République Algérienne Démocratique et Populaire
Ministere de I’Enseignement Supérieur et de la Recherche Scientifique
UNIVERSITE MOHAMED KHIDER, BISKRA
FACULTE DES SCIENCES EXACTES ET DES SCIENCES DE LA NATURE ET DE LA VIE

DEPARTEMENT DE MATHEMATIQUES

THESE DE DOCTORAT EN SCIENCES
Option: Mathématiques

Abdelmadjid Abba

Titre

Sur le principe du maximum stochastique de presque

optimalité et applications

Sous la direction de

Dr. Mokhtar Hafayed, MCA, Université de Biskra

Membres du Comité d’Examen

Dr. Naceur Khelil, MCA, Université de Biskra, Président

Dr. Mokhtar Hafayed, MCA, Université de Biskra Rapporteur

Prof. Dahmane Achour, Prof. Université de M’sila Examinateur

Dr. Khalil Saadi, MCA, Université de Msila Examinateur

Dr. Boulakhras Gherbal, MCA, Université de Biskra Examinateur

Dr. Abdelmoumen Tiaiba, MCA. Université de M’sila Examinateur
2016



I dedicate this work in memory of my mother Khadidja Bourdy:

and my father Moussa.

To my famaly.




Acknowledgments

I would like to express my deepest gratitude to my advisor Dr. Mokhtar Hafayed not
only because this work would have been not possible without his help, but above all because

in this years he taught me with passion and patience the art of being a mathematician.

I would like to express my sincere thanks to Dr. Naceur Khelil because he agreed to

spend his time for reading and evaluating my thesis.

I thank Professor Dahmen Achour (M’sila University) , Dr. Abdelmouman Tiaiba (M’sila
University) and Dr. Khalil Saadi (M’sila University) because they agreed to spend their time
for reading and evaluating my thesis and for their constructive corrections and valuable

suggestions that improved the manuscript considerably.

I thank Dr. Boulakhras Gherbal because he played a fundamental role in my education

and he was always ready to help me every time I asked.

I thank all my colleagues of the Mathematics Department, specially Dr. Badreddine
Mansouri and Nacira Agram, and all my colleagues of Economics department of Biskra

University.



Contents

[Remerciements| 2
1__Stochastic Control Probleml 2
(.1 Stochastic Processes|. . . . . . . ... .. ... ... .. .. ... .. 2
[1.2 Lévy process| . . . . . . . . . . ... e e 4
(1.3 Stochastic integral with respect to Lévy process| . . . . ... ... .. )
(1.4 Some classes of stochastic control problems| . . . . . . ... ... ... 10

2 On Stochastic Near-optimal Control Problems for Mean-field Jump Diffu- |

L__sion Processes| 14
2.1 Introductionl. . . . .. . .. . .. 15
2.2 Problem formulation and preliminaries| . . . . . . . ... ... ... .. 19

[2.3 Necessary conditions of near-optimality for mean-field jump diffu- |

[ SION PIrOCESSES| . . « « ¢ v v v v v e e e e e e e e e e e e e e 25

[2.4 Sufficient conditions of near-optimality for mean-field jump diffusion |

[ PrOCESSES| . . . . . o o i e e e e e e 45

[2.5 Application to finance: Parameterized mean-variance portfolio se- [

[3 On Mean-field Partial Information Maximum Principle of Optimal Control |




|Sympols and acronyms

[ for Stochastic Systems with Lévy Processes 69
3.1 Introductionl. . . . . . . . . ... 70
[3.2  Assumptions and Statement of the Control Problem| . . . . . . . .. 74
(3.3 Partial Information Necessary Conditions for Optimal Control of |

[ Mean-field SDEs with Lévy Processes|. . . . . ... ... .. ... ... 78
[3.4 Partial Information Sufficient Conditions for Optimal Control of [

[ Mean-field SDEs with Lévy Processes|. . . . . . .. ... ... ... .. 83
[3.5 Application: Partial Information Mean-field Linear Quadratic Con- |

[ trol Problem| . ... ... .. .. ... 87
3.6 Conclusions| . . .. ... .. ... .. 91

[4  On optimal singular control for mean-field SDEs driven by Teugels mar- |

|  tingales measures under partial information| 93
4.1 Introductionl. . . . . . . ... o 94
[4.2  Formulation of the problem!| . . . . . . .. ... ... ... ... ..... 97
[4.3  Necessary conditions for optimal continuous-singular control for mean- |

| field SDEs driven by Teugels martingales| . . . .. ... .. ... ... 105
[4.4  Suflicient conditions for optimal continuous-singular control for mean- |

[ field SDEs driven by Teugels martingales|] . . . .. ... ... ... .. 110
[4.5 Application: continuous-singular mean-field linear quadratic control |

[ problem with Teugels martingales, . . . . . .. ... ... ... ... .. 117
[4.6  Some discussion and concluding remarks| . . . . . ... ... 000 122




Sympols and acronyms

SYMPOLS AND ACRONYMS

a.e almost evrywhere

a.s almost surly

cadlag continu & droit, limit & gauche

e.g for example

resp. respectively

R real numbers

R, nonnegative real numbers

o(A) o—algebra generated by A.

(Q,F) measurable space

(Q, F,P) probability space

E(-) expectation

E(-]G) conditional expectation

O (e) error bound.

W (t) Brownian motion

L%([s,T], R") the Hilbert space of F;—adapted processes z(-) such that E fST lz(t)]” dt < +o0
fa the gradient or Jacobian of a scalar function f with respect to the variable x.
fox the Hessian of a scalar function f with respect to the variable x.
o, f the Clarke’s generalized gradient of f with respect to x

A* the transpose of any vector or matrix A

(x,y) the scalar product of any two vectors x and y on R?

15 the indicator function of B

co (B) the closure convex hull of B

Sgn(.) the sign function.

L() = (L(t))te[O,T]

R-valued Lévy process

H(t) = (Hj(t))jzl

Teugels martingales




Sympols and acronyms

P&dt the product measure of P with the Lebesgue measure dt
12 (R") the space of R™-valued (fy),~1, [>oney anHén}% < 400.
1% ([0, T] ; R™) the Banach space of F;-adapted proc B <fOT 2(t)[2n d75>é < 400.
L2 ([0, T];R"™) the Banach space of F;—predictable proc [ (fOT S N fullzn dt); < 400.
SZ ([0, T]; R™) the Banach space of F;—adapted and cadlag processes
such that E(sup |z(t)[]*)2 < +o0.
L2 (Q,F,P,R") the Banach space of R"-valued, square integrable r.v on (2, F,P).
M (R) the space of n x m real matrices.
FY the o—algebra generated by W (s) and o {W(s):0 < s <t}.
Go the totality of P—null sets.
F1V F the o-field generated by F; U Fs.

Ag(t) = &(t) — £(t-).

the jumps of a singular control £(-) at any jumping time ¢.

ODE ordinary differential equations

SDFEs stochastic differential equations

BSDEFEs Backward stochastic differential equations
FBSDEs Forward-Backward stochastic differential equations

U < Us ([0, T])

the set of admissible controls.




Introduction

INTRODUCTION

In this thesis, we study stochastic control problems, where the system is governed by
stochastic differential equations of mean-field type. The main part of the thesis is divided in

fort chapters.

In chapter 1., we collect some basis results of probability theory and stochastic analysis
in particular, we recall some basic proprieties of conditional expectation ,class of controls ,

martingales... .

In chapter 2., we establish the necessary and sufficient conditions of near-optimality for
systems governed by stochastic differential equations with of poison jumps mean-field type.
The results have been proved by applying Ekeland’s Lemma, spike variation method and some
estimates of the state and adjoint processes. Under certain concavity conditions, we prove
that the near-maximum condition on the Hamiltonian function in integral form is a sufficient
condition for near-optimality. An example is presented to illustrate the theoretical results.
These results generalize the maximum principle proved in Zhou (SIAM. Control Optim. (36),
929-947, 1998 [45]) and Tang and Li (SIAM. Control Optim. (32), 1147-1475, (1994) [40])
to a class of stochastic control problems involving jump diffusion processes of mean-field type.
We note that since the work by Zhou [45], the concept of near-optimal stochastic controls was
introduced for a class of stochastic control problems involving classical stochastic differential
equations (SDEs). A near-optimal control of order & is an admissible control defined by

For a given € > 0 the admissible control u®(-) is near-optimal with respect (s, () if
|75 (W) =V (5,0)| <O (),

where O (+) is a function of € satisfying lim._o O (¢) = 0. The estimator O (¢) is called an

error bound.
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e If O(e) = C&* for some A > 0 independent of the constant C' then u®(-) is called

near-optimal control of order £*.

e If O (¢) = C¢, the admissible control u°(-) called e—optimal.

In this chapter, we obtain a Zhou-type necessary conditions of near-optimality, where the
system is described by nonlinear controlled jump diffusion processes of mean-field type of the

form

dx"(t) = f(t,z"(t), B (z*(t)),u(t))dt + o(t,z"(t), B (x“(t)) , u(t))dW (t),

and the cost functional has the form

T

J (u(-)) =E [h(z“(T),E (z*(T))) +/ O(t, x"(t), B (x"(t)) ,u(t))dt| .

S

The control domain is not need to be convex. (a general action space). The proof of our
results follows the general ideas as in Zhou [45], Buckdahn et al., [5], and Tang et al., [40].
Finally, for the reader’s convenience, we give some analysis results used in this chapter in the

Appendix.

In chapter 3., In this chapter, we study partial information stochastic optimal control
problem of mean-field type, where the system is governed by controlled stochastic differential
equation driven by Teugels martingales associated with some Lévy process and an independ-
ent Brownian motion. We establish necessary and sufficient conditions of optimal control for
these mean-field models in the form of maximum principle. The control domain is assumed

to be convex. As an application, partial information linear quadratic control problem of
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mean-field type is discussed, where the optimal control is given in feedback form.
The system under consideration is governed by stochastic differential equations driven
by Teugels martingales associated with some Lévy process and an independent Brownian

motion of the form:

dz(t) = f (t, z"(t), B(z*(t)), u(t)) dt + Zoj (t, z(t), B(av(¢)), u(t)) dWi(t),

+Zgﬂ (t,z(t-), B(a™(t-)), u(t)) dHI(t),
2*(0) = wo,

and the expected cost on the time interval [0, 7] has the form

7 (u) =B [ 6(t."(0), B (0) u()derh (1), B (1) .

where W (-) is a standard d—dimensional Brownian motion and H(t) = (H’(t));,, are pair-
wise strongly orthonormal Teugels martingales, associated with some Lévy process, having
moments of all orders. The control u(-) = (u(t)):>o is required to be valued in some subset
of R* and adapted to a subfiltration (G;)i>o of (F;)i>0. The maps f,0,9,¢ and h are an
appropriate functions. In this chapter, we derive a partial information maximum principle
for stochastic differential equations, with Lévy processes. Necessary and sufficient conditions
of optimality have been established with an application to finance. Some discussions with
remarks are given in the last of this chapter.

In chapter 4., we prove a necessary and sufficient conditions of optimality singular control

for systems driven by stochastic differential equations with Teugels martingales associated

10
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with Lévy processes with applications to linear quadratic control problem of the form:
d
dx(t) = f (¢, a5 (t), Ba"4 (1)), u(t)) di + > o7 (t,2(t), Bz (1)), u(t)) dWI(t),
j=1

+Zgj (t, a4 (), B2 (t2)), u(t)) dH (t) + C(t)dE (1),

z%4(0) = w,

\

and the cost functional has the form

Fh(@4(T), B S(T) + [ M)},

[0,7]

where W(-) is a standard d—dimensional Brownian motion and H(t) = (H’(t)),, are pair-
wise strongly orthonormal Teugels martingales, associated with some Lévy processes, having
moments of all orders, and £(-) is the singular part of the control, which is called intervention
control. The continuous control u(-) = (u(t));>o is required to be valued in some subset
of R* and adapted to a subfiltration (G;);>0. In some finance models, the mean-field term
E(xz"4(t)) represents an approximation to the weighted average = > | x%%(t) for large n,
&(t) representing the harvesting effort, while C(t) is a given harvesting efficiency coefficient.
As an illustration, linear quadratic control problem of mean-field type involving continuous-
singular control is discussed, where the optimal control is given in feedback form. Note that
in our mean-field control problem, there are two types of jumps for the state processes, the
inaccessible ones which come from the Lévy martingale part and the predictable ones which

come from the singular control part. Finally, some discussions with concluding remarks are

given in the last of this chapter.

11
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Chapter 1

Stochastic Control Problem

1.1 Stochastic Processes

Definition. (Filtration) A filtration on (€2, 7, P) is an increasing family (73),(o 71 of o —fields
of F: F,CF, C Fforall0 <s <tT.F isinterpreted as the information known at time ¢
and increases as time elapses.

In this section we recall some results on stochastic processes.

Definition 1.1.1. Let I be a nonempty index set and (€2, 7, P) a probability space. A family
(X, t € I) of random variables from (92, F,P) to R™ is called a stochastic process.For any
w € ), the map t — X (w, t).is called a sample path.

In what follows, we set [ = [0,7], or I = [0,00). We shall interchangeably use (X;,t € I),
X, X, to denote a stochastic process.

For any given stochastic process (X;,t € I), we can defined the following

A
Ftl (fL‘) = ED()(151 S xl)v

yAN
Ftl,,tQ (331,1'2) =P (Xt1 < xlath < 1'2)

A
Ftl,,tQ...,tn (wl, $233n) =P (th < 3?17Xt2 < Z9, ---th < fL’n) s

where t; € I, x; € R", and X; < z; stands for component twice inequalities, the functions
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define F' are called the finite-dimensional distributions of the process X;.
Definition 1.1.2.(stochastically equivalent) Two processes X; and Y; are said to be stochastic-

ally equivalent if

X, =Y, P—as, Vt€][0,T].

In this case, one is called a modification of the other.
If X; and Y; are stochastically equivalent ,then for any ¢ € [0,7] there exists a P -null set
N; € F such that

X, =Y, YweQ|N,.

Example Let Q = [0,1],7 > 1, P the Lebesgue measure, X (w,t) = 0, and

0, wH#t,
Yy (w) =
1, w=t.

Then X; and Y; are said to be stochastically equivalent. But each sample path X (.,¢) is
continuous , and none of the sample paths Y; (., w) is continuous. In the present case, we

actually have

U V=1=0

te(0,t]

Definition 1.1.3. The process at s € [0, 7] if for any € > 0
}tim]P’(w € QX (w) — Xs (w)| >¢) =0.

Morover, X; is said to be continuous if there exists a P -null set N € F such that for any
w € Q| N ,the sample path X (-,¢) is continuous
Then X; and Y, are said to be stochastically equivalent. But each sample path X (-,t) is

continuous ,and none of the sample paths Y; (-, w) is continuous .
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In the present case, we actually have

UNt 0,1] = Q.

te(0,t]

Definition 1.1.4. The process at s € [0, 7] if for any € > 0

ImP (w € Q,|X; (w) — X (w)] > €) =0.

t—s

Moreover, X; is said to be continuous if there exists a P -null set N € F such that for any

w € Q| N, the sample path X (-,¢) is continuous.

1.2 Lévy process

To model the sudden crashes in finance, it is natural to allow jumps in the model because this
makes it more realistic. This models can be represented by Lévy processes which are used
throughout this work. This term (Lévy process) honors the work of the French mathematician
Paul Lévy.

Definition 1.2.1. A process X = (X(¢)):>0 C R defined on a probability space (2, F,P) is
said to be a Lévy process if it possesses the following properties:

(1) The paths of X are P-almost surely right continuous with left limits.
(2) P(X(0)=0)=1.

(
X
(4

Example. The known examples are the standard Brownian motion and the Poisson process.

)
)
3) Stationary increments, i.e., for 0 < s < ¢, X(¢) — X(s) has the same distribution as
(t—s)

) Independent increments, i.e., for 0 < s < t, X(t) — X(s) is independent of X (u), u < s.
Definition 1.2.2. A stochastic process W = (W (t));>o on R" is a Brownian motion if it is
a Lévy process and if

(1) For all t > 0, has a Gaussian distribution with mean 0 and covariance matrix t1;.
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(2) There is 2 € F with P(£2y) = 1 such that, for every w € Qqy, W (¢, w) is continuous in ¢.

Definition 1.2.3. A stochastic process N = (N (t)):>o on R such that

P[N(t) =n] = W)ne—”; n=0,1,

is a Poisson process with parameter A > 0 if it is a Lévy process and for t > 0, N(¢) has a
Poissson distribution with mean At.

Remark 1.2.4. (1) Note that the properties of stationarity and independent increments
imply that a Lévy process is a Markov process.

(2) Thanks to almost sure right continuity of paths, one may show in addition that Lévy
processes are also strong Markov processes.

Any random variable can be characterized by its characteristic function. In the case of a
Lévy process X, this characterization for all time ¢ gives the Lévy-Khintchine formula and it

is also called Lévy-Khintchine representation.

1.3 Stochastic integral with respect to Lévy process

Let (Q, F,P) be a given probability space with the o-algebra (F;);>o generated by the un-
derline driven processes; Brownian motion W (t) and an independent compensated Poisson

random measure N, such that

N(dt,dz) := N(dt,dz) — v(dz)dt.

For any t, let N(ds,dz), z € R, s < t, augmented for all the sets of P-zero probability.

For any F;—adapted stochastic process 6 = 6(t, z), t > 0, such that

T
E [/ /02(t,z)u(dz)dt] < 00, for some T" > 0,
o Jr
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we can see that the process

// (s,2) dsdz) 0<t<T,
lz|>1

is a martingale in L*(Q, F,P) and its limit

M(t) = lim M, (¢ // (s,2)N(ds,dz), 0<t<T,
n—oo |z‘> 1
in L?(Q, F,P) is also a martingale. Moreover, we have the It6 isometry

pl([ [ s ona dzf —e[([ [

Such processes can be expressed as the sum of two independent parts, a continuous part

and a part expressible as a compensated sum of independent jumps. That is the [t6-Lévy
decomposition.
Theorem 1.3.1 (Ité6-Lévy decomposition) The Itd-Lévy decomposition for a Lévy process

X is given by

2N (dt,dz) + / zN(dt, dz),

|2[>1

X(t) = ot + BW(t) + /

|z|<1

where a, 3 € R, N(dt,dz) is the compensated Poisson random measure of X(.) and B(t) is
an independent Brownian motion with the jump measure N(dt, dz).
We assume that

E[X*(t)] <o, t>0,

/ 12|? v(dz) < o0
2|21

then



Chapter I. Stochastic control problems

We can represent as

4ﬂ®=m+5M®+/?NMMM,

where X(t) = a + f‘ 512 v(dz). If B = 0, then a Lévy process is called a pure jump Lévy
process.

Let us consider that the process X (¢) admits the stochastic integral representation as follows

X(t):er/Ot ds+/6 AW (s // 5, 2)N (ds, d2).

where «(t), 5(t), and (¢, ) are predictable processes such that, for all t > 0,z € R,

A B+ %) + [ st ds <0 P

Under this assumption, the stochastic integrals are well-defined and local martingales. If we

strengthened the condition to

E [/Ot [|b(s)| +o%(s) + /R€2(s, z)z/(dz)} ds

for all ¢ > 0, then the corresponding stochastic integrals are martingales.

< 00,

We call such a process an [to6-Lévy process. In analogy with the Brownian motion case, we

use the short-hand differential notation
X () = b(t)dt + o(t /9 (t, 2)N (dt, d2) .

X(0)=z€eR.
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The Ito6 formula and related results

We now come to the important 1t6 formula for Ito-Lévy processes. Let X (t) be a process

given by 1.3.1

X() :a(t)Jrﬁ(t)B(t)+/Rfy(t,z)]§7(dt,dz), (1.1)

where f : R* — R is a C? function is the process Y (t) := f (¢, X(t)) again an Ito-Lévy
process and if so, how do we represent it in the form (|1.1)).

Let X¢(t) be the continuous part of X (¢),i.e X(t) is obtained by removing the jumps from
X(t).

av (1) = X X (o) dt + O (1 X0 ax () + L 0L (1 x(0) 52 (0

+/R{f(t,X(t_))+fy(t,z)—f(t,X(t‘))}N(dt,dz).

It can be proved that our guess is correct. Since

dX°(t) = (a(t)dt - /F|< Yt 2)v (dz)) + Bt)dB(t),

this given the following result;

Theorem 1.3.2 Let X (¢) € R is an It6-Lévy process of the form

dX(t) = o (t) + B (t) B(t) + / v (t,2) N (dt, dz), (1.2)

R

where

. N (dt,dz) —v (dz)dt, if |[F| <.
N (dt,dz) =
N (dt,dz) if |[F|>r,

for some r € [0,00]. Let f € C?(R?) and define Y (t) = f (¢, X(¢)). Then Y (¢) is again an
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It6 -Lévy process

of of 10%f 9
= I sy an+ 9L X 0) (ot + aB () + 5 0L (1 X (1) 52 (1)
Ji

o[ exe) e - s (0x0) - X)) o

dy (1)

/R{f(t,X(t‘)) oy (tz) = f (6, X))} N (dt,dz),

Remark 1.3.3. if r = 0 then N = N every where. If = co then N = N every where.
Theorem 1.3.3. (The multi-dimensional 1t6 formula).Let X (¢) € R™ be an It6-Lévy process

of the form

dX (t) = a(t;w)dt + o (t; X (t,w)) dB (t) +/ v (t, z,w) N (dt,dz)

n

where a : [0,T] x Q — R*, 0 : [0,7] x Q — R*™™ and v : [0,7] x R* x Ox — R are
adapted processes such that the integrals exist. Here B (t) is an multidimensional Brownian

motion and

N (dt,d>)" = (Nl (dt, dz) , ..., Ny (dt, dz>)

(Nl (dt, dz) — Iy cpvr (d21) dt, ... Ny (dt, dz) — Iy cnr (d21) dt) ,

where (NV;(-,-)) are independent Poisson random measures with Lévy processes (11, ...,m) -
Note that each column v*) of the n x [ matrix v = (74j) depends on z only through the

k'"coordinate zy, i.e.,
A (t, 2, w) = AW ((t, 25, 0)) s 2= (21,...,2) € R

Thus the integral on the right of (1.2)) is just a short hand matrix notation. When written
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out in detail component number i of X (¢) in (1.2), X; (¢), gets the form

l

dX; (t) = o (t;w) dt + i”: oij (t,w)dB; (t) + Z/ Vi (t, 25, w) Nj (dt, dz;)

j=1 j=1 /R"

Theorem 1.3.4.( The It6-Lévy isometry) Let X (t) € R™ is be as in ((1.2]) but with X (0) and
a = 0. Then

E[XQ( —

/ {ia‘g +ZZ/ Vi (t 25) v dz])}dt]

:;E / {Z% ;52/ Ve (t, ) v; dz])}dt]

=1 j5=1

1.4 Some classes of stochastic control problems

Let (2, F,F;>0, P) be a complete filtred probability space.

