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ABSTRACT

This thesis presents two independent research topics. The first part of this dissertation
deals with backward doubly stochastic differential equations (BDSDEs) with a superlin-
ear growth generator and a square integrable terminal data. We introduce a new local
condition on the generator, then we show that they ensure the existence and uniqueness
as well as the stability of solutions. This work goes beyond the previous results on the
subject. Although we are focused on multidimensional case, The uniqueness result is new
for one dimensional BDSDEs. As application, we establish the existence and uniqueness of
probabilistic solutions to some semilinear stochastic partial differential equations (SPDE’s)
with superlinear growth generator. By probabilistic solution, we mean a solution which is

representable throughout a BDSDEs.

The second part of this PhD thesis is concerned with the stochastic control problems where
the system is governed by backward stochastic differential equations (BSDE’s). We are
interested with existence of optimal relaxed controls for this kind of systems. Instead of
proving this problem with the help of Skorokhod’s representation theorem, our techniques
are based on construction of the optimal control on an extended probability space, using

Young measures.

Key Words. Backward doubly stochastic differential equation, Superlinear growth con-
dition, Localization, Stochastic partial differential equation, Sobolev weak solution, Back-
ward stochastic differential equation, Stochastic control, Relaxed control, Young mea-

sures, Tightness, Jakubowski’s topology S.

iii



Contents

[Dédicacel i
[Remerciements| ii
[Abstractl ii
(Table of Contents| iii
UIntroductionl 1
[1 Backward stochastic differential equations BSDE’s| 5
(1.1 ~ Formulation of the problem| . . . . . . . ... ... ... .. .. ..., 6
(1.2 The main existence and uniqueness result{. . . . . . . . .. ... ... ... 6
(1.2.1 BSDFE’s with linear generator] . . . . .. .. ... ... ... .... 12

(1.3 The comparison theorem of BSDE’s| . . . . . . .. ... ... .. ... ... 13

2 Backward doubly stochastic differential equations (BDSDE’s)| 15
[2.1 ~Notation and assumptions| . . . . . . . . . . ... ... Lo, 15
[2.2  The main existence and uniqueness result{. . . . . . . . . . ... ... ... 17
[2.3  The comparison theorem of BDSDE’s| . . . . .. ... ... ... ... ... 24

[3 Backward Doubly SDEs and SPDEs with superlinear growth generators| 28

3.1 Introductionl . . . . . . . . .. 28
[3.2  Existence and uniqueness of solutions| . . . . . ... .00 00000 30
[3.3  Some observations and examples|. . . . . .. ..o oL 32
BA_Proold . . . ... 38

3.4.1 Proofs of Theorem I3.2.1 38

v



Table of Contents

[3.4.2 Proof of Theorem [3.2.2 1510}
[3.5 Application to Sobolev solutions of SPDEs| . . . . . ... ... ... 51

[4  Existence of optimal relaxed control for systems driven by backward |

| stochastic differential equations (BSDE’s)| 60
[4.1  The setting and its assumtions|. . . . . . . . . ... .. ... ... ..... 61
4.2 Construction of a weak solutionl . . . . ... ... ... .. .. ... ..., 62

[4.2.1 Tightness Results| . . . . . ... ... ... . . 000 63
4.3 Proof of the main result: theorem (4.2.1) . . . . .. ... ... ... .... 72|
[Bibliography] 74




Introduction

The main objective of this thesis is to study on the hand the existence and uniqueness as
well as the stability of backward doubly stochastic differential equations (BDSDE’s) with
a superlinear growth generator and a square integrable terminal datum. On the other
hand we also extablishe the problem of existence of optimal relaxed controls for system
driven by backward stochastic differential equations (BSDE’s).

Let {(W;) ,0 <t < T} be a d-dimensional Brownian motion defined on a complete prob-
ability space (Q2, F,P).

Let F}V := o (W,;0 < s < t) denote the natural filtration generated by (W;) such that 7,
contains all P-null sets of F and ¢ be an F; measurable d-dimensional random variable.

The backward stochastic differential equation under consideration is;

T T
Yt:§+/t A ds_/t Z,dw, 1)

for 0 <t < T , where f is called the coefficient or generator. This kind of stochastic
equation are introduced in 1973 by J.M. Bismut [2I] in his study of stochastic Pontryagin
Maximum Principle, in which the adjoint equation is a backward stochastic differential
equation with linear generator f.

In the first chapter we introduce the general nonlinear backward stochastic differential
equation under Lipschitz conditions and square integrable terminal

data &, this pioneering work were first investigated in 1990 by E. Pardoux and S. Peng
[49], the authors proved existence and uniqueness of F}V-adapted solutions {Y;, Zt}te[O,T]’
this pair of process satisfying the BSDE and some integrability assumptions. For the
existence result, the martingale representation theorem, Picard iteration technique and a
fixed-point theorem play a key role.

After this seminal paper the theory of BSDE’s became very popular, and is an important
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field of research due to its connection with stochastic control, the mathematical finance,
partial differential equations and homogenization.

The Lipschitz condition on the generator of BSDE’s was weakened by many authors:
Lepeltier and San Martin [43] proved the existence of BSDE for continuous coefficients
with linear growth condition |f (t,y,2) < C (14 |y| + ||z]])|, but the uniqueness of solution
failed to be proved since the comparison theorem cannot be used under non-Lipschitz
condition. In 2001 Bahlali [5] studied the multidimensional BSDE’s with locally Lipschitz
coefficients.

M. Kobylansky [39] and [40] considred in her PhD thesis an extension of the notion of
BSDE to the cas where the dependence of the genrator in variable z has quadratic growth
Le,|f (fw,y,2)| < C(1+|yl+ |z|2), in this paper the existence and uniqueness result
is given. Many authors have worked on this kind of backward stochastic differential
equation, and then by Briand and Hu see [24] and [25] for unbounded terminal conditions,
and Morlais [47] for continuous martingale drivers.

In 1991 Peng [52] was the first to introduce the probabilistic interpretation (Feynman-Kac
formula) of a certain class of parabolic partial differential equation in terms of the solution
of the correspending backward stochastic differential equations.

Now let us introduce a new class of stochastic differential equation with terminal datum,
called Backwrd doubly stochastic differential equations (in short BDSDE’s) this kind of
equations, first studied in 1994 by E. Padoux and S. Peng [50], has the following form:

T T T
Yt=§+/ f(s,Ys,Zs)der/ g(s,Ys,zsmBs—/ ZdW,,  0<t<T
t t t

where {B;,0 <t < T} and {W;,0 <t < T} are two independent standard Brownian mo-
tions defined on a complete probability space (2, F,P), dB is a backward It6 stochastic
integral and dW is the usual It6 forward stochastic integral.

The authors proved existence and uniqueness of adapted solution for these kind of stochas-
tic equation under the assumption that f and ¢ are uniformly Lipschitz with respect to y
and z and the Lipschitz constant of g with respect to z is less than one, they studied this
problem in order to give a stochastic representation for solution of semilinear parabolic
stochastic partial differential equations (in short SPDE’s).

In 2001 Bally and Matoussi [20] applied the probabilistic interpretation of weak solution in
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Sobolev space of parabolic semilinear (SPDE’s) associated with the corresponding back-
ward doubly stochastic differential equations with Lipschitz coefficients. This link was
later developed in many papers (see e. g. [2], 23] 27, 28| 29] 36, 46|, [57]) and have moti-
vated many efforts in order to establish existence and uniqueness of solutions under more
general conditions than the global Lipschitz one (see for instance [44] 55, [57, 58, 59]).

In 2008 Q. Zhang and H. Zhao [60] considred BDSDE’s on finite and infinite horizon with
linear growth without assuming Lipschitz conditions and related their solutions with the
stationary solutions of certain SPDE’s.

In one dimensional case, the comparison methods were mainly used to derive the existence
of solutions for BDSDEs with continuous generator, (see e. g [34], 55, 59]). In multidi-
mensional case, the problem is more delicate since the comparison methods do not work.
Note also that as in classical BSDEs, the localization by stopping times, is ineffective in
BDSDEs. Consequently, the most previous papers have considered BDSDEe with global
assumption on the generator, like global Lipschitz or global monotony. Recently, the
existence and uniqueness of solutions were established In [57], for BDSDEs under some
local assumptions on the generator. More precisely, in [57] the generator f is py—locally
monotone in its y-variable and a Ly—locally Lipschitz in its z-variable on the ball of
radius N. Supplementary conditions were also imposed on the behavior of uy and Ly
when N tends to infinity. Note that these conditions, which were firstly introduced in the
paper [11] for classical BSDEs, do not allow to cover BDSDEs with superlinear growth
generator. Indeed, the generator remains with strictly sublinear growth in the variables

(y,z) in both [II]and [57].

The second part of this PhD thesis concerned with the stochastic control problem that
is a mathematical description of how to act optimally to minimize a cost or maximize a
gain function, over the class U,y of admissible controls, that is, F;-adapted processes with
values in a compact metric space A. The existence of optimal strict control can be proved
under some Roxin convexity hypotheses, since no convexity assumptions are made the
problem reformulated in the larger or relaxed space, by replace the A-valued process u;
with P (A)-valued process (¢;) , where P (A) is the space of probability measures equipped
with the topology of weak convergence. We denote by V the set of probability measures
on [0,7] x A, whose projection on [0, 7] coincide with the Lebesgue measure dt. Stable

convergence is required for bounded measurable function ® (¢, a) such that for each fixed

3
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t €10, 7] ®(t,a) is continuous.

Equipped with the topology of stable convergence of measures, the set V of relaxed controls
is compact metrizable.

Many authors turned to studiying the relaxed control problem Fleming [35] for systems
driven by SDEs with uncontrolled diffusion coefficient and by El-Karoui et al.[32] with con-
trolled diffusion coefficient using the compactification methods, and studing this problem
for systems driven by BSDEs and FBSDEs (see e. g [3), 13 14, 16], 26, 31],51]). In the paper
[13] the authors are studied the existence of optimal strict controls for linear backward
stochastic differential equations, where the control domain is convex and compact, and
the optimal control is adapted to the original filtration of the Brownian motion, then they
continued and studied in [I4] the problem of existence of optimal relaxed controls as well
as strict optimal controls for systems governed by non linear (FBSDE’s) where the driver
of (BSDE) is supposed not to depend on z, the approach is based on tightness results
and weak convergence of minimising controls and applying the Skorokhod representation
theorem endowed with the topologie S of Jakhubowski.

In [I5] S. Bahlali and B. Gerbal introduced a stochastic control problem where the system
is governed by a nonlinear BDSDE and established necessary and sufficient optimality
conditions in the form of stochastic maximum principle for this kind of systems.

In our work we introduce the existence of optimal relaxed controél, the system is governed

by BSDEs where the generator f is explicitly depends on the process z.



Chapter 1

Backward stochastic differential

equations BSDE’s

Let {W;,0 <t < T} be a d-dimensional Brownian motion defined on a complete probabil-
ity space (2, F,P), we denote by F = (7)., the natural filtration generated by (W;).
Throught this chapter, our interest is on the BSDE :

Y, =— f(t,Yy, Zy) dt + Z, dW, and Yr=¢;, P—as.

where £ is some given Fp-measurable random variable with values in R*, and {f (¢,y, 2)}, <t<T
is a progressively measurable processes, the map f is called the generator and £ the ter-
minal datum.

We denote by S2 ([O,T ] ,]Rk) the vectoriel space of progressively measurable processes

{Y;;t € [0, T]} which satisfy
Y% = F ( sup |Yt\2) < 00,
0<t<T

and S? ([O, T] ,Rk) is the sub-space formed by continuous processes.
And by M? ([0, T] ,RkXd), the space of progressively measurable processes {Z;;t € [0, 7]},
such that:
T
12|, = E/ Z.2dt < oo
0

if z € R¥ || 2| = Tr (2 2*) , and M? (R¥*9) is a set of equivalence classes of M? ([0, T],RF*d) .
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We consider B the set of R¥ x R¥*?-valued processes which are F;-adapted such that:

T
Il = \/E (o 1)+ 2 ([ vaiPas)
0<t<T 0

The couple (B, ||.||,) is then a Banach space.

1.1 Formulation of the problem

We would like to solve the differential equation:

—dY,
dt

:f(Y;)7 S [O7T]7 With, YT:€7

Y be a F-adapted processe. when the generator f = 0, the solution is Y; = &, here the
adaptation condition of processes Y gives that £ must be determinist, the BSDE problem
reduces to the martingale representation theorem in the present Brownian filtration, there

is a unique process Z progressive measurable and square integrable such that:

Y, == E(¢/F) =E €+ [ Zdw,

1.1
=&~ [T Z,aw, 4

in general, when the generator f depend on Z, BSDE (1.1]) will be:

T T
Y, =&+ / f(s,Ys, Zs) ds — / ZdW, t<T, DP-as.
t t

Definition 1.1.1 A solution of BSDE is a couple of processes {(Yi, Zt) }o<y<p which
belongs to the progressively measurable space S* ([0, T ,Rk) x M? ([O, T ,RkXd) and sat-

isfies ([1).

1.2 The main existence and uniqueness result

We consider the following assumptions:
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1 ere exists a constant C such that for every ¢, y , vy, 2z , 2,
A;) Th i C such that f vit,y,y !

f Gy 2) = f(Ly, ) < Clly =yl + 1z = 2l);
(A2) The integrability condition

< 0Q.

T
E [rsh [ 1 0.0 as

We begin with a simple case, where generator f doesn’t depend on (y, z), i.e £ be square

integrable and the processes {f (¢)},co 7 belongs to M 2(RY).

Lemma 1.2.1 Let & € L (Fr) and {f (t)},cor) € M? (R*). The BSDE

T T
Yt:g+/ f(s)ds—/ Z.dW, 0<t<T.
t t

has a unique solution (Y, Z) such that Z € M?.

m—E(&/tTf(s)ds/ﬂ),

we have f is progressively measurable, then from the Fubini theorem fot f(t)dt is F-

Proof. Let

adapted processes f is square integrable then f is belongs to S?, we get Vt € [0, 7],

vim g e+ [ s0asR) - [ rea=vi- [ 1o

M is a Brownian martingale, then from the martingale representation theorem, there exists

a unique process Z in M? such that

Yt:Mt—/Otf(s)ds:M0+/OtZSdWS—/Utf(s)ds.

we obtain

K—§:M0+/OtstW8—/0tf(s)ds— (MO+/OTZSdWS—/OTf(s)ds>

:/tTf(g)ds—/tTstWS.
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The following result was proved by E. Prdoux and S. Peng [49].
Theoreme 1.2.1 Under assumptions (A;), (As), the BSDE (1)) has a unique solution.

