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Abstract

This thesis is devoted to study the Existence and asymptotic behavior for some hyper-
bolic systems . The first part of the thesis is composed of two chapters 2 and 3. We
studied a one-dimensional linear thermoelastic system of Timoshenko type, where the
heat flux is given by Cattaneo’s law, noting that in the chapter 3 we have introduced a

delay term in the feedback and forcing term.

We established several exponential decay results for classical and weak solutions in
one-dimensional. Our technics of proof is based on the construction of the appropri-
ate Lyapunov function equivalent to the energy of the considered solution, and which

satisfies a differential inequality leading to the desired decay.

In chapter 4, we consider a system of nonlinear wave equation with degenerate damping

and strong nonlinear source terms. We prove that the solution blows up in time.

Keywords: Nonlinear damping, Strong damping, Viscoelasticity, Nonlinear source,

Locale solutions, Global solution, Exponential decay, Polynomial decay, Blow up.
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Résumé

Cette these est consacrée a I’étude de I’existence et le comportement asymptotique pour
certains systemes hyperboliques. La premiere partie de la these est composée de deux
chapitre 2 et 3. Les deux sont consacrés en premier lieu 4 I’étude du systme thermo-
élastique linéaire en dimension un de type Timoshenko, dans lequel le flux de chaleur
est donné par la loi de Cattanéo. noton ici que I’introduction du term de retard et le

terme de la force extrieure ne concerne que le chapitre 3 .

Et on montre I’existence, ainci que la stabilité exponentielle de la solution. La preuve
que nous avons €tablie est basées sur la construction d’une fonction de Lyapunov ap-
propriée et équivalente 4 1’énergie de la solution considérée. Cette fonction vérifie une

inequation différentielle menant au résultat de la décroisence désirée

Ensuite, et dans le chapitre 4, on considére un systme d’équations des ondes avec termes

dissipatifs afin de prouver que la solution de ce systeme explose en temps fini.

Mots clés : Dissipation nonlinéaire, dissipation forte, viscoélasticité, source non linéaire,
solution locales, solution globales, décroissance exponentielle, décroissance polyndmiale,

explosion en temps fini.
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Introduction

Our work, in this thesis, lies in the study some hyperbolic systems with the presence of
different mechanisms of damping, and under assumptions on initial data and boundary
conditions. Our goal is to establish the existence of the solutions and a general decay
estimate using the energy methode. In fact, we prove that under some assumptions on
the parameters in the systems and on the size of the initial data, the solutions can be
proved to be either global in time or may blow up in finite time. If the solution are
global in time, then the natural question is about their convergence to the steady state

and the rate of the convergence. The system that we treated here are the following:
The Timoshenko systems

In 1921, Timoshenko [92] gave the following system of coupled hyperbolic equations

PP = (K(px = ), in (0, L) x (0, +0)
Iy = (EIyro)x + K(px — ), in (0, L) X (0, +00),

o))

wich describe the transverse vibration of a beam of length L in its equilibrium config-
uration. where ¢ denotes the time variable, x is the space variable along the beam of
length L, in its equilibrium configuration, ¢ is the transverse displacement of the beam
and ¢ is the rotation angle of the filament of the beam. The coefficients p, 1, E, I and K
are, respectively, the density (the mass per unit length), the polar moment of inertia of
a cross section, Young’s modulus of elasticity, the moment of inertia of a cross section,
and the shear modulus.

System (1), together with boundary conditions of the form
Elg, [5=0, K(u,~¢) [155=0

is conservative, and thus the total energy is preserved, as time goes to infinity. Sev-

eral authors introduced different types of dissipative mechanisms to stabilize system
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(1), and several results concerning uniform and asymptotic decay of energy have been
established.

Kim and Renardy [39] considered (1) together with two boundary controls of the form

Ky(L,t) — Ko (L, 1) = ag,(L,1), Yt>0
EIy (L, 1) = —Be(L,1), V>0

and used the multiplier techniques to establish an exponential decay result for the total
energy of (1). They also provided numerical estimates to the eigenvalues of the operator

associated with system (1). Raposo et al. [81] treated the following system:

2)

P1¢n — K(px =) + ¢ = 0, in (0, L) x (0, +0)
P2 = b + K(@r =) + 4, = 0, in (0, L) X (0, +00)

with homogeneous Dirichlet boundary conditions and two linear frictional dampings,
and proved that the associated energy decays exponentially. Soufyane and Wehbe [89]
showed that it is possible to stabilize uniformly (1) by using a unique locally distributed

feedback. They considered

Pen = (K(@x = ¥))x, in (0, L) X (0, +c0)
Iy = (EIy )« + K(ox — ) — by, in (0, L) x (0, +0) 3)

©0,6) =@o(L,t) =¥(0,t) =y(L,t) =0, Vt>0,

where b is a positive and continuous function, which satisfies
b(x)>by>0, VYx € [ag,a1] C[O0,L].