(1) Admissible control An admissible control is a measurable and F-adapted process u(t)
with values in a borelian A C R". We denote by U the set of all admissible controls, such
that

U :={u(-):[0,T] x Q@ — A: u(t) is measurable and F-adapted} .

(2) Optimal control The optimal control problem consists to minimize a cost functional
J(u) over the set of admissible control U. We say that the control u*(-) is an optimal control
if

J(u*(t)) < J(u(t)), for all u(t) € U.
(3) Near optimal control Let ¢ > 0, a control is a near optimal control (or e-optimal) if

for all control w € U we have that

Js(t)) < J(u(t)) + e.

10
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(4) Feedback control Let u (-) be an F-adapted control and we denote by F;* the natural
filtration generated by the process X. We say that u (-) is a feedback control if and only if
u(+) depends on X.

(5) Optimal stopping In the formulation of such models, an admissible control stopping
time is a pair (u (-), 7) defined on a filtered probability space (2, F, Fi>o, P) along with an n-
dimensional Brownian motion W (-), where u () is the contol satisfying the usual conditions

and 7 is an (}"t)tzo—stopping time the optimal control stopping problem is to minize

J(u(-),7) :E{/OTf(t,x(t),u(t))dtJrh(:v(T))}.

T=inf{t>0:2()€O0},0CR"

(6) Singular control Let (2, F, F;>o, P) be a complete filtred probability space. An admiss-
ible control is a pair (u(-),&(+)) of measurable A; x As—valued, F;—adapted processes, such
that £(+) is of bounded variation, non-decreasing continuous on the left with right limits and
£(0_) = 0. Moreover,

E( sup [u(t)]* + |£(T)]%) < oo,

0<t<T

Note that the jumps of a singular control £(-) at any jumping time ¢ is denoted by

Ag(t) = £(t) — £(t-).

Let us define the continuous part of the singular control by

) 2 — Y ALry),

0<r;<t

i.e., the process obtained by removing the jumps of £(t).
We denote UixUE ([0,T]), the set of all admissible controls. Since d¢(¢) may be singular

with respect to Lebesgue measure dt, we call £(-) the singular part of the control and the

11
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process u(-) its absolutely continuous part.
(7) Relaxed controls Let U C R?. A relaxed control with values in U is a measure g
over [0, 7] x U such that the projection on [0,7] is the Lebesgue measure. If there exists
v :[0,T] — U such that

q (dt, dv) = 6,) (dv) dt,

q is identified with v; and said to be a control process.
Noting that if ¢ be a relaxed control with values in U. Then, for all ¢ € [0, T] there exists a

probability measure ¢; over U such that

q (dt,dv) = dtq, (dv) .

The proof is application of Fubini theorem.

12
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Chapter-11

On stochastic Near-optimal Control Problems

for Mean-field Jump Diffusion Processes

13



Chapter 2

On Stochastic Near-optimal Control
Problems for Mean-field Jump

Diffusion Processes

Abstract. In a recent work by Zhou [45], the concept of near-optimal stochastic controls was
introduced for a class of stochastic control problems involving classical stochastic differential
equations (SDEs in short). Necessary and sufficient conditions for near-optimal controls were
derived. This work extends the results obtained by Zhou [45] to a class of stochastic control
problems involving jump diffusion processes of mean-field type. We derive necessary as well
as sufficient conditions of near-optimality for our model, using Ekeland’s variational principle,
spike variation method and some estimates of the state and adjoint processes. Under certain
concavity conditions, we prove that the near-maximum condition on the Hamiltonian function
in integral form is a sufficient condition for near-optimality. An example is presented to

illustrate the theoretical results.
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2.1 Introduction

In this work, we consider a stochastic control problem for systems driven by a nonlinear
controlled jump diffusion processes of mean-field type, which is also called McKean-Vlasov
equations, where the coefficients depend on the state of the solution process as well as of
its expected value. More precisely, the system under consideration evolves according to the

jump diffusion process

dx"(t) = f(t,z"(t), B (z“(t)), u(t))dt + o(t, z"(t), B (x“(t)) , u(t))dW (t)

+ Jo g (t,z"(t™), u(t),0) N(db, dt), (2.1)

for some functions f, o, g. This mean-field jump diffusion processes are obtained as the mean-

square limit, when n — 400 of a system of interacting particles of the form
dzl(t) = f(t, 22" (t Zx“‘ ))dt + o(t, 22" (t Zaz” £))dW(t)
" / (1,5 (67), u(t), 6)N (d6, ).
e

where (WJ(+) : j > 1) is a collection of independent Brownian motions. The expected cost
to be near-minimized over the class of admissible controls is also of mean-field type, which

has the form

The value function is defined as

14 (57 C) = inf ‘]874 (U()) ’

u(-)eU

15
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where the initial time s and the initial state ¢ of the system are fixed.

The optimal control theory has been developed since early 1960s, when Pontryagin et al., [35]
published their work on the maximum principle and Bellman [7] put forward the dynamic
programming method. The pioneering works on the stochastic maximum principle was writ-
ten by Kushner (J29, [30]). Since then there have been a lot of works on this subject, among
them, in particular, see [2, 13, 80l 32}, 27, 136, [109] and the references therein.

It is well-known that near-optimization is as sensible and important as optimization for
both theory and applications. The Modern near-optimal control theory has been well de-
veloped when Zhou published their works on necessary and sufficient conditions for any near-
optimal controls for both deterministic and stochastic controls see ([42, [43], 45]). The near-
optimal deterministic control problems have been investigated in ([42] 43}, 44} [14], 12} 25|, 34].
The necessary conditions for some near-optimal controls have been established by Ekeland
[12], The necessary and sufficient conditions for any near-optimal deterministic controls are
investigated in Zhou [42]. Dynamic programming and viscosity solutions approach for near-
optimal deterministiccontrols have been studied in [43]. In Pan et al., [34] the authors
extended the results obtained by Zhou [42] to a class of optimal control problems involving

Volterra integral equations.

It is well documented (e.g. Zhou (1998) [45]) that the near-optimal stochastic controls,
as the alternative to the exact optimal controls, are of great importance for both the theor-
etical analysis and practical application purposes due to its nice structure and broad-range
availability, feasibility as well as flexibility. In this recent work, Zhou [45] established the
second-order necessary as well as sufficient conditions for near-optimal stochastic controls for
classical controlled diffusion, where the coefficients were assumed to be twice continuously
differentiable and the control domain not necessarily convex. In Hafayed et al., [17], the
authors extended Zhou’s maximum principle of near-optimality to singular stochastic con-
trols. The near-optimal control problems for systems described by SDEs with jumps have

been studied in Hafayed et al., [I6]. The second-order maximum principle of near-optimality
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for jump diffusions was obtained in [I1]. The near-optimal stochastic control problem for
Forward backward SDEs has been investigated in Huang et al., [2I] and Bahlali et al. [20].
The near-optimal control problem for recursive stochastic problem has been studied in Hui

el al., [19].

The stochastic optimal control problems for jump processes has been investigated by
many authors, see for instance, ([9, 13| B3, 37, 62, 39, 40]. The general case, where the
control domain is not necessarily convex and the diffusion coefficient depends explicitly on
the control variable, was derived via spike variation method by Tang et al., [40], extending
the Peng stochastic maximum principle of optimality [36]. These conditions are described in
terms of two adjoint processes, which are linear classical backward SDEs. A good account
and an extensive list of references on stochastic optimal control for jump processes can be

founded in (ksendal et al., [33], and Shi [38§].

The SDE of mean-field type was suggested by Kac [I5] in 1956 as a stochastic model
for the Vlasov-kinetic equation of plasma and the study of which was initiated by McKean
[24] in 1966. Since then, many authors made contributions on SDEs of mean-field type and
applications, see for instance, ([I, 8, 41, 15, 6] [, 60, 26]). Mean- field stochastic maximum
principle of optimality was considered by many authors, see for instance ([6, B, 18 60} 26,
64]). In Buckdahn et al., [5] the authors obtained mean-field backward stochastic differential
equations. The general maximum principle of optimality for mean-field control problem has
been investigated in Buckdahn et al., [5], where the authors obtained a stochastic maximum
principle differs from the classical one in the sense that the first-order adjoint equation turns
out to be a linear mean-field backward SDE, while the second-order adjoint equation remains
the same as in Peng’s stochastic maximum principle [36]. The stochastic maximum principle
of optimality for mean-field jump diffusion processes has been studied by Hafayed et al, [18].
The local maximum principle of optimality for mean-field stochastic control problem has been
derived by Li [60]. The linear-quadratic optimal control problem for mean-field SDEs has

been studied by Yong [64]. In Mayer-Brandis et al., [26] a maximum principle of optimality
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for SDEs of mean-field type was proved by using Malliavin calculus. An extensive list of

references on mean-field control problems can be founded in Yong [64].

Our main goal in this work is to establish necessary as well as sufficient conditions of
near-optimality for mean-field jump diffusion processes, in which the coefficients depend on
the state of the solution process as well as of its expected value. Moreover, the cost functional
is also of mean-field type. The proof of our main result is based on some stability results with
respect to the control variable of the state process and adjoint processes, along with Ekeland’s
variational principle [I2] and spike variation method. This near-optimality necessary and
sufficient conditions differs from the classical one in the sense that here the first-order adjoint
equation turns out to be a linear mean-field backward stochastic differential equation, while
the second-order adjoint equation remains the same as in stochastic maximum principle for
jump diffusions developed in Tang et al., [40]. The control domain under consideration is
not necessarily convex. It is shown that stochastic optimal control may fail to exist even in
simple cases, while near-optimal controls always exist. This justifies the use of near-optimal
stochastic controls, which exist under minimal conditions and are sufficient in most practical
cases. Moreover, since there are many near-optimal controls, it is possible to select among
them appropriate ones that are easier for analysis and implementation. Finally, for the

reader’s convenience we give some analysis results used in this work in the Appendix.

The rest of the work is organized as follows. Section 2 begins with a general formulation
of a Mean-field control problem with jump processes and give the notations and assumptions
used throughout the work. In Sections 3 and 4, we derive necessary and sufficient conditions
for near-optimality respectively, which are our main results. An example of this kind of

control problem is also given in the last section.
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2.2 Problem formulation and preliminaries

Let (Q,F, (F) +e[0.7] ,IP) be a fixed filtered probability space equipped with a P—completed
right continuous filtration on which a d—dimensional Brownian motion W' = (W (t))c (.1 i
defined. Let 1 be a homogeneous (F;)-Poisson point process independent of W. We denote
by N (df,dt) the random counting measure induced by 7, defined on © x R, where O is
a fixed nonempty subset of R* with its Borel o-field B (0). Further, let x (df) be the local
characteristic measure of 7, i.e. p(df) is a o-finite measure on (0, B (0)) with 1 (0) < +oo.
We then define

N(df,dt) = N(do, dt) — pu (df) dt,

where N is Poisson martingale measure on B (0) x B (R ) with local characteristics p (d6) dt.
We assume that () is P—augmentation of the natural filtration (]-}(W’N))te[oj] defined

as follows
ﬁ(WN)—a(W(s):Ogsgt)\/a<//N(d@,dr):OSSSt,BEB(@))Vga
o JB

where G denotes the totality of P—null sets, and o7 V 05 denotes the o-field generated by
o1 U 09.

Basic Notations. We list some notations that will be used throughout this work.

1. Any element z € R? will be identified to a column vector with i component, and the

norm [a| = Y [,
2. The scalar product of any two vectors  and y on R? is denoted by (z, y).
3. We denote A* the transpose of any vector or matrix .A.

4. For a set B, we denote by I the indicator function of B and ¢o (B) the closure convex

hull of B and Sgn(.) the sign function.
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5. For a function ®, we denote by &, (resp. ®,,) the gradient or Jacobian (resp. the
Hessian) of a scalar function ® with respect to the variable . We denote 9,® the

Clarke’s generalized gradient of ® with respect to x.

6. We denote by L%([s, T, R™) the Hilbert space of F;—adapted processes z(+) such that
E[7 |2(t)]* dt < +o0.

)
7. For convenience, we will use ®,(t) = g—(t, z(t), B(xz(t)), u(t)),
T

and (I>oca:(t) = %(tv l‘(t), E({E(t)), u(t))

Basic Assumptions. Throughout this work we assume the following.

Assumption (H1). The functions f : [s,7] x R* x R"xA - R", ¢ : [5,T] x R" x
R"XA -M,«q (R) and £ : [s,T] x R" x R"xA — R are measurable in (¢, z,y,u) and twice
continuously differentiable in (x,y), ¢ : [s,7] x R"XAxO — R™™ is twice continuously

differentiable in z, and there exists a constant C' > 0 such that, for ¢ = f, 0, ¢ :

|§O(t7x7yau) - @(taxlaylau” + |S0x(t7x7yau) - @x(taxlaylau”

(2.3)
<Clle =2+ [y =yl
ot z,y,u)| < C(1+ ||+ y|). (2.4)
SUDgco |g (tv x,u, 9) -9 (tv xlv u, 6)| + SUDgco |ng (t> T, u, 0) — Oz (tv xlv u, 0)|
(2.5)
< Clz—2|
sup |g (¢, z,u,0)] < C(1+ [z]). (2.6)

0cO

Assumption (H2). The function h : R" x R"— R is twice continuously differentiable in
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(x,y), and there exists a constant C' > 0 such that

(2, y) — bz’ y))] + ha(2,y) — ha(2',y)] < Clle — 2| + [y — /] (2.7)

Az, )l < O+ 2| +[y]) - (2.8)

Under the above assumptions, the SDE-(2.1) has a unique strong solution x"(¢) which is

given by

z(t) = ¢ +/ f(ryx(r),B(z"(r)),u(r))dr —|—/ o (r,z"(r), EB(z"(r)),u(r)) dW (r)
—|—/ /@g (t,a:“(r_),u(r),e) N (df,dr),

and by standard arguments it is easy to show that for any ¢ > 0, it holds that

E( sup [z"(t)]") < C(q),

te(s,T)

where C (q) is a constant depending only on ¢ and the functional J*¢ is well defined.

We introduce the adjoint equations as follows. The first-order adjoint equation turns out to
be a linear mean-field backward SDE, while the second-order adjoint equation remains the

same as in Peng [306], see also Zhou [45].

Definition 2.2.1. (Adjoint equation for mean-field jump diffusion processes) For any
u(+) € U and the corresponding state trajectory z(-), we define the first-order adjoint process
(¥(-), K(-),7()) and the second-order adjoint process (Q(-), R(-),'(-)) as the ones satisfying

the following equations:
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(1) First-order adjoint equation: linear Backward SDE of mean-field type with jump processes

(

—d¥(t) = {f7 (t, 2(t), Bx(t), u(t) U(t) + B [fy (¢ x(t), Blz(t), u(t) ¥(1)]
+ 07 (4w (1), B(t), u(t) K(t) + B oy (¢, 2(6), Bz (1), u(t)) K(1)]
+ 0, (8, 2(1), B(x(t), u(t) + B 6, (¢, 2(t), B(z(t), u(t))] 29
+ Jo g (6 x(t7), ult), 0) 1 (0)u(d0) } dt

— K (t)dW (t) — [ (0)N(dt,do)

U(T) = he (2(T), B(x(T)) + B [hy ((T), B(x(T))]

(2) Second-order adjoint equation: classical linear Backward SDE with jump processes

([ —dQ(r) = (£ (t.2(t). E(x(t)). u(t) Q1) + Quf (1, 2(t), Bx(t), u(t))
+o; (6, 2(1), B(x(1)), u(t) Q(t)oy (¢, 2(1), B(x(1)), u(t))
+og (8 x(t), B(a(t), u(t) R(t) + R(t)ow (¢, (1), B(x(t)), u(t))
= Jo g (t,x(t7), u(t),0) (Te(0) + Q1)) ga (¢, 2(t7), (), 0) pu(do)
= JoTe(0)gx (£, x(t7), ult), 0) + g5 (£, (t7), u(t), 0) Te(0) u(d0)

—H, (8, x(t), E(x(t)), u(t), (1), K(t), %(0))} dt — R(t)dW (t)

(2.10)

As it is well known that under conditions (H1) and (H2) the first-order adjoint equation
admits one and only one F;—adapted solution pair (¥(-), K(-),v(-)) € L% ([s,T]; R™) x
L2 ([s, T] ;R”Xd) x L% ([s, T] ; R™™). This equation reduces to the standard one, when the
coefficients do not explicitly depend on the expected value (or the marginal law) of the un-
derlying diffusion process. Also the second-order adjoint equation admits one and only
one F;—adapted solution pair (Q(-), R(-),T'(-)) € L% ([s, T]; R™"™) x L% ([s, T); (R”X”)d) X
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L2 ([s,T]; (R™™)™) . Moreover, since fu, fy, 0z, 0y, bz, Lz and h, are bounded, by C by as-

sumptions (H1) and (H2), we have the following estimate

B |sup,cier [U ()] + [T 1K@ dt + [T [o |7(0)] u(d6)dt o1
+ 5D, QP + [T IROP e+ + [ [ INO) p(db)t] < C.

Definition 2.2.2. (Usual Hamiltonian and H-function). We define the usual Hamiltonian

associated with the mean-field stochastic control problem ({2.3)-(2.4]) as follows

H(t, X,E(X),u,p,q,¢):=—pf (t, X,E(X),u) —qo (t, X, E(X),u)
- [ oo (ta(t).ute).0) uta)

—0(t, X,E(X),u),

where (¢, X,u) € [s,T] x R" x A and X is a random variable such that X € L!([s, T]; R"™).
Furthermore, we define the H-function corresponding to a given admissible pair (z (-),v(-))

as follows

HEO)0() (t,z,u) = H (t,x,B(x),u, Y(t), K(t) — Q(t)o (t,z(t),E (2(t)),v(t)) ,
7(0) = (Q(t) +7:(0)) g (¢, 2(t7),v(t),0))
_ %g* (t, 2, B(z), u) Q(t)o (t, 2, B(x), u),

=5 8 (5 0.0) QO+ () g (t.7,0.0) n(ab).

23



Chapter II. Stochastic near-optimal control for mean-field jump diffusions

This shows that

H(z(')’”('))(t,m,u) =H(t,z,E(x),u,¥(t), K(t),v(0))
0" (1,28 (2),u) Q) (¢, 2(), B (=(1)) ,v(t))
_ %0* (t, 2, B(x), u) Q(t)o (£, 2, B(x), u)
+ / g (t,2,u,0) Q1) +(0)) g (t,2(t), v(2), 0) u(dh)

t T, u, 9 Q( )+7t(9))g(t7x7u79) M(d9)7

where ¥(t), K(t), %(0) and Q(t) are determined by adjoint equations (2.9) and (2.10]) corres-

ponding to (z (-),v(-)).

Before concluding this section, let us recall the definition of near-optimal controls as given in
Zhou [[45], Definitions (2.1)-(2.2)], and Ekeland’s variational principle, which will be used

in the sequel.

Definition 2.2.3. (Near-optimal control of order £*.) For a given € > 0 the admissible

control uf(-) is near-optimal with respect (s,() if
|2 () =V (5,Q)] <O (), (2.12)

where O (+) is a function of € satisfying lim._o O (¢) = 0. The estimator O (¢) is called an

error bound.

1. If O(e) = Ce* for some A > 0 independent of the constant C' then u®(-) is called

near-optimal control of order £*.

2. If O (e) = C¢, the admissible control u°(-) called e—optimal.

Lemma 2.2.1. (FEkeland’s Variational Principle [12] ) Let (F, dp) be a complete metric

space and f: F — R be a lower semi-continuous function which is bounded from below. For

24



Chapter II. Stochastic near-optimal control for mean-field jump diffusions

a given € > 0, suppose that u® € F satisfying

f(u?) < inf (f(u)) +e.

uel

Then for any & > 0, there exists u® € F such that

1. f (u‘s) < f(uf).

2. dp (u‘s,ua) < 4.

3. f(W) < fw+ ng (u,u’), for all u € F.
Now, in order to apply Ekeland’s principle to our Mean-field control problem, we have to
endow the set of admissible controls ¢/ with an appropriate metric. We define a distance

function d on the space of admissible controls ¢ such that (U, d) becomes a complete metric

space. For any u(-) and v(-) € U we set
d(u(-),v(-)) =Pdt {(w,t) € Q x[s,T] : u(w,t) #v(w,t)}, (2.13)

where P®dt is the product measure of P with the Lebesgue measure dt on [s,T]. Moreover,
it has been shown in the book by Yong and Zhou ([I09], 146-147) that

1. (U, d) is a complete metric space

2. The cost function J*¢ is continuous from U into R.

2.3 Necessary conditions of near-optimality for mean-
field jump diffusion processes

In this section, we obtain a Zhou-type necessary conditions of near-optimality, where the
system is described by nonlinear controlled jump diffusion processes of mean-field type. The

control domain is not need to be convex. (a general action space).
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The proof of our theorem follows the general ideas as in Zhou [45], Buckdahn et al., [5], and
Tang et al., [40].

The following theorem constitutes the main contribution of this work.

Let (We(-), K°(-),~7°(+)) and (Q°(-), R°(-),I*(-)) be the solution of adjoint equations and

(2.8) respectively, corresponding to u°(-).

Theorem 2.3.1. (Mean-field stochastic mazimum principle for any near-optimal control).

For any ¢ € |0, %), and any near-optimal control u®(-) there exists a positive constant C' =

C (0, u(0)) such that for each € > 0 it holds that

E [, {3 (o (t,a%(1), B(a*(t)), u) — o (t,%(1), B(a*(£)), u* (1)) Q*(1)
x (o (8, 2%(1), Bi(a° (1)), u) — o (£, 2°(t), B(2*(1)), u*(1)))
+WE() (f (1, 2°(1), Bt (1)), u) = [ (¢, 2°(t), B(2°(1)), u*(2)))
+ K5 (t) (o (¢, 2°(8), B(a® (1)), u) — o (¢, 25(t), B(2(2)), v (1))

+ Jo v (D)g (t,2°(t), u, 0) — g (t,2°(t), us(t), 0) pu(db)
+3 Jolg" (8, 25(t), u,0) — g* (£, 2°(t), u% (1), 0)) (Q°(t) + 77 (0))

X (g (8, 2°(t), u, 0) — g (t, 2°(t), u*(t), 0) ) u(dB),

(2.14)

+ (0t 27(), B(a (1), w) — L (¢, 2°(2), B(a=(¢)), u(¢))) } dt = —Ce”,

Corollary 2.3.1. Under the assumptions of Theorem 3.1, it holds that

E [T HE OO (¢, 25(t), Blas (1)), u (t))dt
(2.15)
> sup,(yey B [ HEOw Ot 2%(t), B(2°(1)), u(t))dt — Ce’.