Proof. We give a proof based on a fixed point argument on the Banach space B2, let us
consider the operator W:

V(U,V)e B (Y,Z) =V (U, V) as a solution of BSDE:

T T
Yt=§+/ f(s,Us,Vs)ds—/ ZdW,, 0<t<T. (1.2)
t t

Since | f (s, Us, Vi)| < |f (5,0,0)|[+K |Ug|+K ||V3]|, we see that the process { f (s, Us, Vi), s < T}
is in M? (R¥), then from lamma the BSDE ([1.2) has a unique solution (Y, Z) such
that Z € M? (R¥*?) it remain to prove that Y € S§2. This easily obtained:

t
/ Zg.dW,
0

by using the Lipschitz property of the generator and Doob’s inequality. Hence, V¥ is a well
defined function from B? into it self. we then see that (Y, Z) is a solution to the BSDE
if and only if it is a fixed point of V.

Now, Let (U, V) and (U’,V’) are two elements belonging to B%, and (Y, Z) = ¥ (U,V),
Y Z)=v(U",V").

Puttigy=Y —-Y', 2=2Z2—-7Z',u=U—-U"and v =V — V'. we have yr = 0 and

2

sup
t<T

T
E [supmr?] <C (w +E {/ £t Ut,vt>|2dt] +E
t<T 0

dyt = - {f (ta Ut; V;) - f (ta Utla V;:/)} dt + Zt'th'

By applying Ito’s formula to e® |y,|* we get that:

T T
eyl + / e ||z ds = / e (—alys|” + 2y, {f (£, U, Vi) = £ (£, U}, V])}) ds
t t

T
— / 2e*yq. 2z, dW,
t
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Observe that the Lipschitz condition, also implies:

T T
el + [ el ds < [ e (~aluf + 20 |l o]+ 20 lu o) ds
t t

T
—2/ e ys.zsdW,
t

Using that, Ve > 0, 2ab < a?/e + €b?, we get

T T T
Ul + [ et alt s < [ e (a2t s - [ ey zaw,
t t t

T
+€/ e (Jus|? + [us]]?) ds
t
taking «a=2C?%/e and R.= efOT e ([us|® + v %) ds;
T T
vt [0,T], e |y’ +/ e |22 ds < R. — 2/ Oy ndW, (13)
t t
we prove that
M = / . e*ys.2sdW, is a uniformly integrable martingale. (1.4)
0

to prove (1.4]), we verify that sup|M;| € L'.Indeed, by the Burkholder-Davis-Gundy in-
t<T

T 1/2
([ ek apas)
0
T 1/2
sup |ys| (/ \zﬁds) ]
t<T 0
' 2 T
< — | [suplys|”| + E |z5|"ds| | < o0.
2 t<T 0

so we deduce from inequality (|1.3]) that

equality, we have:

E [sup\Mt\] <CE

t<T

<C'E

gl [ e < pir (15
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Taking the expectation, the inequality ([1.3) and the BDG inequalities, we have:

i T 1/2
E [ sup e™ |yt|2} <E[R]J+CE (/ e20s |y5|2 ||ZS||2 ds) ]
0<t<T 0

T 1/2
< B[R]+ C'E | sup 2|y, (/ e%nzsn?ds) ]
0

0<t<T

we use the inequality ab < a?/2 + b%/2, we obtain:

at 2 1 at 2 0/2 T as 2
E | sup e |y|”| < E[R.] + §E sup e |y|*| + —F e || zs||” ds| .
0

0<t<T 0<t<T 2
which, combined with the estimate ([1.5):
T
E [ sup e |y,|* + / € || 2> ds] < (3+C"?) E[R.]
0<t<T 0
returning to the definition of R. we get

T T
E [ sup € |y;|* +/ e ||zs||2ds} <e(3+C*(1VT)E [ sup e |uy|? +/ e’ ||vs||2d3} :
0 0

0<t<T 0<t<T

choosing ¢ such that € (3 + C") (1 V T) = 1/2, this shows thati ¥ is a strict contraction

on the Banach space B?endowed with the norm

T
(UM, = \/E < sup eot |Ut|2> +E </ eos ||Vs||2ds>.
0<t<T 0

We conclude that ¥ admits a unique fixed point, which is the solution to the BSDE .

Proposition 1.2.1 Given a pair (£, f) satisfying (A1) and (As) .Let (Y, Z) be the solution
of BSDEsuch that Z € M?. Then, there exists a universal constant C,, such that.

T T
E [ sup e’ ]YHQ —l—/ e’ \|Zs|]2ds] <C.,E {eﬁT |§|2 +/ et |f (t,O,O)|2 dt| ,
0<t<T 0 0

with =1+ 2K + 2K2.

10
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Proof. By Ito’s formula to e |Y;|?

T T
MY P + / || Z||* ds = T [¢]* + / 7 (=BIY]P +2Y,.f (5, Vs, Zs)) ds
t

t
T
— / 2¢™Y,. Z,dW;.
t
Assumption (4;), and using that 2ab < ea® + b? /e for € = 1 then € = 2,

2y.f (t,y,2) < (L +2K +2K2) [y|> + | f (£,0,0)]* + ||z|* /2.

if we take 3 =1+ 2K + 2K? we obtain, V¢ € [0,T],

1 (T T T
eﬁt\Yt\2+§/ e’ |\Z5\|2ds§eﬁT|§]2+/ 655|f(s,0,0)\2ds—2/ P*Y,. Z,dW,. (1.6)

t 0 t

The locale martingale { fg Y, ZdW,, t € [O,T]} is a uniformly integrable martingale
using see ((1.4)), taking the expectation, we get for t = 0,

T T
E { | e stu?ds] <2B {eﬁﬂsr% | e rf<s,o,o>12ds] .
0 0

Returning to the Inequality (1.6)), the BDG inequalities

T
E [ sup e’ ]5/}]2] <FE [e’BT €J? +/ e |f (S,0,0)|2d8} +CFE
0

0<t<T

T 1/2
( / ezﬁsmﬁuzsrﬁds) ]
0

On the other hand

T 1/2 T 1/2
cr|( [ emmpizias) | <op| sy ([ o zka) ]
0 0<t<T 0
1 st y2] . €7 L oa 2
< —E|sup |Y|"| + =—F e’ || Zs||" ds| .
2 |o<e<T 2 0
Then,

T T
E [ sup et |Y}/|2} <2FE {eﬁT €7 —i—/ ¢ |f (s,0,0) ds] +C?’E [/ e HZSHst] :
0

0<t<T 0

11
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and finally, we obtain

T T
E[sup e‘“IYtl2+/ e/BSHZsHst} <2(2+C*E {65T|£!2+/ ™ |f (5,0,0)[*ds| ,
0 0

0<t<T

which complete the proof with C,, =2 (2+ C?). =

1.2.1 BSDE’s with linear generator

Proposition 1.2.2 We consider a BSDFEs (k = 1) with generator:
f(t7y,2) =y y+bt Z + ¢,

where {(atvbt)}te[o,T] 1s F-progressively measurable and bounded processes with values in

R x R¥, and {ctticpor satisfies E UOT ey dt] < 00. The linear BSDE:

T T
Y1€:§+/ (asYs‘Fszs—i-Cs)dS—/ ZSdWS,
t t
has a unique solution satisfies:
T
vte[0,7T], Y,=T,'E (gFT —i—/ cstds/]:t> , (1.7)
t

where, Vt € [0,T7],

t 1 t t
Ft—exp{/ bs.dWs——/ |bs|2ds+/ asds}.
0 2 0 0

Proof. By integration by parts to I';Y;, we get
d (Ft}/t) - Ftd}/t + E/tdFt + d < F, Y >t: —PtCtdt + Ft (Zt + Kbt) .th,

and so

t t
I.Y; + / Tcods = Yo + / T, (Z, + Yib,) AW, (1.8)
0 0

12



Chapter 1. Backward stochastic differential equations BSDE’s

Since a and b are bounded, the Doob’s inequality gives that F {sup |1"t|2] < 00, and by
t<T
denoting by b,, the upper-bound of b, we have

T 1/2
</ |z, +Ysbs|2ds)
0

From the Burkhlder-Davis-Gundy inquality, this shows that the local martingale in ([1.8))

1 T ’
FE < §E {SUP|Ft|2+2/ |Zt|2dt+2bio/ |Yt‘2dt}
t 0 0

is a uniformly integrable martingale.By taking the expectation, we obtain:

t T
FtY;t + / Csrsds =L (FTYT + / CSFSdS/ft)
0 0

T
=F <I‘T§ +/ cstds/]-}) :
0

which gives the expression (L.7). =

1.3 The comparison theorem of BSDE’s

Theoreme 1.3.1 Letn =1, and let (Y*, Z*) be the solution of BSDE (f*,&") for som pair
(&', f?) satisfying the condition of Theorem (3.2.1)), i = 0,1. Assume that

< and FO(Y2Z) < FE(YLZY), dt®dP-as. (1.9)

Then Y <Y!, t€0,T], P—a.s.

Proof. We denote

Y =Y'-Y, 0Z2:=2' -7 6f:=f Y, Z)— f(Y,Z) and ( =& — &,
and we compute that
T T
oY, =(+ / (as.0Ys + b5.0Z5 + 0 fs)ds — / 0Z.dWs,
t t

where
f, (87 Ys,7 Z;) B f/ (S’YSJ Zg)
oY

Gg :=

13



Chapter 1. Backward stochastic differential equations BSDE’s

and for i =1,...,d,
7 (570 280) = (5.7, 280

by := .
YA

where §Z! denote the i—th component of 67,

Since f’ is Lipschitz-continuous, the processes a and b are bounded. Solving the linear

BSDE as in proposition(1.2.2)), we get:
T
§Y, =T;'E (gFT +/ 5f51“5d3/}"t) , t<T,
t

where the process I'; is defined as in equation ((1.7]) with («, 5,0 f) substituted to (a,b,c).
Then condition (1.9) implies that 0Y > 0, P—a.s. m

14



Chapter 2

Backward doubly stochastic
differential equations (BDSDE’s)

In this chapter we introduce the theory of BDSDE’s under uniformly Lipschitz coefficients
see E. Pardoux, E., Peng, S [50]

2.1 Notation and assumptions

Let {W;,0 <t <T} and {B;,0 <t < T} be two independent standard Brownian motion
defined on the completed probability space (€2, F, P) , with values in R? and R! respectively.
we put

Fo=F"VvFL

where F}V := o(W;0 < s <t), F:=0(Bs— Bi;t <s <T) completed with P-null
sets and Fp = Fy'p. Note that {F,0 <t < T} is neither increasing nor decreasing family
of sub o—fields, and it is not a filtration.

Let M2 (0,T,R"™) denote the set of n— dimensional, F;— adapted stochastic processes
{@;t € 0,T]}, such that EfOT || dt < 0.

We denote by S? ([0, 7], R™), the set of continuous and F;— adapted stochastic processes
{ws;t € [0,T]}, which satisfy E(supg<i<p i) < 0.

15



Chapter 2. Backward doubly stochastic differential equations (BDSDE’s)

Let

f:Qx[0,T] x RF x RF4— Rk
g:Qx[0,T] x R¥ x RF*4 — R

be measurable functions such that, for every (y, z) € R* x R¥*4,

f(y.2) € M*(0,T,RY)
9(.y,z) € M*(0, T, RM).

We consider the following BDSDE

T T T
Yi=¢ +/ f(s,Ys, Zs)ds +/ 9(s, Yy, Zs)dBs — / ZsdWs 0<t<T (E/)
t t t

where the dW is a Forward It6 integral and dB is a Backward It6 integral.
We assume the following hypotheses:

(A.1) There exists a constants C' > 0 and 0 < a < 1 such that for every (w,t) € Q x
0,77, (y1,92) , (21, 22) € RF x RF>d

f (toyi, 1) — f (tye, 22)P < C (|yl - y2|2 + |21 — Z2||2)

Hg(tvylazl) - g(tvy2722)“2 < ¢ (’yl - y2|2 + H’Zl - ZQHQ) :

il existe c telle que pour tout (¢,y,z2) € [0,T] x RF x RF*?
99" (t.y,2) < 22"+ c(|lg (8,0, 0)[| + [y[*) 1.

Definition 2.1.1 A solution of equation (E/9) is a couple (Y9, Z19) which belongs to
the space S*([0, T], R¥) x M?2(0, T, R**9) and satisfies (E/9).

16



Chapter 2. Backward doubly stochastic differential equations (BDSDE’s)

2.2 The main existence and uniqueness result

Theoreme 2.2.1 Let & be a square integrable random variable. Under assumption (A.1),

BDSDE (E*9%) has unique solution

We shall begin with a simple case where the coefficients f and g do not depend on Y and

Z in the following result:

Proposition 2.2.1 Let & € L (Fr,R*), {f (1)},c07 € M? (0, T,RY) and {g (t)},c01y €
M?(0,T,R*"). The SDE

T T T
Ytzf—i—/ f(s)ds—i—/ g(s)dBS—/ ZdWs,  0<t<T. (2.1)

has a unique solution (Y, Z) € .S*([0, T],R¥) x M?(0, T, RF*9).

Proof. Uniqueness is immediate, since if (Y, Z ) is the difference of two solutions, we have

T
Y;+/ Z AW, =0, 0<t<T.
t
Hence by orthogonality
E (%) +E/ Tr[2,7¢] ds =0,
t

and Y, =0 P as., Z, =0 dtdP a.e.

Now we turn to prove the existence. We consider the filtration (G;)q,<r :
gt — ftW V FIJ?,
from the assumptions, the process M, defined by

=+ | st [ o i5./6). (22)

is G;-square integrable martingale. An extension of It6’s martingale representation theorem
yields the existence of a G;-progressively measurable process (Z;) in M? (0, T, ]R’”d) such
that
T
Mr = M, +/ ZsdWs.
0

17
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t t
Subtracting / f(s)ds+ / g (s) dB; from both sides of the equality ({2.2)) yields
0 0

vi=er [ st [ g@am [ zaw,

where

nzE[5+/tTf<s>ds+/fg(s)d&/@].

It remains to show that (Y;) and (Z;) are in fact Fi-adapted. For Y;, this is obvious since
for each t,

Y, =E(0/FVvFP),

where © is F} V F. measurable. Hence F° is independent of ; V ¢ (©), and
Y, =E(©/F).