In fact, they proved that the uniform stability of (3) holds if and only if the wave speeds

are equal (% = %), otherwise only the asymptotic stability has been proved. Also,

Muiioz Rivera and Racke [65] studied a nonlinear Timoshenko-type system of the form

{ P1P — O-l(‘)px’ w)x = 0
prtt _/\/(l/’x)x + 0-2(‘10):’ '7[’) + dwt =0

in a one-dimensional bounded domain. The dissipation is produced here through a fric-

tional damping which is only present in the equation for the rotation angle. The authors
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gave an alternative proof for a necessary and sufficient condition for exponential stabil-
ity in the linear case and then proved a polynomial stability in general. Moreover, they
investigated the global existence of small smooth solutions and exponential stability
in the nonlinear case. Concerning the Timoshenko system with viscoelastic damping,
Ammar-Khodja et al. [S] considered a linear Timoshenko-type system with memory of

the form

p1¢n — K(px + ) =0

' C))
p2¢’tl - bl/’xx + / g(t - S)wxx(s)ds + K(Qox + l//) =0

0

in (0, L) X (0, +o0), together with homogeneous boundary conditions. They used the
multiplier techniques and proved that the system is uniformly stable if and only if the
wave speeds are equal (,0£| = p%) and g decays uniformly. Precisely, they proved an
exponential decay if g decays in an exponential rate and polynomially if g decays in a

polynomial rate.

Messaoudi and Mustafa [50] improved the results of [5] and [27] by allowing more
general decaying relaxation functions and showed that the rate of decay of the solution
energy is exactly the rate of decay of the relaxation function. Also, Muiioz Rivera and
Fernndez Sare [69], considered Timoshenko type system with past history acting only

in one equation. More precisely they studied the following problem:

p1¢y — K(px + ) =0,

o0 (%)
p2'7”tt - wax + A g(t)wxx(t -5, )dS + K(‘px + '7[’) = O’

together with homogenous boundary conditions, and showed that the dissipation given
by the history term is strong enough to stabilize the system exponentially if and only
if the wave speeds are equal. They also proved that the solution decays polynomially
for the case of different wave speeds. This work was improved recently by Messaoudi
and Said-Houari [48], where the authors considered system (5) for g decaying polyno-
mially, and proved polynomial stability results for the equal and nonequal wave-speed
propagation under conditions on the relaxation function weaker than those in [69]. The
case of g having a general decay has been studied in [30-32] for Timoshenko-type and
[29, 33] for abstract systems, where a general relation between the growth of g at infin-

ity and the decay rate of solutions is explicitly found in terms of the growths at infinity.
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Messaoudi et al. [53] studied the following problem:

P10 — 0@, ) + g, = 0,
prtt - wax + k(%c + w) +ﬁ9x = 09

P30 +yq, + oY, = 0,

Toq; + q + kO, = 0,

where (x,¢) € (0,L) X (0,00) and ¢ = ¢(¢, x) is the displacement vector, ¥ = Y(t, x) is
the rotation angle of the filament, 6 = (¢, x) is the temperature difference, g = g(, x) is
the heat flux vector, p1, p2, p3, b, k, ¥, 9, k, u, Ty are positive constants. The nonlinear

function o is assumed to be sufficiently smooth and satisfy
0,,(0,0) = 04(0,0) = k

and
T p.(0,0) = 04,4(0,0) = 0y, = 0.

Several exponential decay results for both linear and nonlinear cases have been estab-
lished.

Concerning the Timoshenko system with delay, the investigation started with the paper

[82] where the authors studied the following problem:

P1Pu (-x’ l) - K(‘Px + ’/’)x (-x’ t) = 0’ (6)
p2l//l‘t (-x9 t) - bl//xx (x’ t) + K(QDX + w) (-x9 t) + ,Ull,bt (-x’ t) +/'1217[/l (-x5 r— T) = O

Under the assumption y; > u, on the weights of the two feedbacks, they proved the
well-posedness of the system. They also established for u; > u, an exponential decay

result for the case of equal-speed wave propagation, i.e.

