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Abstract

n this work, we are interesting in the necessary conditions of optimality of stochastic
Ioptimal control for systems governed by mean-field forward-backward stochastic
differential equations with jump processes, in which the coefficients depend on the marginal
law of the state process through its expected value. The control variable is allowed to enter
both diffusion and jump coefficients. Moreover, the cost functional is also of mean-field
type. Necessary conditions for optimal control for these systems in the form of maximum
principle are established by means of convex perturbation techniques. As an application,
mean-variance portfolio selection mixed with a recursive utility functional optimization

problem is discussed.

Keywords: Mean-field forward-backward stochastic differential equation with jumps, op-
timal stochastic control, mean-field maximum principle, mean-variance portfolio selection

with recursive utility functional.



Résumé

ans ce travail, nous intéressons aux conditions nécessaires d’optimalité en

D controle optimal stochastique pour des systémes gouvernés par des équations
différentielles stochastiques progressives rétrogrades de type champ-moyen avec sauts, ou
les coefficients dépendent de la loi marginale du processus de ’état par I'espérance de
sa valeur. La variable de controle entre a la fois dans les coefficients de diffusion et
de saut. De plus, la fonction du cott est aussi de type champ-moyen. Les conditions
nécessaires d’optimalité pour ses systémes seront établies sous la forme de principe du
maximum par les techniques de perturbation convexe. Comme une application, la sélection
de portefeuille moyenne-variance avec un probléme d’optimisation fonctionnelle d’utilité

récursive est discutée.

Mots clés: Equation différentielle stochastique progressive rétrograde de type champ-
moyen avec sauts, controle optimal stochastique, principe du maximum de type champ-

moyen, sélection du portefeuille moyenne-variance avec utilité récursive fonctionnelle.



Introduction

he two famous approach in solving control problems are the Bellman Dynamic
TProgramming and Pontryagin’s Maximum principles. The first method consists

to find a solution of a stochastic partial differential equation (SPDE) which is not linear,
verified by the value function. It is called Hamilton-Jacobi-Bellman (HJB) equation. We
refer to [3] for more details about this method. The second method which will be the center
of our interest in this work which consists to find an admissible control v* that minimizes
a cost functional subject to an stochastic differential equation on a finite time horizon.
If u* is some optimal control, we may ask how we can characterize it, in other words,
what conditions must u* necessarily satisfy? These conditions are called the stochastic
maximum principle or the necessary conditions for optimality. The first version of the
stochastic maximum principle was extensively established in the 1970’s by Bismut [6],

Kushner [28], Bensoussan [5] and Haussmann [I§].

In this work, our main goal is to derive a maximum principle for optimal stochastic
control of mean-field forward-backward stochastic differential equations with Poisson jump

processes (FBSDEJs) of the form

(

do(t) = f(tx(t), E(z(t)), u(t))dt + o(t, z(t), B(x(t)), u(t))dW (t)
+ / c(t, 2(t—), B(x(t—)), u(t),0)N (db, dt),
S
dy(t) = —/@g(t,af(t),E(x(t)),y(t),E(y(t)),Z(t),E(Z(t)),r(tﬁ),U(t))u(cw)dt (1)

()W (E) + / r(t,0)N (df, dt),

2(0) = Guy(T) = h(x(T), E(x(T))),

where f,0,c, g et h are given maps and the initial condition ¢ is an Jy—measurable ran-
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dom variable, W = (W (t)),c(o.1 is & one-dimensional standard Brownian motion defined
on a filtered probability space (Q,]—" , {-;Ct}te[[),T];]P)) satisfying the usual conditions and
N (df, dt) is a Poisson martingale measure with local characteristics p(d6)dt.

The control variable u () = u(t) is called admissible control, it is an {F; }+cjo,rj—adapted

te[0,T7]
process and square-integrable with values in a nonempty convex subset A of R. We denote
by U (][0, T7]) the set of all admissible controls.

Our stochastic optimal control problem is to minimize over the class of admissible control

the following cost function:

Ju() = E| / / Ut 2(t), B (), y(t), E@(t)). (1), B(=(1)).

r(t,0), u(t))p (d0) dt + ¢(x(T), E(x(T))) + ¢ (y(0), E(y(0)))],

(2)

where [, ¢ and ¢ is an appropriate functions. This cost functional is also of mean-field
type, as the functions [, ¢ and ¢ depend on the marginal law of the state process through
its expected value.

Any admissible control u* (-) € U (][0, 7]) satisfying

() = it ()

is called an optimal control.

The stochastic maximum principle of optimality for systems governed by forward-
backward stochastic differential equations (FBSDEs) has been studied by many authors,
Peng [41] firstly studied one kind of forward-backward stochastic control system which
had the economic background and could be used to study the recursive utility problem
in the mathematical finance. He obtained the maximum principle for this kind of control
system with the control domain being convex. The difficulty to get the stochastic maxi-
mum principle for the control problems for systems governed by a forward and backward
SDE for controlled diffusion and non convex control domain is how to use spike variation
method for the variational equations with enough higher estimate order and use the dual-
ity technique for the adjoint equation. Xu [57] studied the non convex control domain case
and obtained the corresponding maximum principle. But he assumed that the diffusion

coefficient in the forward control system does not contain the control variable. Wu [55]
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first obtained stochastic maximum principle for fully coupled forward-backward stochastic
control system in local form. Shi and Wu [50] extended this result to the global form
while the diffusion coefficient doesn’t contain the control variable. A good account and an
extensive list of references on stochastic maximum principle for FBSDEs with applications

can be found in Ma and Yong [33].

The mean-field stochastic differential equation was introduced by Kac [27] in 1956 as
a stochastic model for the Vlasov kinetic equation of plasma and the study of this model
was initiated by McKean [34] in 1966. Since then, many authors made contributions on
mean-field stochastic problems and their applications. The mean-field games for large
population multi-agent systems with Markov jump parameters have been investigated in
Wang and Zhang [53]. Decentralized tracking-type games for large population multi-agent
systems with mean-field coupling have been studied in Li and Zhang [30]. Discrete-time
indefinite mean field linear-quadratic optimal control problem has been investigated in Ni
et al. [36]. Discrete time mean-field stochastic linear-quadratic optimal control problems
with applications have been derived by Elliott et al. [II]. In Buckdahn, Li, and Peng
[9], a general notion of mean-field BSDE associated with a mean-field SDE was obtained
in a natural way as a limit of some high-dimensional system of FBSDEs governed by a
d-dimensional Brownian motion, and influenced by positions of a large number of other
particles. In Buckdahn et al. [10], a general maximum principle was introduced for a
class of stochastic control problems involving SDEs of mean-field type. However, suffi-
cient conditions of optimality for mean-field SDE have been established by Shi [47]. In
Meyer-Brandis, (Jksendal, and Zhou [35], a stochastic maximum principle of optimality
for systems governed by controlled Ito-Levy process of mean-field type was proved using
Malliavin calculus. Mean-field singular stochastic control problems have been investigated
in Hafayed and Abbas [19]. More interestingly, mean-field type stochastic maximum prin-
ciple for optimal singular control has been studied in Hafayed [20], in which convex per-
turbations used for both absolutely continuous and singular components. The maximum
principle for optimal control of mean-field FBSDEJs with uncontrolled diffusion has been
studied in Hafayed [21]. The necessary and sufficient conditions for near-optimality of
mean-field jump diffusions with applications have been derived by Hafayed et al. [22].
Singular optimal control for mean-field forward-backward stochastic systems and applica-

tions to finance have been investigated in Hafayed [23]. Second-order necessary conditions
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for optimal control of mean-field jump diffusion have been obtained by Hafayed and Abbas
[24]. Under partial information, mean-field type stochastic maximum principle for opti-
mal control has been investigated in Wang, Zhang, and Zhang [54]. Under the condition
that the control domain is convex, Andersson and Djehiche [I] and Li [29] investigated
problems for two types of more general controlled SDEs and cost functionals, respectively.
The linear-quadratic optimal control problem for mean-field SDEs has been studied by
Yong [58] and Shi [47]. The mean-field stochastic maximum principle for jump diffusions
with applications has been investigated in Shen and Siu [45] Recently, maximum principle
for mean-field jump diffusions stochastic delay differential equations and its applications
to finance have been derived by Yang, Meng, and Shi [46]. Mean-field optimal control for
backward stochastic evolution equations in Hilbert spaces has been investigated in Xu and

Wu [56].

The optimal control problems for stochastic systems described by Brownian motions and
Poisson jumps have been investigated by many authors including [48], [49], [8], [26], [17],
[37]. The necessary and sufficient conditions of optimality for FBSDEJs were obtained
by Shi and Wu [48]. General maximum principle for fully coupled FBSDEJs has been
obtained in Shi [49], where the author generalized Yong’s maximum principle [59] to jump

case.

This thesis is organized as follows:

» Chapter 1: This introductory chapter, we give a short introduction to stochastic

control problems.

» Chapter 2: (Maximum principle for forward-backward stochastic control system with
jumps and application to finance). In this chapter we present the maximum principle
for systems governed by the forward-backward stochastic differential equations with
jumps (FBSDEJs for short) in which the control domain is convex. This result was

obtained by Shi and Wu [4§].

» Chapter 3: (Mean-field maximum principle for optimal control of forward-backward
stochastic systems with jumps and its application to mean-variance portfolio prob-
lem). This chapter contains the main result of this thesis, in this chapter, we

study mean-field type optimal stochastic control problem for systems governed by
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mean-field controlled forward-backward stochastic differential equations with jump
processes, in which the coeficients of the state equation depends not only on the
state process but also its marginal law of the state process through its expected
value. The cost functional is also of mean-field type. Our main goal is to derive
necessary conditions for optimality satisfied by some optimal control which are also
known as the stochastic maximum principle. The proof of our result is based on
convex perturbation method. These necessary conditions are described in terms of
two adjoint processes, corresponding to the mean-field forward and backward com-
ponents with jumps and a maximum condition on the Hamiltonian. In the end, as
an application to finance, a mean-variance portfolio selection mixed with a recursive
utility optimization problem is given, where explicit expression of the optimal port-
folio selection strategy is obtained in feedback form involving both state process and
its marginal distribution, via the solutions of Riccati ordinary differential equations.
To streamline the presentation of this travail, we only study the one-dimensional

case.
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Chapter 1

Introduction to stochastic control

problems

This chapter will be organized as follows. In section 1, we give the optimal control
theory. In section 2, we present strong and weak formulations of stochastic optimal control
problems. Section 3 and 4 are concerned to the presentation of the two important methods

which are dynamic programming and the maximum principle.

1.1 Optimal control theory

Optimal control theory can be described as the study of strategies to optimally influence
a system z with dynamics evolving over time according to a differential equation. The
influence on the system is modeled as a vector of parameters, u, called the control. It is
allowed to take values in some set U, which is known as the action space. For a control to
be optimal, it should minimize a cost functional (or maximize a reward functional), which
depends on the whole trajectory of the system x and the control v over some time interval
[0, 7. The infimum of the cost functional is known as the value function (as a function of
the initial time and state). This minimization problem is infinite dimensional, since we are
minimizing a functional over the space of functions u(t),¢ € [0,7]. Optimal control theory
essentially consists of different methods of reducing the problem to a less transparent, but
more manageable problem. The two main methods are dynamic programming and the

maximum principle.
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1.2 Formulations of stochastic optimal control prob-

lems

In this section, we present two mathematical formulations (strong and weak formulations)

of stochastic optimal control problems in the following two subsections, respectively.

1.2.1 Strong formulation

Let (0, F, {F: }icjo1), P) be a given filtered probability space satisfying the usual condi-
tion, on which an d-dimensional standard Brownian motion W (-) is defined, consider the

following controlled stochastic differential equation :

de(t) = f(t,z(t),u(t))dt + o(t,z(t), u(t))dW (1),

2(0) = =z €R", (L)

where

f:0,T| xR*x U — R",
0:[0,T] x R" x U —s R™%

and z(+) is the variable of state.

The function u(+) is called the control representing the action of the decision-makers (con-
trollers). At any time instant the controller has some information (as specified by the
information field {F;}ico,77) of what has happened up to that moment, but not able to
foretell what is going to happen afterwards due to the uncertainty of the system (as a conse-
quence, for any ¢ the controller cannot exercise his/her decision u(t) before the time ¢ really
comes), which can be expressed in mathematical term as "u(-) is {F; }cjo,rj—adapted".

The control u () is an element of the set:
U, T)={u:[0,T] x Q@ — U/ u(-) is {Ft}epo,r — adapted}.

We introduce the cost functional as follows:

10



Chapter 1. Introduction to stochastic control problems

J(u()) = E {/o [(t,x(t), u(t))dt + g(z(T))| , (1.2)
where
[0, T] xR"x U — R,
g:R" — R.

Definition 1.2.1 Let (Q, F AFibeepm, IP’) be given satisfying the usual conditions and let
W(t) be a given d-dimensional standard {F;}icppm-Brownian motion. A control u(-) is

called an s-admissible control, and (z(-),u(-)) an s-admissible pair, if
i) u(-) e U[0,T7;

ii) x(-) is the unique solution of equation (1.1));

iii) (-, 2(-),u(-)) € Ly ([0,T];R) and g(x(T)) € Ly, (LR).

The set of all s-admissible controls is denoted by U* ([0, T7).

Our stochastic optimal control problem under strong formulation can be stated as follows:
Problem 1.2.1 Minimize over U* ([0,T]) .

The goal is to find u*(-) € U* ([0,T7]), such that

Jw () = inf J(u(-))- (1.3)

u(-)eUs([0,T7)

For any u*(-) € U* ([0, T]) satisfying (1.3)) is called an s-optimal control. The corresponding
state process z*(-) and the state-control pair (z*(-),u*(-)) are called an s-optimal state

process and an s-optimal pair, respectively.

1.2.2 Weak formulation

There exists for the optimal control problem another formulation of a more mathematical
aspect, it is the weak formulation of the stochastic optimal control problem. Unlike in the
strong formulation the filtered probability space (Q, F, {ft}te[o,T},P) on which we define
the Brownian motion W (-) are all fixed, but it is not the case in the weak formulation,

where we consider them as a parts of the control.