Now

/tTstWs=§+/tTf(s)ds+/tTg(S)st_Yt7

and the right side is 7} V F}, measurable.
Hence, from It0’s martingale representation theorem, (Zy),c7 is Fo' V Ff adapted.
Consequently Z, is )" V F[%, measurable, for any ¢ < s, so it is F}" V F, measurable.

]
We shall need the following generalized 1t6’s formula.

Lemma 2.2.1 Let a € S%([0, T],RF), B € M2(0,T,RF), ~ & M20,T,R->), 6 ¢
M2(0, T, R¥*) be such that:

t t t
at:ag—l—/ﬁsds—l—/”ysst—l—/(55dW5, 0<t<T.
0 0 0
Then

t t t
jaul? = Jaol? + 2 / (s, By)ds +2 / (0w 7B + 2 / (s, 0.V
0 0 0

t t
- / Il2ds + / 1612 ds.
0 0

18
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More generally, if ¢ € C? (]Rk) ,

6 () = 6 (a0) + / (& (), Bu)ds + / (& (), 7wdB.Y + / (& () 5,dW.)
_ % / Tr 16" (as) 7] ds+% / Tr (6" (as) 6,07 ds.

0 0

Proof. The first identity is a combination of It6’s forward and backward formula, applied
to the process {a;} and the function = — |z|*.

Let0=to<t;1 < ...<t,=t.

2

2 K2

tit1 tit1 tit1
2 (/ B.ds at) + 2 (/ %st,atiH) + 2 (/ (55dWs,ati)
ti t;

141 2
-2 / VsdBs, i, — Q| = wa + {ozti“ — oy,
1

tit1 tit1
/ Oét ) /68 dS + 2 / (ati+1775dBS) + 2/ (Oét“ 5SdWs)
t t

it
i+1
— / ’ysst
t;

tit1 2
/ 0sdW
t.
where Z;:Ol pi — 0 in probability, as supt;y1 — t; — 0.

Aty o) + o, —a

}atiﬂ | -

+

+,0i7

The second identify follows from the first. m

Now we give the proof of theorem [2.2.1]
Proof. of theorem (2.2.1) Uniqueness:
Let (Y;', Z}) and (Y2, Z2) be two solutions. Define

Yi=Y'-Y? Z=2Z'-27} 0<t<T.

S S

T
7 ez 2) =g v 22 s [ g (92 2) =g 092, 22) a5

19
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Using [t6’s formula to ‘YQ!Q, we get:

T T
B(0F) + B [ 2] ds =28 [ (of (510, 20) - £ (5,12, 22))ds
t t
T
B [ (0,28 < g (52 Z2) s
t

Hence from (A.;) and the inequality ab < —2(1£a) a® + 5202,

B (%) +E/tTHZsHstgc(oz)E/tT\}Q\2ds+1_TaE/tTHZSH2dS

T = 112
+aE/ 12| ds.
t

where 0 < a < 1 is the constant appearing in (A.;). Consequently
—_ 2 1 —« T 2 T 2
E(Vf)+52E [ 2] ds < el B | V| as
t t

From Gronwall’s lemma, F (‘th) =0,0<t<T, and hence EfOT HZSH2 ds = 0.
Existence:

the existence is proved with the Picard iterations, we define recursively a sequence
(Y, Z1") p—o4,.as follows. Let Y = 0, Z = 0. Given (V;",Z7"), (Y;"™', Z""") is the
unique solution, constructed as in proposition of the following equation:

T T T
Y;n+l :f—F/ f(S,}/;n,Zg) d8+/ g(s,Y;n’Zg) dBS—/ Zg+ldW5' <23)
t t t

Let
Yyl yrtl oy Zetl s ot gm0 < ¢ < T

The same computation as in the proof of uniqueness yield:

T T
() B [ 200 P ds =28 [ (s Y22~ (517 20) T s
¢ t

T
v [ otz - vtz P
t

20
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Let 8 € R. By integration by parts, we deduce

B (|71) e +6E/tT 741 eods + E/tT 12041 e ds
=28 [ (7570 20 = T 62 2 Ve
V8 [l 6,72, 22) = g 6.7 2 P s
There exists ¢, 7 > 0 such that
B (|771) e + (8- ) E/tT \}75”“|2655ds+E/tT 1204 |2 eBods
< B[ (el e ) s

2c =~ _ 2
15, and define ¢ = 55

Now choose g = v+

T
(7Y e+ [ (e[ + |20 ) evds
t
T
<128 [ (effrf 4 21]7) eas
t
It follows immediately that
L
E/ (e[ 71"+ | 2|7 s
t
T
<) B[ (el + | 22]) s
and since 5% < 1, (Y, Z}"),_ .. is a cauchy sequence in 8% (0, T, R*) x M? (0, T, R**?).

It is then easy to conclude that (V;"),_, _is also Cauchy in 8% (0, T,R*), and that:

(Y;‘n Zt) = lim (Y;nv Ztn)

n—oo

solves equation (E/9¢). m
Now, we establish a priori estimations for the solution of BDSDE (Ef ’975) . For that we

need to use assumption (A.2) on g.

21



Chapter 2. Backward doubly stochastic differential equations (BDSDE’s)

Theoreme 2.2.2 Let & € LP (Fr,R¥) . Assume, in addition to (A.1)and (A.;), that:

T
E / (17 (1, 0,00 + llg (t,0,0)|F") dt < oc.
0

T p/2
E ( sup V3P + </ ||ZtH2> ) < 0.
0<t<T 0

|p

holds, then

Proof. By Ito’s formula to |Y;|” we obtain

T T
Y / Yo 2P ds + 2 (p— 2) / Yo (2,207, Vi) ds

t t

T T
— e+ p / VAP 2 (f (5,2, 24, Yo)ds + p / YA (Y, g (s, Y, Z,))dB,
t t
T
w3 [ IRl . 20 ds

t

T T
12 (p—2) / YL (99" (5, Y, Z,) Y, Yi)ds — p / YL (Y, Z)dW.
t

t
Taking the expectation, we get

T T
E(YP)+5E [ WP NG ds + 5 -2 E [ VP (2.2 Yds
t

t

T T
< E([5) +p/ Yo" 72 (f (s, Yes Zo)  Ya)ds + %E/ Yo" g (5, Ye, Zo)|* ds
t t
7
Hp=2) [P g (Y2 Z) Y Yods.
t
Note that we can conclude from (H.;) that for any o < o < 1, there exists ¢ (a’) such

that
lg (£, 5, 2)[1* < e (@) (ly* + [l (¢,0,0)[*) + o || 2] (2.4)
Using (2.4) , (H.1), (H.2) and using Holder’s an Young’s inequalities, we deduce that there

exists a positif constant 6 and ¢ such that

T
E(ViP)+0E [ [P~ |2 ds

t

T
< E(E]) + cE / (VA + 1 (5,0,0) + g (5,0,0)]) ds.
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Using Gronwall’s lemma, we obtain

T
sup E(Yi[") + E / Y2124 dt < oo.
0

0<t<T
Applying the same inequalities we have already used to the first identify of the proof, we
get
T
VP <l e [ (NP1 (5.0.00 + g (0.0 ds
t

T T
+p/ Yol 72 (Ya, g (5, Ys, Z4))d B, —p/ Y. P2 (Y, Z,)dW,.
t

t

then from the Burkholder-Davis-Gundy inequality

T
E ( sup mv’) < B +eB [ (V17 (0,007 + g (5,00
0<t<T 0

T
+ CE\// Y| (99" (t,Y3, Z0) Yy, Vi) dt
0

T
+cE\// Y|P (2,25, Yt
0

The last term estimate as follows:

T T
E\/ / VP22V Ydt < E Yz’”\/ / Y72 |22 de
0 0

1 I N
< 38 (s W)+ [P z0Ra
0

0<t<T

We deduce that
E ( sup ]Y}]p) < 00.

0<t<T

Now we have

T T T
/ 1Zo|2 de = €2 + |Yol? + 2 / (f (8, Y Z2), Yi)dt + 2 / Vi, g (£ Vi, Z))dB,
0 0 0

T
+foTHg(t,K,Zt)|12dt—2/ Yy, Z,)dW,.
0
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Hence for any § > 0

T p/2 T p/2
([1zea) <avo ([ loeyzfa)
0 0

0(57p) /0 <f (t>Y;‘/>Zt) 7}/;>dt

p/2

p/2]

€17+ |Yol” +

p/2

T T
T / (Vi g (LYe Z))AB,|  + / Vi, Z)dW,
0 0

Passing to the expectation

T p/2 T p/2
E</ HZtszt) <(1+07aE </ HZtH2dt)
0 0
i T p/2
fe(@p)E (/ vl HZtHdt> ]
0

+ (6,p)

T p/4
f () E ( | e Hztu%zt)
0

| ([ Hztugdt)p/g
e(Gip) E { (02& m‘pﬂ) [(/OT A dt)p/2 + (/OT 1Z:|I? dt)p/4] }
([ 120 dt)m

The second part of the result follows, if we choose ¢ > 0 small enough such that

< (1+6)aE +¢ (4, p)

<[(1+)a+(1+0)]E + " (6,p).

(1+6)a+(14+0) <1

2.3 The comparison theorem of BDSDE’s

We consider one-dimensional BDSDE’s

Theoreme 2.3.1 Let k =1, and let (Y, Z") be the solution of BSDE(f*,&") for som pair
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(&, f1) satisfying the condition of Theorem[2.2.1], i = 0,1. Assume that
> and OV Z) > (YL Z), di®dP—a.s, (2.5)
Then Y2 >Y,!, t€[0,T], P—a.s.
Proof. We put
Y =Y —YY 62:=2°-2", 6f=f"—f' and ( =¢€° ¢,

The paire (dY;, 0Z;) is solution of the BDSDE:

T

5Y;€:§+/ (fo (87}/:90720) fl (87}/;’17 ))dS
. t
[ (70,20 — g (5,72 22) B,
t

T
- / 5 Z,dW.,,
t

Using It6’s formula to |(6Y;)~ !2 , we obtaine

T
\((5Yt)‘|2:|§|2—2/ (6Y)™ (f° (5, Y2, 2°) — f (s, Y2, 21)) ds (2.6)
t
T
—2/ (6Y) (9 (s,Y), Z)) — g (s,Y,, Z})) dB,
t
T T
2 / (6Y})" 8Z.dW, + / Lisvcoy |9 (5,Y2, 79) — g (s.Y", 2P ds
; t
—/t 1{5YS<0}‘5ZS‘2CZS.

We have from assumptions (2.5) ¢ > 0, then

=0
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The pairs (Y°, Z°%) and (Y1, Z1) are in the space S?([0, T], R¥) x M?(0,T, R¥*?) then

E (/tT (5Y;)~ 6ZSdWS> =0,

E ( / ) (95, Y0, 20) — g (5,2, 21)) st> —0.

Let
T
B2 [ V) (1 (s V0. 20) - (Y] 20)) ds
tT
=2 [ GV (1 (Y2 20) - 1 (5.2 22) ds
Tt
—Q/t (6Y:)™ (1 (5, Y1, 21) — f* (s, Y2, 21)) dis
= B, + Bs.
where

By = —2/T (0Y,) (f°(s,Y2,22) — f° (s,Y}, Z))) ds
By = —2/T (0, (f°(s, Y}, 2h) = fH (s,Y), 2))) ds

we have from conditions (2.5) By < 0. and then B < Bj.

condition (A.;) and Young’s inequality, it follows

T
B< B <2C / (6Y.)™ (18Y4] + 92, ]) ds
C? T 2 r 2
(QC+ a)/ |6Y] ds+(1—a)/ 1isv.<oy 102" ds,
t t

Using again condition (A.;) we get

T T
/ Lisvi<op |9 (5, Y2, 20) — g (s, YL, ZY) [ ds < / Lisv,<oy [C16Ya* + v ||0Z,]]
t

t

:C/tT|(5YS)_]2ds

T
+ Oé/ 1{§ysgo} ||5Z5||2 dS.
t
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Taking the expectation to (2.6]) , we get
2 r 2
E|6Y,) | <CE[ |(0Y,) | ds
t

Using Gronwall’s lemma:
2
B6v) [ =0

Then, Y? >V} a.s.,Vt €[0,7]. =
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Chapter 3

Backward Doubly SDEs and SPDEs

with superlinear growth generators

We deal with multidimensional backward doubly stochastic differential equations (BDS-
DEs) with a superlinear growth generator and square integrable terminal datum. We
introduce new local conditions on the generator then we show that they ensure the ex-
istence and uniqueness as well as the stability of solutions. Although we are focused on
multidimensional case, the uniqueness result we establish is new in one dimensional too.
As application, we establish the existence and uniqueness of probabilistic solution to some
semilinear stochastic partial differantial equations (SPDEs) with superlinear growth gen-

erator. By probabilistic solution, we mean a solution which is representable throughout a

BDSDEs.

3.1 Introduction

Let g(s,y, z) be a suitable function (for instance, uniformly Lipschitz in (y, z) and with
strictly sublinear growth). Consider the following simple example which is covered by the

present chapter

T T - T
Ytzf—/ Yslog|Y;|ds+/ g(s,YS,ZS)dBS—/ ZdW, 0<t<T (3.1)
t t t

The generator of the previous equation is not of sublinear growth in the y-variable. It is

also neither locally monotone nor uniformly continuous. We will see that equation (3.1

28



Chapter 3. Backward Doubly SDEs and SPDEs with superlinear growth generators

is covered by our work. Therefore, the so-called logarithmic nonlinearity ylog |y| which
appears in (3.1)) is interesting in itself. In our knowledge, when the dimension is greater
than one, there is no results in the literature which cover this interesting example. The
same question is also posed for the nonlinearity h(y)z\/w where h is some function.
the present chapter extends the results [7], O, [I0] to BDSDEs. We establish the existence
and uniqueness as well as the LP-stability (p < 2) of solutions for the BDSDE when the gen-
erator f is of superlinear growth in y, z. Moreover, the terminal datum still remains merely
square integrable. We introduce a new local assumption on the generator which cover the
previous ones on multidimensional BDSDEs and go beyond. Compared for instance with
[57] , the generator we consider here can be neither locally monotone in the y-variable nor
locally Lipschitz in the z-variable. We cover in particular the logarithmic nonlinearities
ylog(|y|) as well as h(y) z/|log(]z])| where & is a suitable function. Actually, we allow
the strictly sub-quadratic growth to the generator: |f(¢,y,2)| < n + |y|* + |z|* for
some « € |0, 2[ and some L?2—integrable process 7. It is worth noting that our conditions
on the generator f are local in the three variables y, z and w. This allows us to cover
BDSDEs with stochastic Lipschitz conditions.