K b

o @
Subsequently, the work in [82] has been extended to the case of time-varying delay
of the form ¢, (x, t — 7(¢)) by Kirane, Said-Houari and Anwar [40]. The case where
the damping w;y, is replaced by ( fom g ()Y (t—s)ds) (with either discrete delay
o, (t — 1) or distributed one fooo f (), (t— s)ds) has been treated in [32] (in case

(7) and the opposite one), where several general decay estimates have been proved.
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Our main results in this part can be summarized as follows:

Chapter 2. In this chapter we studied a one-dimensional linear thermoelastic system
of Timoshenko type, where the heat flux is given by Cattaneo’s law, see for
example [53]. We consider damping terms acting on the second equation and
we establish a general decay estimate without the usual assumption of the wave
speeds,with theintroductio of damping term u; in the first equation see [74].Also,
the results obtained in [74] has been improved without pp,. Our method of proof
uses the energy method together with some properties of convex functions. The
advantage here is that from our general estimates we can derive the exponential,
polynomial or logarithmic decay rate. We also give some examples to illustrate

our result.This work has been recently published in [74].

Chapter 3. In this chapter we consider a one-dimonsional linear thermoelastic system
of Timoshenko type with delay term in the feedback. The heat conduction in given
by Cattaneo’s law. Under an appropriate assumption between the weight of the
delay and the weight of the damping, we proved a well-posedness result. Further-
more an exponential stability result has been shown without the usual assumption
on the wave speeds. To achieve our goals, we made use of the semigroup method

and the energy method.

The damped wave equation (Blow up )
The study of the interaction between the source term and the damping term in the

wave equation
Uy — Au+ alu"u, = blufP>u, in Qx(0,7T), (8)

where Q is a bounded domain of RV, N > 1 with a smooth boundary dQ, has an
exciting history.

It has been shown that the existence and the asymptotic behavior of solutions
depend on a crucial way on the parameters m, p and on the nature of the initial
data. More precisely, it is well known that in the absence of the source term

||’ u then a uniform estimate of the form
llee DIl + [[Vu @I, < C, )]

holds for any initial data (up,u;) = (u(0),u,(0)) in the energy space H; (Q) X

L?(Q), where C is a positive constant independent of t. The estimate (9) shows
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that any local solution u of problem (8) can be continued in time as long as (9) is
verified. This result has been proved by several authors. See for example [34, 38].
On the other hand in the absence of the damping term |u,|" > u,, the solution of

(8) ceases to exist and there exists a finite value 7 such that
lim ||u (2)||, = +o0, (10)
t—T*

the reader is refereed to Ball [8] and Kalantarov & Ladyzhenskaya [38] for more

details.

When both terms are present in equation (8), the situation is more delicate. This
case has been considered by Levine in [43, 44], where he investigated problem
(8) in the linear damping case (m = 2) and showed that any local solution u of
(8) cannot be continued in (0, o0) X  whenever the initial data are large enough
(negative initial energy). The main tool used in [43] and [44] is the “concavity
method”. This method has been a widely applicable tool to prove the blow up
of solutions in finite time of some evolution equations. The basic idea of this
method is to construct a positive functional 6 (#) depending on certain norms of
the solution and show that for some y > 0, the function 677 (¢) is a positive con-
cave function of ¢t. Thus there exists 7" such that tl_i)rpﬁ‘y (1) = 0. Since then,
the concavity method became a powerful and simple tool to prove blow up in fi-
nite time for other related problems. Unfortunately, this method is limited to the
case of a linear damping. Georgiev and Todorova [22] extended Levine’s result
to the nonlinear damping case (m > 2). In their work, the authors considered
the problem (4.1) and introduced a method different from the one known as the
concavity method. They showed that solutions with negative energy continue to
exist globally ’in time’ if the damping term dominates the source term (i.e.m > p)
and blow up in finite time in the other case (i.e.p > m) if the initial energy is
sufficiently negative. Their method is based on the construction of an auxiliary
function L which is a perturbation of the total energy of the system and satisfies

the differential inequality
dL (1)

dt
In [0, 00) , where v > 0. Inequality (11) leads to a blow up of the solutions in finite

tim ¢ > L(0)”" &'yl provided that L(0) > 0. However the blow up result in

> LY (1) (11)

[22] was not optimal in terms of the initial data causing the finite time blow up of
solutions. Thus several improvement have been made to the result in [22] (see for

example [42, 45, 62, 93]. In particular, Vitillaro in [93] combined the arguments
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in [22] and [42] to extend the result in [22] to situations where the damping is
nonlinear and the solution has positive initial energy.