11
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Definition 1.2.2 A 6-tuple 7 = (Q,f, {Fi e, P, W () ,u()) is called w-admissible

control and (x(-),u(-)) an w-admissible pair, if

i) (Q, F, {ft}te[o,T],P) 1s a filtered probability space satisfying the usual conditions;

ii) W (-) is an d-dimensional standard Brownian motion defined on (0, F,{F; }eior), P) ;
iii) u(-) is an {F;}icp,m—adapted process on (2, F,IP) taking values in U;

iv) x(-) is the unique solution of equation (1.1));

v) 10 2(),u()) € Lx ([0,T];R) and g(x(T)) € Ly, (%R).

The set of all w-admissible controls is denoted by U™ ([0,7]). Sometimes, might write
u(-)) € U* ([0, 7)) instead of (Q, F,{F:}rcjor, P, W (), u(-)) € U ([0,T]).
Our stochastic optimal control problem under weak formulation can be formulated as

follows:
Problem 1.2.2 Minimize over U™ ([0,T7) .

Namely, one seeks 7*(-) € U™ ([0,T]) such that

J() =k, 7))

1.3 The Dynamic Programming Principle

In this section, we study an approach to solving optimal control problems, namely,
the method of dynamic programming. Dynamic programming, originated by R. Bellman
[3] in the early 1950’s, is a mathematical technique for making a sequence of interrelated
decisions, which can be applied to many optimization problems (including optimal control
problems). The basic idea of this method applied to optimal controls is to consider a
family of optimal control problems with different initial times and states, to establish
relationships among these problems via the so-called Hamilton-Jacobi-Bellman equation
(HJB, for short), which is a nonlinear first-order (in the deterministic case) or second-
order (in the stochastic case) partial differential equation. If the HJB equation is solvable

(either analytically or numerically), then one can obtain an optimal feedback control by

12



Chapter 1. Introduction to stochastic control problems

taking the maximize /minimize of the Hamiltonian or generalized Hamiltonian involved in
the HJB equation. This is the so-called verification technique. Note that this approach
actually gives solutions to the whole family of problems (with different initial times and

states).

1.3.1 The Bellman principle

Let (Q,F,P) be a probability space with filtration {F;}co 1, satisfying the usual
conditions, T" > 0 a finite time, and W a d-dimensional Brownian motion defined on the
filtered probability space (Q, F,P, {ft}te[o,T]) :

We consider the state stochastic differential equation
dz(s) = f(s,z(s),u(s))ds + o(s,z(s),u(s))dW(s). (1.4)

The control u = u(s)o<s<r is a progressively measurable process valued in the control set
U, a subset of R¥, satisfies a square integrability condition. We denote by U ([t, T]) the
set of control processes wu.

To ensure the existence of a solution to SDE (1.4)), the Borelian functions f : [0, 7] x R™ x
U— R"and o:[0,7] x R" x U — R™? satisfy the following conditions:

[f(t2,u) = f(ty,u)| + otz u) = o(t,y,u)] < Cle—yl,

[f @tz u)] + ot z,u)] < O+ [xf],

for some constant C.

We define the gain function as follows:

J(t,x,u) = E[/t (s,z(s),u(s))ds + g(x (T))|, (1.5)
where

[0, T] xR" x U — R,
g:R" — R,

13



Chapter 1. Introduction to stochastic control problems

be given functions. We have to impose integrability conditions on f and ¢ in order for
the above expectation to be well-defined, e.g. a lower boundedness or quadratic growth
condition.

Our objective is to maximize this gain function, we introduce the so-called value function:

V(t,x) = sup J(t,z,u), (1.6)
uel([¢,T7)
where z(t) = x is the initial state given at time ¢.

For an initial state (¢,x), we say that u* € U ([t,T]) is an optimal control if
V(t,z) = J(t,z,u").
Theorem 1.3.1 Let (t,z) € [0,T] x R™ be given. Then we have

t+h
V(t,z)= sup FE {/ I(s,2(s),u(s))dt + V(t+h,x(t+h))|, fort <t+h<T.
weld([t,T]) ’

(1.7)

The proof of the dynamic programming principle is technical and has been studied by
different methods, we refer the reader to Lions [31], Fleming and Soner [15] and Yong and
Zhou [60].

1.3.2 The Hamilton-Jacobi-Bellman equation

The HJB equation is the infinitesimal version of the dynamic programming principle.
It is formally derived by assuming that the value function is C'2 ([0, T] x R™), applying
Ito’s formula to V (s, 25%(s)) between s = ¢t and s = ¢ + h, and then sending h to zero into

(1.7). The classical HJB equation associated to the stochastic control problem (|1.6]) is

—Vi(t,x) —sup [L*V (t,z) + (t,x,u)] = 0, on [0,T] x R", (1.8)

uelU

where L£" is the second-order infinitesimal generator associated to the diffusion = with

control u

Lvo— f(a:,u).DmV—Ir%tr (o (z,u) o7 (z,u) D2V).

14



Chapter 1. Introduction to stochastic control problems

This partial differential equation (PDE) is often written also as :
—Vi(t,x) — H(t,z, D,V (t,z), D2V (t,z)) = 0, V(t,z) €[0,T] x R", (1.9)
where for (¢,2,¥,Q) € [0,7] x R" x R" x S,, (S,, is the set of symmetric n x n matrices) :

H(t2,9,0) = sup f(t,x,u).\m%tr(mﬂ (tow)Q)+itew)|.  (1.10)

uelU

The function H is sometimes called Hamiltonian of the associated control problem, and
the PDE (1.8) or ([1.9) is the dynamic programming or HJB equation.

There is also an a priori terminal condition:
V(T,z) = g(z), Vx € R™,

which results from the very definition of the value function V.

1.3.3 The classical verification approach

The classical verification approach consists in finding a smooth solution to the HJB
equation, and to check that this candidate, under suitable sufficient conditions, coincides
with the value function. This result is usually called a verification theorem and provides
as a byproduct an optimal control. It relies mainly on It6’s formula. The assertions
of a verification theorem may slightly vary from problem to problem, depending on the
required sufficient technical conditions. These conditions should actually be adapted to
the context of the considered problem. In the above context, a verification theorem is

roughly stated as follows:

Theorem 1.3.2 Let W be a C*? function on [0, T] xR™ and continuous in T, with suitable
growth condition. Suppose that for all (t,x) € [0,T] x R™, there exists u*(t, ) mesurable,
valued in U such that W solves the HJB equation:

0 = —Wi(t,z) —sup [L*W (t,z) + I(t, z,u)]

uelU

= —Wi(t,x) — LYECDW (t, ) — I(t, x,u*(t,x)), on [0,T] x R,

15
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together with the terminal condition
W(T,-) =g on R",
and the stochastic differential equation:
dz(s) = f(s,x(s),u*(s,z(s)))ds + o(s,z(s),u*(s,x (s)))dW(t),

admits a unique solution z*, given an initial condition x(t) = x. Then, W =V and

u* (s,x*) is an optimal control for V(t,x).

A proof of this verification theorem may be found in any textbook on stochastic control

see. e.g. [14], [15], [60] or [42].

1.4 The Pontryagin stochastic maximum principle

Another classical approach for optimization and control problems is to derive neces-
sary conditions satisfied by an optimal solution. The argument is to use an appropriate
calculus of variations of the cost functional J(u) with respect to the control variable in
order to derive a necessary condition of optimality. The maximum principle initiated by
Pontryagin, states that an optimal state trajectory must solve a Hamilton system together
with a maximum condition of a function called a generalized Hamilton. In principle, solve

a Hamilton should be easier than solving the original control problem.

The original version of Pontryagin’s maximum principle was derived for deterministic
problems in the 1950’s and 1960’s by Pontryagin and al. [43], as in classical calculus of
variation. The basic idea is to perturb an optimal control and to use some sort of Taylor
expansion of the state trajectory around the optimal control, by sending the perturbation
to zero, one obtains some inequality, and by duality, the maximum principle is expressed
in terms of an adjoint variable. More recent results for the study of optimal control in
the deterministic cases were treated by Fleming [14] and [I5], where the authors present
the results of fundamental control theory. The first version of the stochastic maximum
principle was extensively established in the 1970’s by Bismut [6], Kushner [28], Bensoussan

[5] and Haussmann [I8]. However, at that time, the results were essentially obtained
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under the condition that there is no control on the diffusion coefficient. The first version
of the stochastic maximum principle when the diffusion coefficient depends explicitly on
the control variable and the control domain is not convex, was obtained by Peng [40], in
which he studied the second order term in the Taylor expansion of the perturbation method
arising from the Ito integral. He then obtained a maximum principle for control dependent
diffusion, which involves in addition to the first-order adjoint process, a second-order
adjoint process. The adjoint processes are described by what is called adjoint equation. In
fact, the adjoint equation is in general a linear backward stochastic differential equation
(BSDE) with a specified a random terminal condition on the state. Unlike a forward
stochastic differential equation, the solution of a BSDE is a pair of adapted solutions. The
linear BSDE was first proposed by Bismut [7] in 1973. Pardoux and Peng [39] got the
uniqueness and existence theorem for the solutions of nonlinear BSDE driven by Brownian
motion under Lipschitz condition in 1990. Now BSDE theory is playing a key role not
only in dealing with stochastic optimal control problems, but also in mathematical finance,

particularly in hedging and nonlinear pricing theory for imperfect market.

1.4.1 The maximum principle

As an illustration, we provide a sketch of how the maximum principle for a deterministic
control problem is derived. In this setting, the state of the system is given by the differential
equation

de(t) = f(t,z(t),u(t))dt,t €[0,T7,

1.11
z(0) = =z, ( )

where

FIOT]xRx A— R,

and the action space A is some subset of R.

The objective is to minimize some cost function of the form

Ju() = / I(t, 2(t), u(t)) + gz (T)). (1.12)

17
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where

[:]0,T] xRx A— R,
g:R— R

That is, the function [ inflicts a running cost and the function ¢ inflicts a terminal cost.

We now assume that there exists a control u*(¢) which is optimal, i.e.
S () = nfJ(u()).

We denote by z*(¢) the solution to (1.11) with the optimal control u*(t). We are going
to derive necessary conditions for optimality, for this we make small perturbation of the
optimal control. Therefore we introduce a so-called spike variation, i.e. a control which is
equal to u* except on some small time interval:

v forr—e<t<T,

uE(t) = - (1.13)

u*(t) otherwise.

We denote by z°(t) the solution to (1.11)) with the control u®(t). We set that x*(¢) and

z°(t) are equal up to t = 7 — € and that

(1) —a*(r) = (f(r,2%(7),0) = f(7,27(7),u" (7)))e + 0 (e)

(1.14)
= (f(r,2%(7),v) = f(7,27(7),u" (7)))e + 0 (e),

where the second equality holds since x°(7) — 2*(7) is of order . we look at the Taylor

expansion of the state with respect to . Let

2(1) = 52 () o,

i.e. the Taylor expansion of z°(t) is

#(t) = @ (1) + (D + ofe). (1.15)

18
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Then, by
z(r) = f(r,z*(1),v) — f(r,z*(7),u* (7)). (1.16)

Moreover, we can derive the following differential equation for z(t).

9,
dz(t) = gdxa(t) |le=0

(0, 0 (1))t oo
0
= fx(t,ma(t),ug(t))%xe(t)dt |le=0
= fo(t,x*(t),u"(t))z(t)dt,
where f, denotes the derivative of f with respect to z. If we for the moment assume that

[ = 0, the optimality of u*(¢) leads to the inequality

9, 0
< — ) |omo= =— c -
0= I omo= 529 (5(D)) |omo
0

= 90 (25(T)) 522°(T) |0

= gx (27(T)) 2(T).

We shall use duality to obtain a more explicit necessary condition from this. To this end

we introduce the adjoint equation:

dU() = —fo(t,z*(t),u* (£)U(t)dt, t € [0,T],
U(T) = guo(a"(T)).

Then it follows that

i.e. W(t)z(t) = constant. By the terminal condition for the adjoint equation we have
U(t)z(t) = gu(xz™(T))2(T) >0, forall 0 <t <T.
In particular, by
U(r) (f(r,2"(7),v) = f(7,27(7),u" (7))) = 0.
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Since 7 was chosen arbitrarily, this is equivalent to
U(t)f(t,x*(t),u*(t)) = infW(t)f(t,2*(t),v), forall 0 <t <T.

This specifies a necessary condition for u*(t) to be optimal when [ = 0.

To account for the running cost [ one can construct an extra state
dz®(t) = I(t,z(t),u(t))dt,
which allows us to write the cost function in terms of two terminal costs:
J(u () = 2°(T)+ g(x(T)).

By repeating the calculations above for this two-dimensional system, one can derive the

necessary condition
H(t,z*(t),u*(t),¥(t)) = infH(t,2*(t),v,V(t)) forall 0 <t < T, (1.17)

where H is the so-called Hamiltonian (sometimes defined with a minus sign which turns

the minimum condition above into a maximum condition) :
H(z,u, V) = l(z,u)+ Vf(zr,u),
and the adjoint equation is given by

dU(t) = —(la(t,27(t),u(t)) + folt, 2" (t), u" (1)) W (2))dL,

U(T) = gola™(T)).

(1.18)

The minimum condition (1.17) together with the adjoint equation ([1.18) specifies the

Hamiltonian system for our control problem.

1.4.2 The stochastic maximum principle

Stochastic control is the extension of optimal control to problems where it is of im-

portance to take into account some uncertainty in the system. One possibility is then to
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replace the differential equation by an SDE:
dx(t) = f(t,z(t),u(t))dt + o(t,x(t))dW(t),t € [0,T], (1.19)

where f and ¢ are deterministic functions and the last term is an [t6 integral with respect
to a Brownian motion W (-) defined on a probability space (Q, F AFi e, IP) .

More generally, the diffusion coefficient o may have an explicit dependence on the control:
de(t) = f(t,z(t),u(t))dt + o(t,z(t),u(t))dW (t),t € [0,T]. (1.20)

The cost function for the stochastic case is the expected value of the cost function (|1.12)),

1.e. we want to minimize

Ju() = E [/0 1(t, x(t), u(t)) + g(x (1))
For the case the adjoint equation is given by
d¥(t) = —(la(t,2*(t),u" (1) + fo(t, 2" (), u™())¥(?)

oL (2t ()Q0)dt + Q)W (1), (1.21)

U(T) = go(a™(T)).

A solution to this kind of backward SDE is a pair (¥(¢), Q(t)) which fulfills (1.21]).