To prove Theorem 2.3.1 and Corollary 2.3.1, we need the following auxiliary results on the
stability of the state and adjoint processes with respect to the control variable.

In what follows, C' represents a generic constant, which can be different from line to line.
Our first Lemma below deals with the continuity of the state processes under distance d.
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Lemma 2.3.1. If z%(t) and z°(t) be the solution of the state equation associated
respectively with u(t) and v(t). For any o € (0,1) and 8 > 0 satisfying a8 < 1, there exists

a positive constants C = C (T, «, 3, 11(©)) such that

E( sup |a"(t) — 2" (t)[*") < 0d° (u(-),v(-). (2.16)

s<t<T

Proof. We consider the following two cases:

Case 1. First, we assume that § > 1. Using Burkholder-Davis-Gundy inequality for the

martingale part and Propositions A2 (see Appendix) we can compute, for any r > s :

B( sup [o"(t) — o (1)[*)

< CB( [ {If (" (0B ("(0) u(0) ~ (0B (1) (e
+ [l 0.B " 0) u(0) - o (0. B () o0

[ Lo 0,8) = 0 (0,0 00,0 () }

S -[1 +127

where

1< OB( [ {18 0.8 (0, ) - £ 0. B (1) o)
s [ o 0B ) ) — 0 (0, (0 o)

- ©) sup o (1.°(0), 1) 6) = 9 (,°(0) (0).0) } Tty (0
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and

B2 CB( [ {If 0B 0) o) - £ 0(0,E (20, v(o)
+ [l 0BG 0) o) - 0 (00, BG 0). 0 ()
O sl (1.(0), (0).0) ~ (1.0 (0,0 }

Now arguing as in ([45], Lemma 3.1) taking b = a—lﬁ > 1 and a > 1 such that £ + ; =1, and

applying Cauchy-Schwarz inequality, we get

E/T L (2 (8), B (27(8))  ult) — f (@"(0), B (@7 (1)), 0(8)* Tiutoypoioy () dt

1
a

<{B [ 17 (a0, B 10) a0 - 100, B.00) o) ar

1
T b
X {E / Liuwy£o(y () dt} :

by using definition of d and linear growth condition on f with respect to z and y, (assumption

we obtain

E/sr Lf (&2 (), B (2" () ult)) = f (t 2 (), B (@) ;o) Loy (1) di

<C {E/ (14 2@ + B (2 (1)) dt}é d (u(.),0(.)* < Cd (u(.),v(.)*.

Similarly, the same inequality holds if f above is replaced by ¢ and g then we get

E/r o (¢, 2" (), B (z"(t)) , u(t)) — o (t,2"(t), E (2"(t)) , o ()[* Liu ooy (t) dt

< Od (ul),v()*.
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and

T 25
E | <sup|g<t,x“<t>,u,e>—g<t,xv<t>,v<t>,e>|) Lt oo (1) dt < Cd (u(), 0()

0cO

This implied that I; < Cd (u(.),v(.))*” .
Since the coefficients f, o and g are Lipschitz with respected to = and y (assumption (H1))

we conclude that

E( sup |z“(t) — m”(t)|25) <(C {E/T sup |z*(t) — x”(t)|2’3 dr + d(u(-),v(.))"‘ﬁ} )

s<t<r s<r<r

Hence ([2.17)) follows immediately from Gronwall’s inequality.

Case 2. Now we assume 0 < 3 < 1. Since % > 1 then the Cauchy-Schwarz inequality yields

B8
E( sup [o*(t) — " (1)) < [E< sup (1) — x”(tﬂﬂ

s<t<T s<t<T

< [Cd (u(-), (1)) < Od (u(-), v(-)*".

This completes the proof of Lemma 3.1. O

The next result gives the 57" moment continuity of the solutions to adjoint equations with
respect to the metric d. This Lemma is an extension of Lemma 3.2 in Zhou [45] to mean-field

SDEs with jump processes.

Lemma 2.3.2. For any o € (0,1) and 5 € (1,2) satisfying (1 + ) < 2, there exist a
positive constant C' = C («, 5, 11(©)) such that for any u(-), v(-) € U, along with the corres-
ponding trajectories z*(+), 2¥(+) and the solutions (W*(-), K*(-),v*(:), @“(-), R*(-),I"™(-)) and
(T°(-), K°(-),7°(+), Q°(-), R°(:),I'°()) of the corresponding adjoint equations (2.9)-(2.10), it

holds that

E [ (|0e(t) — (1)) + [Ku(t) — Ko (t)|")dt
(2.17)

[

B [T [ 170) — 2 O u(do)dt < Cd (u(-), () > ,
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and

E [ (1Q"(t) — Q ()" + |R“(t) — R*(t)|")dt
y (2.18)

+B [ [, IT2(0) — T2(0)|° u(d)dt < Cd (u(-),v(-))

Proof. Note that \Tl(t) = Wu(t) — U(¢t), [?(t) = K"(t) — K"(t) and 4:(0) = ~(0) — 1/ (0)
satisfied the following BSDEs:

"

—dW(t) = [z (6, 2(2), B (1), u() () + 0 (1,2 (0), B (1), u(t) K (1)

+ Jo g1 (t,2(t), u, 0) 7 (0)pu(dB) + L(t)] dt

— K()dW (t) — [, 7:(0)N(d8, dt) (2.19)

+Blhy (¢(T), B(z*(T))) = hy (2°(T), B(z"(T))].

\

where the process L(t) is given by
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Let ¢(+) be the solution of the following linear SDE

p

() = | . (0. Bl (). ) 000 + |00 Sym(F0)|

- [ax (4, (0), B (1)), u(0) 60 + [R ()] Sgnu?(t))] dw (t)
(2.21)
+ o 3 (t.2°(t), 1w 0) 6(2) + [7(O)|”" Sgn(5.(6))| N(do, dt)
| o(s) =0,
where Sgn (a) = (Sgn(ay), Sgn(as), ..., Sgn(a,))* for any vector a = (ay, az, .., a,)*.
It is worth mentioning that since f, o, and g, are bounded and the fact that
[~ 81 - 2 . B-1 _ 2
E | {“w)‘ Sgn(¥(t))| + HK@)) Sgn(K (1)) }dt
(2.22)

2
+E fsT f@ ‘|:th<9)|5_1 Sgn(%(ﬁ))‘ p(df)dt < oo,
then the SDE ([2.21)) has a unique strong solution.

Let 7 > 2 such that % + % =1, 8 € (1,2) then we get

Bn—n

s sup o) < s [ { [

s<t<T

+ ’f{(t)

Bn_n}dt
v [ [ FOP
< CE/ST {‘\Tf(t)‘ﬂ + ‘I?(t)‘ﬁ + /@ Wt(e),ﬁﬂ(de)} dt

Note that the right hand side term of the above inequality is bounded due to

2.9), then we get
(2.9), g
E( sup |¢(t)]") < oc. (2.23)

s<t<T

By applying It0’s formula for jump processes (see Appendiz Lemma A1) to U (t)¢(t) on [s, T]
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and taking expectation, we get

T Sgn(E (t))

T Ssgn(E) + K1) [R ()

E/ST {xi?(t) )|

T /@ 5:(0) [7:(0) P! Sgnme))u(de)} dt

—5{ [ £t + B}
=B [ £E6()dt + B {(he (2"(T), B (7)) — b (0(7), B (D))}

+ Efhy (2*(T),B(z*(T))) — hy («°(T), B(z"(T)]E (¢(T)) -
Since

E / ' {ix(t) ‘\Tl(t)‘ﬁ_l Sgn(()) + K (1) ’IN((t)‘ﬁ_l Sgn(R(#))
+ [ 50 o) Sgn0)n <d0>} dt

:E/ST[ +‘K /y% @) ul d@}

and fact that

B{ [ Lolt)dt + [(hs (a*(T), B (D)) ~ b (a*(T). B (1))
HB(h (a"(T), B (T))) ~ by (a"(T), B (T))] (4(T))}

1

<o [ oral s [ T\¢<t>\”dt];

+ [B|(he (2(T), B(z*(T))) — ha («"(T), B(z"(T)))

=

+ B(hy (+"(T), B(x"(T))) = hy (2"(T), B (D)]")? [B |6(D)]]
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then according to (2.23)) we deduce

B’ U\Tf(t)’ﬁ O EAGE M(de)] dt < CB [T L(t))° dt
+ CB {1y (2(T), B(z"(T))) = ha(a"(T), B(a"(T)))}’ (2.24)
+ [B(hy (2(T), B(z"(T)))) = B(hy (@ (T), B(z"(T))))°}.

We proceed to estimate the right hand side of 1) First noting that 0‘2—ﬁ <1-— g < 1 then

by using assumption (H2) and Lemma 2.3.1, we obtain

E |hy (2(T), B(2*(T))) = ho(2"(T), B(="(T)))|”

< CE |2%(T) — 2°(T)|” < Cd(u(-),v(-)) 7.
(2.25)

E [B(hy (+"(T), B(2"(T)))) — B(hy (2"(T), E(z"(T))))|”

~—

m‘%

< Cd(u(-),v(-))

Now, to prove inequality (2.17)) it sufficient to estimate E fST |£(t)|° dt. By repeatedly using

Cauchy-Schwarz inequality and assumption (H2) we can estimate

B [ 152 12 0,80, 00) £ (70, B0, 00 |97 0

< 0B [ {112 020,860 u0) 1 (1,070, B 0), ) [ o)
12 (6 (0, B (1)), 0(0) — £ (4070, B (0), o) 190 at
<08 [ {Tuuan® w0

+ [l () — 2"(8)] + Bz (1)) — E(z"(£))])” \\I’”(t)lﬂ} dt

N1

2-8
2-8

<C {E/j\\l!“(t)fdt} d(u(.),v(.))

+C[E/ST|\I/”(t)|2dtf {E/j|x“(t)—m”(t)|22% dt} o
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By using the fact that d(u(-),v(-)) <1 and % <1l- g, the first term of the right side of the

above inequality is dominated by d(u(-), v(-))%ﬁ. Since % < 1 and we have from Lemma

2.53.1 that

af

E/ (1) — 2" (£)|277 dt < d(u(’), v(-))?7,

then we have

[Misy

2-8

C B S N e)P de]* du(), v

N[@
0

|
=y

BT O a] BT o) - @ ] ¢ < Cdu)v()F

we conclude that

E [, 1f (8 (8), Ba(6)),u(t)) — fr (@ (), B (1), 0(0))|” [0 (1) dt

y (2.26)
< Cd(u(-),v(-)) >
A similar argument shows that
B[] oo (t,2(t), B(z" (1)), u(t)) — ox (£, 2° (1), B(z"(t)), v(t))” [K*(£)|° dt
. (2.27)
< Cd(u(-),v())
and
E [} |6 (62 (1), Blat(t), u(t) — & (£, (1), B(zo<(8)), v(t) | dt
(2.28)
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Now, by using similar arguments developed above and (2.9 we get

E [, [B{[f; (2 (), Ba" (1), u(t)) — f; ("(2), B (1)), 0(1))]
x (1)} dt
< CE [[BIf; (2" (), B(z" (1), u(t) — f; (@"(6), B2" (1)), v(t))|”
< B (1w (1)) dt
< CE [[BIf; (t,a" (), Bz (1)), u(t) — f; (+"(6), B2 (1)), v(1))| dt

ap
2

< Cd(u(-),v())

A similar argument shows that

and
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Next , by applying Cauchy-Schwarz inequality, we get

T B
B / / (g2 (t, 2 (t_), u(t).0) — g <t,m”<t_),v<t>,e>>v:<e>u<de>' i
T B
- / / (gi(t,x"(t—),U(t)ﬁ)—92’2(t,ar”(t—),v(t),«9))72’(9)u(d9)‘ i
T B
+8 [ [ 00,0 - <t,x“<t_>,v<t>,ewwwm\ i

S ]Il +]I27

where

T B
leE/

X Lgu(y£o(n)y (2)d,

/@(952 (¢, 2%(t-), u(t), ) — g; (£, 2" (=), v(t), 0))v/ (0) u(d)

and

T B
I, = E/ (sup |(gz (8, 2"(t-), u(t),0) — gz (£, 2"(-), v(t), 9))|)

0O
B
X dt,

by using the fact that g, is bounded, d(u(-),v(-)) < 1 and % < 1 — 2, then due to 1) we

/ 2 (0)1(d)
[C)

get

N[@
(NI

T 1=
< { I Ly (0t |

" d (ul-),v()"

L < CE{[] f, bt O)F u(do) }

< CB{ [T o i (0) 1(dt) }

ap
2

N[

(2.33)

< Cd (u(),v(-))
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Further, since % < 1 we conclude from Lemma 2.3.1 and ([2.11)) that

It follows from ([2.33)) and (2.34)) that

B[ | folgs (82 (), u®),0) — g2 (8,27 (t-), v(t), 0))77 (O)u(d0) | dt

af
2

(2.35)
< Cd(u(-),v())

We conclude from ([2.26])~(2.35)) that

B / L) dt < Cd (ul), ()™ (2.36)

Finally, combining (2.24))-(2.25) and (2.36)), the proof of (2.17)) is complete. Similarly one
can prove (2.19). This completes the proof of Lemma 2.5.2. O

Now, let (U°(-), K (-),7°(-)) and (Q°(-), R (-),T (-)) be the solution of adjoint equations
E9)-[E10) corresponding to (7°(), B (7°()) , 7() .
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Lemma 3.3. For any € > 0, there exists near-optimal control @ (-) such that for any u € A :

B[ {3 (0 (67 (1), BE (1), u) — o (t,7°(8), BE (), () (1)
x (o (t,7°(t), B(7°()), u) — o (£,7°(t), BT (1)), 7 (1))
+ (1) (f (67 (0), BEE (1), u) — f (1,7°(5), BE= (1)), 7 (1))
+ R () (0 (8, 7(8), BEE(1)), u) — o (£, 7(1), BE= (1), 7 (1))
+ Jo 7509 (17 (), u,0) — g (8, 7(0), T(), 0) j(d6)
5 Jolg™ (475t ),w,0) — g* (1,7 (0 ), T(1), 0)(@ () + 75 (6)

X (g (8, 7°(t-), u, 0) — g (t,7°(t-),u* (1), 0)) u(db),

(2.37)

+(C(t,7°(t), B(T°(t)),u) — £(t,7°(t), B(Z°(t)),u(¢))) } dt > —e3,

Proof. By using Ekeland’s variational principle with A\ = a%, there is an admissible control

u*(+) such that for any u(-) € U :
d (u(), () < et (2.38)

and

I W) < I @) + b (ul) 7).

Notice that u¢(-) which is near-optimal for the initial cost J*¢ defined in (2.2)) is an optimal

control for the new cost J*%¢ given by
€ s 1 —e
T2 (ul)) = I (ul-)) + e3d (ul-), @ ().

Therefore we have

JHE (@ (+)) < J¥F (u(-)) for any u(-) € U.

Next, we use the spike variation techniques for @®(-) to derive the variational inequality as
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follows. For i > 0, we choose a Borel subset &, C [s,T] such that |E,| = h, and we consider

the control process which is the spike variation of @ (-) :

w:te &,
ﬂs’h(t) —
@)t € [s,T) | &,

where u is an arbitrary element of A be fixed. By using the fact that

Lo Joos (@ () < T2 (@ (),

2. d(@ (), @ () = d@"(-),@ () < h, we get

TH@()) = J@ () 2 —Pd@ (), 7" () = —'Ph. (2.39)

Arguing as in Hafayed et al., ([18], Theorem 3.1), the left-hand side of (2.39) is equal to

E [;, {3 (0 0.7°(), B@ (), v) — o (£,7°(t), B@(1)), 7 (1)))" Q@ (¢)
x (o (t,7°(1), B(7° (1)), u) — o (¢, 7°(t), B(z=(1)), w*(1)))
+ () (f (6.7°(t), Bz (1), u) — f (£,7°(8), B(z=(t)), 7 (1))
+ K (1) (o (t,7°(1), B(@=(1)), u) — o (t,7°(t), BT (1)), (1))

+ Jo 7 (0)g (6, 7°(t-),u,0) — g (£, 7°(t-), w5 (t), 6) pu(df)

(2.40)

+ 3 Jolg" (LT (t-) u,0) — g* (1, 7°(t-). w (1), 6)) (@ (1) + 75 (6))
X (9 (t7fa(t—)7 u, 0) -9 (t’f‘f(t_)’ﬂa(t)7 Q))M<d0>v

+ (0T (), BT (1)), u) — £(4,7°(1), B(z° (1)), (1)) } dt + 7(h),

where 7(h) — 0 as h — 0. Finally, replacing (2.40) in (2.39), then dividing inequality

(2.39) by h and sending & to zero, the near-maximum condition ([2.37)) follows. O

Proof of Theorem 2.3.1. First, we are about to derive an estimate for the term similar to

39



Chapter II. Stochastic near-optimal control for mean-field jump diffusions

the left side of inequality (2.34) and (2.35) with all the (z°(-), E(z°(:)),u°(+)) etc. replaced

by (2°(-), B(2°(-)), u(-)) ete.

Now, to prove ([2.14]) it remains to estimate the following differences

Si(e) =B [ [K° () (o (6,7 (1), B (1)), u) — o (,7°(1), BT (1)), (1))

— K5(t) (o (t,25(), B(2°(t)), u) — o (¢, 2°(¢), B(a®(2)), u*(1)))] dt,

(2.42)

and

(2.43)

Then we have
Si(e) =B [ [K°(t) — K=(t)] (o (t,7°(t), B@* (1)), u) — o (. 7°(t), B(Z(t)), 7(t)))
+E fST K=(t) (o (t,7°(t), B(Z°(t)),u) — o (t,2°(t), B(x=(t)),u)) dt
—B [T K1) (o (¢, (1) BE (1), 7 (1)) — o (t,2°(1), Ba*(1)), u? (1)) dt

=L (e)+L(e) +15(e),
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We estimate the first term on the right-hand side I; (¢) . For any § € [0, %) so that a = 36 €
[0,1). Now, let 5 be a fixed real number such that 1 < 8 < 2 so that (1 + «)f < 2. Taking
q > 2 such that % + % = 1 then by using Hoélder’s inequality, Lemma 2.3.2 and note 1} we

obtain

=

We estimate now the second term I, (¢) . Then by applying Cauchy-Schwarz inequality, note
(2.9), assumption (H1), and Lemma 2.3.1, we get

o=

Now, let us turn to estimate the third term I3 (¢) . By adding and subtracting o (¢, 7°(t), E(z°(t)), u®(t))

then we have

£) = —E/ K (O)]o (&, 7°(0), B(z° (1)), 7 (1)) — o (t, 77 (1), B(z"()), u*(1))]dt
- E/ K5(t)o (8, 7°(1), B(Z°(1)), u” (1)) — o (¢, 2°(t), B(2(1)), u*(1)))dt,
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then by using Cauchy-Schwarz inequality, we have

I () < [E/ |K€(t)|2dt]2
X {E/ o (£, 7 (1), B(z(1)), 7 (1)) — o (t, 7 (1), B(z (1)), u*(1))[”

|

X Time()us ()} (t) dt}

+E/ [KE@)| o (¢, 7(8), B(z=(1)), v (1)) — o (£, 2°(1), B(a" (1)), w*(1))]| dt,

We proceed as in I5 (¢) to estimate the second term in the right of above inequality, then by

applying Cauchy-Schwartz inequality, Assumption (H1) and (2.9)) we obtain

=

I () < [E/ST|K€(t)|2dt] 2

1
2

X { lE o (t, 75 (1), B(Z° (1)), 55 (1)) — o (t, Z°(t), B(Z°(t)), us (t))[* dt

T >
X |:E/ I{EE(.);AUE(.)} (t)dt} } +C€6,

< C @ (), u ()] + Cef

N

-

thus, we have proved that

Si(e) =T () + Ty () + I3 () < CE°. (2.44)

By using similar arguments developed above, we can prove that

Sy(e) < C&°. (2.45)
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Now, let us turn to estimate the third term S3(¢). By applying the Cauchy-Schwarz inequal-

ity, we get

Ss(e) <B [, fo (5(0) = (0) (g (6, 7(t-),u,0) — g (¢,7°(), (1), 0)) u(dB)dt
+B [, o E(0) (9 (1.7 (t-),u,0) — g (8, 2°(t-), u)) p(dO)dt,
B[, Jori(0) (9 (67 (1), 7 (1), 0) — g (¢, 2°(t-), w5 (1), 0)) p(d0)dt,
= Ji(e) + Ja(e) + Js(e).

For any 6 € |0, %) so that &« = 30 € [0,1). Now, let § be a fixed real number such that

B € (1,2) so that (14 «)p < 2. Taking ¢ > 2 such that % + % = 1 then by using Holder’s

inequality, Lemma 2.3.2 and note ([2.5) we obtain

ne < |8 ) [ o - vf(e\ﬂu(dG)th

< E { [ plo 7). 0.0) - g<t,f8<t_>,a5<t>,e>|>th} < j(O)

0cO
1

q

< ¢ [aw0co)?] [6 [ 0+ o+ e

Applying assumption (H3), Cauchy-Schwarz inequality, Lemma 2.3.2, note (2.10|) and the

fact that p(©) < oo we get

N

Ja(e) < [E/ST/@|WE(9|2M(de)dtr 14(©)]

< E { [ Gula e () 0.0) - g<t,f€<t_>,ﬂ€<t>,e>|>2dt}

< CE {/ST 75 (t) — 2°(t))? dt}é

< Cld(@(-),u())"]

N

[N
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by using (2.38) we get d(u(-), us(-))* < (5%> , it holds that

We proceed to estimate Js;(¢). By adding and subtracting g (t,7°(¢_), u®(t),0) and Cauchy-

Schwarz inequality we obtain

- E/ /@%6(6)(9 (8, 2°(t-),w(1),6) — g (£, 7°(t-), u*(t), ) Lwe () ue oy (£) pu(dO)dt
‘HE/ /@%6(9)(9 (t, 75 (t_),uf(t),0) — g (t, 2°(t_), us(t), 0))u(d6)dt

< E{ / ' /@ |vf(9)|2/t(d9)dt}§ X [1(©)]

x B {/ (Sup|g (t z (t >=ﬂe(t)’0> - g(t’fs(t_>’u5( ) 9)|) I{u ()Fus () }(t) dt}2

s

s{[ sl vs{[-sora)”

by applying Cauchy-Schwarz inequality, Lemma 2.3.2 and ([2.11)) it follows that

N

N

Js(e) < B {/ST(l + !fg(t)l‘l)dt}é d(@(-), u*(-))

+CE{/ST 75 () —a:€(1t)|2dt}2 < Ce.

Thus, we have proved that

Ss(e) = Ji(e) + Ja(e) + J3(e) < C<°. (2.46)

The desired result (2.14) follows immediately from combining (2.44]), (2.45)), (2.46]) and ([2.34]).