In [95], Young, studied the problem
u, — Au, — div (IVuI“_Z Vu) — div (|vu,|ﬁ—2 Vu,) +alw"u, = blufru, (12)

in (0,7) x Q with initial conditions and boundary condition of Dirichlet type.
He showed that solutions blow up in finite time 7™ under the condition p >
max {a,m}, @ > [, and the initial energy is sufficiently negative (see condition
(i1) in [95][Theorem 2.1]). In fact this condition made it clear that there exists a

certain relation between the blow-up time and |Q|([95][Remark 2]).

Messaoudi and Said-Houari [60] improved the result in [95] and showed that the
blow up of solutions of problem (12) takes place for negative initial data only

regardless of the size of Q.

To the best of our knowledge, the system of wave equations is not well studied,
and only few results are available in literature. Let us mention some of them.

Milla Miranda and Medeiros [63] considered the following system

{ Uy — A+ = P2 uf u = fi (x) 13

2
Ve —Av+v—[uf " v = f(x),

in Q X (0, T). By using the method of potential well, the authors determined the
existence of weak solutions of system (13). Some special cases of system (13)
arise in quantum field theory which describe the motion of charged mesons in
an electromagnetic field. See [87] and [36]. Agre and Rammaha [3] studied the
system

{ Uy — A+ " uy = i (u,v), (14)

-1
Vtt - AV + |Vt|r Vt = fz (u9 V) >

in Q X (0, T') with initial and boundary conditions of Dirichlet type and the non-

linear functions fi (u,v) and f5 (u, v) satisfying

filw,v) = bilu + v D+ v) + balululv|©*?
15)
S, v) = brlu+ VPO D+ v) + bolul 2|,
They proved, under some appropriate conditions on fi(u; V), fi(u;v) and the ini-

tial data, several results on local and global existence, but no rate of decay has

been discussed. They also showed that any weak solution with negative initial



energy blows up in finite time, using the same techniques as in [22]. Recently, the
blow up result in [3] has been improved by Said-Houari [83] by considering cer-
tain class of initial data with positive initial energy. Subsequently, the paper [83]
has been followed by [85], where the author proved that if the initial data are small
enough, then the solution of (14) is global and decays with an exponential rate if

—2/(max(m,r)—1)

m = r = 1 and with a polynomial rate like ¢ if max (m, r) > 1. Several

authors and many results appeared in the literature see for example [[9],[75]]

Chapter 4. In this chapter, we consider the following system of wave equations

y — Au, = div |Vl Vu) = div (IVu' ™ Vo) + ay " w, = fi (,v),

vy — Av, — div (leI"_2 Vv) —div (le,flﬁz_2 Vv,) +ar v Py, = Hu,v),
(16)

where the functions f; (4, v) and f, (i, v) satisfying (15). In (16), u = u(t,x), v =
v(t,x), x € Q, abounded domain of RY (N > 1) with a smooth boundary Q, ¢ >
0 and ay, ay, by, b, > 0 and By, Bo, m, r > 2, @ > 2. System (16) is supplemented

by the following initial and boundary conditions

7)

(u(0), v(0)) = (uo, vo), (u,(0), v(0)) = (u1,v1), x € Q
ux)=v(x)=0 x € 09Q),

Our main interest in this chapter is to prove a global nonexistence result of solu-
tions of system (16) - (17) for large initial data. We use the method in [83] with
the necessary modification imposed by the nature of our problem. The core of this
method relies on the use of an auxiliary function L in order to obtain a differential
inequality of the form (11) which leads to the desired result. This work has been
recently published in [80].



Chapter 1

Preliminaries

In this chapter, we recall some basic knowledge in fonctional analysis, moste of wich
will be used in the subseqgent chapter. The reader can easily find the detailed in the
related literature, see, e.g.,[2], [12], [77], [96]

1.1 Functional Spaces

We denote by R” the Euclid space, Q C R" is bonded smoth domain,C*(Q) is the k"
differentiable continuous function space in Q, C*(Q) is the oo™ differentiable continu-
ous function space in Q, C2(Q) is the oo™ differentiable continuous function space with

compact support in Q

Definition 1.1. Let X be a vector space over the filed K (K = R or C). Then a semi-
norm on X is a function |.|| : X — R, such that :

a) ||x|]| = O for all x € X,

b) |lax|| = |a|||x|| for all x € X and a € K,

¢) llx + yll < llxl| + [Iyll for all x,y € X.

