
+g—y(t,x)+V¢H(t,x)}+c7(t,x)6(t,x) dxdt, (4.35)
where

b(t) = b(t) = b(p), 5(1) = o (t) — 5 (0). (4.36)
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Since Y (t,x) = p(t,x) =0, for all (£, x) € (0, T) x 0D, we get

f plt,x)AY (t,x)dx = f Y(t,x)ALp(t, x)dx. (4.37)
D D

Substituting (4.37) in (4.35), yields

T ~ ~ Ty —_—
b zf f[E[ﬁ(t,x)b(t,x)—Y(t,x){%i;’(t,x)WH(t,x)}+c7(t,x)&(t,x) dxdt. (4.38)
0 D

Using the definition of the Hamiltonian H in (4.28), and putting

H(t,x)= H(t,x,Y(t,x), Y (t,), u(t, x), p(t, x), §(t, X))

— H(t,x,Y(t,x), Y (t,-), (t, x), p(t,X),G(t, x)), (4.39)

we get

T ~
L =E f f{ﬁ(t,x)—ﬁ(t,x)b(t,x)—Zi(t,x)&(t,x)}dxdt
o JD

=

Tr(6H - _ -
o Jo 0y

~

0H N . ~ ~ ~
+a(t, x)u(t,x)— p(t,x)b(t,x) —q(t,x)o(t, x)}dxdt , (4.40)

where the last inequality holds because of the concavity assumption of H.

Summing (4.38) and (4.40), and using (4.29), (4.30), we end up with

T roH
f fa—(t,x)ﬁ(t,x)dxdt
o Jpou

By the maximum condition of H we have

L+, =E

T ~
J(w)—J(@) =E f f 9 (¢ x)a(r, x)dxdt
0 JD

=0.
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4.3.3 A necessary maximum principle approach (I)

We now go to the other version of the necessary maximum principle which can be seen as an
extension of Pontryagin's maximum principle to SPDE with space-mean dynamics. In the case
when D = R"a version of the necessary maximum principle is proved in [35]. Here concavity
assumptions are not required . We consider the following:

Given arbitrary controls u, i € % with u bounded, we define the following convex perturbation

W =i+0u; 0€l0,1].

Note that, thanks to the convexity of U, we also have u? € %. We denote by Y? := v* and by

Y := Y the solution processes of (4.25) corresponding to u¥ and i, respectively.

Define the derivative process Z(t, x) by
1 ~
Z(t,x) = lim E(Ye(t, x) - Y (t,x)) (limit in & D). (4.41)

Then, by our assumptions on f, g, b and o it is easy to see that Z(t, x) exists and satisfies the

following equation:
az(t,x) {AxZ(t X) + (t xX)Z(t,x)+{Vb(t,x), Z(t,")) + a—(t x)u(t, x)}
{60 0o }
+ (t,x)Z(t, x)+(VU(t Xx), Z(t, ))+ (t,x)u(t,x)p dB(1),
3 oy ou (4.42)
Z(t,x) =0; (t,x)€(0,T)x0D,
Z(0,x) =0; xeD.

Note that (4.42), regarded as an SPDE in the unknown % ("-valued process Z, is linear and hence the

existence and uniqueness of solution follows from e.g. Theorem 3.3 in [22].

Theorem 67 (Necessary Maximum Principle (I)) Let ii(t, x) be an optimal control and Y (¢, x) the corre-

sponding trajectory and adjoint processes (p(t, x), (t, x)). Then we have

0H
—_— (t,x)=0; a.s.
6u u=1n
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Proof. Since i is optimal we get, by the definition (20) of /, dominated convergence and the chain rule,

Oy _ 745
Osﬁ_m](u) J(@)
6—0

= lim—~ [E[f 1g(x, YO (1), YO(T,)) - g(x, Y(T,x), Y (T, )}dx
0—»0

+ff {f(r,x,Yetr,x),Y‘)(t,-),u(r,x))—f(t,x,?(t,x),?(t,-),u(r,x))}drdx]
DJO

= [E[ li_ml{g(x, Y1), Y%(T,)) - g(x, Y (T, x), Y (T, )}dx
Dg—ob

T
+f hm;{f(t,x, vO(t,20, Y1, ult, ) = F(6,%,7 (1,0, Y (1,9, u(t, )} d tdlx]
0 9—0