This completes the proof of Theorem 2.3.1. 0

Proof of Corollary 2.3.1. In the spike variations technique for the perturbed control
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u*Y(+) in (2.37) the point u € A may be replaced by any admissible control u(-) € U, and
the subsequent argument still goes through. So the inequality in the estimate ([2.15)) holds

for any u(-) € U and the subsequent argument still goes through. So the inequalities in the

estimate (2.15) holds for any u(-) e Y. O

2.4 Sufficient conditions of near-optimality for mean-
field jump diffusion processes

We will shows in this section, that under certain concavity conditions on the Hamiltonian
H and some convexity conditions on the function A(-,-), the e-maximum condition on the
Hamiltonian function H in the integral form is sufficient for near-optimality. We assume:

Assumption (H3) ¢ is differentiable in u for ¢ =: f,0,¢, g and there is a constant C' > 0

such that

‘w(taxayau) - Tﬂ(t,%yﬂ/ﬂ + |wu(tax7y7u) - wu@,%yﬂ/ﬂ

<Clu—1|,

(2.47)

Supgeo |9(t, z,u, 0) — g(t, x, 0, 0)| + supgeg |gu(t, z,u, 0) — gu(t, z, v, 0)|

<Clu—1],

ha,y) = h(@',y') > (he(2',y) + by (2, y)) (z — 1), (2.48)

and
H(t,x,B(x),u,V, K, R) — H(t, o', B(z'), v, ¥, K, R)
< (Hu(t, 2", B(z"), o/, ¥, K, R) + H,(t, 2", E(z'), v/, ¥, K, R)) (x — 2) (2.49)

+H,(t, " B(2"), v/, ¥, K, R)(u — '), ae., te][sT], P—a.s.
Now we are able to state and prove the sufficient conditions for near-optimality for systems

governed by mean-field SDEs with jump processes, which is the second main result of this
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work.

Let u°(-) be an admissible control and (V=(-), K(-),7° (), (Q°(-), R*(-),I'* (-)) be the solu-
tion of the adjoint equations ([2.9))-(2.10) corresponding to u®(-).

Theorem 2.4.1. (Sufficient conditions for near-optimality of order e2). Let conditions

(2:47)~(2-49) holds. If for some € > 0 and for any u(-) €U :

Ef HEOW O (25 (t), B(2°(t)), u (t))dt + &
(2.50)

> sup, ey B, HEOCON (1, 2%(2), Ba# (1)), u(t))dt,

then u(-) is a near-optimal control of order e2, ie.,

JH(uE(-) < inf J* (u(-)) + Cez,
u(-)eU

where C' > 0 s a positive constant independent of ¢.

Corollary 2.4.1. (Sufficient Conditions for e—optimality) Under the assumptions of The-
orem 2.4.1 a sufficient condition for an admissible control u®(-) to be e—optimal for our

mean-field control problem ([2.1)-(2.2) is

E{/TH(J[:E WO (¢, 25 (8), B2 (1)), u (¢ ))dt} N <%>2
ot {/ HEOROUt, 22(0), Ba*(1), u(t))dt}.

u(-)eU

Proof of Theorem 2.4.1. The key step in the proof is to show that
H,(t,z°(t),B(a=(t)), us(t), ¥e(t), K=(t), v (f)) is very small and estimate it in terms of . We

first fix an £ > 0 and define a new metric d on U, by setting: for any u(-) and v(-) €U :

du().0()) =B / u(t) — o(t)] £5(t)dt

46



Chapter II. Stochastic near-optimal control for mean-field jump diffusions

where

£5(t) = 1+ [ ()| + [K° ()] +2|Q° (1) [1 + [2°(1)| + [B(z*(1))]]
r2 (IOl + | [ i@uan)|| o+
Obviously d is a metric on U satisfied £L2(t) > 1, and it is a complete metric as a weighted

L!'-norm.

Define a functional g on U as follows

=E /T HE@ OO (¢ 225(t), B2 (1)), u(t)) dt.

By using assumption (??) then a simple computation shows that

909) = g 0| =8 [ {0 (1,050, B 1), ()
—HE OO (¢ 2% (), B(2°(1)), v(t)) } dt.

<8 [ 1B 1050, B ) (0,90, 50,210

—H (070, B () 0(0), B 0), K (), 0))] de

FB [ 10" 0 0B 0) ) - o (1050 B ) o0
< Q) o (1, 25(0), B (1)), (1)
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+ 1E/ o™ (8, 2°(1), B (2°(2)) , u(?)) Q(t)o (¢, 2°(2), B (2°(¢)) , u(t))
— 0" (627 (1), B (2°(2)) , 0(1) @ ()o (¢, 2°(1), B (27(2)) , v(2))] dt

+E/ /|g (t, 25 g (" (1), 0(0), 6)|
< 1(Q°(1) + 7 (8)) g (t.2%(t_), w2 (1), 6)| u(dB)dt
+ 2B / / 197 (6,25 (), u(£),0) (Q°(1) + 75(8)) g (t.2°(8), u(t).6)

= g" (t,25(), 0(), 0) (Q°(1) + 77 (0)) g (¢, 2°(2), v(2), 0)] p(dB)dlt,
=+ G+ T+ T+ T

Now, by using definition 2.2.2 and assumption (H3)

Ti =B 7 1H (1,0 (0), B (a5(0))  u, W5 (), K¥(2), 7 (9))
— H (4,27(0), B (5()) 0, WE(1), K5 (0), 95 (6) | de
(2.51)
< CE [T u(t) — o] (O] + [K(0)] + | fo 4 (O)u(d6)]) d

< CE [, [u(t) — v(t)] £5(t)dt
Since o is linear growth with respect to z and y then by using assumption (2.47)) we get

T =B [ |o* (t,2°(t), B (a(1)) ,w) — 0" (t,2°(1), B (%(1)) , 0)|
X |Q(t)o (L, 2°(1), B (2°(1)) , us (1)) ] di
< CE [, |u(t) = o) 1Q*()| [L+ o= (1)] + |B («°(¢))]] dt

(2.52)

< CE [T |u(t) — v(t)] £5(t)dt.

Similarly, since g is linear growth with respect to x then by assumptions (2.47)) we can prove
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that

I; =B [T [, 19" (t,2°(t),u, 0) — g* (t,2°(t), v, 6)|
X [(Q7(£) +~5(8)) g (t, 27 (t-), ue (1), 0)| u(dO)dt

< OB [ |ut) = o(t)| [|Q°(0)] + | fo 7 (O)n(dd)[] [1 + |a=(¢)]) dt

(2.53)

< OB [ Ju(t) = o(t)] £°(¢)dt

Next, since o is linear growth with respect to x and y then we deduce that

T; = LB [ |o* (t,2°(t), B (2°(t)) ,u) Q°(t)o (t, 2°(t), B (2°(t)) , u)
— 0" (t,2°(t), B (25(t)) ,v) Q°(t)or (t,2°(t), B (2°(1)) ,v)| dt
< CE [T [u(t) — ()| $1Q°(t)| [L + |2°(t)] + |E (2°(t))[] dt

(2.54)

< CB [ u(t) = v(t)] £2(¢)dt
and
Tt = +3B [ [y lg" (t,2°(t),u, 0) (Q°(t) + % (6)) g (t, 2°(1), u, 0)
— g (t,2°(), 0, 0) (Q(t) + 75 (0)) g (£, 2°(1), v, 0) | j(dB)dt

< CE [, [u(t) = v(t)| 5 |Q(1) + 7 (0)] [L + = (1)]) dt

(2.55)

< CE [ u(t) — v(t)| £5(t)dt,

By combining N we conclude that
|9 (u(-) = g ()| < Cd (ul-),v(-))

which implies that g is continuous on U/ with respect to d. Now by using 1) and Ekeland’s

Variational Principle (Lemma 2.2.1), there exists u°(-) € U such that
d@ (), u (")) < Ve, (2.56)
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and
E/ H(t,2°(t), B(25 (1)), w (1) dt_%ae%{E/ H(t, 2°(t), B(25(t)), u(t))dt, (2.57)

where
H(t, z,y,u) = HEOU O (4 2y u) — Ve |u— ()| £5(8). (2.58)

The maximum condition (2.57)) implies a pointwise maximum condition namely, for P — a.s,

and a.e., t € [s,T]

H(t, 25 (t), B(a5 (1)), u(t)) = max H(t,2°(t), B(z5(¢)), u).

u€A

Using [Item 3, Proposition Al], then we have
0 € O H(t, 2°(t), B(a° (1)), W (t)). (2.59)

Since the function u :—— |u — @®(t)| is locally Lipschitz but not differentiable in w*(¢), then

Clarke’s generalized gradient (see Proposition A1, Example, Appendix) shows that

0y (Velu—u ()| £5(t)) = co{—L(t)Ve, £(t)V/e}
= [=L£5()Ve, £5(H)vEl.

(2.60)

By using (2.60)) and fact that the Clarke’s generalized gradient of the sum of two functions
is contained in the sum of the Clarke’s generalized gradient of the two functions, ([Item 5,

Proposition Al] we get

OH(t, 25 (1), B(a® (1), 7 (1) € O HE OOt 2%(1), B2 (1)), 7 (1))
+ [=VEL(t), VEL(L)].

By applying assumption (2.47)), the Hamiltonian H is differentiable in wu, then [Item 4, Pro-
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position Al] shows that

O, H(t, 2%(¢), B(2(t)), w(¢))
C {Hu(t,25(8), B(a (1)), u" (t), O=(1), K=(1), 77 (0))
+{on(t, 25 (1), B(2=(1)), v (1)) Q°(t)
X (o(t, 2= (), B(z=(1)), u=(1))) — o (t, (), B(a(2)), u" (1)) }
+ Jo gu (£, 2°(12), w5 (1), 0) (Q°(1) + 7 (6))
x(g (8, 2% (t-),us (1), 0) — g (¢, 2°(¢-), w* (), 0))u(d0) }

+ [=VELe(t), veLo(t)].

Next, the differential inclusion (2.59) implies that there is
(1) € [-VEE(), VEE()],

such that

Hy(t, 2% (t), B(2=(1)), us(t), U= (¢), K=(t), 7 (0))

“(1)Q(t)

(o, 2%(t), B(a=(1)), v (1)) — o(t, 2°(1), B(a* (1)), w* (1))
+ Jo g (8, 2°(22), 7 (1), 0) (Q°(t) + 77 (0))

+oy(t, 25(1), B(2=(1)),

S

(g (&, 2=(t-), us (1), 0) — g (¢, 2°(t-),w*(£),0))u(dB) } + 7(t) = 0.
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By using assumption (2.47) we can prove that

| Ho(t, 25 (), B(2=(1)), us (1), W=(t), K=(t), 7 (0))
_HU(t> xs(t)v E(;pf(t))7ﬂa(t)’ \IIE(t)a Ks(t)7 /7;56(0)” (2'62)

< Clus(t) — s ()] £5(1),

hence from (2.61)) and (2.62)), assumption (2.47) and the fact that |7°(¢)| < \/e£5(t) we get

[ Ho(t, 25 (), B(2=(1)), us (1), W=(t), K=(t), 77 (0))]
< Clus(t) —us ()] £5(2) + oy, (¢, 2°(2), B(2=(2)), us (¢)) Q=(t)
x (o(t, 2%(t), B(a® (1)), u(t))) — o(t,2°(t), B(z*(2)), u*(1)))]
+ | fo gu (t,2°(t-), T (1), 0) (Q(1) + 5 (0)) (2.63)
x(g (&, a=(t-),us(t),0) — g (t,2°(t-),u"(t),0)) u(dO)| + |7=(1)]
< Clus(t) —us ()] £5(t) + [75(2)]
< Cuf(t) — T(E)] £5(E) + VEL (L),
Now, using (2.49), we obtain for any u(-) € U
H(t, x(t), B(x(t)), u(t), U=(t), K£5(t),7; (0))
—H(t, 25(t), B(a®(t)), us(t), ¥=(t), K=(1), 7 ()
< Hy(t, 2°(t), B(2=(2)), u=(t), W= (t), K°(t),7; (0)) (x(t) — 2°(t)) (2.64)
+ Hy(t, 2%(t), B2 (1)), us (), O=(1), K=(t), 7 (0)) ((t) — 2°(t))

+ Hy(t, 25 (), B(2=(1)), us(2), O(t), K(8), 77 (0)) (u(t) — us(t)).

Integrating this inequality with respect to ¢ and taking expectations we obtain from ([2.51|)
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and (2.63)

E [ [H(t2(t), B()), ult), T(), K=(t), 7 (0))

— H (t, (1), B2 (1)), u (1), W=(2), K=(t), 75 (0))] dt

<B [ Ho(t, (), B2 (1), u (1), U2(8), K=(1), 75 (0))(w(t) — 2°(¢))dt

B [ H (07 (), B2 (1)), u (1), W (1), KE(2), 95 (0)) (2(t) — 22 (1) )dt .
+C(d(u(), T () + £2)

<B [ H,(t25(1), B(ae()), u (1), W (1), K= (1), 55 (0) (w(t) — =(¢) )t

B [ Hy (t,2°(8), B2 (1)), u (1), W (1), K=(2), 95 (0)) (2(t) — 2°(1) )t

+Cex.

On the other hand, by using ([2.48) we get

h(@(T), B (x(T))) — h(2*(T), B (+(T))) =

e (25(T), B(2°(T))) + Dy (2°(T), B(2=(T)))] (2(T') — 2°(T))

Noticing that since U*(T") = h,(2*(T),E(2*(T))) + E (hy(2°(T),E(2*(T")))) then we have
B {h (2(T), B (x(T))) = h(z*(T), B (2°(T)))} = BAY(T)(x(T) — 2°(T))}- (2.66)

By integration by parts formula for jumps process W¢(t)(z(t) — x°(t)) (see Lemma A1) we
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get

B W () (2(T) — ()]
=5 [ w0 - 0) 4B [ 00 - 0)ar )

ve [ K (4(6)),ult)) — o0, 2% (1), B (0), o ()
—HE/S /(;)’yt (g (t,x(t),u(t),d) — g (t,x°(t),u(t),0)) n(dh)dt,

with the help of (2.1)), and (2.9 we obtain

B {4(T) (a(T) - 2°(T))}
—E /{ (1, 27(0), B (1), (8), ° (£), K*(2), % (0))
B, (20, B (0), 0 (1), (1), K(8), % (0)))] () — (1)
F U [t (8), B (1), ult)) — F(t,0°(8), BG(1)), u*(1))]
K1) [o(t,a(8), Ba(0), u(t) — ot,2°(2), B(1)), u* ()]

¥ / SE(0) (0 ()0, 6) = 9 (,07(0). (), 0)) ) .

then from ([2.49) and (| - we get

E {W=(T)(x(T) - 2°(T))}
> B [ {H(t,2(t), B(a(t), u(t), U (1), K=(t), 7 (0))

— H(t, % (8), B (1)), we (1), W (1), (1), 75 (6)

(1) [£ (1, (1), B(x (), u(t) — f(t,25(t), B(a= (1)), u(t))] (2.67)

HEE() [o(t, (1), B(x (1)), u(t)) — ot (), B(2(2)), u(1))]
+ Jo i (0) (g (tw(t- ), u(t), 0) — g (8, 2%(t-), u?(1),0)) u(d0) } dt — Ce>

=B [7 (€ (t,2°(t),B(z=(t)),u () — £ (t, (1), B(x(t)), u(t))) dt — Ce?.
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Combining (2.66|) and (2.67)) we get

E{h (z(T), B (2(T))) = h(a*(T), B (z°(T)))}

> E/ (€ (t, 25 (), B(z5 (1)), s (1)) — € (¢, (), B(a(t)), u(t))) dt — Ce?,

then by using definition of J*¢ we conclude

N

T (u() = T (uf()) — Cez.

Finally, since u(-) is arbitrary element of U, the desired result follows. O

2.5 Application to finance: Parameterized mean-variance
portfolio selection

In this section, we will apply our necessary and sufficient conditions of near-optimality to
study a parameterized mean-variance portfolio selection and we derive the explicit expression
of the optimal portfolio selection strategy.

Suppose that we have a mathematical market consisting of two investment possibilities:
The first asset is a bond whose price P (t) evolves according to the ordinary differential
equation

(1) Risk-free security: (e.g., a bond), where the price Py(t) at time ¢ is given by the

following equation:

dPy (t) = Py (t) plt)dt, t € [0, 7] (2.68)

Py (0) >0,

where p(-) is a bounded deterministic function.
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(2) Risky security (e.g. a stock), where the price P (t) at time ¢ is given by
P (t) = Py (t_) |s(t)dt + o, dW () + / £ (G)N(de,dt)} L P(0) >0,  (2.69)
Q)

where ¢(t), o and & (0) are bounded deterministic functions such that ¢(t) # 0,0; # 0 and
¢(t) > p(t). and as above N(df,dt) is a compensated random measure.
Assumptions. In order to ensure that Py (t) > 0 for all ¢ € [0, 7] we assume that:

(1) & (0) > —1 for any 0 € ©.

(2) The function t — [ &7 (0) p(df) is a locally bounded
Portfolio and wealth dynamics: A portfolio is a predictable process 7 (t) = (mo(t), w1 (t))
giving the number of units held at time ¢ of the bond and the stock. The corresponding

wealth process 27 (t), t > 0 is then given by
2" (t) = mo(t)Po () + mi(t) Py (¢) . (2.70)
The portfolio 7(+) is called Self-financing if
t t
x"(t) = 2"(0) + / mo(t)d Py (t) +/ m(t_)dPy (t). (2.71)
0 0

We denote by

u(t) = m(t)P (1), (2.72)

the amount invested in the risky security. Now, by combining (2.70]) and (2.71)) together with
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(2.72)) we introduce the wealth dynamics as follows

[ da?(t) = [p(H)a" () + (<(t) — p(t)o(D)] dt + oo(t)dIV (2)

+ [o & (O)v(t)N (db, dt), (2.73)

| 2(0) = ¢,

where ¢ € R. If the corresponding wealth process () given by SDE— is square integ-
rable, the control variable v(-) is called tame. We denote U the set of admissible portfolio
valued in A = R.

Parameterized mean-variance portfolio selection. We assume that we have a family
of optimization problem parameterized by e, where ¢ is a small parameter € > 0 may be

represent the complexity of the cost functional

J<(w() =B { (xv(T) — E(z*(T)) — 5))2 + /OT %L(v(t))dt} : (2.74)

subject to 2¥(T) solution of SDE-(2.73) at time T given by

T T

[o@)x"(t) + (s(t) = p(t))u(t)] dt+/ o(t)dW (t)

0

=

0

+/0T/@€t_ (0) v(t)N (dO, dt) ,

where L(-) is a nonlinear, convex and bounded function, satisfying assumption and
independent of ¢.

Our objective is to find an admissible portfolio v*(-) which minimizes the cost function
of mean-field type (i.e., with £ = % (v(t)),s =0, h(z(t),E(z(t))) = (2(t) — B(z(t)) — %)2)
Explicit solution of problem (2.73)-(2.74), called P., may be a difficult problem. The idea is

to show that we can easily get a near-optimal control (in feedback form) analytically based

on the optimal control of the simpler problem, called Py which is obtained by setting ¢ = 0
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in (2.74), then we get
T3 (w(-)) = B{(z"(T) — B(="(T)))*} , (2.75)

We study the optimal control problem where the state is governed by SDE-(12.73)) with a new
cost function (2.75)). In a second step, we solve the control problem (12.73))-(2.75]), and obtain

an optimal solution explicitly. Finally, we solve the control problem P, of near-optimally.

Problem Py: (optimal solution of mean-field stochastic control problem (2.73)-(2.75)). By

a standard argument, problem P, can be solved as follows.

Since f (¢, x(t), B(x(t),v(t)) = p(t)x(t) + (s(t) = p(t))o(t), o (t,x(t), B(x(t),v(t)) = ow(?),
g (t,x(t-),v(t),0) = v(t)&_ (0), then the Hamiltonian H gets the form

H (1,2, B (2) , o(t), U(t), K (£),% (6) = (1) [p()a(t) + (s(t) — p(t))u(t)] — K (ow(t)
~u(t) / 24 (0)& (0) ju(d6)
— —W(E)p(t)(t) — olt) W) — (1))
K (t)oy + / 7 (0) & (0) ju(d6) |

S}

Consequently, since this is a linear expression of v(-) then it is clear that the supremum is

attained at v*(t) satisfying

U (1)(s(t) + p(t)) + K* (t)or + /@ 77 (6)& (6) p(dh) = 0. (2.76)

Since hy (z(T),E(x(T)) = 2 (x(T) — E(z(T)), hy(x(T),E(z(T)) = —2(2(T) — E(z(T")) then
a simple computation shows that the first-order adjoint equation (2.9) associated with v*(t)

gets the form

AU (t) = —p(t)T*(t)dt + K*(t)dW (t) + [ 5 (0)N(dt, do) -
2.77
U*(T) = 2 (2*(T) — E(z*(T)) .
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In order to solve the above equation (2.77) and to find the expression of v*(t) we conjecture

a process W*(t) of the form
U*(t) = O1(t)z™(t) + P2()E (z*(1)) + P5(2), (2.78)

where ®4(-), Po(-) and P3(-) are deterministic differentiable functions. (see Shi et al., [62]

and Framstad et al, [13], Ma et al, [23] and Li [60] for other models of conjecture).

Applying It6’s formula to (2.78)), in virtue of SDE-(2.73)), we get

d(t) = &1(t) {[p(t)z*(t) + (<(t) — p(t))v*(D)] dt + o™ (1)dW (1)
+ [o v ()& () N (O, dt)} + z*(t) D1 (t)dt
+&5(1) [p()B(z(1)) + (s(t) — p(t))v"(1)] dt
+ B (z*(t)) ®o(t)dt + Dy(t)dt

= {qh(t) [p(t)a*(t) + (<(t) — p(t))o* (1)] + 2" (1) @1 (t)

+ &5(1) [p()B(z"(1)) + (s(t) — p())v*(¢)]

(2.79)

+ $y()E (7 (¢)) + <i>3(t)} dt
+ @1 (t) o (t)dW (1)
+ f@ Dy (t)v*(t)&_ (0) N (db,dt),

UH(T) = 1(T)x"(T) 4 ©2(T)E (z*(T)) + 5(T),
Next, comparing (2.79)) with (2.77)), we get

—p(t)T*(t) = @1(t) [p(t)a () + (<(t) — p(t)v*(£)] + 2 (£) P (2)
+ @o(t) [p(0)B(2" (1)) + (s(2) — p(2))v* ()] (2.80)

+ ®a()E (2°(1)) + s(t),

29



Chapter II. Stochastic near-optimal control for mean-field jump diffusions

and

$y(T) = 2, Bo(T) = —2, By(T) = 0.