The Hamiltonian is

H(z,u,¥,Q) = l(z,u)+¥f(z,u)+ Qo(z),
and the maximum principle reads

H(t,x*(t),u*(t),V(t),Q(t)) = infH(t,z*(t),u,¥(t),Q(t)) forall 0 <t < T, P — as.
’ (1.22)
There is also third case: if the state is given by but the action space A is convex,
it is possible to derive the maximum principle in a local form. This is accomplished by

using a convex perturbation of the control instead of a spike variation, see Bensoussan [4].
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The necessary condition for optimality is then the following

H,(t,z"(t),u"(t), U*(t),Q"(t)) (u —u*(t)) >0 forall 0 <t < TP — a.s.
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Chapter 2

Maximum principle for forward-backward
stochastic control system with jumps and
application to finance
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Chapter 2

Maximum principle for
forward-backward stochastic control
system with jumps and application

to finance

2.1 Introduction

In this chapter we will give the maximum principle for systems governed by the forward-
backward stochastic differential equations with Jumps (FBSDEJ for short) in which the
control domain is convex, the control variable is allowed to enter both diffusion and jump

coefficients. This result was obtained by Shi and Wu [48].

This chapter is organized as follow. In section 2, we consider some assumptions to achieve
the goal. In section 3, we obtain the maximum principle for one kind of forward-backward
stochastic system with jumps. In section 4, we prove that under some additional condi-
tions, the maximum principle is also sufficient. In section 5, we apply this result to study
a mean-variance portfolio selection mixed with a recursive utility functional optimization

problem and give the explicit expression of the optimal portfolio selection strategy.
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2.2 Problem formulation and assumptions

Let T > 0 be a fixed time horizon and (Q, F, {Ft}te[O,T] , IP’) be a fixed filtered probability
space equipped with a P—completed right continuous filtration on which a d—dimensional
Brownian motion W' = (W (t)),c/o 7 is defined. Let 1 be a homogeneous {F;}seor)—
Poisson point process independent of W. We denote by N (df,dt) the random counting
measure induced by 7, defined on © x R*, where O is a fixed nonempty subset of R! with

its Borel o-finite measure on (0, B (0)) with x (df) < co. We then define
N (df, dt) :== N (d, dt) — 1 (df) ,

where N (-,-) is Poisson martingale measure on B (©) x B (R") with local characteristics
p (dO) dt.

We assume that {F;},_,,, is P-augmentation of the natural filtration {}"t(W’N)}te[O’T} de-

t€[0,T

fined as follows
A = g seve ([ [ v sepd pes©)va,
0 JB

where Gy denotes the totality of P—null sets and o7 V 05 denotes the o-field generated by

o1 U os.

Throughout this chapter, we use the notations

1. {-,-) the Euclidean scalar product.
2. || the Euclidean norm on R",Vn € N.

3. T appearing in the superscripts denotes the transpose of a matrix.

Let U be a nonempty convex subset of R¥.

We define the admissible control set
U0,7)) = {u(-)eLZ([0,T];R*);u(t) € Uae. t€[0,T],P—a.s.}.

For any given admissible control u (-) € U ([0,7]) and initial state zo € R™, we consider
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the following forward-backward stochastic control system with jumps:

p

de(t) = f(t,x(t), u(t))dt + o(t, z(t), u(t))dW(t)
+ / c(t, 2 (t—), u(t), )N (d6, dt),
(S
—dy(t) = /@g(m(t),y(t%z(t),r(t,@)w(t))u(d(?)dt (2.1)

()W (t) — /@ r(t,0)N (0, dt),

x(0) = o,y(T) = h(x(T)),

where
f:0,T| xR"x U — R™,

0:[0,T] x R" x U — R™4,

([0, T xR*x U x © — R,

1[0,7T] x R® x R™ x R™*? x R™ x U — R™,
QX R" — R™,

e}

>

are given maps.
The stochastic optimal control problem is to minimize over U ([0, 77]) the cost functional

of the form

J(u() = E[ / / 1(t, 2(8), y(8), (), r(t, 0), w(t))ps (d6) dt + B(x(T)) + o(y(0)) | .
(2.2)

where
1:[0,T] x R* x R™ x R™*4 x R™ x U — R,

¢:R" — R,
p:R™ — R,

are given maps.
An admissible control which solves this problem is called an optimal control and it is

denoted by u*, i.e.

) = ne ().

Assumptions (H2.1)
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Throughout this chapter, we assume that the above functions satisfy the following as-

sumptions:
1. f,o,c are global Lipschitz in (x,u) and g is global Lipschitz in (z,y, z,7,u);
2. f,0,¢, 9,1, ¢, are continuously differentiable in their variables including (x, y, z, 7, u) ;

3. fmfu70170u7gwagy7gzag7’79u a’nd/ |C$(770)|2/’L(d9)7/ ’CU(776)|2:U’(d9) arebounded;
(€] (S

4. Uy, 1, 1,1, 1, are bounded by C' (1 + |z| + |y| + |2| + |r| + |u]) , ¢, and ¢, are bounded
by C (1+ |z|), C (1 + |y|) respectively;

5. Vo € R, h(x) € L*(Q, Fr; R™) and for fixed w € €, h(x) continuously differentiable

in x, h, is bounded;

6. Forallt € [07 T] 7f<t7 0, 0)7 g<t7 0,0,0,0, 0) € L%—' ([07 T] aRn) 70(t7 0, O) S L%—' ([07 T] ;Rnxd)
and c(t,0,0,-) € MZ([0,T];R").

Under assumption (H2.1) the forward-backward equation ({2.1) admits a unique solution

(x(')7y<')>z(')’r(" )) € L%—' ([O>T] ;R")XL? ([0>T] ;Rm)XL%-' ([OaT] ;Rde> XM%—' ([OaT] ;Rm)'

2.3 Necessary conditions for optimal control of FBS-

DEJs

The goal in this section is to get the maximum principle and to find the necessary
condition of optimality verified by some optimal control, for this we use the classic convex
variation method. We assume the existence of an optimal control «*(-) minimizing the
cost J over U ([0,7]) and (*(-),y*(-), 2*(:),r*(+,-)) denotes the optimal trajectory, that is,
the solution of corresponding to u*(-).

Since U is convex, then for any 0 < ¢ < 1, we define an admissible control u (-) by the

following perturbation

which is also a admissible control has value U.

We denote by (2°(-), y°(+), 2°(+),7°(+, -)) the trajectory corresponding to u® (-).

27



Chapter 2. Maximum principle for FBSDE with jumps and application to finance

2.3.1 Variational equations and variational inequality

Let (25(-),vi(+), 27(-),ri(+,-)) be the solution of the following variational equation:

(dni(t) = [LO50) + fulu()] dt + (05 (1) + ou(tyu(t)] AW ()
+/ [co(t, 0)25(t—) + cu(t, O)u(t)] N (db, dt),
(C)
() = / (92 (. 0)25 (1) + g, (1, 0)45: (1) + - (1,0) 5 (1)
ot 05 (1,0) + gu(t. O)u()|u (d0) dit

(AW (E) — /@ ve (. 0)N (d0, dt)

21(0) = 0,yi(T) = ha(2™(T))25(T),

\

where and in the sequel

f@) = [t 2(1), ur (1), a(t) = o(t, 2" (t),u" (1)),
c(t,0) = e(t,z*(t),u*(t),0), 1(t,0) = U(t,x*(t), y*(t), z*(t), r*(t,0),
g(t,0) = g(t, 27(1),y* (1), 2" (1), r*(£,0), u*(1))

and their derivatives.

Under (H2.1), there exists a unique solution

(@7(:), 91(), 2(), 75 )
€ L% ([0, T];R™) x L% ([0, T];R™) x LE ([0, T]; R™*4) x MZ ([0, T]; R™)

satisfying (2.3]).

The following lemma is needed to establish our result.

For all t € [0,7],e > 0, we set

Bt = e H(@f(t) — 2t (1) — 2i(D),
) = e @) —yr() —wi),
F) = eH(EE() -2 () — A,
Pt 0) = et (re(t,0) —r*(t,0)) — ri(t,0).
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Lemma 2.3.1 Let assumption (H2.1) hold. Then
lim sup E |&(t)]* = 0,
e—0p<t<r

lim sup E |9°(t)]> = 0,

e—0p<¢<T

T
mE/|%@fﬁ:Q
0

li
e—0

T
lim E/ / |7 (L, 0)|? p (df) dt = 0.
e—0 0 o

(2.5)

Proof After defining 2°(t), z*(¢) and z5(t), we have

dze(t) = f(t,z=(t),u(t))dt + o(t,2°(t),u(t))dW (t) + [ c(t,z°(t—),us(t), )N (db,dt),

dz*(t) = f(t,z*(t),u*(t))dt + o(t,z*(t),u*())dW (t) + [ c(t,z*(t—),u*(t),0)N (db,dt),

dri(t) = [fo(O)2i(t) + fu()u()] dt + [ow(8)25(t) + ou(t)u(t)] AW ()

—l—/ [ca(t, 0)x5(t—) + cu(t, O)u(t)] N (db, dt) .

So we can well define 2°(t) as

pe(t) = et (a(t) — a"(1) — 25 (1)

Applying Ito’s formula, we get

dic(t) = et (da®(t) — dz*(t)) — da5(t)

= e[St a*(t), us (1) = f(O)] dt = [fa(t)a5(t) + fu(t)u(t)] dt
+et o (t, 2%(1), us (1) — o ()] dW (L) — [oa(t)25(t) + ou(t)u(t)] dW (1)

et [/@c(t,xf(t—),us(t),e) —c(t,0)| N (db,dt)
—/@ [co(t, )25 (t—) + cu(t, O)u(t)] N (db, dt),

with £7(0) = 0.
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By replacing z°(t) with «*(t) + ¢ (2°(t) + 25(¢)) and v®(¢) with u*(¢) + u(t), we find

dic(t) = e 1[f(t,z*(t) + e (2°(t) + 25(¢)) , u*(t) + eu(t)) — f(t)] dt
— [fa()27(t) + fu(t)u(t)] dt
+e o (t, z*(t) + e (25(8) + 25 (1)) , u*(t) + eu(t)) — o(t)] dW(t)

— [0 (0)5 (1) + ou(t)u(t)] dW (1)

+e7! { /@c@, (1) + € (35() + 25(1)) , (1) + cu(t), 0) — c(t,0) | N (d6, dt)

_ / lea(t, 0)2% (t=) + cu(t, 0)u(t)] N (d6, dt)
e
By Taylor’s expansion with a simple computation, we show that

Lt ar(t) + e (2°(t) + 25(1)) , ut(t) 4+ eu(t)) — f(2)]
/fxtx )b Ae (85(0) + 25 (8))  wt () + Acu(t)) (25(¢) + a5 (t)) dA

/ Ju(t,z*(t) + Ae (25(t) + 25(2)) , u*(t) + Aew(t))u (t) dA.
et o(t, z*(t) + e (2°(t) + 25(t)) , u*(t) + eu(t)) — o(t)]
_ /0 0, 2 (8) 4+ Ae (35 (8) + 25 (1)), 0" () + Acu(t)) (25(8) + 25 (8)) dA
—i—/o ou(t, x*(t) + Ae (25(t) + 25(¢)) , u*(t) + Aeu(t))u (t) dA,

and
e e(t, z*(t) +e (25(t) + 25(t)) , u*(t) + eu(t), 0) — c(t,0)]
= /0 co(t, x*(t) + Ae (2°(t) + 25(1)) , u*(t) + Aeu(t)), 0) (25(t) + x5(t)) dA

+ /O el 2 (8) + £ (35(1) + 25(8))  w* (1) + Aeu(t)), O)u (£) dA.
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We replace (2.7)), (2.8) and (2.9) in (2.6)), it becomes

/ fao(t,x*(t) + Ae (25(t) + 25(t)) , u*(t) + Aew(t))ze(t)dAdt

+

(1) + Ae (25(2) + 25(2)) , u*(t) + Aeu(t))2 (t)dNdW (t)

H
A

[aery

+
H

Nc\ﬁhc\hhc\

*(t) 4+ Ae (25(t) + 25(¢)) , u*(t) + Aeu(t), 0)zc(t)dAN (d, dt)

e (2,

+

[falt, 27 (8) + Ae (25(8) + 27(2)) , w™ (1) + Aew(t)) — fo(t)] 25 (£)dAdt

+

[fu(t,z*(t) + A& (25(t) + 25(¢)) , u*(t) + Aew(t)) — fu(t)] u(t)dAdt

+

(00 (8, 2% (1) + Ae (35() + 25(1)) , u(£) + Aeu(t)) — o(t)] 25 (£)ANIW (2)

+

(o (t, 27 (1) + Ae (2°(t) + 25(1)) , w* () + Aeu(t)) — ou(t)] u(t)dAW (t)

+

[ex(t, x*(t) + Ae (25(t) + 25(t)) , u*(t) + Aeu(t),0) — cx(t,0)] 25 (t)dAN (db, dt)

+

[cu(t, (1) + Ae (2°(f) + 25(1)) , w*(t) + Aeu(t), 0) — cu(t,0)] u(t)dAN (db, dt) .
So, we obtain

( dis(t) = [AS(t)2°(t) + G*(t)] dt + [Be(t)2°(t) + G*(t)] dW (t)

+/ (Ce(t—,0)2°(t—) + G (t—, 0)] N (db, dt),
(C]

#(0) = 0,
where
A = /0 ot 2 () + Ae (35(8) + 25(8)) , u(8) + Aeu(®))] dA,

GE(t) = [A(t) = fa(D)] 2i( +/0 [fult,2(1) + Ae (25(2) + 21(1)),
)u (t) dA,

)
u*(t) + Aeu(t)) — fu(t)]u(t)d

B(t) = /0 [0 (t, 27 (t) + Ae (2°(2) + 25(8)) , w* (t) + Aeu(t)]dA,
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GH(t) = (B = O)ai(0)+ [ nu(ta”()+ A @(0) +ai(0).
u*(t) + Aeu(t)) — ou(t)]u (t) dA,

Co(t,0) = / (62 (0) + Ae (B4(0) + 25 (1)) () + Acu(t), O)dA,

@%ﬂziW%ﬂ—%@%ﬁ@+éh@ﬁ®+kww+ﬁ®%
u*(t) + Aeu(t), 0) — c,(t, 0)]u (t) dA.