_E[f 98 (x, 79(T, x), 72T, ))lim ~ (Ye(t x) - Y (t,x)
9—00

+ <Vg(x, Y1, x), YT, -)),li_ml(Y"(r, ) - y(t,.))> dx
0—0

T
+f h_m%{f(t,x,ye(t,x),Ye(t,-),u(t,x))—f(r,x,?(t,x),?(r,-),u(t,x))}dtdx
DJO 9—0

Therefore, writing %(T, X) = %(x, ?(T,x), Y(T,-) and g—j;(t,x) = %(t, x Y, x),Y(t, 3), U(t, x)) and simi-

larly with Vg(T, x), V f (£, x) we obtain

0< lim](ug)—](ft)
0—0
U 28 (T, x) Z(T,x) + (VE(T, x), Z(T, ))}dx] (4.43)

ai(t, x)u(t, x)}dxdt .

f f { (t, ) Z(t, %) +(Vf(t, %), Z(t,))+

By (4.29) and the BSPDE for p(t, x), we have

[f (T x)Z(T, x) +(VE(T, x), Z(T, ))} [E[fDﬁ(T,X)Z(T,x)dx )

The It6 formula applied to the product p(¢, x) - Z(t, x), where p and Z are the associated equations (4.42),

(4.32)-(4.33), respectively, to the optimal control #, combined with the definition of H in (4.28), leads to
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T
3 :[Ef f(ﬁ(t,x)dZ(t,x)+Z(t,x)dﬁ(t,x)
0 D

f p(T,x)Z(T,x)dx
D

T N oo 0o
+f f {q(t,x)(—(t,x)Z(t,x)+(Va(t,x),Z(t,-))+—(t,x)u(t,x))}dtdx
0o Jp oy ou

T ob ob
—e[ [ [ {pten(anzeen+ S 0200+ Vbt 0, 2069 + 5 6 xute,2)
o Jp o0y ou
+ 26,0 - A3p(1, ) IRCLLAP o )
’ xPL ay ’ ’

+ {?](t, X) (a—a(t, WZ(x) + (Vo0 26, + 2Z (1 o, x)) }dtdx].
oy ou

Substituting this in (4.43), we get

0H

T
OS[Ef f—(t,x)u(t,x)dxdt
o Jpou

In particular, if we apply this to

u(t,x) =17 (Ha(x),

where a(x) is bounded and #s-measurable we get

T ~
f f a—H(z‘,x)oz(x)dxoh‘ )
s Jp Ou

Since this holds for all such a (positive or negative) and all s € [0, T'], we conclude that

0=E

~

H
0=—/(t,x); fora.a.t, x.
ou

4.3.4 Controls which are independent of x

In many situations, for example in connection with partial observation control, it is of interest to study

the case when the controls u(t) = u(t,w) are not allowed to depend on the space variable x. Let us denote

the set of such controls u € % by % . Then the corresponding control problem is to find % € % such that

J(@) = inf J(u).
ue
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Theorem 68 (Sufficient Maximum Principle (I)) Suppose i € %, with corresponding
Y (t,x), p(t,x),G(t, x). Suppose the functions (y,) — g(x, y,¢) and
(v, u)— H(t,x,y,¢,u, p(t,x),q(t, x) are convex for each (t, x) € [0, T] x D. Moreover, suppose the follow-

ing average minimum condition,

min{f H(t,x,?(t,x),?(r,-),v,ﬁ(t,x),a(r,x))dx}
veU (JD

=f H(t,x,Y(t,%),Y(t,), @), pt, x),§(t, x))dx.
D
Proof. Consider

Jw) —J(@) =1 + I,

where

T
L=E f f{f(t,x,Y(t,x),Y(r,-),u(m—f(t,x,?<t,x),?(t,-),ﬁ(t))}dxdt ,
0 D

and

Iz=fD[E[g(x,Y(T,x),Y(T,-))—g(x,?(T,x),?(T,-))]dx.