Combining (2.81)) and (2.83)) together with (2.76)) we get

V(1) = —(s(t) = p(0) ¥ (1)
®y(t) [0F + [o & (0) u(db)]

We denote
At) = o + [ €0) ),

by using (2.76)) together with (2.84)) and (2.85|) then we can get

®3(t) =0 for ¢t € [0,7T],

1 (21()2"(t) + P2(H)E (27(1)))

v(t) = (p(t) = <(1)) (A1) 0
= {(p(t) — 5(t)) (At)) "

+{(o(0) — <) (A(r) ™ 20

——
8
*
—~
~
~—

Now combining (2.80)) with (2.78) we deduce

0 (8) (Ba(1) + Ba(0)) (p() = 5(1) = [20()81(1) + &a(1)] 2*(1)

+ [200a(8) + 2(0)] B (1)

(2.81)

(2.82)

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

By comparing the terms containing x*(¢) and E (z*(¢)), we obtain from ([2.86]) with (2.87))
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the two ordinary differential equations (ODEs in short):

(2.88)
[(p(t) — (D)2 (A1) = 20(6)] @(t) + (p(t) — <(£))2 (A1) 2 — by (1),
a simple computation from (2.88) we obtain
Ci)1(t)‘b2(t) = <i>2(t)<I)1(t), (2.89)
which is equivalent to |®1(t)| = ¢y |Pa(t)| where ¢o is a positive constant. Since ®,(7T") =
2,05(T) = —2, (see (2.83)) we deduce ¢y = 1, then we get
|[@1(8)] = [®2(t)], (2.90)

Let us turn to calculate explicitly ®;(¢) and ®5(t). From (2.90) we have

[(p(t) = () ()™ = 20(1)] + (p(t) = s(£)) (A1) " Sgn(®@1()Da(t)) = 343,

[(p(t) = (D) (A®) ™" = 2(1)] + (p(t) — <(£))? (A1) ™" Sgn(®@:(t)@a(t)) = 522,

from (2.83)) then a simple computations shows that for any ¢t € [0, 7]

|[@1(1)] = 2exp {— B o) = <) (A1) ™ = 20(1)]

+ (p(t) = <(1))* (A1) Sgn(@1(1)@o(1))dt }

(2.91)

61



Chapter II. Stochastic near-optimal control for mean-field jump diffusions

With this choice of @, () and ®4(t), we conclude that v*(t) is given by

vr(t) = [(p(t) — (1)) (A() "] 2*(1)

+ [(p(t) = <(t)) (A() " Sgn(P1(t)Ps(t))] B (27(1))

(2.92)

and the adjoint processes

Ur(t) = @1(t)2"(t) + P21 E (2*(1)) ,
K*(t) = ®1(t)ov* (1),

1 (0) = @1(2)&: (0) v (1),

satisfying the adjoint equation . Moreover, with this choice of v*(t), the maximum
condition of Theorem 2.3.1 holds. Since h (x(t), Ex(t)) = (z(t) — Bx(t))® is convex
and H (-,-,-,W(t), K(t),(0)) is concave, we can assert that our admissible portfolio v*(¢) is
optimal and the sufficient conditions in Theorem 2.4.1 are satisfied where v*(t) achieves the
maximum. Finally, we give the explicit optimal portfolio in the state feedback form in the

following theorem.

Theorem 2.5.1. The optimal solution of our mean-field stochastic control problem Py is

given in the state feedback form by

vi(t, 2% (1), B (2%(1))) = [(p(t) — <(1)) (A1) "] 2*()

+ [(p(t) = <(1)) (A() ™ Sgn(P1(t)Ps(t))] B (a*(1))

(2.93)

where A(t), ®1(t) and Po(t)) are given by (2.85)), (2.91)) and (2.90|) respectively.
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Problem P.: The Hamiltonian function H for the problem P is

HEDPOD (¢ 2 u) = =W (8)p(t)(t) — ult) {T () (s(t) — p(t))

where Q*(+) is given by second-order adjoint equation

{ dQ*(t) = —2p(1)Q* (t)dt + R*(1)dW (t) + [, T (6)N(d6), dt)

Q(T) = 2.

By uniqueness of the solution of the above classical backward SDE it is easy to show that

(Q (). R* (1), T3(6)) = (2exp {2 / p<r>dr} 0,0),
then we get

HTOw O 2, 0) = =W (8)p(t)z(t) — v(t) {0 (1) (s(t) — p(t))

+ o (Hu(H)Q*(t) — 5070°()Q*(1) (2.94)

Since v*(-) is optimal, by stochastic maximum principle, it necessary that v*(-) maximizes
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the H-function a.s. namely,

() (s(t) — p(t) + K*(t)oe + o 77 (0) & () u(dO) = 0
(2.95)

P—a.s, ae.t.

The Hamiltonian H, for the problem P. is

HE OO (2, 0) = =W(0)p(8)(t) —v(e) {T*(1)(s(t) = p(t)
+E*(t)or + [ 7 (0) & (0) u(d6) }
+ 0Pt (D) Q* (1) — JoPu(H)Q" (1)
+0(t)0* (1) Jo (& (0))° (Q(t) + 77 (0)) u(d6)
Lu2(t) [ (6 (0))° (Q7(£) + 77 (0)) u(d6)

(2.96)

The above function is maximized at v°(t) which satisfies

U (0)(s(t) = p(t) + K*(t)oe + Jo 7 (0) & (6) u(dB) + oo™ (1)Q" (¥)
—apo (Q (1) + (1) fo (& () (Q* (1) + 77 (6)) u(db)
—v%(t) fo (& (0))* (@ (1) + 7 (0)) u(dh) — FL(v*(1)) = 0,

P—a.s, ae.t.

by applying (12.95) we have

(v* (1) — v°(1)) [07Q" (1) + fo (& (0))” (Q" (1) + 77 (9)) pu(db)]
(2.97)
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Combining (2.96)-(2.95) then we can shows that

max HE OV ONt 2(t), v(t)) — HE
v(-)eU

= R (O (DR (1) — 507 (1 (1) (1) — S L0 (1)
+ (000 - 500 [ (6 )@@+ ntan
1, 2 A« e *
-f3rworen-Soee
1
2

since

then by simple computation we get

max HE OO (¢, 2, 0(t)) - HE OV O (1,2, 0% (1))

v(-)eU
-y {Uf@*m = [ (6 )@ 0 +9:0) o)
- L) ~ LT 0)
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using (2.97), (2.47), and the fact that L (-) is convex and bounded we obtain

max MO Ot 2, 0(0) = HE OV O 2,0°(1)
v(-)€E

Moreover, by using (2.95)) the hamiltonian H. of problem P. is

He (2, B (x),0(t), U(t), K1), 1(0)) = =W (@)p(t)2(t) — v(t) {¥ () (<(t) — p(t))

82

FEW+ [ 10)6 6)l@s) | - TL0(0)

= —U(t)p(t)z(t) — %L(v(t))-

Since L(-) is convex then the Hamiltonian H, (¢, -, -, -, U(t), K(t),v(0)) is concave. By apply-
ing Theorem 2.4.1, this proves that, the control v*(¢) given by (2.93)) is indeed a near-optimal

for stochastic control problem P..

2.6 Concluding remarks.

In this chapter, necessary and sufficient conditions of near-optimal stochastic control for
systems governed by mean-field jump diffusion processes of mean-field type is proved. The
control variable is allowed to enter both diffusion and jump coefficients and also the diffusion
coefficients depend on the state of the solution process as well as of its expected value.
Moreover, the cost functional is also of mean-field type. Our result is applied to financial
optimization problem, where explicit expression of the optimal (and near-optimal) portfolio
is obtained in the state feedback form. If we assume that ¢ = 0 Theorem 2.3.1 reduces to
stochastic maximum principle of optimality developed in Hafayed et al., ([18], Theorem 3.1).

Moreover, if we assume that ¢ = 0 and when the coefficients f, o of the underlying jump

diffusion processes and the cost functional do not explicitly depend on the expected value,
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Theorem 2.3.1 reduces to necessary conditions of optimality developed in Tang et al., ([40],

Theorem 2.1) and Theorem 2.4.1 reduces to sufficient conditions of optimality developed in

Framstad el al., ([I3] Theorem 2.1).
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Chapter-111

On Mean-field Partial Information Maximum
Principle of Optimal Control for Stochastic
Systems with Lévy Processes

68



Chapter 3

On Mean-field Partial Information
Maximum Principle of Optimal
Control for Stochastic Systems with

Lévy Processes

Abstract. In this work, we study mean-field type partial information stochastic optimal
control problem, where the system is governed by controlled stochastic differential equa-
tion driven by Teugels martingales associated with some Lévy process and an independent
Brownian motion. We prove necessary and sufficient conditions of optimal control for these
mean-field models in the form of maximum principle. The control domain is assumed to be
convex. As an application, partial information linear quadratic control problem of mean-field

type is discussed, where the optimal control is given in feedback form.
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3.1 Introduction

We consider a mean-field stochastic control problem under partial information, where the
controlled mean-field stochastic differential equation (SDEs) driven by Teugels martingales

and an independent Brownian motion of the form

"

dat(t) = f (¢, 2" (1), B(x" (1)), u(t)) di

+ 320 o (12 (t), B(x(1)), ult)) AW (1)
(3.1)

+ 2000 g (Gt (o) Bt (t-)), ult)) dH (t)

\ z"(0) = zo,

where f,o and g are given maps and the initial condition z( is an JFy—measurable random
variable. The mean-field SDEs-(3.1]) which is also called McKean-Vlasov systems are obtained
as a limit approach, by the mean-square limit, as n goes to infinity of a system of interacting

particles of the form:

£ 30 M ati(0), S a0, u(e) ()

E Yt ) S ) u(e)dH (1),

where W (-) is a standard d—dimensional Brownian motion and H(t) = (H’(t));., are pair-
wise strongly orthonormal Teugels martingales, associated with some Lévy process, having
moments of all orders. The control u(-) = (u(t)):>o is required to be valued in some subset
of R* and adapted to a subfiltration (G;);>0 of (F;)i>0. These Teugels martingales are the
natural martingales, which generate the Hilbert space of square integrable martingales, with
respect to the natural filtration of a Lévy process having moments of all orders.

The main new purpose here is the formulation of the partial information stochastic control
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in mean-field system with Lévy processes, which requires special attention. Noting that mean-
field SDE associated with Lévy processes under partial information occur naturally in
the probabilistic analysis of financial optimization problems (incomplete financial market).
Moreover, the above mathematical mean-field approaches play an important role in different
fields of economics, finance, physics, chemistry and game theory.

The expected cost on the time interval [0, 7] is defined by

T (u()) == E{/O 0t 2" (0), B(a (1)), u(t) dt+h (z(T), B (2*(T))) }, (3.2)

where ¢ and h are an appropriate functions. This cost functional is also of mean-field type, as
the functions ¢ and h depend on the marginal law of the state process through its expected
value. It worth mentioning that since the cost functional .J is possibly a nonlinear function
of the expected value stands in contrast to the standard formulation of a control problem.
This leads to a so called time-inconsistent control problem where the Bellman dynamic pro-
gramming does not hold. The reason for this is that one cannot apply the law of iterated
expectations on the cost functional. This is a type of a control problem which, it seems, has

not been studied before. An admissible control u*(-) is called optimal iff it satisfies

Jw ()= Jof T @)

The corresponding state processes, solution of mean-field system (3.1]) is denoted by x*(-) =
Partial information or incomplete information, means that the information available to
the controller is possibly less than the whole information. That is, any admissible control
is adapted to a subfiltration (G;); of (F;); t > 0. This kind of problem, which has potential
applications in mathematical finance and mathematical economics, arises naturally, because
it may fail to obtain an admissible control with full information in real world applications.

To the best to our knowledge, the stochastic optimal control problems related to Teugel’s
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martingales have been investigated by many authors. For example, [90, 9T}, 98] Q9] T00), T0T].
In Meng and Tang [90] the authors studied the general stochastic optimal control problem for
the stochastic systems driven by Teugel’s martingales and an independent multi-dimensional
Brownian motion and recently, they prove the corresponding stochastic maximum principle.
Optimal control problem for a backward stochastic control systems associated with Lévy
processes under partial information has been investigated in Meng, Zhang and Tang [91]. The
stochastic linear-quadratic problem with Lévy processes was studied by Mitsui and Tabata
[98] and Tang and Wu [99]. Optimal control of BSDEs and FBSDEs driven by Teugels
martingales has been studied in Tang and Zhang [100]. Stochastic maximum principle for
SDEs with jumps under partial information was proved in Baghery and (ksendal [102].
Under complete information, the mean-field stochastic model was introduced by Kac [15]
as a stochastic system for the Vlasov-kinetic equation of plasma and the study of which
was initiated by McKean model [24]. Since then, many authors made contributions on
mean-field stochastic control and applications, see for instance, [81, [82] 103, 104, 83, 58],
5, 16, 1, 105, B9, 60, 106, 107, 108, ©96]. Second order necessary and sufficient conditions
of near-optimal singular control for mean-field SDE have been established in Hafayed and
Abbas [81]. More interestingly, mean-field type stochastic maximum principle for optimal
singular control has been studied in Hafayed [82], in which convex perturbations used for both
absolutly continuous and singular components. The maximum principle for optimal control
of mean-field FBSDEJs has been studied in Hafayed [I03]. The necessary and sufficient
conditions for near-optimality for mean-field jump diffusions with applications have been
derived by Hafayed, Abba and Abbas [104]. Singular optimal control for mean-field forward-
backward stochastic systems and applications to finance has been investigated in Hafayed
[83]. However, sufficient conditions of optimality for mean-field SDE with application have
been investigated in Shi [58]. In Buckdahn, Djehiche, Li and Peng [5] a general notion of
mean-field BSDE associated with a mean-field SDE is obtained in a natural way as a limit of

some high dimensional system of FBSDEs governed by a d—dimensional Brownian motion,
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and influenced by positions of a large number of other particles. General maximum principle
was introduced for a class of stochastic control problems involving SDEs of mean-field type in
Buckdahn, Djehiche and Li [6]. Optimal control of nonlinear mean-field diffusion on Hilbert
space was investigated in Ahmed [I]. In Lazry and Lions [I05] the authors introduced a
general mathematical modeling approach for high-dimensional systems of evolution equations
corresponding to a large number of particles (or agents). Under the conditions that the
control domains are convex, a various local maximum principle have been studied in [59] [60].
Second-order maximum principle for optimal stochastic control for mean-field jump diffusions
was proved in Hafayed and Abbas [106]. Necessary and sufficient conditions for controlled
jump diffusion with recent application in bicriteria mean-variance portfolio selection problem
have been proved in Shen and Siu [107]. Recently, maximum principle for mean-field jump-
diffusions stochastic delay differential equations and its applicationt to finance have been
investigated in Yang, Meng and Shi [I08]. A linear quadratic optimal control problem for
mean-field stochastic differential equations has been studied in Yong [96]. Under partial
information, mean-field type stochastic maximum principle for optimal control has been
investigated in Wang, Zhang and Zhang [51].

Our main goal in this work is to establish a partial information necessary and sufficient
conditions for optimal stochastic control of systems governed by mean-field SDEs associated
with Lévy processes, where the coefficient of the system and the performance functional
depend not only on the state process but also its marginal law of the state process through
its expected value. The partial information mean-field control problem under consideration is
not simple extension from the mathematical point of view, but also provide interesting models
in many applications such as mathematical finance. An application is given to illustrate the
theoretical results. Our result could be seen as an extension of necessary and sufficient
conditions of stochastic systems associated with Lévy processes proved in Meng and Tang
[90] to the mean-field models under partial information.

The rest of this work is structured as follows. The assumptions, notations and some

73



Chapter III. Mean-field partial information maximum principle for SDEs with Levy
processes

basic definitions are given in Section 2. Sections 3 and 4 are devoted to prove our main
results. As an illustration, time inconsistent linear quadratic mean-field problem is discussed
in the section 5. Finally, Section 6 concludes the work and outlines some possible future

developments.

3.2 Assumptions and Statement of the Control Prob-
lem

In this chapter, we study stochastic optimal control problems of mean-field type SDEs as-
sociated with Lévy processes of the following kind. Let 7" > 0 be a fixed time horizon
and (Q, F, (ft)te[O,T} ,IP) be a fixed filtered probability space equipped with a P—completed
right continuous filtration on which a d—dimensional Brownian motion W' = (W (t)),¢(o 7 i
defined. Let L(-) = (L(t)),c/o7) Pe a R-valued Lévy process, independent of the Brownian
motion W (-), of the form L(t) = bt + A(t), where A(¢) is a pure jump process. Assume that

the Lévy measure p(df) corresponding to the Lévy process A(t) satisfies

1, /(1 A 62)(dB) < 0.

2. There exist v > 0 such that for every § > 0 : / exp (v 10]) u(dh) < oc.
}_676[
We assume that (F3),c( 7] is P—augmentation of the natural filtration (ft(WL))te[o,T} defined

as follows:

F = Y Vo {L(s) 0 < s <t} VG,

where F}V := o {W(s):0 < s <t}, Gy denotes the totality of P—null sets, and F; V F,
denotes the o-field generated by F; U Fs.

We denote Ug ([0, T7]) the set of all admissible controls.
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Throughout this work, the power jump processes is defined by

L(k)(t) = ZO<T§t (AL(T))k k>1
l;(l)(t) = l;(t)a

where AL(7) := L(7) — L(7_). Moreover, we define the continuous part of the control by

L@ () == Lay(t) = Y (AL(7)) : k> 1,

0<r<t

i.e., the process obtained by removing the jumps of L(t). If we define
Ny (8) == Lan(t) = B{Lw ()} - k > 1,

then the family of Teugels martingales (H;(:));., is defined by H;(t) = >2,_;; ajiNk(t)
where the coefficients o, associated with the orthonormalization of the polynomials {1, z, 2%, ...}
with respect to the measure m(dz) = z?u(dz). The jumps of z“(t) caused by the Lévy mar-

tingals Apz%(t) is defined by
Apzt(t) :== g (t, 2" (t_), B(x"(t)), u(t)) AL(t).

For convenience, we will use the following notation in this work.

1. % the Hilbert space of real-valued sequences z = (2, )n>0 such that ||z| == [32°°, z,])° <

+00, and 12 (R"): the space of R"-valued (fy),~, such that [> > ||an]§n}% < +o00.

2.12 ([0, T]; R"™) denotes the Banach space of F;-adapted processes such that E ( fOT 1z (t)| 2 dt) : <

+00.

3. L% ([0, 7] ;R™) denotes the Banach space of F;—predictable processes such that E ( fOT Yoo ||]§n dt) : ‘
+00.

4. S% ([0, T);R™) denotes the Banach space of F;—adapted and cadlag processes such that

E(sup |z(t)[*)z < 4o0.
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5. L2 (9, F,P,R") the Banach space of R"-valued, square integrable random variables on
(Q, F,P).

6. M (RR) denotes the space of n x m real matrices.

7. For a differentiable function ® we denote by ®,(t) its gradient with respect to the variable
x.

8. 1440 (-) denotes the indicator function on the set [t,t + r].

In this work, we assume

—

([0, 7] x R" x R" x A — R",
o:[0,T] x R" x R" x A — M"™%(R),
g:[0,T] x R" x R" x A — I* (R"),

h:R" — R.

Conditions (A1) The functions f, o, ¢, g and h are continuously differentiable in their vari-
ables including (z,z,u). The maps f, o, g are progressively measurable processes such that
£(-,0,0,0) and g(-,0,0,0) € L2 ([0, 7]; R"), and o(-,0,0,0) € MZ ([0,T]; R").

Conditions (A2) The derivatives of f,o and g with respect to their variables including
(x,Z,u) are bounded. Further the map ¢ are dominated by C' (1 + |z| 4 |u|) and its derivatives
are dominated by C(14|z|* + [u|?). The map h is dominated by C (1 + |z|) and its derivatives
with respect to (z,%) are dominated by C/(1 + |z[?).

Thanks to Lemma 2.1 in Meng and Tang [90], and under conditions (A1) and (A2), the
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SDE-(4.1)) has an unique solution z (-) € L% ([0, 7] ; R™) such that

" —x0+/ f (s, x" z'(s)),u(s))ds

/ ZO‘J (s,2%(s), B(a"(s)), u(s))dW(s)

/ Zg 5,2%(5), B(z"(5)), u(s)) dH (s) .

Mean-field Adjoint Equations. We introduce the new adjoint equations involved in the
stochastic maximum principle for our mean-field control problem (3.1)-(3.2)). For simplicity
of notation, we will still use f,(t) := %(zﬁ, 2*(-),E(z*()),u(-)), So for any admissible control
u(-) € Ug([0,T]) and the corresponding state trajectory = (-) = z*(-), we consider the

following adjoint equations of mean-field type

[ —aw(t) = [, (1) U(t) + B[f (1) U(t)] + 3251 (03 (1) Q7 (1) + BloL () Q(t)])

+ 352 (g (8) K2 (1) + Blgd (1) K7 (D]) + Lo (1) + B(G (1)) dt

(3.3)
— Y Q)W (1) = X052, K (t)dHI (1)
| U(T) = he (2(T) , B(2(T))) + Elhz (=(T) , E(z(T)))].
We define the Hamiltonian function
H:[0,7] x R" x R" x A x R" x R™? x [*(R") — R",
associated with the stochastic control problem (3.1))-(3.2) as follows
H <t7 T,T,u, \Ij()’ Q()7 K()) = \Ij(t)f <t7 T, 7, u) + Zj:1 Qj<t)0 (ta T, 7, u) ( 4)

3.

2 KD (b2, Tou) + (@, T, u)

If we denote by H(t) := H(t, z(t),Z(t), u(t), ¥(t), Q(t), K(t)), then the adjoint equation ((3.3))
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can be rewritten as the following stochastic Hamiltonian system’s type

—dV(t) = {H, (t) + B [Hz ()]} dt — 3257, Q7 ()dW (t) — 3252, K7 (H)dH (¢) 35

U(T) = he (2(T) , B(x(T))) + Blhz (2(T) , B(x(T)))].

It is a well known fact that under assumptions (A1) and (A2), the adjoint equations or
(3.5)) admits a unique solution (¥ (), Q(t), K(t)) such that (¥(t), Q(t), K(t)) € S%([0, T] ; R™)x
LZ([0, T]; R™4) xI2(]0,T]; R™). Moreover, since the derivatives of f,0o,g, h with respect to
(z, ) are bounded, we deduce from standard arguments that there exists a constant C' > 0
such that

E | sup [¥(t)]*+ sup \K(t)]2~|—/0 Q(t))*dt| < C. (3.6)

te[0,7) t€[0,7]

3.3 Partial Information Necessary Conditions for Op-
timal Control of Mean-field SDEs with Lévy Pro-
cesses

In this section, we establish a set of necessary conditions for a stochastic control to be optimal
where the system evolves according to nonlinear controlled mean-field SDEs associated with
Lévy processes. In addition to the assumptions in Section 2 we assume the following
Conditions (A3)

1. For all t, r such that 0 <t <t+r <T,alli:1,2,...,k and all bounded G;—measurable
o = a(w), the control 5(t) = (0,...,0,5(t),0,..,0) € A C R¥, with S;(s) = a;lpen(s),
s € [0, T] belong to Ug ([0,T]) .