Applying Ito’s formula to |2°(¢)|?, noting that assumption (H2.1), we have
E|i(t)]? = EA mﬁuym@ﬁ%w+GWﬂmﬁ+EA\me%@+Gﬂﬂﬁﬁ
; / / CE(1,0)% () + G¥(t,0) " pu(dB)dt

T
< CE/ 13(8) 2 dt + ofp).
0

Then we can to get the first convergence result of (2.5) from Gronwall’s inequality.

Afterwards, we will prove the last three results, first we have:

(

—d () = [ ot )70, 0071 0), v (O (0) bt — () 1)
_ /@ r=(t,0)N (6, dt),

—dy'(t) = /eg(t,x*(t)ay*(t),Z*(t),r*(t,e)»u(t))ﬂ(de)dt_z*(t)dW(t)
_/G)T*(t,e)N (df, dt),

—@W)=lé@@@ﬁ@+%%@%@+%@@ﬁ@+ww@ﬁ@@

g (t 0) ()| (d6) dt — = (1)dW () — / ve (£, 0)N (d0), dt)

\ S

So we can define 7°(t) as
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and from Itd’s formula, we get

—dgE(t) = 61/@[g(taﬂfs(t),ys(t),Zs(t),rs(tﬁ),us(t))—g(tﬁ)]ﬂ(d@)dt

—g+wz%w-zww]dqu-—g—{z;vque)—nﬂ@,m}wmdeﬂﬁ)

1@mwmﬁw+%wmmw+%mmﬁm+%w®ﬁm@

-wwﬁm@mumﬁ+ﬁ@mwo+Lﬁ@mNmam.

Using the fact that

x°(t) = a*(t) +e(2°(t) + 25(t))

() = y@t)+e@ @) +yi)

22(t) = 2(t) +e(25(t) + 21(1))
( “(

we get

—dgE(t) = 61/@[9(757 w*(t) + e (2°() + 21(2) , y™(8) + € (F° () + vi(t)) ,

25(t) + e (25(t) + 25(t)) ,r*(t,0) + e (7°(t,0) + r5(L,0)) , u*(t) + eu(t))

—g(t,0)n (df) dt — e [25(¢) — 2*(t)] dW (t) — 5—1/ [re(t,0) — r*(t,0)] N (do, dt)

(S}

jém&ﬁﬁ@+%@@ﬁ®+%@@ﬁ@+w@®ﬁ@@

—WWﬂM@mwmﬁ+ﬁ@ﬂWﬂ+Lﬁmeuaw.
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By Taylor’s expansion with a simple computation, we show that
e g(t, 2™ (t) + & (25(1) + 25(1) .y () + € (5°() + w5 () . 27 (1) + € (2°(2) + (1)) ,

r*(t,0) + e (r°(t,0) +ri(t,0)) ,u*(t) + cu(t)) — g(t,0)]

= /Ol[gx(t 2 () + Ae (25(1) + 25(8)) , y7 (1) + Ae (§°(8) + i), 27 () + Ae (2°(F) + 21(2))
*(t,0) + e (7°(t,0) + 15(£,0)) , u*(t) + Aewu(t)) (°(¢) + 25(t)) dA

+/Olgy(t7 w*(t) + e (2°(t) + 21(2) , y™(8) + Ae (F7(1) + yi(D), 2" (1) + Ae (25(F) + 25(1)) ,
r*(t,0) + Xe (7°(t,0) + 15(¢,0)) , u*(t) + Aew(t)) (9°(t) + y5(t)) dA

+/Olgz(t, 27 () + Ae (25(1) + 25(8)) , 7 (1) + Ae (9°(1) + wi(t)) , 27 (F) + Ae (2°(F) + 21(2)) ,
r*(t,0) + Ae (7°(t, 0) + (£, 0)) , u*(£) + Aeu(t)) (35(t) + 25(8)) A

+/Olgr(t, 2™ () + Ae (25(1) + 25(8)) , 7 (1) + Ae (°(1) + wi(t)) , 27 (F) + Ae (5(F) + 21(F)) ,
r*(t,0) + e (7°(t,0) + 75(t,0)) ,u*(t) + Aeu(t)) (75(t) + r5(t)) dA

+/Olgu(t, 2 (t) + Ae (25(8) + 21(2)) , y™ (1) + Ae (5°(8) + 91(2)) , 2°(2) + Ae (25(¢) + 21(2))

T*(t,0) + Xe (7°(t,0) + 15(t,0)) , u*(t) + Aew(t))u(t)dA.
(2.11)

by substituting (2.11]) in (2.10), we obtain

(

—dyt(t) = /@[Ds(t, )= (t) + 1°(t, 0)y=(t) + F=(t,0)25(t) + A°(t,0)7<(t, 0)

LG (¢, 0)]p(dO)dt — 5 (1)dW () — / P<(t,0)N (6, dt) ,

(1) = et (h(25(1) = h(2*(T)] = ha (z*(T) 25(T),

where

De(t,0) = /0 [92(8, 27 () + Ae (2°() + 21()) , y™(8) + Ae (§°(F) + 9i(2)) , 2" ()

e (B5(8) + 25(8)) .75 (£, 0) + Ae (75(£,0) + 15 (8, 0)) , u(£) + Aeu(t))dA.
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F(.0) = [ ay(ta ()4 2e () + a1(0)97(0) + e (77(8) + () (1)

e (B5() + 25(8)) 75 (8, 0) + Ae (75(£,0) + 15 (8, 0)) , u () + Aeu(t))dA.

F(t,0) i/o g:=(t, % () + Ae (2°(8) + 25(t)) , y* (1) + Ae (5°(1) + 45 (8)) , 2*(2)

+ Ae (2°(t) + 21(t)) , r*(t,0) + Xe (7°(t,0) + (¢, 0)) ,u*(t) + Aewu(t))dA,

A*(t,0) = /0 gr(t,x7(t) + Ae (2°(8) + 21(1)) , y* () + Ae (57 () + w5 (1)), 27(2)

e (B5(8) + 25(8)) 75 (£, 0) + Ae (75(£,0) + 15 (8, 0)) , u (£) + Aeu(t))dA.

G*(t,0) = [D*(t,0) — gu (£, 0)] 23 (t) + [I°(¢,0) — g, (¢, 0)] 3 (t)
+ [Ff(t, 6) - gz<t7 9)] Zi(t) + [A6<t7 0) - gr(ta ‘9)] Ti(t’ '9)

+ / [gu(t, 2 (8) + Ae (B5(8) + 25(8)) 4" (8) + Ae (() + 4 (1))
() + A (25(1) + (1), (L, 0) + Ae (75(1,0) + 15(, 6)) , u* (1)

Feu(t)) — gult, 0)]u(t)dA.

Applying Ito’s formula | (¢)|°, noting assumption (H2.1), we have

T T
)] +E/ |25(s |2ds+E/ /|f5(s,9)|2u(d0)ds
t (€]
= // 29°(s), De(s,0)2°(s) + I¢(s,0)y°(s) + F=(s,0)z%(s)

+A(s,0)7(s,0) + G*(s,0)) pu(df)ds

+E [ [(h (25(1)) = h(2*(1))] = hy (2*(1)) 25(T))°

T 1 T 1 T
< CE/ |7)5(5)]2ds+§E/ |25(5)|2ds+§E/ /|f‘5(5,9)|2u(d9)d5+0(p).
t t t S)

By Gronwall’s inequality again, we can get the last three convergence results of (2.5). m

Variational inequality
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Since u* (+) is an optimal control, then
e [T () =T ()] =0 (2.12)

From this and Lemma ([2.3.1)), we have the following.

Lemma 2.3.2 Let assumption (H2.1) hold. Then the following Variational inequality
holds:

o(p) < E/O /@[lx(t,@)ﬁ(t)+ly(f79)yi(t)+lz(t,9)25(t)+lr(t,9)7”i(t,9)

(2.13)
+1u(t, 0)u(t)p (db)]di + E [¢o (27(T))25(T)] + E [y (y7(0))y5(0)] -
Proof From (2.12), we have
e [T (e (1) = J (w ()]
_ 5‘1E/ / (t, 25 (), 7 (1, 0), v (1))
—1(t, 2(t),y7 (1), 2°(£), (¢, 0), u*(t)) ] (d0) dt
+e T E [¢(2%(T)) — o(2*(T)] + e E fp(y7(0)) — ¢(y*(0))] = 0.
By applying Taylor’s expansion and the first result of respectively, we get
e E[p(a%(T)) — ¢(a*(T))] = e'E i Go(27(T) + A (25(T) — 2(T))) (25(T) — 2*(T)) dA
— B¢ (z"(T)21(T)]
Similarly, we have
e E[p(y(0)) — o(y*(0)] = 6‘1E/0 ey (5 (0) + A (y7(0) — 57(0))) (y°(0) — y(0)) dA
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and

B /0 /@ 0t 2=(8), 37 (1), 25 (1), 7<(1, 0), = (1))
_l<t7 :L“*(t), y* (t)v 2" (t)v T*<t7 0)7 u*(t))]:u (de) dt
— B[ [ 1050 + 1,8 0053(0) + L (1. 0)s500)
1 (,0)r5 (1, 8) + Lu(t, O)u(t)]p (d9) dt.
Thus follows. m

2.3.2 Adjoint equations and adjoint processes

We introduce the following adjoint equations:

;

—AU(t) = [FIOW() - /@ gLt O) K (Du(dh) + o1 (HQ(2)
+/ (cI(t,0)R(t,0) + 1T1(t,0)) pu(db)]dt
S
— QAW (t) — / R(t,0)N(d0, dt),

(C]
UT) = W T)E(T) + dola*(T)),
(2.14)
dK(t) = /@[g;(t,e)K(t)—l;(t,e)} p(df)dt
+ / (g1 (1, 0) K™ (1) — [5(t, 0)] (d0)dW (1)
®

+ [ lgr= 0K (=) = U1(t-.0)) N (ap. ),

K@) = =gy (0)

The same as (2.3), under assumption (H2.1), there exists a unique quartet
(T(t), Q(t), K(t), R(t,)) € L ([0, T]; R*)x L% ([0, T]; R™) x L% ([0, T]; R™) x M3 ([0, T]; R")
satisfying (2.14)).

We define the Hamiltonian function

H:[0,T] x R" x R™ x R™ x R™ x U x R" x R"™? x R™ x R" — R,
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as follows:

H(t,z,y,z,r(),u,V,Q, K,R(-))
= (U, f(t,7,u) +(Q,0(t, z,u)) - L[(Kﬂ(t,w,yaz,r(@);u» (2.15)
—l(t,z,y,z,7(0),u) — (R(0), c(t, x,u, 0))]pn(df).
Denote H(t) = H(t,z*(t), y*(t), 2*(t), r*(t, ), u*(t), ¥(¢), Q(¢), K(t), R(t,-)) and its deriv-

atives, then adjoint equations (2.14)) can be rewritten as the following stochastic Hamil-

tonian system’s type:

(

LAU(t) = H(D)dt — Q)AW(t) — / R(t,0)N(d0, d),
S
V() = =hi@(T)K(T) + ¢u(a(1)),
(2.16)
dK(t) = —H,(t)dt— H / Ho(t— 0)N(df, db),
[ K(0) = —p,(y"(0)).

The main result in this chapter is the following.

2.3.3 Necessary conditions of optimality

In this part, our objective is to derive optimality necessary conditions satisfied by
some optimal control, known as the stochastic maximum which is given by the following

theorem.

Theorem 2.3.1 (Stochastic maximum principle) Assume (H2.1) hold. Let u* (-) be
an optimal control for our stochastic optimal control problem, and

(* ),y (1), 2" (-),r*(+,+)) be the corresponding optimal trajectory. Then we have

(Hu(t),u —u*(t)) > 0, YueUaetel0,T],P—a.s. (2.17)
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Proof Applying Itod’s formula to (¥(¢), x5(t)), we obtain

E[(U(T),2(T))] = E / (W(t), dzi(t)) + E / (a5 (1), AT (1)
ve | Q) o (D5(8) + utyult) dt (218)
+E /0 /@ (R(1,0), ca (1) (=) + cult, 0)ult)) u(d0)dt.

A simple computation shows that

and

B[ wit.avo) = -£ [ (50,2000 - [ eorouas) + o0
—i—/@(CHt,Q)R(t,Q) + 17(¢, 9))M(d9)>]dt.

(2.20)
We replace ([2.19), (2.20) in (2.18)) and using the fact that
U(T) = =hi(«"(T)K(T) + ¢u(2"(T)),
we get
E[(=h}(z*(T))K(T) + ¢u(*(T))], 21(T))]
= B [ @000 K0 - 10.0) pa)a
T (2.21)

B [ (@) A0u0) de+ B [ Q). autyu(t) b

+E /0 /@ (R(t,0), cu(t, 0)u(t)) u(d6)dt.
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Applying Ito’s formula also to (K (t),y5(t)), we obtain

where
T
B / (K
0

and

E/OT(

E[(K(T),yi(T))] = E[{K(0),4(0))]

- B <K<>dy1<>>+E/ (i (0. dK (1)

(2.22
—i—E// 25(t), g1 (t, 0) K (t) — 1(t,0)) u (df) dt )
1B / | 506,00, g1(¢= O)K (1) =150, 0) a0}
0, dyi() = —E/ [ 0 :00025(0) + 0, (8. 0057(0) + 0:(2.0)55(0)
4,6, 0)75(t,0) + gu(t,0)u(t)) 1 (d0) di
(2.23)

// yi(t), g3 (t, 0) K (t) — 11(t,0)) pu(d6)dt (2.24)

We replace (2.23)), (2.24) in (2.22)) and use the fact that K(0) = —p,(y*(0)),

Yi(T) = ha(x

(T7))x5(T), we get

E[(K(T), ha(z*(T))a5(T))] + E [(py(y7(0)), 45 (0))]

T
= —E//(yit 11(t,0)) p(do)dt

_E / / ), g2, 0)25 () + gu(t, O)u(t)) pu (d6) dt (2.25)

B / / (25(1), 11 (8, 0)) ju(dO)dt
_E /0 /@ (2 (4,0), [T (1=, 0)) u(d6)dt.
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Combining and (2.25)), we get
E ¢z (z*(T)a5(T)] + E [0y (y*(0)y5(0)]
" / ' / (£, 0)25 (1) + 1, (£, 0)y5 (1) + L.(£, )25 (1) + 1o (£, 0)r= (£, 0)
(L O)u(t)] e (d0) dt + E / L) u(t)) d.