Due to the local assumptions on the generator, the usual techniques of BDSDEs do not
work in our situation. In the other hand, due to the superlinear growth of the generator,
the method used in [4, [5, 1T}, 57] no longer work and, in particular, neither Gronwall’s
inequality nor Bihari’s Lemma can be used in our situation. We develop here the method
initiated in [7]. Indeed, we approximate f by a suitable sequence (f,),~1 of Lipschitz
functions then we use an appropriate localization to identify the limit as a solution of
equation (E/9). The idea mainly consists to establish that the sequence of solutions
(Y™, Z™), associated to the data (&, f,,g) converges weakly in L2 and strongly in L.
To this end, we apply Ito’s formula to (|[Y" —Y™|> + £)f for some 0 < 3 < 1 and
e > 0, instead of |[Y™ — Y™||? as is usually done. This allows us to treat multidimensional
BDSDEs having a superlinear growth generator in its two variables y and z. We first
prove the existence of solutions for a small time duration and then use the continuation
procedure to extend the result to an arbitrarily prescribed time duration. The uniqueness
and stability of solutions is established by similar arguments.

The chapter is organized as follows. The main results as well as some examples are given in

section 2. Section 3 is devoted to the proofs of main results. As application, we consider,
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in section 4, semilinear SPDEs with superlinear generator for which establish the existence

and uniqueness of Sobolev solutions for semilinear SPDEs.

3.2 Existence and uniqueness of solutions

Let us first repeat some notations from previous chapter. Let (2, F, P) be a complete
probability space. For T > 0, let {W;,0 <t < T} and {B;,0 <t < T} be two independent
standard Brownian motion defined on (2, F, P) with values in R? and R’ respectively.

Let 7}V := o(W,;0 < s <t) and F% :=0(B, — B;;t < s <T), completed with P-null
sets. We define F; := F/V vV F.. Tt should be noted that the collection {F;,0 <t < T'}
is neither increasing nor decreasing family of sub o—fields, and hence it is not a filtration.

We consider the following BDSDE (E/9+¢),

where

f:Qx[0,T] x RF x RF?— RF
g:Qx[0,T] x RF x RF*? s R

be measurable function such that, for every (y, z) € RF x RF*4,

f(,y,z) € M*(0,T,R")
9(.,y,2) € M?(0, T, R*).

T
For N € N*, we define py (f) := E/ sup |f (s,y,2)|ds
0

lyl,|z|<N
We consider the following assumptions:

(H.1) f is continuous in (y, 2) for a.e. (t,w).

(H.2) There exist K >0, M > 0, and n € L'(Q; L'([0,7])) such that for every
(y,2) € RF x RFx4,

<y7f(t7wuy’z)> S Mt + M’y|2 + K |y‘ |Z| P — a.s., a.e.l € [O7T]
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(H.3) g is continuous in (y, z) for almost all (¢,w), and there exist L >0, 0 < A <1,
0 <a; <1, and n;, 0 <t < T verity Ef0T|n;|al1ds < oo such that for every
(t,w,y,y,2,2") € 0,T] x Q x (R’“)2 X (R’”d)2,

(i) llg(t,y, 2) — g(t, ¢/, 2)|* < Lly — y/|* = Mz — 2|

and

(@) lg(t, y, )| < m; + Lly|™ + Allz]|*

(H.4) There exist M; >0, 0<a <2, o/ >1 and 7€ L¥([0,7] x ) such that for
every (t,w,y,z) € [0,T] x Q x RF x R¥*d

|f (tw,y, ) < 0+ My (Jyl™ +[2]%) .

(H.5) There exists v € L2 (Q; L?([0,T])), areal valued sequence (Ay)y~; and constants
My > 1, r >0 such that:

(1) VN >1, 1<Ay<N".
(iii) Forevery N € N*and every (t,w,y,y/, 2,2') € [0, T)x Qx (R*)”x (R¥*?)* such that
lyl, 1|, |z], |Z'| < N, we have

(y—v, ft,y,2) — f(. Y, ) L wy<ny < Maly — v/’ log Ay
+ Msly — o/ ||z — 2'|\/1og An + ]\4214]_\,1

Theoreme 3.2.1 Let £ be a square integrable random wvariable. Assume that (H.1)-
(H.5) are satisfied. Then equation (E/9) has a unique solution.

The second main result of this section gives the stability of solutions in any LL? such that
q < 2. Let (f,,) be a sequence of processes which are F;-progressively measurable for each
n. Let (§,) be a sequence of square integrable random variables which are moreover Fp-
measurable for each n. We assume that for each n, the BDSDE (E/m94") corresponding
to the data (f,,g,&,) has a (not necessarily unique) solution. Each solution to equation

(Efn9%n) is denoted by (Y™, Z™). Let (Y, Z) be the unique solution of the BDSDE E/:9:€).

We also assume that
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(H.6) Forevery N, px(fn — f) — 0 as n — oo.

(H.7) FE(&—¢&*) —0asn— .

(H.8) There exist K > 0, M >0 and n € L' (€; L'([0,T])) such that for every (y, z) €
Rk % kad}

sup(y, fu(t,w,y,2)) < e+ Myl + Klyllz| P —as., aetel0,T]

(H.9) There exist M; >0,0<a <2,/ > 1 and 77 € L¥([0,T] x Q) such that for every
(y,2) € RF x RF¥C,
sup | fu(t, w, y, 2)| < 7 + Mai(Jyl* + [2]).

Theoreme 3.2.2 (Stability of solutions) Let f, g and & be as in Theorem |(3.2.1. Assume
that (H.1)-(H.9) are satisfied. Then, for every q < 2,

T
lim (E sup |Y)" — Y37+ E/ |1Z7 — Zs|qu) = 0.
n—+oo 0<t<T 0

Remark 3.2.1 In a different context and for one dimensional BSDEs, it is shown in [55]

that for q < 2,
T

lim ]E/ |1Z7 — Zs]qus) =0.
0

n—-+00

However, in [53] the component Y™ converges to Y only weakly, while here we have a
strong convergence of Y" to Y.

We point out that in [53] the BSDE is one dimensional and the generator is uniformly
Lipschitz in (y, z), while here the BDSDE is multidimensional and the generator could be

neither locally monotone in y nor locally Lipschitz in z.

Although the solution (Y, Z) of equation (E79¢) belongs to S x M?, the convergence
given in Theorem holds only in §? x M? for each ¢ < 2. We unfortunately do not

succeed to show the convergence in S? x M? under our assumptions.

3.3 Some observations and examples

In order to clarify our results and assumptions, we present some remarks and examples.
To the best of our knowledge, these examples are not covered by the previous works on

BDSDEs. The first one deal with BDSDEs with locally generator.
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e Assumption (H.2) can be replaced by

(H’.2) Thereexist M >0, n € L' (9; L*([0,T])) and v > 0 satisfying 2y+\ < 1
such that,

(y, f(t,w,y,2)) <+ My + 712> P —a.s., aetel0,T].

where A is the constant defined in assumption (H.3).

In this case, minor modifications are needed in the proofs.

e The BDSDEs as well as the SPDEs we consider here are interesting in their own
since the nonlinear part f(t,y,z) can be neither locally Lipschitz in z nor locally
monotone in y. Moreover, since f is of a super linear growth in y and z, then it

cannot be uniformly continuous.

e It was established in [6] that the BSDEs with logarithmic growth K|z|\/|log|z||
also appear in some stochastic control problems. We hope that the present paper

will be used in order stochastic control of SDE-BDSDEs.

e Since the system of SPDEs associated to the Markovian version of the BDSDE
(E(&19)) can be degenerate, then our result also covers certain systems of first order

SPDEs.

e Assumption (H.2) expresses the fact that the generator f can have a superlinear

growth on (y, z).

e The parameter a; appearing in assumption (H.3) has a role in the construction
of solutions. More precisely, it allows to identify the backward stochastic integral
driven by B. We think that in assumption (H3)-(ii), the condition o; < 1 can be

replaced by the weaker one : a; = 1. However, we have not managed to do this.

e The term 1y, (,)<n} appearing in assumption (H.5) can be interpreted as a local-
ization on w. It allows in particular to cover generators with stochastic Lipschitz
condition. It also enables to consider SDE-BDSDEs and systems of SPDEs with

superlinear growth in the z-variable.
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e Assumption (H.5) is related to the uniqueness and the stability of solutions. We
think that it is possible to establish the existence of solutions without this condition.

In particular, for one dimensional BDSDEs.

The following example treats a BDSDE with locally Lipschitz generator.

Example 3.3.1 Assume that & is square integrable and g satisfies assumption (H.3).
Let f satisfies (H.1), (H.2) and (H.4). Assume moreover that there exists a positive
constant C' such that, for every N >0 and every |y|, |z] ||, |Z']| < N,

|f<t,y,Z) - f(t,y/,Z)‘ < O<log N)|y - y,|

and

|f(t,y,2’) - f(tayazl)| < C(\/ 1OgN)|Z_ Z,|

Then the BDSDE (E'9) has a unique solution which is stable in the sense of Theorem
322

Proof. (H.5) is satisfied with Ay = N.

In the following example, we consider a situation where the generator is of logarithmic
growth in its y-varaiable, typically ylog |y| in dimension d > 1. Our interest to generators
of type ylog |y| arises from the papers [4, [5, 1], [7, 8] which are devoted classical BSDEs.
Equation is a natural continuation of BSDESs proposed in [4, 5], [11]. Indeed, consider
the BDSDE (E%/9) and assume for simplicity that the generator f does not depend on the
variable z. Let f be Ly—locally Lipschitz and with at most linear growth. We know from
the previous example that if moreover Ly behaves as log N, then the BDSDE (E%/9) has
a unique solution. Now, if we drop the linear growth condition on f, then the assumption
Ly ~ log N implies that |f(y)| < K(1+ |y|log|y|) for some positive constant K. Hence,
it is natural to ask:

Could the BDSDEs of type have solutions ? If yes, what happens about the unique-
ness and the stability of solutions? The following example gives a positive answer to these

questions. Note that the present chapter go beyond BDSDEs of type (3.1]).
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Example 3.3.2 Assume that & is square integrable and g satisfies assumption (H.3).
Then, the BDSDE has a unique solution. Moreover, this solution is stable in the

sense of Theorem [3.2.2,

Proof. Since (y, f(y)) <1land |f(y)| <1+ %\y[“rs for all € > 0, we then deduce that f

satisfies (H.1), (H.2 ) and (H.4). We shall check (H.5). Thanks to triangular inequality,
1 1

it is sufficient to treat separately the two cases: 0 < |y|, |¢/| < N and i <|yl,|ly'| < N.

1
The case 0 < |y|,|y| < N Since the map = —— —xlogx increases in the interval

10, 7], then for N > e

1f(y) = fO) < 1fW)]+f)]
< 2lngVN

1
The case N < |yl,|¥/| £ N. The finite increments theorem applied to f shows that

1f(y) = fy)] < (T+1og N)|y — 9|

Therefore, (H.5) is satisfied for every N > e with v; =0 and Ay = N.

In the following example, the generator is of superlinear growth in its z-varaiable.

Example 3.3.3 Assume that £ is square integrable and g satisfies assumption (H.3). Let

g0 €]0, 1[. Let i(y) := ylog 1 —|£J||y| and h € C(RT; R, ) NCHRY — {0}; Ry) be such that

|z|\/— log | 2| if |2 < 1—¢g

|z|\/log | 2| if |z| > 14 €

Then, the BDSDE (EY99), where f(y,z) := l(y)h(z), has a unique solution which is
stable in the sense of Theorem[3.2.9

h(z) =

Proof. It is not difficult to see that f satisfies (H.1). We shall prove that f satisfies
(H.2), (H.4 ) and (H.5). Since (y, f(y,2)) = (y,1(y))h(z) < 0, then (H.2) is satisfied.
We shall check (H.4).

(7) Since [ is continuous, [(0) = 0 and |/(y)| tends to 1 as |y| tends to oo, we deduce that
[ is bounded. Moreover, [ satisfies (y — ¢/, {(y) — l(y')) < 0. Indeed, in one dimensional
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case it is not difficult to show that [ is a decreasing function. Since, —(y,y’) log 1‘+y||y‘

—ly|ly'| log H'%’” | (because log + |y|| P < 0), then the problem is reduced to one dimension case

by using the following computation:

(o 10) ~ 1% log 2+ 2 hog VL iy j0g 2 s 10g YL
1+ [y 1+ [y/| 1+ [yl L+ [y/|
!
R og L e Y
(lyl = [y Dyl Em Y| —1+|y,|)

< 0.

(ii) Since y/2elog|z| = \/log|z[?>¢ < |z|¥ for each € > 0 and |z| > 1, then the function h

satisfies for every € > 0

0<h(z) <M+ ——|z|'** where M = sup |h(z)].

1
2|77,
\2¢e |z|<1+4eo

Assumption (H.4) follows now directly from the previous observations (i) and (ii). To
check (H.5), it is enough to show that there exists a positive constant ¢ such that for

every z, z' satisfying |z|, |2'| < N we have, for N large enough,

h(z) — h(z)] < (\/log Nz — 2|+ 10va) (3.2)

The previous inequality can be established by considering separately the following five

/ 1 1 / /
cases, 0 < [z, || < &, & < Pl < 1—ep, 1—e < [z[¢] < 1+¢& and
1420 < |2, 2] < .
The case 0 < |z|,]2'| < +. Since the map = +—— zy/—logz increases in the interval

[0, \/ié], then for every N > /e,

[h(2) = h(2)] < [h(2)] + [h(2)]

The other cases can be proved by using the finite increments theorem.
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The following example treats the situation when the generator satisfies a stochastic Lip-

schitz (or monotone) condition.