2. For all u(-), 8 € Ug([0,T]), with 8 bounded, there exist 6 > 0 such that u+yS5 € Ug([0,T))
for all y € [-9,].
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For a given u(-), 5 € Ug([0,T]) bounded, we define the process Z(-) by

Z(t) = Z“3(t) == diy(g;uﬁ)(t).

Note that Z(t) satisfies the following mean-field linear stochastic differential equation driven

by both Brownian motion and Teugels martingales

;

dZ(t) = [fo()Z(t) + fz(O)B(Z(1)) + fu(t)B(t)]dt
+ 250l (D Z(1) + oL (t)E (Z(1)) + ol (H)B]dW (¢)
+ X2l (0 Z() + (OB (Z(1) + gh(DB()]dH (1)

Z(0) = 0.

The following theorem constitutes the main contribution of this work.
Let u*(-) be a local minimum for the cost J over Ug ([0, T]) in the sense that for all bounded
B, there exist § > 0 such that (v*+yf3) € Ug ([0, T]) for all y € [—6,0] and (y) = J(u* +yp)

is maximal at y =0 :

¢'(y) = d%J(U* +yB) = 0. (3.7)

Let 2*(-) be the solution of the mean-field SDEs-(3.1)) corresponding to u*(-).

Theorem 3.3.1. (Partial information necessary condition for optimality in integral form).
Let conditions (A1), (A2) and (A3) hold. Then there exists a unique triplet of adapted process
(U*(+),Q*(-), K*(+)) solution of adjoint equation such that u*(-) is a stationary point

for B[H | G| in the sense that for almost all t € [0,T] we have

E[H.(t,x*(t-), Blx*(t2)),u” (t) , " (t), Q" (t), K*(t)) | G| =0, a.e., t €[0,T]. (3.8)
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Proof. From (3.7) we have

d
0= g (" +y9) (3.9)

:E{/O Co(t, 27 (), B(a™ (1)), u*(t) Z* (t)dt+B(Cx(t, 2™ (t), B(z* (1)), u* () Z*(t)
+ [ a0, B @) @)

+ he (27(T), B (2%(T))) Z°(T') + B(hs (z*(T), B (2*(T))) Z*(T)}-
By applying Ito’s formula to W*(¢)Z*(t) and take expectation we get

E(U*(T)Z =E [[" U (t)dZ*(t) + B [, Z*(t)d*(t)
+E [y Yoy QF(0)ed ()27 (1) + oL()B (27(1)) + o4 (t) (1)) dt
+E [y Yy K7 (0)[gh(0) 2 () + gh()E (2*()) + gl ()B(1)])dt

= [ +Io+13+14,

(3.10)

where

= EfOT\IJ* t)dZ*(t)
=B [y UH(8) [fo () Z°(t) + fz () B(Z*(1) + fu(t)B(E)] dt (3.11)
=B [ U (1) f, (1) Z°(t) + B [, U () fz () B(Z*(1)) + B [ O (1) fu(H)B(¢))dt.
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By simple computations we get

=& [\ Z*(t)d*(t)
= - J, 2(1) {fw () W7 () + B (fz (1) W*(1)) + X5, (07 (1) Q7*(1) + B(of (1) Q7(1)))
+ Z?’il(gi (t) K9*(t) + Blg, (t) K7*(8)]) + €o (1) + B (6 (t))} dt
= -E[ 7 U (t)dt — B [ Z*(t)E (f5 (t) U*(t)) dt
—B f, 35 Z*(8)(0] (1) Q7 (1) + B0 (1) Q7 (1))
—B [y S5, Z5(t) (g (1) K7* () + Blgk (1) K7*(¢)))

~ B[] Z*(t)t, (t)dt — E /0 TZ*(t)E (03 (1)) dt.
(3.12)

=B [y Y, @ (D06 27 () + oL(t)E (27(8) + o (D B(1)dt
=EJ, HQJ* (Bloi(t)Z*(B)dt + B [} S0, @ (t)ok(E(Z*()dt  (3.13)
+E [y Y, Q (Dol (bB(t)dt,

and
=B [y S0 K& (t)[gh(t) 2" (t) + gL(t)E (Z*(t)) + g4 (t) B(t)]dt

=E [ S0, K™ (g (t) 2 (t)dt + B [ S0, K7*(t)gL(t)E (Z*(t)) dt (3.14)

+B Jy X5 K (8)gi(h)B(0))dt.

Combining (3.10), (3.11)), (3.12)), (3.13)), (3.14)) and the fact that

UH(T) = he (27(T), B(2(T)) + B [hz («*(T), B(z*(T))] and 27(0) =0,
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we get

E{[h. (o(T), B(x(T)) + B (hs («(T), E(x(T)))] 2*(T)}
=B ) {U (01080 d + T, Q@ (1) (1) ()t + S, K™ (g0 (3.15)

0 (1) Z*() — B (6 (1)) Z* (t)}dt.

Combining (3.9) and (3.15]) we obtain

B / {wOR@80@+ Q" W0l (1) Bt + Y K" (Og05()

j=1

62 (), B (8), u" (0)5() dt =0,

which implied that

E/O Ho (2" (), 7% (t2), u*(t), U (t), Q*(t), K*(t)) B(t)dt = 0. (3.16)

Fix ¢t € [0,7] and apply the above to 8 = (0, ..., 3, ..., 0) where 3;(s) = a;lj114(s), s € [0, 77,
t+r <T and a; = a;(w) is bounded, G;—measurable. Then from (3.16) we get

t+r a

E
t 8”1

H (s, z"(s_),z"(s_),u"(s), ¥*(s),Q*(s), K*(s)) a;(w)ds = 0.

Differentiating with respect to r at r = 0 gives

5 [aii”(5”*(8—)’%"(5—%“"(8),\If*<s>,Q*<s>,K*<s>>ai ~0. (3.17)

Since (3.17)) holds for all bounded G;—measurable «;, we have
E[H, (t,2"(t), " (t-), u(t), ¥*(t), Q" (t), K*(t)) | G]) =0. P —a.s.

This completes the proof of Theorem 3.3.1 O
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3.4 Partial Information Sufficient Conditions for Op-
timal Control of Mean-field SDEs with Lévy Pro-
cesses

The sufficient condition of optimality is of significant importance in the stochastic maximum
principle for computing optimal controls. In this section, we will prove that under some
additional hypotheses on the Hamiltonian function is a sufficient condition for optimality.
Conditions (A4) . We assume
Lo H(t -, U (1), Q*(t), K*(t)) is convex with respect to (z, ¥, u) for a.e.t € [0,T], P —a.s.
2. h(-,-) is convex with respect to (z, 7).
Theorem 3.4.1. Let conditions (Al), (A2), (A3) and (A4) hold. Then u*(-) is a partial
information optimal control, i.e.,

()= b T (l). (3.13)
if satisfies (3.8).
To prove Theorem 3.4.1, we need the following auxiliary result, which deals with the duality
relations between W*(t), [z*(t) — z*(¢)]. This Lemma is very important for proving our suffi-
cient maximum principle. We denote by 1 (t) := H, (¢, 2*(t), E(z*(¢)), u*(t), ¥*(¢), Q*(t), K*())
etc,.

Lemma 3.4.1 Let x"(-) be the solution of state mean-field SDE-(3.1) corresponding to any
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admissible control u(-). We have

E [0(T) (+(T) — a*(T))] = B fy U (¢) [f(t,a(8), B(a"(8)),u(t)) — f(t," (1), Bla*(1)), u*(1))] dt
+B Jy Hit) (@() —2*(8) dt + B fy BIH(0)] (B(«" (1)) - Ba*(1)))dt
+ B fy S5 Q1) o7 (¢, 2 (1), Bl (1)), ult) — o7 (¢, (1), B(a*(1)), w*(1))] dt

+ B [y Y0 K7 ()07 (1 a(8), Ba(8)), u(t) — g7 (t, (1), B(a* (£)), u*(£))]dt.
(3.19)

Proof. First, by simple computations, we get

A" (t) — a* (1) = [f(t,a"(8), B(e" (1)), u(t) — F(t, 2" (£), B(e*(8)), u* (1)) dt
L [0t (1) B (1)), ult)) — o (¢, (1), B(a* (1)), w' (1) W (1) (3:20)

+ 20500 (97 (2t (), Bz (1)), u(t)) — 7 (t, 2™ (8), B2 (t)), u* ()] dH (t) .

By applying integration by parts formula to W*(¢) (z*(t) — 2*(¢)) and the fact that z*(0) —

z*(0) = 0, we get

E{W*(T) («*(T) — 2" (1)} = E Jy () (2"(t) — 2*(1)) + B [y (@"(t) — 2*(¢)) dT*(¢)
+B fy S QU)o (8, (), Ba(8)), u(t)) — o (8,2 (), B(a* (1)), u* (1)) ]dt
+B fy Sy K09 (12 (1), B(a (1)), u(t) — ¢ (¢t (1), Bla* (1)), u*(1))]dt

:[1+[2+[3+[4.

(3.21)
From (3.20), we obtain
I = [ U (t)d (a"(t) — 2*(t)) 52

=B fy ()L (), Ba(), u(t)) — f(t,2*(8), Bla* (1), w*(£)]dt,
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similarly, by applying (3.5)), we get

L =B [y (2(t) —2*(£)) d0*(t) = B [ (2"(t) — 2*(£)) [H3 (1) + B(H5(t)]dt
(3.23)

=B [ Hi(t) (a*(t) — 2*(t)) dt + B [} B(Hz(t)) (B(a"(t) — B(a*(t)))dt.

By standard arguments, we obtain

Iy = E/O Z Q*()]o? (t, =" (), B(x" (), u(t)) — o’ (t, 2" (t), B(z* (1)), w*(t)))dt,  (3.24)
and

Iy = E/O ZK*(t)[gj(t,x“(t),E(fE”(t)%U(t)) — g/ (t, 2" (t), B(2" (1)), u"(t))dt.  (3.25)

The duality relation (3.19) follows from combining (3.22), (3.23)), (3.24) and (3.25) together
with (3.21)). O

Proof of Theorem 3.4.1. Let 2*(-) be the solution of the state equation (3.1) and

(U*(+),Q*(-), K*(+)) be the solution of the adjoint equation (3.3|), corresponding to u*(:) €
Ug ([0,T]) (condidate to be optimal). For any u(-) € Ug ([0,7]) and from (3.2)) we get

J (W () = T (u()) = B [n(z*(T), B (2% (1)) — h(z"(T), B (2"(T))]

+E fOT [0(t, x*(t), B (z*(t)) ,u*(t) — £(t, 2" (t), B («™(t)) , u(t)] dt.

From the convexity of h(-,-) we get

J (W () = J () S B[(he(2™(T), B (¢*(T)) + B(ha(e™(T), B (2(T)))) («*(T) — 2"(T))]

+B [Tt 2 (1), B (27(1)) , wr (b)) — £t (1), B (2(1)) , u(t))] dt.
(3.26)
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Since ¥*(T') = hy(2*(T),E («*(T)) + E(hz(z*(T),E (z*(T)) , we get

J(w () = J (u()) <BHT) (27(T) — 2*(T))]

+E fOT [t x*(t), B (z*(t)) ,u*(t)) — £(t, 2" (t), B («™(t)) , u(t))] dt.

By applying Lemma 3.4.1, we have

T () = J (u() B [y (H (27 (8), B(z* (1)), u (1), U (), Q*(¢), K* (1))
= H (1), B2 (), u(t), U (1), Q*(t), K*(1)))dt
— B fy (2*(t) = (1)) [Ha (27 (1), B (2(1)) , u* (), U*(¢), (1), K*(1))
+ B (M (£, 27(8), B (07 (1)) , w (), U (1), Q*(¢), K*(1)))] dt.

(3.27)

By the convexity of H (¢, -, -, -, *(¢), Q*(t), K*(t)) (Conditions (A4), (2) ) it hold that

H (4, 27(8), B~ (), u*(2), U (1), Q" (1), K(t))

—H (2 (1), Bz (1)), u(t), U (1), Q" (t), K*(t))

< He (8,27 (8), B2 (1)), w(8), W™ (t), Q" (t), K*(¢)) (2" (1) — 2" (1)) (3.28)
+B (Hz (¢, 27 (1), B2~ (1)), u* (1), (1), Q" (t), K*(1))) (2" (t) — 2"(t))

HH (" (), Bz (1)), w” (1), U (1), Q" (t), K* (1)) (u*(t) — u(t)).

Since E [H,, (¢, z*(t), B(x*(t)), u*(t), U*(t), Q*(t), K*(t)) | G|, u(t) and u*(t) are G;—measurable

we get

E[H. (¢, 2(t), B(z*(1)), u* (1), U (), @ (), K*(t)) | G] (u(t) — uw*(t))
(3.29)

= B [H., (¢, 27 (), B(z* (1)), u* (t), ©* (1), Q(£), K*(2)) (u(t) — u*(t)) [ G,
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from (3.8), (3.28) and (3.29) we obtain

H (¢, 2*(t), E(z* (1)), u*(t), ¥ (1), Q*(t), K*(1))
—H (t,2"(1), B(z"(1)), u(t), ¥*(t), Q*(t), K*(¢)))dt

(3.30)
—B [y [Ha (t,2*(8), B(x* (), u* (), U*(£), Q*(t), K*(1))

+ B (Hz (¢, 27 (1), Bz (1)), w(£), O (), Q" (1), K7(1)))] (z*(t) — 2"(t))dt <0,
by combining and we get
J(()) = J(u* () > 0.

Finally, since u(-) is an arbitrary element of Ug ([0, T) the desired result (3.18) follows. This

completes the proof of Theorem 3.4.1. 0

3.5 Application: Partial Information Mean-field Linear

Quadratic Control Problem

In this section, partial information optimal stochastic linear quadratic control problem of
mean-field type is considered. We give a mean-field partial information counterpart for
the example studied in Meng and Tang [90]. The optimal control is represented by a state
feedback form involving both z(-) and E(z(-)), via the solutions of Riccati ordinary differential

equations. Then mean-field SDE (3.1]), but now with linear coefficients, writes as follows

dz(t) = (Az(t) + AE (2(t)) + Bu(t))dt + Y20_, (Coz(t) + CIE (x(t)) + DIu(t))dW (t),
+2 0 [Pa(t) + B (2(t) + Flu(t) dH (1),

z(0) = xo,

\

(3.31)
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where A, A, B,C,C, D, 0,5 and F are constants and u(-) € Ug ([0, T]). The cost where R,
N and II are positive constants. Noting that the admissible controls u = (u(t)) are adapted
to a subfiltration (G;) : ¢ > 0. For a given control u(-), then due to the Hamiltonian
functional H corresponding to control problem ([3.31)-(?7?) gets the form:

H(tx, 7w, U, Q(), K(-) = U(t)(Az(t) + AR (z(t)) + Bu(t))

+ 2250 Q)G (t) + OV (a(t)) + Dlu(t))

(3.32)
+ 22 K9 (t) (x(t) + QB (x(t) + Flu(t))
+ 2 (Rx(t)? + Nu(t)?),
and due to the corresponding adjoint equation gets the form
[ qw(t) = —[AV(r) + AB(Y(1)) + Y5 (C7Q" (1) + CVB(QI (1))
+ 2021 (VK (t) + 0B(KY (1)) + Ra(t)]dt
(3.33)

+ 325 QI ()W (1) + 3052, K (4)dH (1)

U(T) = (7).

\

Let u*(+) be a local optimal control of the partial information problem. For example, G; could

be the §-delayed information defined by

G =Fus+:t 20,

where ¢ is a given constant delay. Then by applying Theorem 3.4.1 and the fact that

H, (t,x*(t),E (2" (t)) ,u*(t), ¥* (1), Q*(t)) = BY*(t) + DQ*(t) + FK*(t) + Nu*(t),

we deduce that the optimal control is given by

E[BU*(t) + DQ*(t) + FK*(t) + Nu*(t) | G] =0, t € [0,T]. (3.34)
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Since u*(t) is adapted to G; we get
u'(t) = —% {BE[Y"(t) [ Gi] + DE[Q"(t) | Gi] + FE[K"(t) | Gil} - (3.35)

In order to solve explicitly the above equation (3.35)), we conjecture the adjoint process ¥*(-)
as follows

T (1) = By (1) 2 (1) + B (1) B (2 (1)) + Dy (1) (3.36)

where @4 (), @5 () and @3 (-) are deterministic differentiable functions. See Hafayed [82] [83],
Li [60], and Anderson, Djehiche [59] for other models of conjecture.

Applying It6’s formula to (3.36) we get

dU*(t) = d(Pq () 2*(t)) + d(D2 (¢) B (2*(t))) + dPs (t)
= @y (t) dz*(t) + 2" (t)P] (t) dt + Py (t) dE (x*(t)) + B (2*(t)) D (¢) dt

+ @5 (¢) dt.
Since dE (2*(t)) = [(A + A)E (z*(t)) + BE (u*(t))]dt, we get

aw* (1) = { @1 () [Aw"(t) + AB (2 (1)) + Bu* (1))
+ Py () [(A + A)E (a7 (1)) + BE (u"(t))]
+ ()@ (1) + B (27(1)) @5 (t) + P ()} dt
(3.37)
+ 300 [Ca* () + CIE (a*(t) + Diu*(£)]®y () AW (1),
+ 2o [t (1) + PE (a7(1) + Frur(1)] @1 () dH (1),

UHT) =&, (T)2"(T) + &2 (T)E (z*(T")) + @3 (7).
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From (3.33)) and ([3.37)) we have ®3 (t) =0, V¢t € [0,7], and

(

@, (¢) [Az*(t) + AE (z*(t)) + Bu*(t))] + @5 (t) [(A + A)E (2*(t)) + BE (u*(t))]

+a7 (1) @7 (1) + B (27 (t)) P (1)

- _ (3.38)
= —[AU*(t) + AB(* (1)) + (CQ*(t) + CE(Q*(1)))
| (oK™ () + B (1)]) + Ra*(2)],
Q*(t) = [C2*(t) + CE (z*(t)) + Du*(1)]®; (£) (3.39)
K*(t) = [ox"(t) + 0B (*(t)) + Fu"(t)] 1 (t) - (3.40)

By comparing the coefficient of z*(t) and E (z*(¢)) in equation (3.38) and last equation in
(3-37)) (terminal condition) we immediately deduce that ®4(-), ®5(-) are given by the following

ordinary differential equations (ODEs in short)

;

)+ (2A+C?*+ )P, (t)+ R=0, & (T) =11,

D (t) + 2(A + A)®y (t) + (A + C% + 3% + 2(CC + 00))®1 (t) = 0 (3.41)

Oy (T) = 0.

\

By solving the ODEs (3.41]) we obtain

O ()= —R(2A+C*+ o) " + [H +R(2A+C*+ 92)‘1} exp {(24+C* + *)(T — 1)}

Dy (1) = (2A+ C? + 3° + 2(CC + 00)) exp {—Z(A + Av)t} /T(I)l (s) exp {Q(A + /T)s} ds.

t

Finally, by combining Theorem 3.3.1 and Theorem 3.4.1 we give the explicit optimal control
in feedback form involving both z*(t) and E (z*()) .

Theorem 3.5.1 The optimal control u*(-) € Ug ([0,T]) for the mean-field linear quadratic
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control problem (3.31)-(7?) is given in feedback form by

u*(t, 2" (1), B (27(1))) = —% {BE[Y"(t) | Ge] + DE[Q"(t) | Gi] + FE[K"(t) | G} .

3.6 Conclusions

In this chaptre, under partial information, optimal control problem for mean-field stochastic
differential equations driven by Lévy process has been discussed. Necessary and sufficient
conditions of optimal control are established. As an illustration, using these results, linear
quadratic control problem (time-inconsistent solution) has been studied. Apparently, there
are many problems left unsolved. To mention a few, necessary and sufficient conditions for
mean-field nonlinear controlled forward-backward stochastic systems governed by Teugels

martingales associated with some Lévy process.
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Chapter-1V

On partial-information optimal singular
control problem for mean-field stochastic
differential equations driven by Teugels
martingales measures
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Chapter 4

On optimal singular control for
mean-field SDEs driven by Teugels
martingales measures under partial

information

Abstract. This work is concerned with partial-information mixed optimal stochastic continuous-
singular control problem for mean-field stochastic differential equation driven by Teugels
martingales associated with some Lévy processes and an independent Brownian motion. The
control variable has two components; the first being absolutely continuous, and the second sin-
gular. Partial-information necessary and sufficient conditions of optimal continuous-singular
control for these mean-field models are investigated. The control domain is assumed to be
convex. As an illustration, this work studies a partial-information linear quadratic control

problem of mean-field type involving continuous-singular control.
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4.1 Introduction

Stochastic control problems related to Lévy processes and Teugels martingales are an import-
ant and challenging class of problems in control theory. These appear in various fields like
mathematical finance, problem of optimal consumption, etc. A number of results have been
obtained for these types of problems, see Meng, Tang [90]; Meng, Zhang and Tang [91]; Mit-
sui andTabata [98]; Tang and Zhang [100]; Tang and Wu [99], and references therein. Under
partial-information, the necessary and sufficient optimality conditions for stochastic differen-
tial equations (SDEs), driven by Teugels martingales and an independent multi-dimensional
Brownian motion have been proved by using convex perturbation, see Meng and Tang [90].
Partial-information optimal control problems for backward stochastic differential equations
(BSDEs), and for forward-backward stochastic differential equations (FBSDEs) associated
with Lévy processes have been investigated in Meng, Zhang and Tang [91]; Tang and Zhang
[100]. The stochastic linear-quadratic problems with Lévy processes have been studied by

Mitsui and Tabata [98] and Tang and Wu [99).

Mean-field stochastic control theory has been an active area of research and a useful tool
in many applications, particularly in biology, game theory, economics and finances. A general
mean-field maximum principle for SDEs was obtained by using spike variational method, see
Buckdahn, Djehiche and Li [6]. A mean-field type stochastic maximum principle for Risk-
Sensitive control has been proved by Djehiche, Tembine and Tempone [79]. For decentralized
tracking-type games for large population multi-agent systems with mean-field coupling, we
refer to Li and Zhang [50], and for discrete time mean-field stochastic linear-quadratic op-
timal control problems with applications, we refer to Elliott, Li and Ni [80]. Under complete
information, second order necessary and sufficient conditions of near-optimal singular con-
trol for mean-field SDE have been established in Hafayed and Abbas [81]. Mean-field type
stochastic maximum principle for optimal singular control has been studied in Hafayed [82],
in which convex perturbations used for both absolutely continuous and singular compon-

ents. The maximum principle for optimal control of mean-field FBSDEJs has been studied
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in Hafayed [103]. The necessary and sufficient conditions for near-optimality for mean-field
jump diffusions with applications have been derived by Hafayed, Abba and Abbas [104].
Singular optimal control for mean-field forward-backward stochastic systems with applica-
tions to finance has been investigated in Hafayed [83]. Second-order maximum principle for
optimal stochastic control for mean-field jump diffusions was proved in Hafayed and Abbas
[106]. For singular mean-field control games with applications to optimal harvesting and
investment problems, we refer to Hu, (ksendal and Sulem [88], and for mean-field games for
large population multiagent systems with Markov jump parameters, we refer to Wang and
Zhang [49]. Various forms of necessary and sufficient optimality conditions, for systems of
SDEs with jumps with their applications have been studied in Shen, Meng and Shi [108§];
Shen and Siu [107]; Meng and Yang [93]. Special attention has been paid to applying the
maximum principle to mean-field linear quadratic control problems, see Ni, Zhang and Li
[94]; Yong [96] and the references therein.