This together with the variational inequality (2.13)) implies, for u(-) € U ([0,T]),

E/T (L (8), u() dt > 0.

So (2.17) holds. m

2.4 Sufficient conditions for optimal control of FBS-

DEJs

In this section, we give sufficient conditions of optimality with the same notations used
in the previous section. Therefore, we add some hypothesis:

Assumptions (H2.2)

i) ¢ is convex in x,

ii) ¢ is convex in ¥,

iii) H is convex in (z,y, z,7 (), u) .
Then we have the following result.

Theorem 2.4.1 (Suffisient Conditions of Optimality) Assume (H2.1) and (H2.2)
holds. Letu*(-) be an admissible control and (x* (+) ,y* (), 2* (:),r* (+,-)) be the correspond-
ing tragectory with y*(T') = Mpx*(T), My € R™™. Let (V(-),Q(-),K (-),R(:,-)) be the
solution of the adjoint equations (2.1{)). Then u*(-) is an optimal control if it satisfies

.
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Proof Let u(-) be an arbitrary admissible control and (z(-),y(:),z(:),7(-,-)) be the

corresponding trajectory. We consider

T () / / (£ v (1, 0), 1 (1))

1t 2(t), (1), 2(0), (2, 0), u(t)) ) (d0) (2.26)
FE [$(a*(T) — 6 (2(T)] + E [0(y"(0) — 2 (4(0))] .

We first note that, by the convexity of ¢ and Ito’s formula to (z*(¢) — z(¢))" ¥(t), we get

IN
R

2(T) = =(T))" W(T)] + B [(2*(T) — 2(T))" M7 K(T)]
) (t

(T)—=
[(2"(t) = =(8)" (=fT () (?) +/®g£(t’9)K(t)u(d9) — ol (H)Q(1)
)

(eIt 0)R(L,0) — I7(£,0)) u(dB)) + (U (1), f(t) — f(t,x(t), u(t)))

<Q(t>7 o‘(t) - U(tv x<t>7 U’(t)» + / <R(t7 9)7 C(tv ‘9) - C(t7 Z)S(t), u(t)a 9)> M(d‘g)]dt

+E[(2(T) — 2(T)T M{E(T)].

And similarly, by the convexity of ¢ and Ito’s formula to (y*(t) — y(t))" K(t), it becomes

Ep(y*(0) — ¢ (y(0))]
< E[y*(0) —y(0)" ¢, (y(0))]
= —E[(y*(0) —y(0))" K(0)]

= —E[*(T) - x(T))" MLK(T)]

+E/ / T (g1 (t,0)K(t) —17(,0))
+[(2%(t) — 2(1)" (gI(¢,0) K (t) — I1(2,0))]
+[(r*(t,0) —r(t,0)" (g7 (¢, 0) K (t) — 1(t,0))]

— (K(1),9(t,0) = g(t, 2(t),y(t), 2(1), r(L,0), u(t)))]p(dO) dL.
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By the definition (2.15)) of H, we have

/ / (1, (1), (1,0, u () — Ut 2(t), (), 2(8), (£, 6), u(t))](d6) dt

= / [H(t) - H(tv x(t)v y(t)v Z(t>7 T(tv ')7 u(t)> qj(t)v Q(t)7 K(t>7 R<t7 ))]dt

‘B / / (. 2(), u(t))) — (Q(t), o(t) — o (t, x(t), u(t)))

+ (K(1), 9(t,0) — g(t, 2(t),y(t), 2(t), r(¢,0), u(t)))
—(R(t,0), ¢(t,0) — c(t, x(), u(t), 0)) u(d0)]dt.

Adding the above (in)equalities up, from , we can get
J(w () = J(u(-))
S E/O [H(t> - H(tv :E(t)’ y(t)v Z(t)a T(t, ')7 u(t)v \Ij(wa Q(t)’ K(t)v R(tv ))

— (Ha(t), 2" (t) — x(t)) — (Hy(t),y"(t) — y(t)) — (H.(t), 2" (t) — 2(1))

- <Hr(t)7 T*(t, ) - T(t, )>]dt7

Since H is convex in (z,y, 2,7 (-),u).

H(t) - H(t> m(t)v y(t)> Z(t)v T(tv ')7 u<t)7 \I/(t)v K(t>a Q(ﬂ? R(t7 ))
< (Hy(t), 27 (1) — 2(t)) + (Hy(1), y* (1) — y(t)) + (H.(t), 2* () — (1))

+ (H (), r*(t,0) — r(t,0)) + (Hu(t),u*(t) — u(t)) .
Combing and , we get

J(w () = J(u() < E/O (Hu(t), u"(t) — u(t)) dt.

(2.27)

(2.28)

(2.29)

Then from the maximum condition (2.17), we deduce that J(u*(-)) < J(u(-)) for all

u(-) € U, which proves that u*(-) is optimal. =
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2.5 Applications to finance

In this section, we will apply the maximum principle (2.3.1)) to study a mean-variance
portfolio selection mixed with a recursive utility functional optimization problem.

Suppose we have two kinds of securities in the market for possible investment choice:

1. A risk-free security (Bond price), where the price Py(t) at time ¢ is given by
dPy(t) = p(t) Py(t)dt, Py(0) > 0, (2.30)

here p (t) is a bounded deterministic function;

2. A risk security (Stock price), where the price Pi(t) at time ¢ is given by

dP(t) = Pi(t—) {C (t)dt + o (t)dW (t) +/£(t,9)N(d6’,dt)} ., P1(0) >0,
° (2.31)
here ¢ (t), o (t) # 0, are bounded deterministic functions and ¢ (¢) > p (¢) . To ensure
that P;(t) > 0 for all ¢, we assume that £(¢,0) > —1, V0 € © and in addition we

assume that / £2(t)u (d) is abounded function.
o

Let u(t) = e1(t)Pi(t) denote the amount invested in the risky security which we call
portfolio strategy. Let be x(0) = xzo > 0 the initial wealth. By combining and
([2.31)), we introduce the wealth process x(-) and the recursive utility process y(-) as the
solution of the following FBSDEJs:

(@) = p(®)alt) + () — p 1) u(t)] dt + o(u()dW (1) + /@5(75, O)u(t—)N(df, dt),
—dy(t) = [p(t)=(t) + (C(t) — p(£) u(t) — By(t)] dt — z(t)dW(¢) —/@7“(@9)N(d97dt),
| o0) = w0y = (D).
(2.32)
We denote by U ([0, 77]) the set of admissible portfolios valued in U = R.
The cost functional, to be minimized, is given by
Jw()) = Bl () - a2 - y0) (23
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where some a € R is given.
The optimization problem can be written as

Jw () = inf  J(u(-). (2.34)

u(-)eU([0,T7)

In this case the adjoint equations (2.14)) reduce to

[ _qu() = o) [U(t) — K (&) dt — Q)W () — /@ R(t,0)N(d9, dt),

dK(t) = —BK(t)dt, (2.35)

W(T) = 2(T)—a—K(T),K(0)=1.

Let u*(-) be an optimal portfolio strategy and z*(-),y*(-) be the corresponding wealth

process, recursive utility process, respectively, with corresponding solution

(T*(-), Q*(+), K*(+), R*(-,-)) of the adjoint equations (2.35)).

Hamiltonian function (2.15)) reduce to

H(t,2(8),y7(8), 2 (), 7 (£, 0), u, W (1), Q" (t), K*(t), R*(t,0))
= —lp@)x(t) + (C(t) = p(t)) u] [K*(t) — ©* ()] dt + o (1)Q"(t)u (2.36)

+OK*(t)y*(t) + /@f(t,Q)R* (t,0) uu(do).

Since this is a linear expression of u, by the maximum condition ((2.17), Theorem (2.3.1))),

we have
—(C(t) = p(t)) [K*(t) — W™ (t)] db + o () K*(t) + /eé(t, O)R* (¢,0) pu(df) = 0.  (2.37)

In order to find the expression of u*(t), we conjecture a process U*(t) with form
() = A(t)a*(t) + B(t), (2.38)

where A(t), B(t) are deterministic differentiable functions.
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Applying Ito’s formula to , in virtue of (2 , we can get

dv(t) = A@){lpt)z*(t) + (C(t) = p(t)) u* ()] di + o (t)u" (t)dW (t)
+/§(t, O)u* (t—) N(db, dt)} +x*(t)A'(t)dt + B'(t)dt,

(2.39)
= [A@M)p(t)z*(t) + A(L) (C(t) — p(t)) w(t) + =" (1) A'(t) + B'(1)] dt
+A(t)o(t)u*(t)dW (t) + /A(t)g(t,@)u* (t—) N(db,dt),
where A’(t) and B’'(t) denote the derivatives with respect to ¢.
Comparing with the BSDEJ the , we get (noting that K*(t) = e )
AWAOE(0)+ AD C) = o) O+ OO+ BB,
= —p(t) (A(t)2* () + B(t)) + p(t)e ™™
Q*(t) = A(t)o(t)u*(t), (2.41)
R*(t,0) = A(t)&(t,0)u* (t). (2.42)
Substituting (2.41)), (2.42)) in (2.37) and denoting
+ /@ E2(t,0)u(dh), (2.43)
we can get iy
iy = POSOAOO B0 ), (2.44)

w(r) = 2400 A2 ) | (2.45)

At) = [—(p (ﬂA_(g(t))Q—zp(t) Alt),
AT) = 1,
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and

B(T) = —a-—1

The solutions of these equations are

( T

A0 = x|~ [ [0 - ap(sas).

t

B(t) = expi— [[W—p@]ds}

T
{ / e [LRUD ()| exp{ / [W—P(r)]dr}ds—a—e”}

\ t S
(2.46)

With this choice of A(t) and B(t) the process
W (t) = A(t)2* () + B(t), K*(t) = ™", Q"(t) = A(t)o(t)u" (1), R*(t,0) = A()E(t, 0)u™ (1),

satisfying the adjoint equation (2.35) with u*(t) given by (2.44). Moreover, with this
choice of u*(t), the maximum condition (2.17)) of Theorem (2.3.1])) holds.

Finally, we give the explicit optimal portfolio section strategy in the state feedback form.

Theorem 2.5.1 The optimal solution u*(t) of our mean-variance portfolio selection mized
with a recursive utility optimization problem , when the wealth dynamics obeys
, s given in the state feedback form by

u*(t,z*) =

where A(t), A(t) and B(t) are given by and respectively.
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Chapter 3

Mean-field maximum principle for
optimal control of forward-backward
stochastic systems with jumps and
its application to mean-variance

portfolio problem

3.1 Introduction

In this chapter, by means of convex variation methods and duality techniques, we will
give the necessary conditions of optimality satisfied by an optimal control in the form of
maximum principle. This maximum principle differs from the classical one, where the
adjoint equation is a linear forward-backward stochastic differential equation with Poisson
jump processes, since here the adjoint equation turns out to be a linear mean-field forward-

backward stochastic differential equation with Poisson jump processes.

We consider stochastic optimal control for systems governed by nonlinear mean-field con-

trolled forward-backward stochastic differential equation with Poisson jump processes (FB-
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SDEJs) of the form

dz(t) = f(t,z(t), E(z(t)),u(t))dt + o(t,z(t), E(z(t)), u(t))dW (t)
+/@c(t,x(t—),E(x(t—)),u(t),H)N(dG,dt),

dy(t) = —/eg(t,l'(t),E(%’(t)),y(t)vE(y(t))’Z(t)aE(Z(t))ar(tﬁ),u(t))u(d9) dt
+2(t)dW (t) + /r(t,@)N(dQ,dt),

©
[ 2(0) = Guy(T) = h(x(T), E(x(T))),

(3.1)
where f, 0, c, g et h are given maps and the initial condition ( is an Fy—measurable random
variable. The mean-field FBSDEJs-(3.1)) called McKean-Vlasov systems are obtained as

the mean square limit of an interacting particle system of the form

4 n

dui (1) = f(t,:vf;(t),%;xé(t%U(t))dt

+o(t, 2l (1), E;:c;;(zf), u(t))dW(t)
4 /@ o(t, 0 (1), %éx;(t—),u(t), O)NI (do), dt)
() = = [ ot ah(0). 5 S 0.0 5 Zoh0) A0,

%izg(t), r(t, 0, u(t))u (d6) dt

+2 () dWI(t) + / r(t,0)N7 (df,dt) ,
©

\
where (W7 () ;j > 1) is a collection of independent Brownian motions and (N7 (-,-);j > 1)
is a collection of independent Poisson martingale measure. Noting that mean-field FBS-
DEJs occur naturally in the probabilistic analysis of financial optimization problems
and the optimal control of dynamics of the McKean-Vlasov type. Moreover, the above
mathematical mean-field approaches play an important role in different fields of economics,

finance, physics, chemistry, and game theory.

50



Chapter 3. Mean-field maximum principle for FBSDE with jumps and application to
finance

The expected cost to be minimized over the class of admissible control has the form

Ju() = E| / / Ut 2(t), E(x(t)). y(t), E(u(t)). (1), B(=(1)),

r(t,0), u(t))p (d0) dt + o(x(T), E(x(T))) + ¢ (y(0), E(y(0)))],

(3.2)

where [, ¢ and ¢ is an appropriate functions. This cost functional is also of mean-field
type, as the functions [, ¢ and ¢ depend on the marginal law of the state process through
its expected value. It is worth mentioning that since the cost functional J is possibly a
nonlinear function of the expected value stands in contrast to the standard formulation
of a control problem. This leads to the so-called time-inconsistent control problem where
the Bellman dynamic programming does not hold. The reason for this is that one cannot
apply the law of iterated expectations on the cost functional.

An admissible control u(-) is an {F;}.c0,rj—adapted and square-integrable process with
values in a nonempty convex subset A of R. We denote by U ([0, 7) the set of all admissible
controls.

Any admissible control u* (-) € U ([0, 7)) satisfying

() =t I(u(), (3.3)

is called an optimal control.

This chapter is organized as follows. In the second section, we formulate the mean-field
stochastic control problem and describe the assumptions of the model. The third section
is devoted to prove our mean-field stochastic maximum principle. As an illustration, using
these results, a mean-variance portfolio selection mixed problem with recursive utility is

discussed in the fourth section.