Example 3.3.4 Assume that £ is square integrable and g satisfies assumption (H.3). Let
f satisfies (H.1), (H.2), (H.4) and
(

T
There are a positive process C' satisfying / e7%ds < o (for some ¢ > 0) and K' € Ry
0

such that for every (t, w, y, v, z, 2') € [0, T] x Q x (R¥)? x (RF*4)2,

(H'.5)
<y - y,7 f<t7w7y7 Z) - f(tawa yl7 Z,)> < K’ |y - y/|2 {Ct(w) + | lOg |y - y,||}

\ +K' |y —¢| |z — Z'|\/Ci(w) + |log |z — ']
Then, the BDSDE (Ef 79’5) has a unique solution which is stable in the sense of Theorem
3.2.2

Proof. To check (H.5), it is enough to show that there exists a positive constant ¢ such

that whenever v, := e < N and |y| , |/, |z|, |¢'| < N we have

(y—y, f(t,y,2) — f(t,y,2)) < clogN (|y — y’2 + %)

and

1
|f(t,y,Z) - f(t7y7zl)| < Y, 1OgN (|Z - Z,| + N)
These two inequalities can be respectively proved by considering the following cases:

1 1

< = — < —y'| < 2N
and
1
— < — — < — 2| < 2N.
=A< gy gy Sk—Als

In particular, one can show that for every z, 2/,

|f(t,w,y,z) - f(tawayazl)| < K”|\/Ct(w) + | log |Z - Z’|| (33)
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Remark 3.3.1 If we put C; = 0 in the previous example, it then follows from inequality
that we also cover generators satisfying the so-called Log-Lipschitz condition in the

variable z.

3.4 Proofs

3.4.1 Proofs of Theorem [3.2.1]

Lemma 3.4.1 (Approximation of f) Let f satisfy (H.1)- (H.5). Then, there ezists a
sequence (f,) such that,

(a) For each n, f, is bounded and globally Lipschitz in (y,z) for a.e. (t,w).

There exists M' > 0, such that:

(b) sup,, [fu(t,w,y, 2)| <7+ M+ M(ly|* +|2[*) for ae. (tw),

() sup <y, fult,w,y,2) > < m+ M + M|y]* + K|2||z] for a.e. (t,w),
(d) For every N, pn(fn— f) — 0 as n — oo.

Proof. . Let p, : R x R¥*" — R, be a sequence of smooth functions with compact
support which approximate the Dirac measure at 0 and which satisfy [ g, (u)du = 1. Let
¢n : R? — R, be a sequence of smooth functions such that 0 < ¢, < 1, ¢,(u) = 1 for
lu| < n and ¢, (u) = 0 for |u| > n + 1. Likewise we define the sequence v, from R"
to Ry. We put, fon(t,y,2) = Lig<qy [ F(t, (y,2) — u)pg(w)dup, (y)ihy(z). For n € N*, let
g(n) be an integer such that ¢(n) > n + n®. The sequence (f,), defined for each n by
fn = fqn).n, satisfies then assertions (a)-(d).

Estimate of solutions of BDSDE (E/9:¢)

Lemma 3.4.2 Let f, g and £ be as in Theorem|3.2.1. Let (f,,) be the sequence of functions
associated to f by Lemma|3.4.1. For every integer n, we denote by (Y™, Z™) the unique
solution of BDSDE (E'»9%). Then, there exits a universal constant { such that

T T

K,

a) ]E/ M5 72 ds < —(1 OA) [ezMTE|£|2+2E/ M (g + M+ ())*)ds | = K,
0 - 0

D) B sup (2MY) < 0K = Ko,

0<t<T

38



Chapter 3. Backward Doubly SDEs and SPDEs with superlinear growth generators

T T

c) E/ M| f (s, Y ZM)|%ds < 4°71 {E/ M (7, + M) + 4)ds + MK, + TMYK,
0 0

= Kg,

where & = min(c/, %)
T

d) E/ eMelg(s, Y, Z™)2ds < Ky.
0

Proof. Using Ito’s formula and lemma 3.1 (c), we show that for every t € [0, T

T T
VY2 1 o0 / M|V 2ds < VT e[ 4 2 / M (1 M4 MY + K Y7 |Z0]) ds
t t
T
42 / ¢2Ms (Y17 Iy,
t
T «—
w2 [ gl vy, 20)d B,
t
T
T / M (LY 4 A28+ (n])?)ds
t

T
—/ eMs | Z7 % ds.
¢

Using the inequality K|y||z| < £2|y|? + ¢|2|* then taking expectation it follows that,

T T
Ee*M Y )P + (1 —e — )\)E/ Ms |70 ds < 2MTE|¢)? +2E/ Mo (g + M+ (n)?)ds
t t
T KZ
+ ZE/ MM 4 L+ —) [V ds.
¢ €
Taking ¢ = % then using Gronwall’s lemma, we get assertion a). Using the Burkhéolder-
Davis-Gundy inequality, we get b). Assertions ¢) and d) follow from Lemma 3.1 b) and

assumption (H.4). Using assumption (H.3) and assertions a), b), we get e).

After extracting a subsequence, we have

Corollary 3.4.1 There are Y € L*(Q, L*[0,T)), Z € L*(Q x [0,T]), F € L*(Q x [0,T]),
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g € L*(Q x [0,T]) such that

Y™ Y, weakly star in L*(Q, L*°[0, T))
7" — 7, weakly in1L*(Q x [0,T))
(Y™ ZM) = f weakly in L%(Q x [0,T)),
gn(, Y™, Z™) — g weakly in L*(Q2 x [0,T])

Moreover,

T T . T
Y, =+ / F(s)ds + / 3(s)d B, — / Z.dW,, Vit € [0,T).
t t t
The following technical Lemma is a direct consequence of Holder’s and Schwarz’s inequal-

ities.

Lemma 3.4.3 For every  €]1,2[, 0 <A <1, A>0, (y)iz1.a C R and (2)i=1.4j=1.» C

R we have
d 3 d r 3 d r d -1, d 2
o I S S B S S e 2
i=1 i=1  j=1 i=1  j=1 i=1 j=1 Li=1
1 . (1-N(E-1) -
ST EE D DL R P B

i=1 i=1  j=1

Proof. Using the inequality ab < %zaQ + ﬁbz we have

>y

=1

%dw2%1_)\dr2 1 -\ — d2_1r d 2
[; Zzij] _TZ Zzij+< )2( B) [Zy2] Z [;yz Zz‘j]

i=1  j=1 i=1  j=1 i=1 j=1

d T d T

IA

i=1 j=1 i=1 j=1 i=1 j=1 Li=1
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By Holder inequality we have 3¢ | y;z;; < (324 42)2 (3¢, z?j)%. Hence

d 3T d r 3 d r d -1, d
[Sd] [5 £49] -2 Sae 2 ] S [Su s
i=1 i=1  j=1 i=1  j=1 i=1 j=1 Li=1
2 d 1 d T 1_)\ d T 1—)\(2—B r d
S%A2y+ﬂz YAy ZH 2= DI

2 _ 2 :
To complete the proof, we choose o = TNED" Lemma is proved.

The following simple proposition is very useful in BSDEs and BDSDEs with superlinear

growth generator.

Proposition 3.4.1 Let (Y, Z) be an element of S* x M2. Assume (H.4) be satisfied.
Let a := % A o'. Then, there erxists a positive constant K(a, T, M) := K, such that

T T T
E/ 1f(5,Ys, Z)|"ds < K {l—l—E/ ntds + E ( sup |Ys|2) +E/ |ZS|2ds].
0 0 0

0<s<T

Proof. Using assumption (H.4), we get

T T
E/ f (5, Yo Z0)|" ds < E/ (7 + My YAl + M | Z,]) ds
0 0

_ _ T _ _ _
<3 MIE / (75 + Yl + | Z,]°%) ds
0
_ _ T _ _ _
<3 Mf‘E/ (14 7)% + (14 V)™ + (1 + | Z,])*) ds
0

T T
<K {1+E/ ngds+Esup|Y8|2+E/ |Zs|2ds]
0 s 0

Estimate between two approximating solutions

The key estimate is given by:

Proposition 3.4.2 Let f, g and £ be as in Theorem |3.2.1. Let (f,) be the sequence of
functions associated to f by Lemma|3.4.1. For any integer n, we denote by (Y™, Z™) the
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unique solution of the BDSDE (E'9¢). Let vy := sup{(AnlogAx)"},N > R} and
. BL | MZ2BlogA
Then, for every R € N, 66]1, min(3—% , 2)[ , €>0 and
1 K )
2M3 +2My(1—N)(B—1) * rMZB+rBMy(1—N)(B—1))’

there exists Ny > R such that for every N > Ny and T" < T,

5 < (1-N) (B - l)min(

\zr — Z)°

st
_ Y;m’2 + VR) 2

nm—+oo  (T'—6")+<t<T'

Tl
limsup £ sup  |Y" —Y")° + E/
(r=on+ (Jyy

e“~ limsup E|Y — Y8 (3.4)

S = (]- - A)(ﬁ - ]-) n,m—-+00

where { is the universal positive constant.

Before giving the proof of this Proposition, let us give some explanation about it. Due to
the superlinear growth of the generator, the techniques used in [4, 5] no longer work to
give an estimate between two approximating solutions. In particular, neither Gronwall’s
inequality nor Bihari’s Lemma can be used in our situation. Furthermore, in our situation,
one cannot estimate quantities of type |Y;* —Y,;™|? or of type e®|Y;» —Y;™|? as usually done.
Here, only estimates of type are possible. That is one can only estimate quantities of
type |Y;*—Y;™|? for 3 < 2. Otherwise the integrals can be infinite. However, estimate ((3.4])
is sufficient for our purpose. Note also that, this estimate allows to establish the stability
of solutions in 87 x MY for any q < 2. We think that the stability in S? x M? is probably
false under our assumptions. The proof of Proposition necessitate numerous length

computations. We will divide it into several steps presented as lemmas.

We summarize the idea we use. According to Lemma the sequence (Y, Z™) con-
verges weakly in 2. In order to show that (Y™, Z") converges strongly in L!, we define a

new process for N € N* by:

Ap =Y =Y + (Anlog Ay) (3.5)

8
We will apply Ito’s formula to e“’A? for some 0 < 3 < 2 then we pass to the limit
successively on n and N to show the existence of solutions for a small time duration. We

finally use a continuation procedure to extend the result to an arbitrarily prescribed time
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B
duration. The use of the process A7 allows us to treat BDSDEs having a superlinear

growth generator in its variables y and z.

Lemma 3.4.4 Let assumptions of Proposition[3.4.9 be satisfied. Then, for any C' > 0 we

have
CtAS r Cs A S CT' A S
e Af‘*’C/ €SA52d8 < e A%/+Il+12+[3
t
T oo B -
8 / NIV YT (s, YR, Z) — gls, Y, Z7)d B,
t
T 5,
8 / CNFTH YT Y (20— 27 dW),
t

where

T/
= 20N )5 [ s s = (sl
t

lyl,l2[<N

T/
+ / Sup (5,9, 2) — f(5,7, 2)|ds|
t

lyl,|z|<N

T 5y
L= / ATV Y (s Y Z0) = (s Y 27 D gagsyony s,
t

with O(s) = |V + Y|+ | Z3| + |2 + vs,

BL  BMZlog Ay /T’ Cax b
I3 ;= — Msylog A SA2
’ (2 T np ) TAMeleeAy ) [ e Al

1-— -1 [ 5_
1 AL(B )/ €O A2 21 — 2 ds.
t
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Proof. Using Ito’s formula (applied to the process e“*A?) and assumption (H3)-(i), we

show that for every t < T,

8 r 8 , 8
A7 +C’/ e AZds < T A%, + I + I + Iy

5 O AT 20 — 2 ds

5 Y 54
w5 [ AT LY < Az - 2 s

B r B_o d i
g0 el Z( (Vi = ¥i3) (2 - Z:%)) ds
1=1

- B3
¢ =

+8 -1

T 6_
)/ €O TNV = YL = Y + M 2D - Z)d
t
T oo B
+5/ eCN(Y] =Y (s, Y] ZY) — (s, Y, Z))d B

T 84
8 / CCNETHYR Y (20— 2 AW,

where

' 8_
I{ :B/ eCSASQ 1|:<Y:en_Ysm7 fn(s>}/snazg) —f(s,}fsn,Z;L»
Jm(8, Y, Z0)) | Mo (s)<nyds,

+ V=Y S Y 2T
T
om0 eOnT Y S V2 = F Y 2 Wit
Since Y —Y™| < A? , it follows that
<1,
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Observe that I{s)<n} < Lgy,<n} then use assumption (H.5) to get

' < B /T/ RN [m Y™ P2log A
2 X 2 s s s g N
t

+ A Y =Y ZE - 2/ log AN} La(s)<nyds

T B_
< BMz/ e {As log Ay + Y = Y"||Z) — Z"|\/log AN] Lya(s)<nyds.
t

We put
_ T 5_
Jom 1D [ cesaF T g - g s
2 )i
6 T Cs g_l n m|2 n m|2
+§ eCAZ (L)Y =Y + M2 — Z7%)ds
t
B r Cs §_2 . : n m n m :
- 6(5 - 1)/t e A Z (Yz’,s - Yvi,s) (Zi,j,s - Zi,j,s) ds
j=1 \i=1

6 a Cs g2 n m n m n m
FB(G =) [ AT S YL - Y N2 - 27 )ds.
t

Using Lemma [3.4.3] we show that
J < I3

Lemma is proved. =

The following Lemma allows to see how we use assumption (H.5).