By convexity on g together with the identities (4.29)-(4.30) (by puttingVh(x,y) = V,8(T, x) andy = (Y (T,.)—
Y(T,.)), we get

9%

Lz | E| @0 (1) - Y (T,x0)+(Ve&(T,x), (Y(T,) - ?(T,-))>] dx

D

f E| (100 (7,20 - V(T,20) + VBT, 0 (Y (T,0 - V(T,0)| dx
[

D

f E[p(T,x)(Y(T,x) - Y(T,x)] dx
D

=f E[p(T, 0¥ (T, )] dx,
D

where we put

Y(t,x)=Y(t,x)— Y (t,x);(t,x) €[0,T] x D. (4.44)

Applying the It formula to p(t, x) Y (¢, x), we have

T ~ ~
Ip Zf / [E[ﬁ(t, ALY (1,x) + b1, x)} = Y (£, ){ A} p(t, X)
o Jp

0H —%
+W(t,x)+V¢H(t,x)}+?](t,x)&(t,x) dxdt, (4.45)
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where

b(t) = b(t) - b(D), (1) =o(t) —6(8). (4.46)

Since Y’(t, X)=p(t,x) =0, forall(t,x) € (0,T) x 0D, we get
f plt,x)AcY (t,x)dx :f Y(t,x)ALp(t,x)dx. (4.47)
D D
Substituting (4.47) in (4.45), yields
T ~ ~ iy —_—
b zf f E [ﬁ(t, 0b(t,x) - Y (£, %) {%L;’(r,x) +VH(, x)} +3(t,06(t,x)| dxdt. (4.48)
0 D
Using the definition of the Hamiltonian H in (4.28), and putting
H(t,x) = H(t,x, Y (£,x), Y (£,), u(t), p(t,x), §(£,x)) — H(t, x, Y (£, %), Y (£,), U(2), (£, %), § (£, X)),

we get

T ~
L=E f f{ﬁ(t,x)—ﬁ(t,x)b(t,x)—a(t,x)a“(t,x)}dxdt
0 JD

T 0H ~ . _
> f f {—(t,x)Y(t,x)+(VH(t,x),Y(t,')>
o Jpldy

~

+2—Zl(t, x)u(t) — p(t, x)E(t, X)— Zi(t,x)&(t,x)}dxdt , (4.49)

where the last inequality holds because of the concavity assumption of H.

Summing (4.48) and (4.49), and using (4.29), (4.30), we end up with

T roH
L+ =E f f —(t,x)U(t)dxdt
o Jpou

By the maximum condition of H we have

Jw)—-J{@) =k =>0.

T —~
f f o8 (1, )it dxdt
0 JD

m Then Ui is an optimal control.

Theorem 69 (Necessary Maximum Principle (I)) Let @i(t) be an optimal control and ?(t, Xx) the corre-
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sponding trajectory and adjoint processes (p(t, x), G(t, x)). Then we have

0H

—_— (t,x)dx=0; a.s. dtxdP.
Dau 77

u=u

Proof. The proof is analogous to the proof of Theorem 67 =

4.4 Application to vaccine optimisation

In this section we study an example, assuming that the density Y (¢, x) of infected individuals in a popu-
lation in a random/noisy environment changes over time ¢ and space point x according to the following

space-interaction reaction-diffusion equation

dY (t, %) :%AY(t,x)dt+(a?(t,x)—u(t,x)Y(t,x))dt+,BY(t,x)dB(t),
Y (0, x) =¢éx)=0; xeD,

Y(t,x) =n(t,x)=0; (tx)€(0,T)x0D,
where a, f are given constants modelling the effect on the growth dY (¢, x) of the term Y and of the noise,

respectively, and Y (t,x) = G(x, Y (t,-), where, as before, G is a space-averaging operator of the form

1
V(Kr)

G(x,¢) = fK px+y)dy; @el?D),
with V(-) denoting Lebesgue volume and

K, ={yeR"lyl<r}

is the ball of radius r > 0 in R” centered at 0.
By a slight extension of Theorem 59 (see Remark 60), we know that Y (¢, x) = 0 for all ¢, x.