3.2 Problem Statement and Preliminaries

We consider stochastic optimal control problem of mean-field type of the following
kind. Let T" > 0 be a fixed time horizon and (Q,]—“ , {ft}te[O,T}aP) be a fixed filtered
probability space equipped with a P—completed right continuous filtration on which a

one-dimensional Brownian motion W = (W (t)),c(o 7 is defined. Let n be a homogeneous
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{Ft}ejo,m— Poisson point process independent of W. We denote by N (d#, dt) the random
counting measure induced by 7, defined on © x R*, where O is a fixed nonempty subset
of R with its Borel o-finite measure on (0,5 (0)) with u (df) < oc.
We then define

N (df, dt) :== N (d, dt) — 1 (d6)

where N (-, ) is Poisson martingale measure on B (©) x B (R™) with local characteristics
p(d) dt.

We assume that {3}, , ,, is P-augmentation of the natural filtration {ft(W’N)}te[07T} de-

te[0,T

fined as follows

FON o (W(s) s € [O,t])vJ</Os/BN(d9,dr):se [O,t],BeB(@)) V Go,

where Gy denotes the totality of P—null sets and o; V 05 denotes the o-field generated by
o1 U os.

Throughout this paper, we also assume that the functions

fr0:0,T|xRxRx A—R,
c:[0,T]xRx Ax0O —R,

G 0TI XRXRXRXxRXxRXxRxRxA— R,
h:RxR—R,

L0, T]XRXRXRXRXRXRXRxXxA— R,
o, 0 RxR— R,

satisfy the following standing assumptions:

Assumptions (H1):

1. The functions f, o and ¢ are global Lipschitz in (x,Z,u) and ¢ is global lipschitz in

<x7'%7y7g72727r7u)'

2. The functions f,0,¢,g,l, h, ¢ and ¢ are continuously differentiable in their variables

including (z,%,y,9, 2, 2,7, u) .

Assumptions (H2):
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1. The derivatives of f, o, g and h with respect to their variables including (z, Z, y, 7, 2, Z, 7, u)

are bounded, and

/ (lealt, v, 2., O)1° + s (b 2,2, u, 0) + leu(t, 2. 7,1, 0) ) 1 (d) < +oc.
(C]

2. The derivatives b, are bounded by C (1 + |z| + |Z| + |y| + |9 + || + |Z| + |7| + |u])
for p=(2,7,9,9,2,2,r,u) and b = f,0,c,g,l, Moreover, ¢,, p; are bounded by
C (1+ |y| + |9]) and ¢, ¢z are bounded by C (1 + |z| + |Z]) .

3. For all ¢t € [0,T], f(t,0,0,0),4(t,0,0,0,0,0,0,0,0) € L2 ([0,T]:R),0o(t,0,0,0) €

L2 ([0,T];R) and ¢(t,0,0,0,) € MZ ([0,T];R).

Under the assumptions (H1) and (H2), the FBSDEJs (3.1)) has a unique solution
(@(t),y(t), 2(t), (¢, ) € L% ([0,T];R) x Lz ([0, T]; R) x L% ([0,T]; R) x M3 ([0,T]; R).
(See [45] Theorem 3.1, for mean-field BSDE with jumps).

For any u () € U ([0, T) with its corresponding state trajectories (z (+),y (-),2z (-),7(-, ")),

we introduce the following adjoint equations:

(AU(t) = —{LOWE) + E(0U0) + 0 0)Q) + E (ox(H)Q()
+ [ [t 0K (0 = B (0K 1) + (L OR()
FE (ex(t,0)R(E,0)) + Lo(t,0) + E (Ls(t, 0))](d6) Yt
LQAW (1) + /@ R(t, 0)N(d6, dt),

V(T) = —[halo(T), E@(T)K(T) + E (h(a(T), E (o(T)K(T))]
F0,(a (1) B (0 (T))) + E (65(a (T), E (x (7))

dK(t) = /@ L9y (£, O) K (2) + E (g5(t, 0) (1)) — 1y (¢, 0) — E (I5(t, 0))] n(dO)dt
+/@[gz(t7 0)K<t) + E (gi(t7 Q)K(t)) - lz(tv 9) —FE (li(ta 9))]M<d9)dW <t>

" / 00 (1 0K () — (¢, 6)] N(d6), dt).

L K(0) = —(py(y(0)) + E (p5(y(0)))) -
(3.4)
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Note that the first adjoint equation (backward) corresponding to the forward component
turns out to be a linear mean-field backward SDE with jumps, and the second adjoint
equation (forward) corresponding to the backward component turns out to be a linear
mean-field (forward) SDE with jump processes.

Further, we define the Hamiltonian function
H: 0TI XRXRXRXRXRXRXRXAXRXxRXR xR — R,

associated with the stochastic control problem (3.1))-(3.2)) as follows

=
S

(t7x7'i.7y7g7z727717 7qJ7Q7K7R)

(S
=
g
—
\_@F
K
&

I
+
O
—
.

q
=
8
8
E

_|_

(—K(t)g (t,z,%,y,7,2,2,r,u) + R(t,0)c(t,x,T,u,0)
e

L(t,z,2,y,7,2, 2,7, u)|pu(dl).

_|_

If we denote by

H(t) = H(tvx(t)7j<t)7y(t)7g<t)7Z<t>75@)7T(t7')7u(t>7\ll(t)vQ(t)7K(t)>R(t7'))u

then the adjoint equation (3.4)) can be rewritten as the following stochastic Hamiltonian
system’s type
(

—dU(t) = (Ho(t)+ E(Hs(t)))dt — Q)W (t) — /@ R(t,0)N(df, dt),

U(T) = —lha(a(T), E(x(T)K(T) + E (ha(x(T), E (x(T)))) K (T)]
+¢u(x(T), E(x(T))) + E (022 (T), E (2 (T)))) ,

—dK(t) = (Hy(t)+ E(H,(1)))dt + (H.(t) + E (Hz(t))) dW (t)

(3.6)

+ /@ H,(t,6)N(d6, dt),

K©0) = —(ey((0) + E(pz(y(0)))) -

Thanks to Lemma 3.1 in Shen and Siu [45], under assumptions (H1), (H2), the adjoint
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equations (3.4) admit a unique solution (V¥ (¢),Q (¢), K (t), R(t,-)) such that

(W(t),Q@),K(t),R(,-))
€ Lz ([0,T]; R) x L% ([0, T];R) x L% ([0, 7] R) x M%([0,T];R).

Moreover, since the derivatives of f, o, ¢, g, h, ¢ and ¢ with respect to x,2,y, 7y, z, Z,r are
bounded, we deduce from standard arguments that there exists a constant C' > 0, such

that

E | sup [WOP+ sup K@+ / Q)P dt + / / IR(t, 6)[2 u(d6)dt

t€[0,7] t€[0,7)

<C. (3.7)

3.3 Mean-field type necessary conditions for optimal

control of FBSDEJs

In this section, we establish a set of necessary conditions of Pontraygin’s type for a
stochastic control to be optimal where the system evolves according to nonlinear controlled
mean-field FBSDEJs. Convex perturbation and duality techniques are applied to prove

our mean-field stochastic maximum principle.

The following theorem constitutes the main contribution of this work.
Let (z* (+),y* (-),2*(:),7*(-,-)) be the trajectory of the mean-field FBSDEJ-(3.1)) corre-
sponding to the optimal control u* () and (¥*(-),Q*(-), K*(-), R*(-,-)) be the solution

of adjoint equation (3.4)) corresponding to u* (-).

Theorem 3.3.1 (Maximum principle for mean-field FBSDEJs) Let Assumptions (H1)
and (H2) hold. If (u* (-),z* (+),y* (-),z* (:),r* (+,)) is an optimal solution of the mean-
field control problem -. Then the mazimum principle holds, that is, YVu € A

H,(t, \*(t,0),u*, A* (t,0)) (u —u*(t)) > 0, P—a.s.,ae.,te|0,T], (3.8)

where

A(t,0) = (a7(1), E (27 (1), y"(1), E (y™(1), 2" (), E (2*(t)) , (¢, 0)) ,
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and

A*(t,0) = (¥ (t),Q" (1), K" (), B (t,0)).

We derive the variational inequality (3.8)) in several steps, from the fact that
Jw () = J () (3.9)

Since the control domain A is convex and for any given admissible control u (-) € U [0, T

the following perturbed control process

is also an element of U ([0,77) .

Let A°(t,0) = (z=(t),y°(t), 2°(t), (¢, 0)) be the solution of state equation and A® (t,0) =
(U= (t),Q° (t), K= (t), R (t,0)) be the solution of the adjoint equation corresponding
to perturbed control u° (-).

Variational equations:

We introduce the following variational equatiorésfwhich have a mean-field type.

For simplicity of notation, we still use f,(¢) = . (t,z*(-), E(z*(+)),u* (), etc.

Let (z5(-),¥5(+), 25(:), 75(+,-)) be the solution of the following forward-backward stochastic

system described by Brownian motions and Poisson jumps of mean-field type
(dri(t) = [L0a5(0) + f=(OE (@5(0) + fult)u(t)] dt

+ [0 ()25 () + 0z () E (25(t)) + o (t)u(t)] dW (1)

+/@ (cx(t,0)x5(t) + cz(t, 0)E (25(t)) + cu(t,0)u(t)) N(db,dt),
#50) = o0,
di(t) = - / 9:(1,0)23(8) + g2 (£, 0)E (5(1)) + 9, (t. 0)5 (0)

Tg5(t0)E (5 (0)) + g-(1,0)25(8) + g=(, 0)E (1)) + g, (£, 0)r5(1,0)

+gu(t, O)u(t)|pu(do)dt 4+ 25 (t)dW (t) +/@ri(t,9)N(d9,dt),

yi(T) = —[h(T) + E (ha(T))] 21(T).
(3.10)
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Duality relations:

Our first Lemma below deals with the duality relations between W*(¢), x5 (t) and K*(t), y5(¢).

This Lemma is very important for the proof of Theorem ({3.3.1]).
Lemma 3.3.1 We have
E(W(T)a5(T))
T
= B[ WOLOU + Q@ Oo bl
0
+/ R*(t,0)c,(t, 0)u(t)n(do))dt
e

| ' JRECEUIS0

a5 (O E (9:(t O)K* (1)) — 25 (0)L(t,6)
—aS(0)E (1s(t,0))u(d6)dt,

similarly, we get

E(K*(T)yi(T))

= —E{ley(y7(0), E(y7(0))) + E (¢5(y"(0), £ (y7(0)))]y1(0)}

B / / (5 (8)ga (8, 0)25 (1) + K" (1) g (1,0)E (25(1))

TR (1)gu(t, 0)ut) + i (0),(1.0) + i (O (15(1,0))

FE (L 0) + (0 E (=(1,0)) + 75 (8, 0)L, (1, 0) }u(d6)dt,

and

E{l¢s (27 (T), E (2" (1)) + E (¢z (2" (T) , £ (2" (T))))]27(T) }

+E{[y(y7(0), E (y°(0))) + E (¢5(y"(0), £ (y7(0))))]y1(0)}

- I / / £t E (s(t,0)) + 5 (1)1, (1. 6) + v (D E (15(,6)

+25(0)1L(t,0) + 25(6)E (15, 0)) + r5 ()1, (¢, 0) + L, (¢, 0)u(t) }u(db)dt

+E/THJﬂMﬂﬁ
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Proof By applying integration by parts formula for jump processes to W*(t)z5(t), we get

B (T)(T)) = E /O U ($)das (t) + F /0 2% (£)d0* (1)
B [ QO 00 + ax(OF (55(0) + au(Oute)

‘B / / R (4,0) [ea(t,0)75 () + cx(t, 0)E (25(8)) + cult)u(t)] u(d6)dt
0 )

= 1+ 15+ I5+ 13,

(3.14)
A simple computation shows that
i-rf (1) 1)
- B W0 ()5 (0) + S0 F (55(0)) + fult)ule)] (3.15)
- B LU L5 0) + U0 OB (50) + 00 fultyud
and
i o= B[ o
. / G5O LT (8) + 250 F (f(0F° (1)) + 25 (D0 ()Q" (1)
(1B (0:(0)Q° (1) + / (—ai(0)ga {1, 0)K* (1) (3.16)

—21(t)E (9:(t, 0) K™ (1)) + 21 (t)ca (L, 6) R* (¢, 0)
2 () E (cs(t, 0)R* (£, 0)) + 25 (D)1, (L, 0) + 25 (1) E (I5(, 0)))u(d) }dt.

From ({3.14]), we get

I = / Q* (1) [ow(D)5(8) + 02(8) B (25(8)) + ou(£)u(t)]

_ / Q* (o ()5 (Dt + E / Q" ()os () E (45(t)) di + E / Q* (Dou(tyult)dt,
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- E /O /@ R (£,0) [ea(t, 0025 (8) + cx(t, 0)E (25 (1))
cu(t)u(t)u(do)]dt
_ //R* (t,0) ca(t, 0)a5 () u(dB)dt (3.17)

+

+E /0 /@ R* (,0) ca(t, 0)E (a5(t)) u(d0)dt

T
—I—E/ /R* (t,0) cu(t)u(t)pu(d)dt.
o Je
The duality relation (3.11]) follows immediately from combining (3.15))-(3.17) and ((3.14)).