Lemma 3.4.5 Let ~ := mﬂﬁ% + §'BM;. Let assumptions of Proposition

satisfied. Then, there exists a universal constant { such that,

T’ 2
gn _ gm
E  sup DA AL +E/ 2. 4 s ds
-y (= (Y2 = Y2+ vm) T
‘ ( s 4
< eENBlYE - V)P 4+ — N —
(1 - )\)(5 - 1) g g (AN 10g 14]\7)g
1 B=1 K A?V
+20K5 (ATKy +T0) 2 (8T Ky + 8K)? (An)E
N T

+ 286N 2N 4+ 11] 7 [pn(fo — F) + o (fin — f)])-
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Proof.
3.4.4 to get

We choose C' = Cy := %L + ?ﬁi;% + SMylog Ay in Lemma

s 1— -1 [T 5_
GCNtAtQ +6( )\)4(5 )/ GCSAg 1 |Z;L —Z;n|2d8
t

, B
SGCNT A%/ 4 II + [//+ [2
T' 5_
+ﬁ/ eCSAg 1<st_Ysm7 g(5>st7Z:)_g<SvY;*m>Z;n>>d§s
t

T 5,
5 [t v (2 -z,
t

Using estimate (3.6]), Burkholder-Davis-Gundy’s inequality and H older’s inequality (since

-1 % + 1 =1), we show that there exists a universal constant ¢ > 0 such that for

2
every 0’ >0,

] r 8_
E sup [ecNtAf} + E/ eOvenz ! |z — Z™|* ds
(

(T"—6")+ <t<T" T'—5")+
< ¢ ecNT'{E [Ag] LB [E/TA ds]g {E/Té(sydsr
—1=N(B-1) TN T 0

&

T
X [E/ | fn(s, Y], Z0) —fm(S,YSm,Z:”adS}
0

5-1 T
+ B[2N? + VI]QE[/O sup | fu(s,y,2) — f(s,y,2)|ds

lyl,[2|<N

+/O sup | fm(s,y,2) — f(s,v, z)|ds} }

lyl,l2[<N
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Using assumption (H.5) and Lemma 3.2, we get, for every N > R,

T n _ 7m|2
B sy -y s [ k4 N
ez - ¥y = VP4 v) E
l ’ -8 QK% -1 E
< Cno 2 3 2 2
=~ (1 — )\)(ﬁ — 1)6 {(AN logAN) + 5 N~ (4TK2 + Tﬁ) (8TK2 + 8K1)
B-1
FEIYE = YR+ 628 4 1] % [owlF — 1)+ o~ 1)
¢ , ¢ A
< eNVE|YS — Y|P + N
T=NGE-D° Y TN (A g A
+ 2L Sk (UTKy + TO)T (STK, + 8K1)5 —8
RSV L 2+ 8K)F
26 / B—1
+ TN 1)€CN6 BRN?*+un] = [pn(fu = f) + pn(fm — f)]

Lemma [3.4.5] is proved.

oy . : 1 K
Proof of Proposition|3.4.2| Taking ¢’ < (1-\)(5—1) min (2M§+2M2(17/\)(571) : TM%BH&MQ(P/\)(BA)),

we show that

A7
—Nﬂ — 0, as N — o0
(ANlogAN)E
and
A7
(A]\;E — 0, as N — oo.
N T

We conclude the proof of Proposition by using assertion (d) of Lemma (3.4.1]

We are now in position to prove our main results.

Proof of Theorem |3.2.1. Taking successively 7" =T, T = (T —§)", T = (T —2§)*...
in Proposition we show that, for every 3 €]1, min(3 — 2, 2)[,

T 2
zn _ gm
lim (E sup mn—thlﬁ—l—E/ 2 4 55 ds) =0.
mEe \ ot O (V= YR vr) T
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We immediately deduce that,

lim B sup [V;" =Y’ =0

n,m—-+00 0<t<T

In the other hand, by Schwarz’s inequality we have

T T 2 1 T 1
gn _ gm 2 2-8 2
E/ |Z7—ZT7ds < (E/ 12 4 e ds) <E/ (Y] =Y ? + vg) ° ds) :
: EI RS :

2-p

T 2 2
Using Lemma [3.4.2} it holds that, sup,,, (E / <|Y;” —Y™"? + VR) ds) < 0.
0

It follows that

T
lin}r (E sup |Y;”—th|5+]E/ |Z;‘—Z;”|ds) =0.
n,m—-+00 0

0<t<T

Hence, there exists a subsequence which we still denote (Y™, Z") such that

lim (V" =Y+ |2 —Z]) =0 ae. (t,w).

n—-400

Since (Y™) and (Z™) are square integrable, it follows that for every ¢ < 2.

T
lim E/ (Y = Vi[9 + 2" — Z|7) ds = 0. (3.7)
0

n—-4o0o

We shall show that (Y, Z) satisfies the BDSDE E/9¢. We have

T
E / Fuls, Y2, Z0) — f(s, Y7, Z0)|ds
0

T
< E/ |ful(s, Y Z8) — (8, Y, ZO) Wy 420 <nyds
0

(Y| + |1 Zp))e—=)
NE-2)

T
+ E/ |fn<37 Y;nv Zg) - f(37 Y?ﬂ Zg)’ ]l{‘ys"|+|Z§\2N}d3
0

1
2K [Ty + K] #

SpN(fn_f)+ N(2_%)

48



Chapter 3. Backward Doubly SDEs and SPDEs with superlinear growth generators

Passing to the limit, first on n and next on N, we get
T
i E [ |fuls Y220~ s,V Z0)]ds =0,
" 0
We use (H.1), Lemma and Lemma to show that,

T
limE/ |fn(s,Y5”,Z;‘) — f(s,Y;,ZS)|ds =0.
n 0

Since the constant a; in assumption (H.3) is strictly less than 1, we then use Holder’s

inequality (because 4 + 25* = 1), assumption (H.3) and Lemma m to show that

T
E / 9(s, Y, Z0) — gls, Yo, Z,)2ds
0

T
= E/ (Ig(s, Y" 2 + 195, Y, Zo))) 19(s, Y., Z) = g(s, Ys, Z)lds
0
o 2-

T 2 T 2
(& [ Gatsyz 2l +la v zoras) (B [ lats vz 22) - gt v z)ias)
0 0

IN

2—aq
_ 2

T _2 _2
K(E/ (1Y = Yal7=or + | 2] — Zs|“1>d8) ,
0

IN

2—aq
B T =
where K := sup(L, \) sup,, (E/ 2(n.)er + K|Y?| + K| Z"| + K|V, +K|ZS|)2d3> <
0
0.

Since ﬁ < 2, then according to {) we get

T
lim E/ ‘g<87Y:9n7 Z:) - g(S,Y;, ZS)|2dS =0
0

n—oo
The existence of solutions is proved.

Uniqueness. Let (Y, Z) and (Y, Z) be two solutions of equation (E/9¢). Arguing as
previously one can show that for every R > 2, § €]l, min(3 — %, 2)[, e>0 and
5 < (1—A)(6—1)min( 1

2MZ+2M(1-N\)(B-1) ° rM225+rﬁM2(1—/\)(,3—1)>
such that for

, there exists Ny > R

49




Chapter 3. Backward Doubly SDEs and SPDEs with superlinear growth generators

every N > Ny and 7" < T,

2

: g 12, — 2,
E  sup |Yt—Y;|B+E/ —ds
(T7 =)+ <t<T" (T'—5")+ (|YS _ Ys’|2 + VR)T
/ , ,
<e+ N RB| Y — Yo |P.
- NE_1n° e

Taking successively 7" =T, T = (T — )" , T" = (T — 20")"..., we get the uniqueness of

solutions. Theorem [3.2.1]is proved.

3.4.2 Proof of Theorem [3.2.2|

Let (Y™, Z™) be solution to the BDSDE EU"9¢") Let (Y, Z) be the unique solution of the
BDSDE E:9€) Arguing as in the proof of Theorem we show that, for every R > 2,

e>0, f€]l, min (3—2,2)[ and §' < (1-A)(6—1) min ( L

2M2+2Ma(1-N)(B-1) ? TM§@+T5MZ(1—,\)(5—1)>>

there exists Ny > R such that for every N > Ny and T" < T,

. or v+ [ 2 - z.[
limsup E sup ;" =Y +E s ds
n—too  (I'—§)F<t<T =% (Y =Y, 2 +vg) 2

14 / -
<e+ ——eNlimsupE|YE — Yo |°.
5 —1 n——+00

Again as in the proof of Theorem taking successively 7" = T, T" = (T — ¢')7,

T" = (T —20")"..., we establish the convergence in the whole interval [0, T]. In particular,

lim (|[Y"=Y|+|Z"—Z|) =0 in P x dt measure.

n—-+o0o

Since (Y™) and (Z") are square integrable, the proof is completed by using a uniform

integrability argument. Theorem [3.2.2]is proved.
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3.5 Application to Sobolev solutions of SPDEs

This section is devoted to the study of the existence and uniqueness of Sobolev solutions

to the SPDE associated with the following decoupled system of SDE-BDSDE.

X0 =g 4 / b(XP7)dr + / o (X57) dW, (3.8)
t t

t ta ’ t t t ’ t t t =) t
V" = H (Xy )+/ F(r,Xﬁ,nw,Zf)err/ G(T,XT*“,YT"”,ZT’m)dBT—/ ZE AW,
) ’ o (3.9)

where o, b, F' and G are given measurable functions defined as follows:
o RF — RF*d b: RF — RF, H : RF — Rk,

F:[0,T] x RF x RE x RF*4— R? | G :[0,T] x R¥ x R x RF*4 — RO,

The SPDE associated to the previous system of SDE-BDSDE is given, for ¢t < s < T, by:

u(s,z) = H (x) + / Lu(r,x) + F(r,x, u(r,x),o*Vu(r, :E))dr

T —
—i—/ G (r,z,u(r,xz),0*Vu(r,z))dB, (3.10)
where
Lim g S () + Db, with (a) = oo (3.11)
=5 2w g 5 e wi ij) =00 :

We assume throughout this section that

beC; (R*,R*) and o€C}(RFR™) (3.12)

For 0 < g < 2, let H be the set of random fields {u(¢,z), 0 <t < T, x € R*} such that,

for every (t,z), u(t,z) is F/-measurable and

Jully = B[ Gutra) + o) ) e < o

The couple (H, ||.||3) is a Banach space.

We denote by CL*°([0,T] x R?) the set of compactly supported functions ¢(¢,x) which
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are continuously derivable in the t-variable and infinitely continuously derivable in the

x-variable.

Definition 3.5.1 We say that u is a Sobolev solution to SPDE , if u € H and for
any ¢ € C;>([0,T] x RY),

/Rk/ (r,x) 67“ )(7‘ x)drdx+/ u(r, z)o(r, z)dx — H() (T, z)dz

——/ / o*u(r, x) rxdrd:z:—/ / udiv[(b— A)g](r,z)drdz
RF RF

_/Rk/s F(r,x,u(r,x),a*Vu(r,J:))go(r,x)drdx+/Rk/s G(T,x,u(r,a:),o*Vu(r,m))go(r,x)d?rdx

Oa;j
=1 Ox; *

where A is a d-dimensional vector whose coordinates are defined by A; := 2 Z
Assumptions. We assume that there exist § > 0 such that

(H.10) H belongs to L2(R*, e%ldz; RY), that is [y, |H (2)]* e %ldr < cc.
(H.11) F(t,x,.,.) is continuous for a.e. (¢, x)

H.12) There exist M >0, K > 0 and n € L([0, 7] x R*, e~®#ldtdx: R.) such that,
n +
(y, F(t,z,y,2)) <n(t,x) + M|y* + K |y||2]  P—a.s.a.ete0,T].

T
(H.13) / / G (t,2,0,0)]> eFldtdr < co and there exist L >0, 0 <A <1, 0<
rF Jo

a; <1, and n € L@%([O,T] x RF e~%*ldtdr; R,) such that for every (¢, z, y, ¥/, 2, ') €
0, 7] x RF x (R%)? x (R¥T)2,
(Z) ‘G (t7 Ty Y, Z) -G (t7 xay/a Z,)|2 <L |y - y,‘2 + A |Z o Z/|2 :
(i) G(t,2,y,2)] <0/(t,x) + Lly|** + Alz|™

(H.14) There exists M; > 0,0 < a <2, o’ > 1and 7 € L¥([0,7T] x R*, el dtdx; R.)
such that

|F (¢, 2,y,2)| <t @) + M (Jy]" + [2]7).
(H.15) There exist r > 0 and M, > 0 such that, for every N € N* every (¢, z, y, ¢/, z, 2')
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satisfying

el lyl, V] ,]2],|2'| <N, we have
1
@—M,F@%yw%ﬁﬁﬂwhi»SAbng(N+ﬁy—dﬁ+w%®ngW—Mk—5L

It is well known that, under condition (3.12)), the forward SDE (3.8]) has a unique solution
X which is F/V-adapted. Therefore, according to Theorem [3.2.1} the BDSDE (3.9) has
a unique solution which is F;-adapted. The main result of this section is given by the

following theorem.

Theoreme 3.5.1 Let (H.10)-(H.15) be satisfied. Then, SPDE has a unique
Sobolev solution u such that for every t € [0, T,

u(s, X"y =Y and o*Vu(s, X0") = Z* for a.e. (s,w,x) in [t, T] x Q x R
(3.13)
where  {(X1*, Yie, Zb) [t < s < T} is the unique solution of the SDE-BDSDE (3.8)-

-9).

To prove this theorem, we need some lemmas. The following one can be found for instance

in [20,, 41, 42).

Lemma 3.5.1 Let X!*, 0 < s < T be the unique solution to SDE (@ Then there exists
a constant Ksr > 1, such that for any ® € L' (Q x RE, P®6_5|m|d:€)

K1 UR |<I>(x)|e_5|m|dx} <E UR |® (ng)\e—éfldx] < Ksr UR D ()] e—M'dx}

and for any ¥ € L! (Q x [0, T] x RF x P®dt® €*5|‘”‘dm)

T
Ksr [/ / (s,z)|ds e M'dx] <FE [/ / | (s, X1")| ds e“”xdx}
RF J¢
<K5T[// 3:L‘|dse5|“"|dx]
RF J¢

The following lemma can be proved by using the arguments we developed in the proofs of

Theorem B.2.1] and Theorem [3.2.2]
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Lemma 3.5.2 Assume (H.10)-(H.15) be satisfied. Let (X'*) be the unique solution
to SDE (3.8). Let (Y, Z'"*) be the unique solution to BDSDE (3.9). Let (F™) be a
sequence of functions associated to F as in Lemmal[3.4.1. For a fized n € N*, we denote
by (Y™ Zm5%) the unique solution to the following BDSDE:

T
Y;n,t,x — H(X;lx) +/ Fn(’l“, Xﬁ,x’ Y;n,t,az’ Z:”t’z)dT
T ’ - T
+/ G(r, XE* Yy 7m0 d B, — / ZmH AW, (3.14)
s t

Then,
(i) there exists K(T,t,.) € L'(e~°ldx) such that

T T
sup E {sup Y52 4 sup | Yo )2 +/ | Z™ 2 d s +/ \Z?’t’ﬂzds] < K(T,t,x) (3.15)

n s<T s<T

(i1) for every q < 2,

T
lim (E sup |YP* — Y|+ E/ |z — Zz’z\qu) = 0. (3.16)
0

n—-+00 0<s<T

Proof of Theorem The uniqueness of solutions follows from the uniqueness of
BDSDE . The proof of existence will be divided into four steps. Our strategy is to
build a sequence of SPDEs associated to the sequence (F™). We know from [50] that for
each n, the SPDE associated to F™ has a unique solution u". By passing to the limit, we
show that u := lim,,_.u" solves SPDE . To do this, we argue as in the proof of
Theorem [B.2.1]

Step 1. Approzimation of SPDE .