If u(t, x) represents our vaccine effort rate at (¢, x), we define the total expected cost J(u) of the effort by
T
J(uw) = [E[B/ f u(t, x)zY(t,x)dtderf ho(X)Y (T, x)dx|,
2 JpJo D

where p > 0 is a constant, and hy(x) > 0 is a bounded function. Here we may regard the first quadratic

term as the cost of the vaccination effort, with unit price p, and the second term as the cost of having
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remaining infection at time 7. In this case the Hamiltonian is

H(t, x,y,?, p q) = ((X?— uy)p + ﬁyq + guzy’
and the adjoint equation satisfies

dp(t,x) = —|3Ap(t,x) — u(t,x)p(t, x) + V5H(t, x) + fq(t, x) + Su (1, x) | dt + q(t, x)dB(1),
p(T,x)=ho(x); xe€D (4.50)

p(t,x)=0; (t,x)€(0,T)x0dD,

where, by Example 64, vyH(t, x)=vpx)ap(t,x), with vp(x) := V“%W

The first order condition for an optimal u = # for H together with the requirement that Y (¢, x) > 0, lead

to
u(t,x) = pix),
4
Hence the pair of random fields (7, §) becomes
dp(t,x) =- %Aﬁ(t,x)+$ﬁ2(t,x)+ vp(X)ap(t,x) + BG(t,x)|dt+G(t,x)dB(z),
p(T,x) =ho(x); xeD, 4.51)

pt,x) =0; (t,x)€(0,T)x0dD.

Since hy and all the coefficients of this equation are deterministic, we can conclude that g = 0 and (4.51)

reduces to the deterministic partial differential equation

§P(6,%) =—|30P(t, ) + 55 P*(1,%) + vp(Nap(t, x)|,
p(T,x)  =ho(x); xeD,
pt,x)  =0; (£,x)€(0,T)xaD.

This is a (deterministic) Fujita type backward quadratic reaction diffusion equation. We could also
from the beginning have allowed h(x) to be random and satisfy E [ }, h3(x)dx] < co. Then the equation
(4.51) would have become a nonlinear backward stochastic reaction-diffusion equation. We will not dis-
cuss this further here, but refer to Bandle, & Levine [3], Dalang et al [13] and Fujita [21] and the references

therein for more information.
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conclusion

In this thesis, we have used the stochastic partial differential equations theory. In the first part, We in-
troduced linear SPDEs. We proved the existence and uniqueness of nonlinear SPDEs Then in the sec-
ond part, We have used results from noisy Observation (nonlinear filtering), and we transformed these
noisy observations stochastic differential equation (SDE) control problem into a complete observation
stochastic partial differential equations (SPDEs for short). We proved a sufficient and necessary maxi-
mum principle for the optimal control of SPDEs. Finally, in the third part, we have used a new type of
non-local stochastic partial differential equations (SPDEs). The SPDEs have space interactions, in the
sense that the dynamics of the system at time ¢ and position in space x also depend on the space-mean
of values at neighboring points. We have proved the existence and uniqueness of solutions of a class of
SPDEs with space interactions, and we have shown that, under some conditions. In case we have the
solutions positive for all times if the initial values are. Then we have proved sufficient and necessary
maximum principles for optimal control. Finally, we have applied the results to study an optimal vac-
cine strategy problem for an epidemic by modeling the population density as a space-mean stochastic
reaction-diffusion equation. The results of the third part were the subject of a paper published in inter-

national journal ESAIM: Control, Optimisation, and Calculus of Variations, COCV 29,2023.
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