Partial-information or incomplete information means that the information available to
the controller is possibly less than the whole information. That is, any admissible control
is adapted to a subfiltration (G;); of (F3); t > 0. This kind of problem, which has potential
applications in mathematical finance and mathematical economics, arises naturally, because
it may fail to obtain an admissible control with full information in real world applications.
Under partial-information, mean-field type stochastic maximum principle for optimal control
has been investigated by Wang, Zhang and Zhang [51]. Stochastic maximum principles for
partially observed mean-field stochastic systems with application has been investigated by
Wang, Wu and Zhang [95].

The singular stochastic control problems have received considerable research attention
in recent years due to wide applicability in a number of different areas, see Alvarez [77];
Cadenillas and Haussmann [9]; Dufour and Miller [78]; Hafayed and Abbas [81]; Hafayed
[82]; Haussmann and Suo [84], and the list of references therein. In most classical cases, the

optimal singular control problem was investigated through dynamic programming principle.
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The first version of stochastic maximum principle for singular control was obtained, where
the coeflicient of SDEs are random, see Cadenillas and Haussmann [9]. In Dufour and Miller
[78], the authors derived stochastic maximum principle where the singular part has a linear
form. The maximum principle for mixed regular-singular stochastic control of FBSDEs have
been proved by using the approach of relaxed controls, where the set of regular controls is
not necessarily convex and the regular control enters the diffusion coefficient, see Zhang [97].

The mixed continuous-singular control problems in stochastic systems with jumps have
been studied by only a few researchers. A maximum principle for singular stochastic control
problems and optimal stopping with partial-information of It6—Lévy processes have been
studied by using Malliavin calculus, see (J)ksendal and Sulem [89]. For some cases of mixed
singular-jump control problems when the payoff functional does not depend explicitly on the
control, see Menaldi and Rebin [76]. Necessary and sufficient conditions for near-optimal
mixed singular jump control have been proved by using Ekeland’s variational principle, see

Hafayed and Abbas [73].

Our main goal in this work is to derive partial-information necessary and sufficient condi-
tions of optimal stochastic continuous-singular control in the form of a stochastic maximum
principle, where the system is governed by mean-field controlled SDE, driven by Teugels
martingales associated with some Lévy processes and an independent Brownian motion. The
coefficients of the system and the cost functional depend not only on the state process but
also on its marginal law of the state process through its expected value. The mean-field mixed
continuous-singular control problem under consideration is not a simple extension from the
mathematical point of view. It also provide interesting models in many applications such as
mathematical finance, where the singular components of the control means the interventions.
As an illustration, linear quadratic control problem of mean-field type involving continuous-
singular control is discussed, where the optimal control is given in feedback form. Note that
in our mean-field control problem, there are two types of jumps for the state processes, the

inaccessible ones which come from the Lévy martingale part and the predictable ones which
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come from the singular control part.

The rest of the work is structured as follows. Section 2 begins with general formulation of
the mean-field mixed control problem and gives the notations, assumptions and some basic
definitions used throughout the work. In Sections 3 and 4, respectively, we derive necessary
and sufficient conditions for optimality. An application is discussed in section 5. Finally,

some discussions with concluding remarks are given in the last section.

4.2 Formulation of the problem

Let (2, F,F;,P) be a fixed filtered probability space equipped with a P—completed right
continuous filtration on which a d—dimensional Brownian motion W = (W (t)), : t € [0,T]
is defined. Let (G;); a subfiltration of (F;);. For example G; could be the d-delayed inform-
ation defined by Gy = Fy—s)+ : t > 0. Let L(-) = (L(t)),c[o 7 Pe a R-valued Lévy process,
independent of the Brownian motion W (-), and of the form L(t) = bt 4+ A(t), where A(-) is a
pure jump process. Assume that the Lévy measure p(df) corresponding to the Lévy process

A(+) satisfies [, (1 A 62)u(df) < oo, and for every § > 0 : there exist v > 0 such that

[ e < .

]7675[

Let F; be P—augmentation of the natural filtration ft(W’L) defined as follows: for ¢ € [0, T]]
FWE & 7V o L(s): 0< s < t}V T,

where 7}V = o {W(s) : 0 < s < t}, Fo denotes the totality of P—null sets, and F;V.F, denotes
the o-field generated by JF; U F;. Since the purpose of this work is to study optimal singular-
continuous stochastic control for mean-field systems, we give here the precise definition of
the singular part of an admissible control.

Consider the following sets: A; is a nonempty convex subset of R* and Ay = ([0, 00[)™.
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Definition 4.1.1. An admissible control is a pair (u(-),£(-)) of measurable A; x Ay—valued,
G;—adapted processes, such that £(+) is of bounded variation, non-decreasing continuous on

the left with right limits and £(0_) = 0. Moreover,

E( sup |u(t)]” + [E(T)[) < oo.

0<t<T

Note that the jumps of a singular control £(-) at any jumping time ¢ is denoted by

Ag(t) £ €(t) — &(t-).

Let us define the continuous part of the singular control by

i.e., the process obtained by removing the jumps of £(t).

We denote U xUE ([0,T]), the set of all admissible controls. Since d¢(t) may be singular
with respect to Lebesgue measure dt, we call {(-) the singular part of the control and the
process u(-) its absolutely continuous part.

Remark 4.1.1. (Jumps caused by the singular control and by the Lévy martingales)
Throughout this work, we distinguish between the jumps caused by the singular control £(-)

at any jumping time ¢ defined by

Aea™4(t) £ C(4)AL(t) = C(£)(E(t) — £(t-)),

and the jumps of #%¢(t) caused by the Lévy martingales, where AL(t) = L(t) — L(t_) and
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the power jump processes is defined by

Lk (t) = Zo<7§t (AL(T))y 1 k> 1

Lay(t) = L(t).

Moreover, we define the continuous part of the control by

Ly (t) & Lay(t) = Y (AL(7)), 1 k> 1,

0<r<t

i.e., the process obtained by removing the jumps of L(t). If we define
Nu(t) & Lan(t) —E{Lu(t)} : k> 1,

then the family of Teugels martingales (H;(-)),, is defined by H;(t) = 32, -; cjuNi(t),
where the coefficients o, associated with the orthonormalization of the polynomials {1, z, 2%, ...}
with respect to the measure m(dz) = 2%u(dz). The Teugels martingales (Hj(+)),, are path-
wise strongly orthogonal and their predictable quadratic variation processes are given by
(H;(t), H;(t)) = d;;t. The jumps of z%¢(t) caused by the Lévy martingales Ayz**(t) is defined

by
Apa™S(t) = g(t, x4 (t-), B(a™* (1)), u(t)) AL(t).

The general jump of the state processes z%¢(-) at any jumping time ¢ is given by
Az™E(t) & 2"(t) — a"S(t_) & Agx™ (1) + A, 2" (¢).

In this chapter, we consider the following mean-field continuous-singular stochastic control
problem under partial-information, where the system is governed by a mean-field SDEs driven

by Teugels martingales, associated with some Lévy processes and an independent Brownian
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motion, whose state equation is related to a kind of McKean-Vlasov equation of the type

dx4(t) = f (¢, 25 (t), B(z™(¢)), u(t)) dt
+ 30 07 (24 (E), B4 (1)), ult)) AW ()
000 g (bt (), Bai (), u(t)) dHI(t) + C(t)dE(t),

z%4(0) = w,

(4.1)

where f, o, g and C are given maps and the initial condition x( is an Fy—measurable random
variable. The mean-field SDEs-(4.1]) may be obtained as a limit approach, by the mean-square

limit, as n goes to infinity of a system of interacting particles of the form:

dryp®(t) = f(t, 2 (t), myp(t), u(t))dt
Do O (S (1), it (), u(t)) AW (1)
+ 2 iy (I (E), e (t-), u(t)) dHM (t)

C(t)de(t),

where m@¢(t) = L3 xwSi(t), W(-) is a standard d—dimensional Brownian motion and
H(t) = (H'(t)) j>1 are pairwise strongly orthonormal Teugels martingales, associated with
some Lévy processes, having moments of all orders, and £(-) is the singular part of the
control, which is called intervention control. The continuous control u(-) = (u(t))i>o is
required to be valued in some subset of R* and adapted to a subfiltration (G;);>o. In some
finance models, the mean-field term E(2%%(t)) represents an approximation to the weighted
average — » " x%ti(t) for large n, £(t) representing the harvesting effort, while C(t) is a

given harvesting efficiency coefficient.
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The expected cost on the time interval [0, 7] is defined by

T, 60) 2 B{ [ t.24(0), B 0). ue)a (12)

Fh(zE(T), B S(T) + [ M)},

(0,7]

where ¢, h and M are an appropriate functions. This cost functional is also of mean-field type,
as the functions ¢ and h depend on the marginal law of the state process through its expected
value. It worth mentioning that since the cost functional J is possibly a nonlinear function of
the expected value stands in contrast to the standard formulation of a control problem. This
leads to so called time-inconsistent control problem where the Bellman dynamic programming
does not hold. The reason for this is that one cannot apply the law of iterated expectations
on the cost functional. Noting that the partial-information mixed control problem (4.1))-(4.2)
occur naturally in the probabilistic analysis of financial optimization problems. Moreover,
the above mathematical mean-field approaches play an important role in different fields of
game theory, economics and finance, where the objective of the controller is to choose a

couple (u*(+),&*(+)) of adapted processes, in order to minimize the performance functional.

Problem. Find an admissible control (u*(+),£*(+)) € UsxUg ([0, T]) such that

J (W (),€°() = inf J(u(-),€())- (4.3)

(u(),£())eUg xUZ([0,T])

The admissible control (u*(-),£*(-)) satisfying (4.3)) is called an optimal control. The cor-
responding optimal state process, solution of mean-field system (4.1)) is denoted by x*(-) =
xU*,é‘* <.).

Notations. We will use the following notations in this work.

e 1. The set R" denotes the n—dimensional Euclidean space, [ denotes the Hilbert space
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of real-valued sequences = = (z,),>0 such that

2
o0
|z, £ [Zmn] < 0.
n=1

2. I? (R") denotes the space of R"-valued (fy),, such that

1

[Z ||fn||uén] < .
n=1

3. 1% ([0, T); R™) denotes the Banach space of F,—adapted processes such that

E(/OT]x(t)

4. L% ([0, T] ; R™) denotes the Banach space of F;—predictable processes such that

T oo %
E(/ Z||fn||§ndt) < 0.
0 n=1

5. 5% ([0, T];R™) denotes the Banach space of F;—adapted and cadlag processes such

2
}?&n dt) < 00.

that

E(sup|z(t)]*)?2 < oo.

6. L?(Q,F,P,R") denotes the Banach space of R"-valued, square integrable random
variables on (2, F,P).

7. M"*™(R) denotes the space of n x m real matrices.

8. For a differentiable function f, we denote by f.(t) its gradient with respect to the

variable z.

e 9. We denote by 1,4 the indicator function of A and by E (- | -) the conditional expect-
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ation.

Assumptions. Throughout this work, we assume the following:

f:00,T] x R" x R" x A; — R",
0:[0,7] x R" x R" x A; — M"™(R),
g:[0,T] x R" x R" x A; — I* (R"),
0:00,T] x R" x R" x A} — R,
hiRYx R" - R,

C:[0,7] — M"™™(R),

M :[0,T] — ([0,00))™.

Assumption (C1) The functions f,o,¢, g and h are continuously differentiable in their
variables including (z,y,u). The maps f, o, g are progressively measurable processes such
that f(-,0,0,0), g(-,0,0,0) € L% ([0, 7] ; R™) and o(+,0,0,0) € M% ([0,7];R").
Assumption (C2) The derivatives of f,o and g with respect to their variables including
(z,y,u) are bounded. Further the map ¢ are dominated by C(1 + 2% + y* + u?) and its
derivatives with respect to (z,y,u) are dominated by C (1 + |z| + |y| + |u|) . The map h is
dominated by C'(1+ z? + y?) and its derivatives with respect to (z,y) are dominated by
C(+ [x] + [yl).

Assumption (C3) The functions C and M are F}¥ —adapted, continuous and bounded.

From Lemma 1 in Meng and Tang [90], and under assumptions (H1)—(H3), the mean-field
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SDE-(4.1)) has a unique solution z%¢ (-) € L% ([0, T]; R") such that

z" —xo—l—/ f(s,2"%(s), B(x"4(s)), u(s))ds
+ [ Zaf 5,04(5), B"(5)). u(s) )W ()

/ Zg 5,2 (5), Ei(x(5)), u(s))dH (s)

+ /[M C(s)d&(s).

Adjoint equation. We introduce the adjoint equations involved in the stochastic max-
imum principle for our mean-field mixed continuous-singular control problem —.
For simplicity of notation, we will still use f,(t) = %(t, %8 (+), B(ax®¢(+)),u(-)), etc. So for
any admissible control (u(-),£(-)) € UsxUZ ([0,T]) and the corresponding state trajectory
x(-) = a%¢ (-), we consider the following adjoint equations of mean-field type, which are

independent to singular control

(

—dW(t) = [ () U(t) + B(f, (t) U(t) + 35[0 (t) Q7 (t) + B (o (t) Q7 (t))]
+ 3% (g2 (8) KO (t) + B(gd (£) K9 (2))) + La(t) + B(Co(t))]dt
— 30 QI)AW (1) — Yo, K (t)dH (t)

U(T) = he (2(T) , B(z(T))) + B(hy (2(T) , B(z(T))))-

Hamiltonian function. We define the Hamiltonian function H : [0, 7] xR" x R™ x Ay x R" x
R4 x [2(R") — R", associated with the mean-field stochastic control problem (4.1])-(4.2))
as follows:

H <t7 T, Y, Uu, \Ij()a Q()? K()) = \IJ(t)f (t7 z,Y, ’LL) + Z;‘lzl Qj(t)a (t,x,y,u) (4 5)

Y2 K () g (8@, y,u) + Lt x,y,u)
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If we denote by H(t) = H(t,z(t), y(t), u(t), ¥(t), Q(t), K(t)), then the adjoint equation (4.4

can be rewritten in terms of the derivative of the Hamiltonian as

() = {H, (t) + B[H, (t)]} dt

— 30 QU)W (t) — Yo, KI(t)dHY (), (4.6)

U(T) = he (x(T) , B(z(T))) + Blhy (x(T) , B(z(T)))].

Since the derivatives of f, o, g, h and ¢ with respect to (z,y) are bounded, by assumptions
(C1)-(C2), the mean-field BSDEs-(4.4)) and (4.6|) admits a unique solution (¥(-), Q(-), K(-)) €
SE([0, TT; R™) xL%([0, T]; R™?) x1%([0,7];R"), such that

T
E | sup |¥(t)]* + sup |K(t)|2+/ Q())*dt| < C.
0

t€[0,7] t€[0,7]

4.3 Necessary conditions for optimal continuous-singular
control for mean-field SDEs driven by Teugels mar-
tingales

In this section, inspired by Meng and Tang [90], we establish partial-information mean-
field type necessary conditions for optimal stochastic continuous-singular control, where the
system evolves according to controlled mean—field SDES—, driven by Teugels martingales
associated with some Lévy processes and an independent Brownian motion. In addition to
the assumptions in Section 2, we now assume the following;:

Assumptions (C4)

(1) For all ¢, r such that 0 <t <t+r <T, alli=1,...,k and all bounded G,—measurable
a = a(w), the control 5(t) = (0, ...,0, 5;(1),0,...,0) € Ay, with 5;(s) = ;L[4 (s), s € [0,T]
belong to U ([0,77) .

(2) For all u(-), B (-) € U5([0,T]) with §(-) bounded, there exist §; > 0 such that u(-)+ 63 €
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U([0,T]) for all 6 € [0,4,].

(3) For &(+) € UZ([0,T1), we let V(§) denote the set of G-adapted processes ¢ of finite variation
such that there exist dy = d2(£) > 0 such that &(-) + 6¢ € U3 ([0,77) for all 6 € [0, 5] .

Now, let 6 = min(dy,ds), for all € [0,0] and for a given u(-),5 € Us([0,T]) and &(-) €
UZ([0,T]) with 8 bounded, ¢ € V(§), we define the process Z*4(-) by

" wl-).£(- d , .- .
2U4(1) = 22005 (1) £ (@ () oy (4.7

Note that the process Z“$(-) satisfies the following mean-field linear SDEs driven by both

Brownian motion and Teugels martingales:

e

dZU5(t) = [fo()Z4(t) + f,(B(Z5(1) + fu(H)B(B)]dt + 30 [od(£) Z4(2)
+ ol (OB (Z44(t)) 4+ ol () B)]dWI(t) + D202 [gh (1) Z4(t) + g (1)E (Z4(t))

+gu(t)B(0))dH () + C(t)dC (1),

Z5€(0) = 0,

\

The main result of this section is stated in the following theorem.
Let (u*(-),£*(-)) be a local minimum for the cost functional J over U} x UZ([0,T]) in the
sense that for all bounded § and all ( € V(£*), there exist § = min(dy,d2) > 0 such that

(u*(-) +08,6*(-) + 0¢) € Uy x U3([0,T]) for all § € [0,] and a function ¢ defined by

p(0) £ J(w(-) +08,€°() + 6¢),

is minimal at @ = 0. Then it follows that

d

50(0) loma= 557" () +05,€°() +0C) looo=0. (4.9

do

Let 2*(-) be the solution of the mean-field SDEs-(4.1)) corresponding to (u*(-),&*(+)).
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Theorem 4.3.1. (Partial-information mean-field necessary conditions). Let assumptions
(C1)-(C4) hold. Then there exists a unique triplet of adapted process (¥*(-), Q*(-), K*(-))
solution of adjoint equation (4.4)) corresponding to (u*(-),£*(+)), such that (u*(-),&*(+)) is a

critical point in the sense that for almost all £ € [0,T], we have

B[M. (1,2 (1), B (1)), o (1), W (1), Q*(£), K*(1)) | G
B [ 1y (M) + CW* (1)) dE* () | G (4.9)

=0, ae., tel0,T].

Proof: Let Z*(-) = Z*¢(-). From and (4.2)), we have

0= 57" () + 05(),€°() + 00)) lomo
= u{ [ttt 0B )0 0)2°0
+0,(t, 2" (t), E(z*(t)), u"(t)))E(Z*(t))]dt (4.10)
# [t 0,86 @) )30

+ [ MB)dC(E) + ha («(T), B (27(T))) 2°(T)

[0,7]

+ hy (2 (T), B (2*(T))) B(Z*(T)) }.
By applying Ito’s formula to W*(¢)Z*(t) and take expectation, we get

B(U*(T)Z*(T)) = B [,/ W*(t)dZ*(t) + B [ Z*(t)dW*(t)
+B [y S0 QU052 () + od (B (Z*(1)) + od () B(t)]dt i)
HE [y 3200 KH(8)[gl(8) 27(t) + gj (B (Z2*(¢)) + gl (1) B(¢)]dt

=L+ L+ 13+ 1,
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From (4.8), we obtain

=& [ U*(t)dZ*(t)
=B [y UO)[f: (£) Z2°() + £, ) B(Z* (1) + Lu(£)B(0)]dt + B [ U ()C()dC(2)
=B [, U(0)f. (t) Z*(t)dt + B f, O (8) f, (1) B(Z*(¢))dt

LB [T U () £ (OB(0)dt + E [ W),

(4.12)

By applying (4.4) and (4.8)), we have

=B J, Z*(0)d0*(t) = =B J; Z*(t) {f. () 9" () + B (f, (1) ¥*(1))
+ 3251 (0% (8) Q7 (1) + B(og (1) Q7 (1)) + 3252, (g (1) K7*(8) + Elgj (1) K7*(1)])  (4.13)

+ 4 (1) + B (1)} dt,

=E fy 352 QIW)01()Z7(t) + o (0B (Z7(t)) + o} (1) B(1)]dt
=B [y S5 QU (0ol 2" (t)dt + B [y 35, QU (1)o)(t)E (2* (1)) dt (4.14)
+B fy Y0, Q9 (el (H)B(t)dt,

and it follows easily by the same arguments that
Iy = E/O Yoo K (0)]gl(t)Z*(t) + g (OB (Z*(1)) + ¢ (8)B(t)]dt
=B [y Y5, K9 (gl ()2 (0t + B [ T K9 (Ogy(0B(2*(0)de (419)

+E [ % K (g (H)B(L)dt.
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By combining (4.11))— (4.15), together with (4.4) and the fact that Z*(0) = 0, we get

E{[ha (x(T), B(x(T))

+ B (hy («(T), B(x(T))Z*(T)}

_ E/OT {\If*(t)fu(t)ﬁ(t)dt

+ZQ3* t)o) (t dt+ZlK]* IAGELG)

— 0, (8) Z°(t) ~ E(t, <t>>z*zt>}dt (4.16)
+E /[0 L Y Oewa,

From ) and -, we obtain

B[ {vonosnas > e
+ZKJ JgLB(E) + Cult, 7" (1), B (1)), w* (1) (1) fdt

+E / M) +COw (0]dc(0) =
[0,T]

Since
Mo (1,0, 1), Q). K ()
= U(t)fu (t,z,y,u) + i Q (t)ou (t,x,y,u)
=
+ 3 KOG (2,5,0) + (1., ,0).
we get

E [ (8 2 (t-), g (t-), u (), U (1), Q*(1), K*(t))5(t)dt
+E fio. 1 [M(t) + C(O)T(1)]dC(t) =

(4.17)
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We fix 0 < ¢t < T and apply the above to 5 = (0, ..., 3;,...,0), where B;(s) = il s47(5),
€[0,7],t+r <T and o; = a;(w) is bounded, G;—measurable. Then from (4.17)), we get

E [ 2 H(s, % (s2), 5 (s ), u(s), U (s), Q*(s), K*(s))as(w)ds
+E [io 7y (M) +C()T* ()] dC(t) =
Now, differentiating the above equation with respect to r at r = 0, we obtain

B[ H(s, 2% (50), 5 (5 ), 07(5), W*(s), Q°(s), K*(s))on]
T [ [M(0) + COW(0)] dC(1) =

(4.18)

Since (4.18)) holds for all bounded G;—measurable «;, and for all { € V(£*), it is easy to show

that
B [Hu (8,27 (1), y™(t-),u™ (1), U= (£), Q" (t), K7(1)) | G
B[ fo M) + COW W) | G =0, P—as,
which completes the proof of Theorem 4.3.1. O

4.4 Sufficient conditions for optimal continuous-singular
control for mean-field SDEs driven by Teugels mar-
tingales

The purpose of this section is to derive partial-information mean-field type sufficient condi-
tions for optimal stochastic continuous-singular control, where the system evolves according
to controlled mean—field SDES— driven by Teugels martingales associated with some Lévy
processes and an independent Brownian motion. We prove that under some additional con-
ditions, the maximality condition on the Hamiltonian function is a sufficient condition for

optimality.
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Assumptions (C5). We assume

1. The functional H (¢, -, -, -, U*(t), Q“(t), K"(t)) is convex with respect to (z,y,u) for a.e.t €

0,7], P —a.s.