Let us turn to second duality relation (3.12). By applying integration by parts formula
for jump process to K*(t)yj(t), we get

E(K*(T)yi(T)) = E(K*(0)y:(0))
+F TK*(t)dyi(t) + E/Tyi(t)dl(*(t)

s> / / (). (1, ) K*(1) + E (g:(t,0) K (1))

1L (t,0) — E (1=(t,0))]u(d6)dt

(3.18)

.5 / / r5(8,0) (90 (¢, ) K (t) — 1, (1,0)] p(d6) e

= LA+ 5+ 5+ IE

From (3.11)), we get

5= B[ 0w

- —E/ / (K (£)g2(t, 0)a (1) + K* ()92 (1, 0) («5(8)) + K*(t)gy (. 0)55 (1)
R () g5(t 0B (45(8)) + K™ (D)9 (1, 0)25 () + K*(8)g5(t,0)E (25(1))

R (8)g, (1, 0)r5(2,0) + K*()ga(t, 6)u(t)}u(dO) dt
(3.19)
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from (3.4), we obtain

5= B [ s

_ / / (U (09,1, 0) K (8) + Y (D (951, 0) (1)) (3.20)
L) — i (OE (15(6)}p(de)dt,
and
I = //{ D9.(4,0)I*(8) + £ (1)E (g:(t,0)K* (1))
(O (,6) — 25(0)E (1:(t. 6)) bu(d6) . (3.21)
= F / / 15 (£,0) L9, (£, ) K (1) — 1, (1,0)] u(dB) .
Since
o= E(EOW0) = —E{e,u (0).E 1 0)+ E (05 (0). E (4 (0)]si(0)},

the duality relation (3.12]) follows immediately by combining (3.19)-(3.21) and (3.18]). Let
us turn to (3.13)). Combining (3.11]) and (3.12) we get

E (U (D)5(1) + E (K* (D)5 (D)
= —E{lo/ v 0. B (0) + E (0" 0. E (5 )0}
[ [ 00(00) + 508 Gs0.0) + SO0+ 10 (5.0)

+25(t)1.(¢,0) + 21 () E (I:(t,0)) + r5 ()1 (¢, 0) + L,(t, O)u(t) }pu(db)dt

-I—E/THu(t)u(t)dt
From (3.6) and -, we get
E (W (T)a5(T)) + E (K*(T)yi(T))

= E{[¢x (z(T), E(x(T))) + E(¢z (x(T), E (z (T))))]25(T)}.
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Using (3.5)), we obtain

B [ (0 02000 + @ Qo
—|—/®[—K*(t)gu(t, Nu(t) + R*(t,0)c,(t,0)u(t)
Hduwmwmummp:Ezzﬂ@mumu
which implies that
E{[6, (" (T), B (" (T))) + B (62 (& (T) , B (& (1))} ()}
{1, (57 (0), E (5" (0))) + E (p3(y7(0), E (5 (0)) ]y (0)}
- —E/t/% A(1,0) + 35 (O E (1(1,0)) + v (D1, (4,6) + v (DE (15(2,0))

+25 (1)1t 0) + 25 () E (15(,0)) + 5 ()1, (t,0) + L (t, 0)u(t) }u(d)dt

+E/@ngwwﬁ

This completes the proof of (3.13]). m
The second Lemma presents the estimates of the perturbed state process (z5(), ¥5(-), 25(-), 75 (-, ) -

Lemma 3.3.2 Under assumptions (H1) and (H2), the following estimations hold

E(sup | 25(t) |2> — 0, ase — 0,

0<t<T

E(wpim@P)+Eéﬂw@W (3.22)

0<t<T

+/wwﬁmmw%awﬁﬂq
®

sup |E (z5(1)))> — 0, ase — 0,
0<t<T

sup |E (5 ()| —i—/ |E (25(s))|* ds (3.23)

0<t<T

[ [ 1B 0.0 p(an)lds — 0, ase —0,
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E < sup |z°(t) — a:*(t)F) — 0, ase — 0,
0<t<T
E < sup [y(t) — ) +E/ |25 (1 (1) dt (3.24)
0<t<T
+E//|rt9 “(t,0)” u(dd)dt — 0, ase — 0,
and
1 2
E < sup |— [2°(t) — a*(t)] — 25(t) ) — 0, ase — 0,
0<t<T | €
1 2
E ( sup | = [y°(t) — y* ()] — wi(t) > — 0, ase — 0,
0<t<T | €
(3.25)

E/T
+E/&L

Lle(s) - 2(s)) - #5(s)

2
ds — 0, ase — 0,

2

- (s,0) —1*(s,0)] — ri(s,0)

p(df)ds — 0, as e — 0.

Let us also point out that the above estimates (3.22))-(3.24) can be proved using similar
arguments developed in ([[45], Lemma 4.2 and Lemma 4.3]) and ([[48], Lemma 2.1]). So

we omit their proofs.

Proof We set

and

) = ) - (0] - ),
FO = 0 -y 0] i),
2(0) = L) -2 0] - %),
F(00) = L0 —r(1,0)] - i),

= S,z (t), E (2" (1)), (1)),
= otz (1), E (2" (1)), u* (1)),
= ot 2 (1), B (27 (1)), u"(t),0),

= g(t,z7(t), E(z"(1),y*(t), E(y* (1)), 2*(8), £ (2" (¢)) , 7 (¢, 0),
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From (|3.1]) and since

we have
dis(t) = é (e (t) — da(t)] — das (1)
= é [f(t,2*(t) + e (2°(1) + 21(1)) , B (z*(t) + e (2°() + z1(1))) ,u(2)) — f(¢)] dt
— [fo(O)21(t) + (O E (21(1)) + fu(t)u(?)] dt
J%[O’(t, r*(t) + & (2°(1) + 21(1)) , B (z*(t) + & (2°(2) + 21(1))) , u° (1))
—o(O)]dW(t) — [0:()21(t) + oz() E (25(1)) + ou(t)u(t)] dW (1)
#2002 60 + 0 B G0 +2 640 +5(0) 0700
(£, )N (d, di) — /@ (e (1, 0)05 (8) + (1, 0)E (a5 (8)) + ea(t, O)u(t) N (d6, db).
(3.27)
We denote
a () = at(t) + e (a°(t) + ai(t))
yMe(E) = yr(t) + Ae (9°(8) + i(t))
M) = 2 () A (B°(1) +21(1) (3.28)
M) = r*(t,0) + Ae (Fe(t,0) + r5(t, 0)),
uMe(t) = ur(t) + deu(t).
By Taylor’s expansion with a simple computation, we show that
B0 = T [a(0) - (0] - a5(0)
: (3.29)
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where
L(e) = /0 i ful(s, 2 (s), E (z24(s)) , u™(s))2°(s)dAds
+/0 /0 fa(s, 2™ (s), E (z24(s)) ,u™(s))E (2°(s)) dAds
+/0 /0 [fo(s,225(s), E (224(s)) ,ut<(s)) — fo (s)] i (s)dNds (3.30)
+/0 /0 [ff(s,:z:)“a(s), E (x’\’a(s)) JuMe(s)) — fx (s)] E (25(s)) d\ds
[ (0B (255)) () = fu ()] ) nas,

L) = /0 /0 Oals, (), E (25(s)) , ¥ (s))3% (s)dAdW (5)

—i—/o /0 oz (s, 2 (s), E (x™(s)) ,u™(s)) E (&°(s)) dAdW (s)

—l—/o /0 [04(s,2™(s), E (224(s)) , u™*(s)) — 04 ()] 25(s)dAdW (s)
—i—/o /0 [03(s, 2™ (s), E (224(s)) , u™(s)) — 05 ()] E (5(s)) AW (s)

—i—/ / [ou(s, 2™ (s), E (224(s)) , u™(s)) — 0y ()] u(s)dAdW (s),
v (3.31)

and

j3 (5)

= /0 AA Cx(S,xA,s(g—),E (xk,s(s_)) aUA’s(S),e)fﬁs(S)d)\N (d@,ds)

+/0 /9/0 ca(s, 20 (s=), E (z¥(5—)) ,u<(s), 0) E (i°(s)) dAN (d6, ds)

+/0 /@/0 [ca(s, 222 (5=), E (a2 (5=)) , u<(s),0) — ca (s5,0)] 25(s)dAN (d6), ds)
+/0 /@/0 [05(8, M (s—), E (x/\,s(s—)) ,uMe(s),0) — ¢z (s, 9)] E (25(s)) dAN (df, ds)

+/0 /@/0 [cu(s, 2™ (s=), E (z2(s—)) ,u™(s),0) — ¢, (s,0)] u(s)dAN (db, ds), .
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we proceed as in Anderson and Djehiche [I], we get

E ( sup
0<t<T
E ( sup
0<t<T

Applying similar estimations for the third term with the help of Proposition 3.2 (in Ap-

L (e)

2
>—>O, as e — 0,

(3.33)

IQ (5)

2
>—>O, as ¢ — 0.

pendix Bouchard and Elie []]), we have

E ( sup
0<t<T

From (3.33)) and ([3.34)), we obtain

E | sup
0<t<T

We proceed to estimate the last terms in (3.25)). First, from (3.26]) and since

jg (6)

2
) — 0, ase — 0. (3.34)

L) — 2t @) - 25 (0)

3

2
) — 0, ase — 0. (3.35)

F() = S0 - 0] - i)

we get

1

diF(t) = —;/@[g(t, o (t) + e (2°(t) + 27(2)) , B (27(1) + € (2°(1) + 25(1))) ,

y () +e (07 () +yi(1), B (v (1) + e (07(1) + 4i(1)), 27 (1) + € (25(1) + 25(1))
E(z*(t) + e (25(t) + 25(t)) , " (t,0) + e (P°(t,0) + 15(2,0)) ,us(t)) — g(¢,0)]p (db) dt
—/@[gx(t, 0)zi(t) + 9z(t) E (25(£)) + gy (£, 0)yi () + g5() E (v (1))

+9:(t,0)25(t) + gz () E (25(1)) + g (£, 0)r5 (¢, 0) + gu(t, O)u(t)]p (db) dt

FEE()AW () + / P (t, 0)N(dO, dt),
(S)

and
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Applying Taylor’s expansion, we get

i) = [ [0t 0.8 (0) 0, B (240) 40,5 (400)
PN, ), uh (1)) x 3°(¢)da (d6) dt
- a6, P40, B (240 40, B (540) 240, B (240)
PN ), uh(1) x B (3(8)) dva (d6) de
-/ / 926, 2(8), B (+2(1)) 1 (8), B (5<(8)) ,2<(0), E ((1))
P 0), 0N (1)) — ga(t, 0)]25 (£)d\p (d6) d
+f / g2 t,24(0), B (2¥4(0)) (0, B (4(0)) ,22<(0), E (>4(0))
PN 0), 0N (1)) — g (2, 0)] E (a5 (1)) d\ye (d0) d
+f / gult, 240, B (2¥4(0)) (0, B (4(0) . 22<(0), E (>4()
PN 0), 0M (1) — gults O(t)dN (d9) dt
+f / gy (6,4 (0), E (t25()) (1), E (9 () , 2(0), E (>(0)
PN, 0), uh(1)) X 5 (E)d\ (d9) de
[ a0, (40 20, B (40, 20, B (40),

rE(0), u (1) x B (5°(t)) dAp (dO) dt

// gy(t, oM (t 8(zf)) y’\"s(t),E(y’\’s(t)),z’\’e(t),E(z)"E(t))
P8 0), 0 (1) = gy O)J () (d9)
[ [t B (40) 00, (40) 20, B (400).

(L, 0), ut () — g5(t 0)]E (y5(2)) dAp (dB) dt
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// gz t x)\e )‘E(t)) y)"e(t),E (y)"s(t)) ,z)"e(t),E (Z/\’E(t)) ’

rE(t,0), () x 2 (t)dAp (df) dt

// gz t x)\e e(t)) y’\’e(t),E (y)\,e<t>) ,Z)"E(t),E (Z)\,s(t)) ’
(L 0), W (1) X B (35(8)) d (d6) e
/ / 6:(t, (1), B (222(0)) g™ (), E (4()) (1), E (2(1)) |

PR, 0), 0N () — g (t, )25 () A\ (d6)
-] Tgs(t,24(0), B (540 51000, B (54(0) 2000, B (24(0)
PNE(1,0), 0 (1) — g2 (8, OB (5(1)) v (d6) d

[ [ a0, B (0) 40,8 (740) 240, (400)
PN (1, 6), M (1) X 7(E)dM (d9) dt
/[ Tgn(t,4(0), B (5400 s (0), B (54(0) 2000, B (2+(0)

TNt 0), uMe (L) — g, (t, 0)]rs(t)dAu (dO) dt — 25(t)dW (t) — /@ P(t)N (dOd, dt) ,

finally, using similar arguments developed in [48], the desired result follows. This completes

the proof of (3.25). m

Lemma 3.3.3 Let assumptions (H1) et (H2) hold. The following variational inequality
holds

E / / L (, 0)25 (1) + L () (25(8)) + L, (£, 05 (1) + Ly (.0)E (5(1))
L1, 0)25(8) + (1, 0)E (25(1)) + 1,(t, 0)r5 (L, 0) + Lu(t, )u(t)] e (d6) dt

+E [¢o (T) 27(T) + ¢z (T) E (25(T))] + E [y (0)y1(0) + ¢5(0) E (45(0))] = ofe)-
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Proof From (3.9), we have

J(w () = J(u* ()

)_
=INAgLWtf@JNf@Dw%mEQﬂﬂ%f@JNf@%ﬁ@ﬁxmw)

—l(t, 27 (@), E(z* (1), y* (1), E (y* (1)), 2" (), B (27(1)) , (£, 0), w* (t))]u () dit

+[o(a*(T), E (25(T))) — o(a™(T), E (2*(T)))]

+[e(y7(0), £ (y°(0))) — #(y*(0), E (y7(0)))]} = 0.

By applying Taylor’s expansion and Lemma ({3.3.2)), we have

é E [¢(25(T), #(T)) — ¢(a*(T), #*(T))]
= 2B 0w ()4 M (1) = (). (D)

From estimate (3.25)), we get

LB [p((T), (1)) — p{a*(T), #*(T))]
— B[ (1), B (" (T))a5(T), 62" (1), B (a* (1)) E (a5(T)]

= E¢s (1) 25(T) + ¢z (T) E (1(T))], as e — 0.

Similarly, we have

LB ol (0),77(0)) — ply*(0),5°(0))]
— Bl (5 (0), B(( 0 0), (5 (0), E((y" (O)E (5:(0))]

= E[p, (0)y7(0) + 5 (0) £ (y5(0))], as ¢ — 0,
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and

u//”tx ()7 (1), B (), 25(8), B (5(1)) 1% (8, 6), w6 (£))

It (1), B (@ (8) 5 (1), E (5 () 2 (1), B (24(8) , 7 (£,8), u*(£)) 1 (d6)

—%E/ /MﬁﬂMﬂ®+&@®E@ﬂm+%ﬁﬁwﬂw+@@@E@ﬂm (3:39)
0 [C)

L (4, 0)25 (1) + Ls(t, 6) B (25(8)) + Lo, 0)r5 (1,0) + Lu(t, 6)u()] e (dB) dt

as ¢ — 0.

The desired result follows by combining (3.36])~(3.39)), This completes the proof of Lemma
(3.3.3). m
Proof of Theorem (3.3.1)): The desired result follows immediately by combining (3.13)) in

Lemma and Lemma (3.3.3).