Let (F™) be the sequence of functions defined in the previous Lemma. For (¢, z) € [0, T| x

R* and n € N*, we define the functions ©v® and v" by
u™ (t,x) = Y, and " (t, ) = 2P

where (Y% 7™t ig the unique solution of BDSDE (3.14)).
Thanks to Theorem 4.5 of [57] (we can also use Theorem 2.1, p. 253 in [42]), we have
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V" (s,x) = (6*Vu") (s,z) and u" is a Sobolev solution to the following SPDE:

T
u™(s,z) = H () +/ {Lu™(r,z) + F"(r,x,u"(r,x),c*Vu"(r,z)} dr
(P(fnvg)> T S o
+/ G(r,z,u"(r,z),c*Vu"(r,x))dB,, t<s<T,

such that
(un(s, X5), 0"V, (s, XE%)) = (Y9, Z29) as.w, ae s€t, T), v € R* (3.17)

where (Y™4*  Z™5%) ig the unique solution of BDSDE (3.14)).

The uniqueness of u™ follows from the uniqueness of BDSDE (]3.14)).

Step 2. Convergence of the problem (PU"9)).

The limits which we will consider below hold along a subsequence. But for simplicity, this

subsequence will be also indexed by n. From Lemma and Lemma, we have

T
E/ / (Ju” (s,z)|* + [o" (s,m)|2) ds e lldy
Rk Jt
T
< K;p B U (Sup}Yt”’t’f”{an/ {Z;”’wfds) e“”xdx] (3.18)
: e t

< Kg% /Rk K(T,t,z) e”*leldy

< 00
Using (H.3), we get
|G (s, z,u™ (s, ), 0" (5,2))]> < 2|G (s,2,0,0)]> + 2L |u" (s, 2)|* + 2\ [o" (s, )|

Thanks to inequality (3.18)), we deduce that

T
E[/ / (1F" (5,2, 0" (s,2) , 0" (5,2))|* + |G (5,2, 0" (s,2) ;0" (s,2))]") ds e lda] < o0
RF Jt
(3.19)
Using Lemma [3.5.1], Lemma [3.5.2}(é¢) and the Lebesgue dominated convergence theorem,
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we show that for every ¢ < 2,

T
lim/ [u™ (s,2) —u™ (s,2)|" e *1¥ldz = 0
o Jre

n,m

n,m

T
lim / lo*vu" (s,2) — o*vu™ (s,2)|" el dz = 0
0 Jre

By Lemma and the fact that H is complete, it follows that there exists u € H such
that for every g < 2,

T
(i) lim/ " (s,2) —u (s, )| e °%ldz =0
mJo JRE
T
(7) lim / lo*vu" (s,2) — o*Vu (s, z)|Te21dz =0
" Jo JRk

T
(i4i)  sup u (s, )| e dz +/ / "V (s, )| e ®l*ldz < oo
0<s<T JRF o Jre

Step 3. We show that (s, X*) =Y: and o*Vu(s, X)) = Zb".

By triangular inequality, we have

T T
E/ / (Ju(s XL*) = YE"|)ds e lldr < E/ / (Ju(s XI7) —u(s X5")|)ds el dg:
rF Jo rF Jo

T
—l—E/ / (Ju"(s XL*) = YE*|)ds e Ol dy
r* Jo

Using Lemma and the the previous assertion (i), we show that the first term, in the
right hand side of the previous inequality, tends to 0 as n tends to co. Since u"(s X5*) =
Y 5* then we use Lemma (ii) and the Lebesgue dominated convergence Theorem to
prove that the second term also tends to 0 as n tends to co. This shows that w (s, X1*) =

Y. We shall prove that o*Vu(s, X5*) = ZL®. Again by triangular inequality, we have
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T
E/ / (lo*Vu(s XI7) — Zb*|)ds e”*1"ldx
Rk JO

T
< E/ / (lo*Vu(s XI") — o*Vu(s X57)|)ds e *Flda
Rk Jo
T
+E / / (lo*Vur(s Xi™) — Zb"|)ds e *1lda.
rE Jo

Using Lemma and the previous assertion (i7), we show that the first term, in the right
hand side of the previous inequality, tends to 0 as n tends to co. Since o*Vu™(s X5H*) =
Z™* then using Lemma [3.5.2}(i4), one can prove that the second term tends also to 0

as n tends to oco.

Step 4. We prove that u is a Sobolev solution to SPDE .

It was shown in step 2 that u belongs to H. So, it remains to prove that u satisfies the
definition [3.5.1] Let ¢ € C1>°([0,T] x R?). Since, for every n, u" is a Sobolev solution to
the problem (PU™9)), we then have

/Rk / r.) 220D yara + / (ralelra)ds = [ H@(Ta)ds

——/ / o u" rxagorxdrdx—// udiv[(b— A)|(r, z)drdx
Rk Rk

/Rk/ (r, @, u"(r,x),0"Vu" (r, z))o(r, x)drdz
+ /R k / G(r, z,u"(r, z), o*Vu(r, 2))o(r, 2)d B dz. (3.20)

Since ¢ € CH([0,T] x RY), beC? (Rk,Rk) and o €C} (Rk,Rk”), then clearly the

left hand side of the previous equality tends to the following quantity, as n tends to oo,

/Rk /Tu(r,af)M(r ﬂf)drdx+/ u(r, x)p(r, z)de — H( Yo (T, z)da

——//O'UTI rxdrdm—//udw [(b— A)e](r, z)drdz.
R¥ R¥

We shall compute the limit of the the right hand side. Arguing as in Proposition 3.1, we
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show that

. _
E / [F7 (s, X507, (5, X07) 0"V (s, X07) [ ds
0

T T 9 T 9
<C [1+E/ ﬁfds+E/ sup |V007| +E(/ |z ] ds)]
0 0 0<s<T 0

<.

where C’ is some constant which depends from 7, M;, o,  and T.

Since (u™(s, Xb*), o*Vu"(s, Xt*)) = (Y0e Z25%) and  (u(s, X5*), o*Vu(s, X5)) =
(YEh* Zt*), then using equality (3.16)) and arguing as in the proof of Theorem [3.2.1, we
get
T
limE/ |F™ (s, X07, u (s, X57) 0" Vu" (s, X")) — F (s, X5", u (s, X"), 0" Vu(s, X2)) | ds = 0.
" 0
Hence, according to the Lebesgue dominated convergence theorem, it follows that

T
E/ / |F” (S,Xﬁ"”, u"” (S,Xz’r) ,a*Vu”(s,Xﬁ"”)) - F (S,X;’x, U (S,Xz’x) ,U*Vu(s,Xz’m)) } ds el
0 JRE

tends to 0 as n goes to infinity.

We use Lemma [3.5.1] to show that
T
limE/ |F™ (s, 2, u"(s,z), 0*Vu"(s,x)) — F (s, z,u(s,z),0*Vu(s,z))| ds e °Fldz =0,
" 0 JRk
which implies that the first term in the right hand side of equality (3.20]) satisfies:

n—o0

T
lim/ / F*(ryz,u™(r,x), o*Vu"(r, x))e(r, z)drdx
RE Js

_ /R k / " R u(r. ). 0"Vl 2))o(r, 2)drd.

It remains to compute the limit of the second term in the right hand side of equality .
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Arguing as in the proof of Theorem [3.2.1 we show that

T
/ [Gs, X%, u(s, X1), 0"V (5, X0%)) — G(s, X%, u(s, X1¥), 0" Vs, X)) B,
0

tends to 0 in probability.

Clearly, the function

O(x) ::/ (G(r,z,u"(r,x), 0" Vu"(r,z)) — G(r,a:,u(r,x),J*Vu(r,x))]gp(r,x)e‘”x‘dgr

belongs to L'(R*, e~dlzl).

Hence, using Lemma, we get, for every s € [0, T1,

/Rk E| /T [G(r,z,u"(r,z),d*Vu"(r,x)) — G(r,z,u(r,z), 0" Vu(r, )] ¢(r, x)eamd‘gr‘e—wdx

<5 [ 8] [ 100 X0 X190 X)) — Gl X X2, 07Vl X))
o(r, Xﬁ’x)e‘”X’t“””\d(Er|e‘5|“”‘dw

<K | B / ' [G(r, X1, Y0 200y — G, X2, Y00, Z6) ] o(r, X09)e P10 B e da

Rk
=1,.

We shall show that I,, tends to 0 as n tends to oo.

Since,

T
sup | / (G (r, X17 Y40, 200~ G r, X2, Y%, 260 o(r, XE7)e P 1d B, [* < oo and
T

(G(r, XE5, Y00, 2007y — G(r, XE5, Y0, Z85)] e(r, Xﬁ’z)e‘ﬂxﬁyz'dgr tends to 0 in
pff"obabz'lity,

it follows that
T tx) —
lim E| / [G(r, XEo, Yooy Zmbey — Gr, XE7, Y0, Z07) ] o(r, XE7)e X 1d B, | = 0

Therefore, according to the Lebesgue dominated convergence theorem, we deduce that I,

tends to 0 as n tends to co. Theorem is proved.
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Chapter 4

Existence of optimal relaxed control
for systems driven by backward

stochastic differential equations

(BSDE’s)

Stochastic control problems is a mathematical description of how to act optimally to min-
imize a cost or maximize a gain function, the control process is a progressively measurable
process on the space (Q, F, (]:t)te[o,T] ,P> , A-valued where A is a compact metric space,
the existence of optimal strict control can be proved under some convexity hypotheses,
since no convexity assumptions are made, the problem reformulated in the larger or re-
laxed space, by replace the A-valued process u; with P (A) valued process (¢;), where
P (A) is the space of probability measures equipped with the the topology of weak conver-
gence. We denote by V the set of probability measures on [0, 7| x A whose projections on
[0, 7] coincide with the Lebesgue measures. Stable convergence is required for bounded
measurable function @ (¢,a) such that for each fixed ¢t € [0, 7] ® (¢, a) is continuous.
With this weak topology, V is compact and metrizable space.

In this chapter we aim to establish the existence of optimal relaxed controls for system

driven by the following BSDEs

T T
Y, =¢ +/ /Af (s, Xs,Ys, Zs,a) (qs) (da) ds — / ZsdW (4.1)
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where the generator f (¢, z,vy, z) is affine with respect to z, and satisfies a sublinear growth
condition the optimal control is defined on an extended probability space with the help of
Young measures on the space of trajectories, Young measures were introduced in [19, [30),

506], here the solution satisfies

T T
Y;f = € + / /Af (8, Xsa Y:;: Zsa CL) <QS) (da) dS - / stWs - (LT - Lt)

where L is a martingale orthogonal to W.

The expected cost is of the form

J(q)=E(/OTAh<s,Xs,m,zs,a>qt<da>dt+z<yo>).

The chapter is organized as follows. In Section 1, we introduce the problem and some
assumptions. Section 2 is devoted to the study of the approximating controls, then we
prove the tightness results of the approximating sequence, then passing the limit using the

prohorov cretirion for Young measures. Section 3 we give the proof of the main theorem.

4.1 The setting and its assumtions

For a given finite time horizon [0,T], let W = (W;),co 7 be a standard brownian mo-
tion with values in R™ defined on some complete probability space (Q, F, (]:zf)te[o,T] ,P) ,
(Ft)iejory 1s the augmented natural filtration of a Brownian motion W which satisfies the
usual conditions, and F = Fr.In this chapter, we prove the existence of optimal relaxed

controls to the following BSDE

vimer [ [ 16Xz @) s [ zaw,

Here the process X; is (F;)-adapted and continious with values in a separable metric space
M, Y and Z are square integrable adapted processes defined on R? and L respectively,
where LL is the space of linear mappings from R™ to R¢, we require the process (¢;) to be

P (A)-valued.

Definition 4.1.1 A relxed control C is a term (Q, F, Fy, P,q, Wy, Xy, Y3, Zy) such that:
(1) (Q, F, Fi, P) is a probability space equipped with a filtration satisfing the usual coditions.
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(2) q is a V-valued random variable, adapted (i.e. for each t, 1j04q is Fi-measurable.

(3) Wy is a (Ft, P)-Brownian motion and (Wy, Xy, Y}, Z;) satisfies BSDE(1)) .
Let us assume the following conditions:

(A7) the measurable mapping
f:00,T] x MxR? x L x A —R?

is continuous with respect to (x,y,u) and affine with respect to z ie: f (¢, z,y,z,u)

has the form

f(87$,y,Z,U) = fl (S,I,y,U) +f2 (8,37,'!})2’
where f; and f; are bounded and continuous in (z,y) and are lipschitz in y.
(A2) the measurable mappings

h:[0,7] x MxR? x L x A —»R
I:RY >R

are continuous in (z, y, u) uniformly in (¢, a) and affine with respect to z i.e: h (¢, x,y, z,u)
has the form

h(S,.I‘,y,Z,U) = hl (8,$,y,U) +h2 (37$ay>2

where hjand hsy are bounded and continuous in (z,y) and are lipschitz in y uniformly

in (t,a).

In the sequel
Let Dga ([0,T]) be the Skorokhod space of cadlag functions from [0, 7] into R?.
Let H =L2 ([0, 7)) and let H, be the space H endowed with its weak topology.