2. The function h(-,-) is convex with respect to (z,y).

Let (U*“(-),Q"(-), K*(-)) solution of adjoint equation corresponding to (u(-),&(+)) .
Now, we are able to state and prove the partial-information sufficient conditions of optimal

continuous-singular mean-field control problem, which is the second main result of this work.

Theorem 4.4.2. (Partial-information mean-field sufficient conditions) Let assumptions
(C1)-(C5) hold. Suppose that an admissible continuous-singular control (u(-),&(-)) € U§ X
UZ([0,T1) satisfies

B [t 2% (t-), B4 (), u, W (1), Q (1), K*(1)) | G]

(4.19)
+E [ Jio.m (M(0) +COT*(0) de(t) | G| =0, ae., t € [0,T].
Then (u(-),&(+)) is a partial-information optimal control, i.e.,
J(u(-),€()) = inf J(v(-),n(-)) - (4.20)

(w()m())€uUgxUg([0,T1)

The following Lemma gives the duality relations between W (¢) and (z¥"(t) —x%¢(t)). It plays
a key role in proving the sufficient optimality conditions ( Theorem 4.4.2.)

Lemma 4.4.1. Let 2%¢(-) and x*"(-) be the solutions of the state equation (4.1)) corres-
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ponding respectively to (u(-),£(+)) and (v(-),n(-)) . Then they satisfy

E [9(T) (""(T) — 25(T))]

=B [y UU() [F(t,2"(0), B(a"(1), 0(1)) — f(t (1), B2 (1)), u(t))] dt

B fy (Ha(t) + E(H, (1)) (2°7(1) — 24(t)) dt

B fy Y05y @ (8) [o7 (1, 2 7(), B (1)), 0(t)) — o (8, a™<(1), B(x"<(t)), u(t))] dt
B fy 052y K ()7 (1, a0 (), B (1)), v(t)) — g (8, (1), B(a™€(2), u(t))]dt.

+E [io.1 CEOW()d(n — £)(F).
(4.21)

Remark 4.4.2. From Lemme /4.4.1 and using the fact that

H(t, 2 (), B(ae (1)), ult), U (1), Q (1), K“(t))
= WU (t)f (t, a4 (t), B2 (1)), u(t))

+ 2051 @ (1o (8, 24(8), B(24(1)), ult))

+ 2050 K (¢, 24(8), B(z4 (1)), u(t))

+ (8,2 (), B(a4 (1)), u(t) |

we obtain

E [¥*(T) (2"(T) — z"¢(T))]

= H (t,x"7(t), Ba""(t)), v(t), ¥(2), Q" (1), K (1))

—H (¢, 2 (), B(a4(1), u(t), TU(1), Q (1), K*(1))

+H(E, (1), B(z4 (1)), u(t)) (4.22)
—L(t, 7 (t), B(a"(1)), (1))

+E fy (Ha(t) + B(H, (1)) (277(t) — 2"4(1)) di

+E Jio.r COE(B)d(n = E)(1).
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Proof: First, from (4.1) and by simple computations, we get

d (av0(t) — a4(t)) = [f(t, 2"7(2), Bz (1), v(t))

— f(t, 2 S (), B € (8)), w(t)]dt + Y5 [0 (£, 2 (), E(z"7(1)), v(t))

(4.23)
—o?(t, x4 (t), B(x"4(2)), u(t)|dW (t) + 327, [¢7 (¢, 27 (1), Bz (1)), v(t))
—g’ (t, 25 (1), B(z"4(t)), u(t)]dH (t) + C(t)d(n — &)(t).
By applying integration by parts formula to U"(t) (z"7(t) — z¢(t)), we obtain
E[W*(T) (a"(T) — «“(T))]
=B [[) W(t)d (z°7(t) — a%5(1)) + B [ (a07(t) — 24(t)) d¥(¢)
+B [y S5, QU ()0 (1, 0 (t), B(a (1), v(t))
(4.24)
—o7 (£, 2 (1), B € (1)), u(t))]dt + B [y 3250, K (4)[g? (1, a7(t), B(a*(t)), v(t))
=g’ (t, 2 (1), B (1)), u(t))]dt
:]1+12—|—13+]4.
From , we obtain
I =B [] U(t)d (a""(t) — 2"4(1)
=B [y UL (t2"(8), B (1)), o(t))
(4.25)

— [t 25 (1), B(a"(2)), u(t))]dt

+E f[oj] C(t) v (t)d(n - 5) (t)
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Similarly, from (4.6)), we get

L =B [y (a"(t) - 2"4(t)) d¥" (1)
=B [, (z97(t) — 25(t)) [Ha(t) + B(H, (t))]dt

(4.26)
=B [ H(t) (z°7(t) — 24(t)) dt

+E [ B(H, (1)) (a>"(t)) — a5 (t))dt.

By standard arguments, we obtain

I =B [y S5, Q (D07 (t,a"(t), B(a"7(1)), v (1))

—o? (t, a4 (t), Bz (), u(t))]dt,

(4.27)

and a similar argument shows that

L= [ 35, K*(6)[g’(t, 27(t), B(z(¢)), v(1))

— g (t, x5 (1), B(x“5(t)), u(t))]dt.

(4.28)

Finally, the duality relation (4.21]) follows by combining (4.25)-(4.28) together with (4.24]).

This completes the proof of Lemma 4.4.1. O

Proof of Theorem 4.4.2.: Let 2*%(-) be the solution of the state equation (4.1) and
(P (+),Q" (), K" (-)) be the solution of the adjoint equation (4.4]) corresponding to (u(-),£&(+)) €
Ug x UZ([0,T7). For any (v(-),n(-)) € Us x UZ([0,T]) and from ([4.2), we obtain
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By the convexity condition on h (see assumptions (C5)), we get

T (u(),€()) = J(v(-),n()) < B(ha(z"$(T), B (2(T))

+B(hy (2%4(T), B (2%4(T)))) (a*4(T) — 2""(T))]

T (4.29)
+E/O [0tz (), B (25 (t)) ,u(t)) — £(t, z"7(t), B (z°(¢)) , v(t))]dt
+B fy M(B)A(E =) (D).
We observe that, from the adjoint equation (4.4)), we get
J(u(-),€()) = J(w(),n())
< B [UH(T) (@"4(T) = a"(T)] + B g [0, 0"4(), B (a"4(1)) , u(®))
—((t, (1), B (z7(1)) , o(1))]dt + B f§ M(B)A(E = n)(0).
By applying Lemma 4.4.1, we have
J(u(-),6() = J((),n())
< Jy [P 2 (0), BGaS(1)), u(t), 0 (1), Q(1), K*(1))
— Rt a7 (t), Ba7(t)), v(t), W(2), Q" (1), K(¢))]dt (430
B fy Ha(t, e S (1), (24(0)) s u(t), (1), Q"(t), K(£))(@™£(t) — a1 (1))
—E [y BIH,(ta"<(0), B («"4(1)) , ult), U (1), Q"(¢), K"(1))](z"<(t) — 2"(1))
+E [ 7 (T (R)C(E) + M(1))d(§ — n)(?).
By the convexity of the functional M (¢, -, -, -, W*(t), Q“(t), K*(t)), (see assumption (H5)) in
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the sense of Clarke’s generalized gradient, the following holds

E fo [H(t (1), B(a4 (1)), u(t), W (¢), Q“(r), K*(1))

—H(t, 2""(t), B(2*7(t)), v(t), U (F), Q (1), K*(t))]dt

<E [} Ho (8, a5 (), B (1)), ult), Uu(t), QU(t), K*(t)) (x5 (t) — a>7(t))dt (4.31)
+E Jy BOH, (t, 0" 4(1), Ba™<(2)), u(t), U (¢), Q" (1), K"(£)) ("4 (t) — a"(t))dt

+E fy Hu(t,a$(0), Ba€(1)), u(t), U (1), Q“(1), K"(£)(u(t) — v(1))dt.

Since the conditional expectation E[H, (¢, x%¢(t), B(x®“¢(t)), u(t), T4(t), Q“(t), K“(t)) | G,

v(t) and u(t) are G;—measurable, we have

B[H.(t, 2%5(t), B(z"4(2)), u(t), (1), Q(t), K*(t)) | Gil(v(t) — uf(t))

(4.32)
= B[ (1,2 (2), B S(0), ult), W), Q(0), K(1) (v(t) — u(t)) | Gl
Using condition (4.19)), (4.31) and (4.32)), we obtain
H (1,2 (2), B S(0), ult), W), Q(0), K(1)
M, 20(0), B (1), (), T, QU (1), K (1))
5 [t 240, B (0), ), W), Q4(0), (1) (433)

+HE(H, (¢, 24(t), B(4(1)), u(t), T (t), Q“(1),

From (4.30)) and (4.33)), then for any continuous-singular control (v(-),7(-)) € Ug xUZ([0,T]),

we obtain

J(u(-),€(-)) = J(v(-),n(-)) <0.

Finally, we observe that since (v(-),7(+)) is an arbitrary admissible control of U} x Uz ([0,T]) ,

the desired result (4.20]) follows. This completes the proof of Theorem 4.4.2. O
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4.5 Application: continuous-singular mean-field linear
quadratic control problem with Teugels martingales

As an application, under partial-information, we study optimal continuous-singular stochastic
linear quadratic control problem for linear mean-field SDEs driven by Teugels martingales
associated with some Lévy processes and an independent Brownian motion. The optimal
control (u*(t),&*(t)) is obtained in feedback form involving both z“¢(-) and its marginal
law through its expected value E(z%¢(-)), via the solutions of Riccati ordinary differential
equations (ODEs). Let G, be a given subfiltration of F;, ¢t > 0,. For example, G, could be
the d-delayed information defined by G; = F;_s)+ : t > 0, where 0 is a given constant delay.
The cost functional to be minimized, over the set of admissible controls U x U3 ([0,77), has

the quadratic form

T (@), 0) = 5B /O (Re“S(1)? + Nu(t))dt + 57E (24(T)?) (4.34)

+ [ M(B)dg(t),

[0,7]

where (u(-),£(-)) € Uy x U3 ([0,T]) is adapted to a subfiltration G;, and R, N and 7 are

positive constants, subject to 24(¢) is the solution of the following linear mean-field SDE:

da(t) = (Az"£(t) + AB (z*4(t)) + Bu(t))dt
+ 300 (CIaE(t) + CIE (24(t)) + Diu(t))dWi (1),

N (4.35)
+ 2000 (P () + B (a5(1)) + Flu(t)dH (t),

+C()dE(t), 2(0) = o,

\

where A, A, B, C9, C7, DI, ¢/, ¢/ and FJ are constants.
For a given continuous-singular control (u(-),&(-) € U x Ug([0,T1]), then from (4.5) the

Hamiltonian functional H corresponding to the partial-information control problem (4.34])-
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(4.35)) gets the form

H (1 2(8), BavE(1), u(t), U (t), Q(¢), K*(¢))

= W (1) (Az"E(1) + AB (a"4(1)) + Bu(t))

+ 300, QUI(t)(CIaE () + CIE (24(t)) + DIult)) (4.36)
+ 3050, KU () (@4 (1) + FB (14(1) + Fu(t))

+3(Rz"4(t)? + Nu(t)?).

From (4.4)), the corresponding adjoint equation gets the form

p

AWt (t) = —[AV™(t) + AR(T"(t))
+ 325 (CIQUI (1) + CTB(Q (1))
+ 3% (P K () + GBI (t)]) + Ra(t)]dt (4.37)

+ 30 QUI)AWI(t) + Yo K™i(t)dHI (),

U4(T) = maE(T).

\

Let (u*(t),£*(t) be a local optimal control of the partial-information control problem (4.34))-
(4.35). Then by applying Theorem 4.4.2 and the fact that

Ha (27 (1), B (27()) , u™ (1), U*(2), Q" (1), K*(t))

= BU*(t) + DQ*(t) + FK*(t) + Nu*(t),
we deduce that the optimal control is given by

E [BU*(t) + DQ*(t) + FK*(t) + Nu*(t) | G)] = 0,
(4.38)
tel0,7].
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Since u*(t) is adapted to G;, we get

u(t) = —N"YBE[V*(t) | G| + DE[Q*(t) | G/
(4.39)

+FE[K*(t) | Gt}

Now, to solve explicitly the above equation (4.39)), we assume that the adjoint process ¥*(-)

has the following form:
U(t) = Up (t) 2" (t) + U2 () B (2™ (1)) + Us (1), (4.40)

where Uj (+), Us (+) and Us (+) are deterministic differentiable functions. Applying Ito’s for-

mula to (4.40), we get

AU (t) = d(Uy () (1)) + d(Us (£) B (*(t))) + dUs (t)
= Uy () da*(t) + 2* (UL () dt + Uy (t) dE (2% (1)) + B (2*(1)) US (¢) dt
+ UL (1) dt.

By simple computation and the fact that d [B (z*(t))] = [(A + A)E (z*(t)) + BE (u*(t))]dt,

we obtain
aw (1) = {U1 (1) [Aa* (t) + AB (2 (1)) + Bu (1))
+Us (1) [(A 4+ A)E (z*(t)) + BE (u*(t))]
+2*()Ug () + B (z*(t)) Uy (t) + Uz (1) } dt
(4.41)
+ 320, [CIa*(t) + CIE (2% (1)) + D (1)]Us (£) AW (1),
+ 3% (¢ () + FTE (27 (1)) + Fiur(t) | Uy (t) dHI(t),

UH(T) = Uy (T) 2*(T) + Uy (T) E (2*(T)) + Us (T).
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Now, from (4.37)) and (4.41)), we can easily prove that Us (t) =0, Vt € [0,7],

(

Uy (t) [Az*(t) + AB (a*(t)) + Bu*(t))]

+Us (1) [(A + A)E (2*(t)) + BE (u*(t))]

+x*(t)U7 (t) + E (x*(t) U (2) (4.42)
= —[AU*(t) + AB(T* (1)) + (CQ*(1)

+CE(Q*(1))) + (9K*(t) + GE[K*(¢)]) + Ra*(1)):

\

A similar argument shows that
Q*(t) = [Ca*(t) + CE (z*(t)) + Du*(t)]U; (1), (4.43)

and
K*(t) = |00 (£) + 6B (" (1) + Fu' ()| U (1) (4.44)
By comparing the coefficients of x*(t) and E (2*(¢)) in equation (4.42)) and last equation in
(4.41), we immediately deduce that Ui (-), Us(-) are given by the following ODEs:
(
U (t)+ QA+ C*+ ) U, (1) + R=0, U (T)=m,

U (t) 4+ 2(A+ AUy (t) + (24 + C% + ¢ + 2(CC + ¢¢)) Uy (1) = 0, (4.45)

U (T) = 0.

\

By solving the ODEs-(4.45]), we obtain

Up () = [+ R(2A+C? + ¢?) exp {2A+ C?* + ¢*)(T — 1)} — R(2A+ C* + ¢*)
Us (t) = (2A+ C? + ¢* + 2(CC + ¢9)) exp[—2(A + A)t] /T Uy (s) exp[2(A + A)s]ds.

t
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Now, from Theorem 4.4.2, the singular part £*(-) satisfies: for any &(-) € U3 ([0,T7)

B /[ M)+ e O)E =€) (0 2 0. (4.46)

If we define

D2 {(w,t) €Qx[0,T]: M(t)+C(t)¥*(t) >0},

and let £(-) € U3 ([0,77) such that

0if M(t) +C(t)¥*(t) >0
d¢(t) = (4.47)
d¢*(t) otherwise,

then by a simple computations, it is easy to see that

0<E /[ MO+ COT )~ 1)
~E [ MO+ T ) od (—€) (0

__E / (M(t) + C(1)T* (1)) Tp de* (1),
(0,77

which implies that £*(t) satisfies for any ¢ € [0, T]]

E / (M(E) + CH)T* () Tp de*(£) — 0. (4.48)
(0,77

Finally, from (4.47) and (4.48)) we can easy shows that the optimal singular control £*(-) has

the form

t

t
£ (t) = £(1) +/ Ipe(s,w)ds = &(t) +/ It (w,5)e0x [0,7):M(s)+C(s) 0" (s)<0} (5, w)ds.  (4.49)
0 0

Finally, we give the explicit optimal continuous-singular control in feedback form involving

both the state process and its expected value.
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Theorem 4.5.3. The optimal continuous-singular control (u*(-),&*(+)) € Ug x U3 ([0,T7)
of the partial-information mean-field linear quadratic control problem (4.34)-(4.35) is given

in feedback form by

u*(t) = u*(t,2*(t), B (2*(t))) = —N'E[BY*(t) + DQ*(t) + FK*(t) | Gi].

£ (t) =&(t) + fot I{(w,5)c0x[0,7]:M(s)+c(s) 0+ (s) <0} (8, w)ds,  t € [0,T].
4.6 Some discussion and concluding remarks

In this last chaptre, under partial-information, necessary and sufficient conditions for optimal
continuous-singular control for mean-field SDEs driven by Teugels martingales associated
with some Lévy processes and an independent Brownian motion have been established. A
partial-information linear quadratic control problem has been studied to illustrate our theor-
etical results. In our mean-field control problem, there are two types of jumps for the state
processes, the predictable ones which come from the discrete interventions of singular control

and the inaccessible ones which come from the Teugels martingale measure.
e 1. In Theorem 4.3.1, equation (4.9) is equivalent to

BHu(t, 27(-), Bla"(t-)), u" (1), ¥ (1), Q"(t), K*(t)) | G¢]

+E M ](M(t)w(t)qf*(t))dg*(t)|gt —0, ae., te0,T].

o 2. If &*(t) = D51 §ilim m (1), 75 € (0,71, then (4.9)-Theorem 4.3.1 is equivalent to

BlH. (¢, 2" (1), B(z"(t-)), u™ (), ¥*(t), Q" (t), K*(1)) | G¢]
+ > E{IM(7) + C(m) ()] | G(r))} =0, ae., 7 €[0,T].

7 <T

e 3. If G, = F; and g = 0, our maximum principle (Theorem 4.3.1) coincides with the

stochastic maximum principle (Theorem 1) developed in Hafayed [82].
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o 4. If G = F and C(t) = M(t) = 0 and without mean-field terms, our maximum
principle ( Theorem 4.3.1) coincides with the stochastic maximum principle developed

in Meng and Tang [90].

e 5. Apparently, there are many problems left unsolved. To mention a few, necessary
and sufficient conditions for optimality for mean-field general controlled SDEs driven

by Teugels martingales and an independent Brownian motion of the form

(

dxS(t) = f (1, a5 (1), Ba4(1), u(t)) dt
+ 30007 (12 (), B (1)), u(t)) AW (t)
+ 30 7 (8 E(t), B(a € (), u(t)) dHI(t) (4.50)

+C (t, z"5(t), B(x"5(t))) d&(2),

\ z%¢(0) = o,

and the expected cost has the general form

7 (u() /Etm B(24(2)), u(t))dt (4.51)
+h (a5(T), B (z"4(T)))

RS z :
' / | M50 B ) deto)

where the coefficients of the singular parts C and M depend on the state of the solution
process as well as of its expected value. Moreover, the second-order maximum principle
for the problem —, where the control domain is not assumed to be convex
is still an open problem. It is worthwhile pointing out that we can derive these results
by using the singular version of the Hamiltonian and the adjoint processes should be

defined within singular control. Such topics will be studied in our future works.
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Appendix

The following result gives the definition and some basic properties of the generalized gradient.
Definition A1l. Let F be a convex set in R” and let f : FF — R be a locally Lipschitz

function. The generalized gradient of f at 7 € F, denoted by 9, f (), is a set defined by

0,f () ={£ € R": (§,0) < f°(F,v), for any v € R"},

T

where f° (7,v) = limsup, 5oL (f (y+tv) — f ().
Proposition Al. If f : R" — R is locally Lipschitz at x € R", then the following statements
holds

1. 0,f (x) is nonempty, compact and convex set in R".

3. 0,

[ () 2 0if f attains a local minimum or maximum at x.

4. If f is continuously differentiable at x, then 0, f (z) = {f' (z)}.

5. If f, g : R® — R are locally Lipschitz functions at € R%, then

0, (f +9) () CO,.f (x) + 0,9 (v).

For the detailed proof of the above Proposition see Clarke [I0] or the book by Yong et al.,
([I09) Lemma 2.3).
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As a simple example of the generalized gradient, we consider the absolute value function
f @ +— |z — a| which is continuously differentiable everywhere except at x = a. Since
f'(z) =1for x > aand f'(z) = —1 for x < a, then a simple calculation shows that the
generalized gradient of f at z = a is given by 9, f (a) =co {—1,1} = [-1,1].
The following result gives special case of the It6 formula for jump diffusions.
Lemma A1l. (Integration by parts formula for jumps processes) Suppose that the processes

z1(t) and z(t) are given by: for j = 1,2, t € [s,T] :

[ duy(t) = F (t.2,(0), () di + 0 (12,0, u(t)) AW (1)

+ Jo 9t x;(t7), u(t),0) N (db,dt),

| 74(s) =0.

Then we get

E(xl(T)x2<T))—E[ / 21 (H)dwa(t) + / xz(t)dm(t)}
+E/ o (£, 21 (1), u(t)) & (£, 22(8), u(t)) dt
B [ [ gt @.000.0) g (¢ at).u(0).0) o).

See Framstad et al., ([L3], Lemma 2.1) for the detailed proof of the above Lemma.

Proposition A2. Let G be the predictable c—field on Qx[s, T], and f be a G xB(0)—measurable

function such that

B | ' 1 0P utanyar < o,

then for all 5 > 2 there exists a positive constant C' = C(T, 3, 4(©)) such that

t B T
E | sup //f(r,&)N(dH,dr) < CE U /|f(r,9)|5u(d«9)dr |
0<t<T |Js Jo s Jo
Proof. See Bouchard et al., ([4], Appendiz). O
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