3.4 Application: Mean-variance portfolio selection prob-

lem mixed with a recursive utility functional

The mean-variance portfolio selection theory, which was first proposed in Markowitz
[32] is a milestone in mathematical finance and has laid down the foundation of modern
finance theory. Using sufficient maximum principle, the authors in [I7] gave the expres-
sion for the optimal portfolio selection in a jump diffusion market. The near-optimal
consumption-investment problem has been discussed in Hafayed, Abbas, and Veverka [26].
The continuous time mean-variance portfolio selection problem has been studied in Zhou
and Li [61]. The mean-variance portfolio selection problem where the state driven by SDE
(without jump terms) has been studied in [I]. Optimal dividend, harvesting rate, and
optimal portfolio for systems governed by jump diffusion processes have been investigated
in [35]. Mean-variance portfolio selection problem mixed with a recursive utility functional

has been studied by Shi and Wu [48], under the condition that
E(@™(T)) = ¢,

where ¢ is a given real positive number.
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In this section, we will apply our mean-field stochastic maximum principle of optimal-
ity to study a mean-variance portfolio selection problem mixed with a recursive utility
functional optimization problem and we will derive the explicit expression for the optimal
portfolio selection strategy.

This optimal control is represented by a state feedback form involving both z(-) and
B(a ().
Suppose that we are given a mathematical market consisting of two investment possibili-

ties:

1. Risk-free security (Bond price). The first asset is a risk-free security whose price

Py(t) evolves according to the ordinary differential equation

dPy(t) = p(t)Py(t)dt,t € [0,T]

Po(0) > 0. (3.40)

where p(+) : [0, 7] — RT is alocally bounded and continuous deterministic function.

2. Risk-security (Stock price). A risk security (e.g., a stock), where the price P;(t) at

time ¢ is given by:

dPy(t) = Pi(t—) |C(t)dt + G(t)dW (t) + /@g (t,0) N (d@,dt)] , 1)

P(0)>0,t €[0,7].

Assumptions. In order to ensure that P;(0) > 0 for all ¢t € [0, 7], we assume

1. The functions ((-) : [0,7] — R,G(-) : [0,7] — R are bounded deterministic such
taht

C(t), G(t) # 0,¢(t) > p(t), vt € [0,T7].
2. £(t,0) > —1 for p—almost all # € © and all t € [0,7],
3, / €2(¢,0)p (d6) is bounded.
o

Portfolio strategy, the price dynamic with recursive utility process. A portfolio is a

Fi—predictable process e(t) = (e1(t),ea(t)) giving the number of units of the risk free
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and the risky security held at time t. Let 7(t) = ex(t) P;(t) denote the amount invested in
the risky security. We call the control process 7 () a portfolio strategy.

Let 2™ (0) = £ be an initial wealth. By combining and , we introduce the wealth
process z”7(+) and the recursive utility process 4™ (-) corresponding to 7(-) € U([0,T]) as

solution of the following FBSDEJs

(dam(t) = [p(Da™(t) + (C(t) — p(t) =(1)] dt

FG(OR()AW () + / £ (t,0) N (db, dt)

—dy™(t) = [p(t)a™(t) + (C(t) — p(t)) 7(t) — ay™(t)] dt (3.42)
—2 (1) dW (t) — / v (t,0) N (6, dt),
©
| 27(0) = &y™(T) =a™(T).

Mean-variance portfolio selection problem mized with a recursive utility functional: In
this section, the objective is to apply our maximum principle to study the mean-variance
portfolio selection problem mixed with a recursive utility functional maximization.

The cost functional, to be minimized, is given by

J(m(-)) = %VW(%”(T)) — E(™(T)) = y"(0). (3.43)

By a simple computation, we can show that

J(r()) = B | 2a7(1)? = o(T)| = 2 [B @ (1) = y7(0). (3.44)

2 2
where the wealth process 2™ (-) and the recursive utility process 3™ (-) corresponding 7(-) €

U([0,T]) are given by FBSDEJ-(3.42). We note that the cost functional (3.44) becomes

a time-inconsistent control problem. Let 4 be a compact convex subset of R. We denote
U([0,T]) the set of admissible F;-predictable portfolio strategies 7(-) valued in A. The
optimal solution is denoted by (z*(-), 7*(-)).
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The Hamiltonian functional (3.5)) gets the form

H(t,z,%,y,9,2,2,r,m, ¥ Q K, R)
= [p(t)x(t) + (C(t) (t) - K(ﬂ)
FEOTHQ) + oK (?) /g (,0) 7(+) R(t, 0)1 (dO)

According to the maximum condition ((3.8)), Theorem (3.3.1))), and since 7*(-) is optimal

we immediately get,

t))] (‘I’ (t) — K*(t )) +G(H)Q* (1)
(3.45)
/5 (t,0) R*(t,0)u (dO) =

The adjoint equation (3.4) being

[ Q1) = —p(t) (W () — K (1)) dt + Q* (1AW (1)
+ / R* (,0) N (df, dt),
0 (3.46)
VHT) = A(a*(T) — B*(T)) — 1 — K*(T)
| dK*(t) = —aK*(t)dt, K*(0) = 1, € [0,T].

In order to solve the above equation ([3.46)) and to find the expression of optimal portfolio

strategy 7*(+), we conjecture a process ¥*(¢) of the form:
W) = A2 (1) + Ast)E (5 (6) + Ag(t), (3.47)

where A;(-), As(-) and As(-) deterministic differentiable functions.(See Shi and Wu [4§],
Shi [47], Framstad, Qksendal and Sulem [I7]).
From last equation in (3.46)), which is a simple ordinary differential equation (ODE in

short), we get immediately

K*(t) = exp(—at). (3.48)

Noting that from (3.42)), we get
d(E(z*(t) = {p(t)E (1)) + (C(t) — p(t)) E (x(1)) }dL.
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Applying It6’s formula to (3.47)) in virtue of SDE-(3.42), we get

(

dr(t) = Ay(O){[p(t)z"(t) + (C(t) = p(t)) 7~ (1)]dl

/gte N (d6, dt)}

+E (z*(t)) Ay(t)dt + As(t)dt,

\

which implies that

;

av(t) = {At)[p(t)a*(t) + (C(t) — p(t) 7 ()] + 2" () Ay (2)
+A2(t)[p(t) E (27 (t)) + (C(t) — p(t)) E (7*(t))]
+A (1) E (z*(t)) + Ay(t) }dt
FA ()G (H)dW (¢) + /@ AL ()€ (t=,0) 7 (£)N (db, dt)

UHNT) = Ai(T)z*(T)+ A (1) E(z*(T)) + As(T),

where A (t), Ay(t ) and A;(t) denote the derivatives with respect to t.
Next, comparing (3.49) with ( -, we get

—p(t) (U*(t) = K*(1)) = Ai()[p(t)a*(t) + (C(t) — p(t)) 7*(1)] + 2" (1) A (1)
+A:()[p(0) E (7 (1)) + (C(2) — p(t)) £ (7*(1))]
+AL(LE (2*(1)) + A3(1),

Q*(t) = A ()G ()7 (1),
R () = Ay ()€ (t—, ) (1),

By looking at the terminal condition of ¥*(¢), in (3.49)), it is reasonable to get

AY(T) =, Ao(T) = —v, A3(T) = -1 — K*(T)

+at () A ()dt + Az () [p(t) E (27 (1)) + (C(8) — p(t)) E (m*(t)))dt

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

Combining (3.50)) and (3.47)), we deduce that A (-), A5(-) and A;(-) satisfying the following
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ODEs:

AL(t) = —2p(t) Ax(t), Ay(T) =,
Ay(t) = —2p(t) As(t), Ay(T) = —7,

i

A;(t) + p(t)As(t) = p(t) exp(—at), As(T) = —exp(—aT) — 1.

By solving the first two ordinary differential equations in (3.54)), we obtain

) =~y = e {2 [ oy}

Using integrating factor method for the third equation in (3.54)), we get

As()) = —x(0™ [expl=aT) + 1+ [ X(6)p(s) exp(-as)as].

T
where the integrating factor is x(t) = [ p(s)ds, x(T) = 1.
Combining (3.45)), (3.48), (3.51)), and (3.52)) and denoting

£ = o) (60 + [ €.0m(an))

and
E(n*(t)) =T ()~ (p(t) — ¢(t)) [As(t) — exp(—at)]

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

Finally, we give the explicit optimal portfolio selection strategy in the state feedback form

involving both z*(-) and E(z*()).

Theorem 3.4.1 The optimal portfolio strategy 7*(t) of our mean-variance portfolio se-

lection problem — is given in feedback form by

(¢, 2 (), B (27 (1))

= ()7 (p(t) — C(1) [Av(t) (27(t) — E'(2*(t))) + As(t) — exp(—at)],
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and
E[r*(t,a*(t), E (z*(t))] = T(#)~" (p(t) — ((t)) [As(t) — exp(—at)]

where A;(t), As(t) and T'(¢) are given by (3.55)), (3.56) and (3.57)) respectively.
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Conclusion

n this work, we have discussed the necessary conditions for optimal stochastic control

Iof mean-field forward-backward stochastic differential equations with Poisson jumps
(FBSDEJs). The cost functional is also of mean field type. Mean-variance portfolio
selection mixed with recursive utility functional optimization problem has been studied
to illustrate our theoretical results. We would like to indicate that the general maximum
principle for fully coupled mean-field FBSDEJs is not addressed, and we will work for this

interesting issue in the future research.
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Appendix A: Abbreviations and

Notations

The following notation is frequently used in this thesis

P—a.s. Almost surely for the probability measure P.
a.e. Almost everywhere.

e.g for example

uf perturbed control.

u* Optimal control.

w Brownian motion.

N(-) Poisson martingale measure.

Go The totality of P — null sets.

R n-dimensional real Euclidean space.

Rnxd The set of all (n x d) real matrixes.
(Q,F,P) Probability space.

{Fi}icpm Filtration.

(Q, F,{Fi}50,P)  Filtered probability space.

L% (Q, Fr;H) The space of all H — valued squared integrable F; — measurable

random variables.

L% ([0,T]; H) The Hilbert space of all H — valued {F;} — adapted processes

te0,T)

T
(X (t))iepo.r] such that E/ X (1)* dt < .

0
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Appendix A: Abbreviations and Notations

M ([0, T, H)

u*([0,T])
U ([0,77)
E()

SDE
SDEJ
ODE
BSDE
FBSDEJs

SPDE

The sHilbert pace of all H — valued {Fi}, 1,
co.r) defined on [0, 7] x © such that

//wteP df) dt < oc.

The set of (stochastic) strong admissible controls.

— predictable processes

The set of (stochastic) weak admissible controls.

The expectation with respect to P.

Stochastic differential equation.

Stochastic differential equation with Poisson jump processes.
Ordinary differential equation.

Backward stochastic differential equations.
Forward-backward stochastic differential equations

with Poisson jump processes.

stochastic partial differential equation.
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Proposition

Let f be real function defined and derivable in the interval I, so the following properties

are equivalent :

i) fis convex on I.

i) V(z,y) € Lz <y, fy) = f(2)+ fulz)(y — 2).

Gronwall Lemma

Let f and g be non negative integrable functions and ¢ a nonnegative constant. if

fit) <c+ /Otg(s)f(s)ds for t > 0,

then

F(t) < cexp ( /0 tg(s)ds) for ¢ > 0.

Lemma: (Integration by parts formula for mean-field jump diffusions)

Suppose that the processes x1(t) and z5(t) are given by for i = 1,2,¢ € [0, T

dai(t) = f(t,x:(t), E(i(t)), u(t))dt + o (t, z;(t), E(wi(t)), ult))dW (t)
—l—/@g(t,xi(t—),E(:z:i(t—)),u(t))N(dG,dt),
z;(0) = 0.
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Then we get
E [fl?lT(t)ﬂb(t)] .
_ B /0 1 (E)dza(t) + E /0 2o(t)dn ()
/ (.21 (1), E(aa (1)), u(t))or(t, ma(t), B(wa(t)), u(t))dt
LB / / (b, 21 (1), E(aa (1)), ult), 0)g(t, 2o(t), E(a(t)), u(t), 0)u(d6)dt.

See Framstad et al., ([17] Lemma 2.1 ), for the proof of the above Lemma.

Integrating factor method

The integrating factor method for solving partial differential equations may be used to

solve linear, first order differential equations of the form:

% +a(t)y = b(t)

where a(t) and b(t) are functions of ¢. and in some cases may be constants.
We will say that an equation written in the above way is written in the standard form.
The method for solving linear, first order differential equations using the integrating factor

method may be broken down into the following steps:

d
1. Write the differential equation in the standard form: d—‘z + a(t)y = b(t).

2. Determine the integrating factor,
Integrating Factor = exp ( / a(t)dt) .
3. Multiply the equation in standard form by the integrating factor,

exp < / a(t)dt) (fg + alt )y) — b(#) exp ( / a(t)dt> |

4. Using the product and chain rule of differentiation, write the left hand side of the

equation in the following way:

exp < / a(t)dt) (fg + a(t)y) - % (exp ( / a(t)dt) y> |
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So,

% (exp ( / a(t)dt) y) — b(t) exp < / a(t)dt) |

5. Integrate both sides of the new equation:

exp ( / a(t)dt> y— / b(t) exp ( / a(t)dt) dt +C.

6. Divide by the integrating factor to get the solution:

Yy = exp (—/a(t)dt) [/b(t) exp </a(t)dt) dt + C} .

87



	Dédicace
	Remerciements
	Table of Contents
	Abstract
	Résumé
	Introduction
	Introduction to stochastic control problems
	Optimal control theory
	Formulations of stochastic optimal control problems
	Strong formulation
	Weak formulation

	The Dynamic Programming Principle
	The Bellman principle
	The Hamilton-Jacobi-Bellman equation
	The classical verification approach

	The Pontryagin stochastic maximum principle
	The maximum principle
	The stochastic maximum principle


	Maximum principle for forward-backward stochastic control system with jumps and application to finance
	Introduction
	Problem formulation and assumptions
	Necessary conditions for optimal control of FBSDEJs
	Variational equations and variational inequality
	Adjoint equations and adjoint processes
	Necessary conditions of optimality

	Sufficient conditions for optimal control of FBSDEJs
	Applications to finance

	Mean-field maximum principle for optimal control of forward-backward stochastic systems with jumps and its application to mean-variance portfolio problem
	Introduction
	Problem Statement and Preliminaries
	Mean-field type necessary conditions for optimal control of FBSDEJs
	Application: Mean-variance portfolio selection problem mixed with a recursive utility functional

	Conclusion
	Bibliography
	Appendix A: Abbreviations and Notations
	Appendix B