4.2 Construction of a weak solution

Theoreme 4.2.1 Assume that conditions (A1) and (As) are satisfies. Then the BSDE
has an optimal relazed control.
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Let (¢"),o be a minimizing sequence for the cost function J (g), that is:

lim J(¢") =inf{J (¢);q € R}.

n—oo

Let (X,Y™, Z") be the unique solution of BSDE
T T
ve—ge [ [ rexarzia@ ads- [ zav, @
¢ Ja ¢

4.2.1 Tightness Results
The following lammas of the tightness will be useful to our future discussion.

Lemma 4.2.1 Let (X,Y™, Z™) be the unique solution of BSDE. There exists a positive
constant C' such that

T
supE ( sup Y[ —|—/ |Z;l|2d8) <C (4.3)
n t

0<t<T
Proof. Applying Ito’s formula to the semi-martingale |Y;"|*, we get
T T
Yep e [ 1zt s = ez [ Vs XV 22 ) da)ds
t t A
T
—2/ Y Zrdw,
t
T
<l 2 [ ey 2 ¢ o) ds
t Ja
T
—9 / Y Zrdw, (4.4)
t
we have from (4.4)
T
BL[ |22 ds < E[ )
t
T
cam[ [ [ WL XY 22l (da) ds
t Ja
observe that (Ay) also implies
T T
28 [ VLIS (X0 Y2 200 g da) ds < 2K B[ V7 (14|22 ds
t A t
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Using that, Va > 0,0 >0and e #0, 2ab < a’e? +b?/e?, we get

T T
2 K E[/ Y2 (1+ |27 ds < 52KE[/ V7P ds + (T — t) K /&2
t

t

T
+ K/eZE[/ 127 ds (4.5)
t
taking €2 > 2K implies

T T
(1-K /<) E[/ 20 ds < B[ ¢+ K (T/eQ +52/ VP ds )
t t
T T
E[/ |Z"? ds < Cy + C’gE[/ Y% ds
t t
where ' and (5 are positive constants, for ¢ = 0 we get
T T
E[/ 1Z"ds < Cy + CQE[/ 1Y% ds (4.6)
0 0

The expression (4.4]), (4.5) and the application of Burkholder-Davis-Gundy provides

T
E[(sup |m2) < E[|¢ + K E[/ Y ds+ T K /e

0<t<T ¢

t

1
T T 2
+K/52E[/ yzg|2ds+CE[(/ |}f:|2.\zg|2ds>
0
T
< B¢ 4’ K E[/ sup |Y7|> ds + TK /<
0 s

1
+ —E[ ( sup |§/1;”\2>

2 0<t<T
02 2 g n|2
+ 7+K/E E[ |Zs|d8
t

were we have used the inequality ab < a?/2 + b*/2,we obtain

1 T
38 (s 1V0) < BLIR + 2K B[ [ suplyeas + 7/
0o ¢

0<t<T

02 T
+ 7+K/€2)E[/ 127 ds
t
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the proof follows by Gronwall’s lamma and the expression (4.6))
f3[(sup\Y?72) <.
t
]

Lemma 4.2.2 Let (X,Y™, Z™) be the unique solution ofBSDEThe sequence <Y”, /.Z"dWS)
0
is tight on the space Dga ([0, T]) x Dra ([0,T]) endowed with the S-topology.

)

where the supremum is over all partitions of the interval [0,77]. Clearly

Proof. We define the conditional variation by

V(") = suw B (Z & (v, i)

T
vy < B[ [ 15X 2ol @
< sng[ {/0 /A|f (s, X, Y, Z7 a)| 7 (da) ds}
T
< supE| (/ K(1+127|) ds>
n 0

T 1/2
T-WEK/\&W@)
0

< supkK

< 400

and it follows from (4.3) that

sup <Vt (Y™) + sup E[Y")* 4+ sup E

n 0<t<T 0<t<T

t
/ Z"dW
0

hence the sequence <Y”, / Z”dWS) satisfy Meyer-Zheng tightness criterion for quasi-
0

) < 00 (4.7)

martingales [45].

Lemma 4.2.3 Let (X,Y", Z") be the unique solution of BSDE [{.3. The sequence (Z")
18 tight in H,.
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[ ]
Proof. The closed balls are compact in H,, and we have by lemma that,

P (1212 R < swp g [ 120 0
" n 0

— 0 when R — oo .

Lemma 4.2.4 The family of relaxed controls (q™) is tight in V.

Proof. [0,T] x A being compact, then by Prokhorov’s theorem, the space V' of probability
measures on [0,7] x A is then compact for the topology of weak convergence. The fact
that ¢, n > 0 is a random variable with values in the compact set V' yields that the family
of distributions associated to (¢"),, is tight. =

Now let us construct the extended probability space:

Folloowing the terminology of [22]. Let D be the Borel c—algebra of D and, for each
t € [0, 7], let D; be the sub-c-algebra of D generated by Dga [0, 7], let H denote the Borel
o—algebra of H, and, for each t € [0,T1], let H,; be the sub-o-algebra of H generated by
H,,let V be the Borel o —algebra of V and, let V, be the sub-g-algebra of V generated by
V.

We define a stochastique basis (Q, F , (.7:" )t , ,u) by

A

D=0xDxDxHxYV,
F=FQDRDIHRV,
ﬁt = ft®Dt®Dt®Ht®Vt;

and a probability measure p on (Q, F ) is Young measure defined by:
VAe Fu(AxDxDxHxV)=P(A)

The space of Young measures with basis P is denoted by Y (Q, F, P; D, x Dy x H,xV),
thanks to previous lammas, we have that the sequence (Y™, M"™ Z™ ¢") is tight in D, x

D, x H, xV, then by Prohorov’s compactness criterion for Young measures [[30] Theorem
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4.3.5], we can extract a subsequence of (Y™, M™ Z" ¢q"), we denote this extracted sequence
by (Y™, M™ Z™ ¢") which converges stably to a Young measure ;1 € ), that is, for every
measurable bounded mapping © : Q x D, x Dy x H,xV — R such that © (w, ., .,.,.) is

continuous for all w, we have

lim [ ©(w,Y" (w),M" (w),Z" (w),q" (w))dP (w) (4.8)

n—oo Q

:// O (w,y,m,2,q) dp, (y,m, z,q) dP (w)
Q JDsgxDgxH,xV

~

We define the process (Y, M, Z, Q) on by

~

Y (w,y,m,2,q) =y, M (w,y,m,z,q) =m

Z(wyym, 2,q) =2, §w,y,mz2q) =q.

we have <1A/, M, Z, Q) is (ﬁt>—adapted. The random variables (Y™, M", Z" q") can be

seen as random elements defined on (), using the notations, for n > 1:

Y™ (w,y,m,z,q) =YY" (w),

M" (w,y,m,z,q) == M" (w),

Z" (w,y,m,z,q) == 2" (),
) =¢q" (W),

¢" (w,y,v,2,9) = q" (W)
Furthermore, (Y, M"™ Z" q") is <.7:"t>-adapted for each n.
t
We denote M;* = / ZdWs.
0

Lemma 4.2.5 The process M is a martingale with respect to <Q, .7:", (ﬁt> ,,u).
t

Proof. in order to prove that £ (Mt+s / ft) = Ms, we only need to show that, for each
bounded F;-measurable ® : ) — R such that @ (w, .., .,.) is continuous for all w € ), we

have
E (<I> X MHS) —E (@ x Mt>
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the mapping g, : D — R? defined by g, (m) = m (r) is not continuous for the topology S,
r+6
but g.s (m) = 3 / m (r)ds is S-continuous and %iH(l)gr’g (m) = g, (m), and we define

© (w7 y,m, z, G) = (wa y,m,z, CL) (gt+s,6 (m) — Ot,6 (m>> .

by lamma m, the sequence (O (w, Y™, M"™, Z",a)) is bounded in L2, (), then it is
uniformly integrable. By lamma 3.12 in [22] to the integrand © we get

1 t+s+6 . 1 t+6 R
E (CID X (—/ M, du — —/ Mudu)>
5 t+s 5 t

= // (b(w?yamVZ?q) (gt+55 _gt(5> (m) d,uw (y,m z Q) dP (L«.})
QJ DxDxHxV

t+0
= Jim [ @076 076,27 )" D [ (M ()= 37 ) P 0
n—oo Q
=lim [ ®(w,Y" (w), M" (w),2Z" a) E* (% U+S—M”)du)dP
n—oo QO
= 0.
then

E (<1> x (MHS — Mt>)

1 [rsts 1 [t
=limFE | & x —/ M,du — —/ M, du =0
00 0 Jirs 0J

by boundness of (MS> in L2, (Q, F, u) .

0<s<T

Lemma 4.2.6 The process W is an (.7%) -standard Brownian motion under the probabil-
wy L.

[

Proof. We set W (w,y,m, z,q) = W (w). By Balder’s result on K-convergence [17, [1§],

which is valid for Hausdorff spaces whith metrizable compact subsets [[30], Lemma 4.5.4],

each subsequence of (Y MOz q(”)) contains a further subsequence (Y("k), M) 7 (w), q("k))
which K-converges to p, that is, for each subsequence (Y(”%),M <”;€>,Z (”%),q(”w) of

(Y0, 2, Z6)_ ) | we have

1 = .€.
15%25( %) D) TH

@M (") ), 2(7%) () ("
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where (ym,.q denotes the Dirac measure on (y,m,z,q), we thus have for every B €
D,@D;@H;®V; the mapping w —— p, (B) is Fi-measurable. Now we check that W has
independent increments under p. Let ¢ € [0,7], and let s > 0 such that ¢ + s € [0,7T] .Let
us prove that, for any A € F, and any Borel subset C' of R™, we have

(AN {Weps =Wy € C}) = p(A) p{Wis — W € C}
Let B ={w € Q; Wi s (w) — Wi (w) € C'}. We have
p(AN(BxDxDxHxYV))
:/ 1a(w,y,m, z,q) 1p (W) du (w,y,m, z,q)
QAxDxDxHxV
:/Quw(lA (@, s ) 1 (@) dpt ()
~ [ i ) P ) P (B)
=pu(A)p(BxDxDxHxV),
which proves. Thus W, — W, is independent of (.7:"t> . n

Lemma 4.2.7 Let L be the space of linear mapping from R? to R! for some | > 1.Let
k:[0,T] — L be a continuous function. For each t € [0,T], the mapping

D, x D, x H,xV —R!

U - t
(WMHAAMwa®w®M%®MM%

15 sequentially continuous.

Proof. We have y, converges to y in D in particular y, (s) converges to y, (s) for

a.e.s € [0,7T]
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2, converges z in H,, and sup ||z,||; < +o00 and ¢, converges stabky to ¢ in V,
n

yn, Zny Qn) -V (ya < Q)|

(8)Yn (8), 20 (5),a) g5 (da)ds

_/ /k(S) F(s,z(s),y(s),z(s),a) ¢ (da)ds

(fi(s,2(s) yn (), 0) ¢f (da)ds + fo(s,2(s),yn () 20 (5)) ¢¢ (da) ds

/ / (1 (5.2 ()9 (5) a) o (da)ds — fa (s, ()9 (5)) 2 () gs (da) ds

<Li(n)+I(n)+ I3(n).

where

un):// ) (5.2 (5) yn (), a) ¢ (da) ds — /Ak(s> fi(5,2(5),(s) a) ¢ (da)ds

12<n>:// ) fi(5.2(5) (s a) g7 (da)ds — /j(s) fi(5.2(5),y(s)0) g (da)ds

13<n>:/0 (5) f2 (5,2 () 9 (5)) 2 () ds — | K (5) fo(s.2(5) .y () 2 () ds|.

The Cauchy-Schartz inequality gives

n>s(/0t|k<s>|2ds) (/Ot/Alfl(S’x(S),yn(S),) Fu (5,2 () y () ) (da) d )/

f1 is Lipschitz in y

n>s(/0t|k<s>|2ds) (/ryn - rds)m.

there exists a subsequence y,, (s) of y, (s), still denoted y,, (s), which converges to y (s)
(.p.s and allows us to show that I; (n) converges to 0 by the dominated convergence
theorem.

Now we shall prove that I5 (n) converges to 0,

The function (s,a) — k (s) f1 (s,2 (s),y (s),a) is bounded measurable in (s,a) and con-

tinuousin a, then from the stable convergence of ¢ to ¢;, we get I (n) tends to 0.
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It remaints to prove that I3 (n) tends to 0 as n tends to oo.

I3 (n) = /0k(S)-(fz(S,x(S),yn(S))—fz(s,x(S),y(S)))zn(S)ds

b [ Tl () 00 () = =)

1/2

sgw%m(AWM$Hh@w@»%@»—ﬁ@w@»ﬂ@wmﬁ

+Ak@ﬁmﬂwmmw@%dm%

which converges to 0.

T
Lemma 4.2.8 The sequence </ /f (s, X, Y, Z7 a) ¢ (da) ds) converges in law to
t Ja
T A A A
([ [ (550 2a) dctamyas )
t Ja
Proof. we consider the bounded continuous funtion ¥ : R — R and we define © by:

D, x D, x H,xV — R
O: T
(:E,y,z,a) — \I/ (/ /f (379337937%’@) qs (da) dS)
. A

the function © is sequentially continuous, then from the F-stable convergence of (X, Y™, Z" ¢"),
T
ImFE [© (X, Y", Z" ¢")] = limE\Il/ / f(s, X5, Y, Z2, a)q} (da) ds

T
:E\I!/ /f(s,Xs,ffS,Zs,a) g, (da) ds
. A

=p(9).

Now we are ready to give the proof of the main result
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4.3 Proof of the main result: theorem (4.2.1

Proof. Let a« =inf{J(q);q € R}, where

J(q)=E(/OT/AMs,XS,n,ZS,a)qs<da>ds+za/o>)

Let (¢"),~o be a minimising sequence for the cost fuction J (¢), that is, lirf J(q") =
- n—-+0oo

«, where (X,Y™, Z") is the unique solution of BSDE (4.2), from lamma M is a

martingale with respect to (Q, F , (]:' t) , ,u) . Therefore by the martingale decomposition
A t

theorem, there exist a process Z € L* (¢, T,1L) such that

t
Mt:/ZSdWS+Lt
0

where L is martingale orthogonal to W.

Using previous lemmas of tightness and passing to the limit, we can show that the BSDE

(4.2) converge in law in Dy to
A T N R T R . X
Y;:g_'_/ /f(S’XS7Y;7ZS’a> st(da)ds—/ stWs+Lt—LT
t Ja ]

Now we prove that ¢ is an optimal control.

we consider the bounded continuous funtion ¥ : R — R and we define © by:

D, x D, x H, xV — R
O: T
(x,y,2,a) — U (/ /h(s,XS,YS,ZS,a) qs (da) ds)
o Ja

According to assumption (Ay) and from the F-stable convergence of (Y™, Z", ¢") to
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(Y, 7 , é) we have

infJ (¢) = lim J (¢"),

qER n—00
T
= lim F {\If/ / his, X, Y, Z7 a)q; (da)ds + 1 (Yy")
e 0 JA
T
= lim U h(w,s, Xs(w),Y (w),Z" (w),a)qr (w)(da)ds
n—oo Jo 0o Ja

+ (YY) (w))] dP (w)

//]D)XH]JXHXV [ / / w,s,x(s),y(s),z(s),a)qs(da)ds

+ (yo)l dpp (w, 2, , 2, q)
T

_B {\1;/ /h <s,Xs,Y;,Zs,a> G, (da) ds + 1 (1@)} .
0 A

which implies that ¢ is a relaxed optimal control. The proof is now complete. m
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