A norm on X is a semi-norm wich also satisfies :

d) |lx|l = 0 = x = 0. A vector space X toghether with a norm |[|.|| is called a normed

linear space, a normed vector space or simply, a normed space.

Definition 1.2. (Convergent and Cauchy sequences ). Let X be a normed space, and let

{x.}nen e a sequence of elements of X.
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a) {x,}nery converges to x € X if
lim ||x, — x|| = 0O,
n—o00

ie. if
Ye>0;dN > 0,Yn > N, ||x, — x|| < &.

b) {x,},en 1s a Cauchy sequence if

Ve>0;dN > 0,Ym,n > N, ||x,, — x,|| < &.

Normed spaces in which every Cauchy sequence is convergent are called complet normed

spaces. In general a normed space is not complete.

Definition 1.3. (Banach Spaces). A normed spaces is called a Banach space if it is
complet i.e. if any Cauchy sequence inside the space converges to a point of the space.

Its dual space X’ is the linear space of all contnuous linear functional f : X — R.

Proposition 1.4. X’ equipped with the norm ||.||x- defined by

Ifllx = sup{lf@)| - llull < 1}

is olso a Banach space.

Remark 1.5. From X’ we construct the bidual or secend dual X”” = (X’)’. Futhermore,
with each u € X we can define p(u) € X” by o(u)(f) = f(u), f € X', this satisfies
clearly [|¢(x)|| < |lu|l. Moreover, for each u € X there is an f € X’ with f(u) = ||u|| and
ILf1l = 1, so it follows that [|¢(x)|| = ||u]|.

Definition 1.6. Since ¢ is linear we see that
p: X - X",
is a linear isometry of X onto a closed subspace of X", we denote this by
X — X",

Definition 1.7. if ¢ (in the above definition ) is onto X" we say X is reflexive, X = X"
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1.1.1 The weak and weak star topologies:

Let X be a Banach space and f € X’ . Denot by

(,Of X —-> R

XHQDf

When f cover X’, we obtain a family (¢y) rex- of appmications to X in R.
Definition 1.8. The weak topology on X, denoted by o (X, X’), is the weakest topology

on X for which every (¢f)sex is continuous.

We will define the topology on X’, the weak star topology, denoted by o-(X’, X). For all
x € X. Denote by

¢ X' >R
f = of) ={f, 0x x

Definition 1.9. The weak star topology on X’ is the weakest topology on X’ for wich

every (¢.)rex 1S continuous.

Remark 1.10. Since X C X", itis clear that, the weak star topology o(X’, X) is weakest
then the topology o (X’, X”’), and this later is weakest then the strong topology.

Definition 1.11. A sequence (x,) in X is weakly convergent to x if and only if
lim (x,) = ()

for evry f € X’, and this is denoted by x,, — x.

Remark 1.12. :
1.If the weak limit exist, it is unique.
2.If x, — x € X(strongly), then x,, — x (weakly).

3.If dim X < oo, then the weak convergent implise the strong convergent.
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1.1.2 Hilbert spaces

The proper setting for the rigorous theory of partial differential equation turns out to be
the most important function space in modern physics and modern analyse, known as

Hilbert spaces. Then, we most give some impotant result on these spaces here.

Definition 1.13. A Hilbert space His a vectorial space supplied with inner product (u, v)
such that [|u|| = V{u, u) is the norm which let H complete.

Theorem 1.14. Let (x,),cn is a bounded squence in the Hilbrt sce H, then it possess a

subsequence which converges in the weak topology of H.

Theorem 1.15. In the Hilbrt space, all sequence which converges in the weak topology

is bounded.

Theorem 1.16. Let (x,),cn be sequence which converges to x, in the weak topology and

(Vn)nen 1S an other squence which converge weakly to y, then
Tim (xa, yn) = €, ).

Proposition 1.17. Let X and Y be tow Hilbert space, let (x,),enn € X be a sequence
which conveges weakly to x € X, let A € L(X,Y). Then, the sequence (A(X,))nen
converges to A(x) in the weak topology of Y.

Theorem 1.18. ( The Lax-Milgram Theorem)

Let X be a Hilbert space and let a : X X X — R be a bilinear functional. Asume that
there existe tow constants C < oo, > 0 such that:

(i) la(u,v)| < Cllull.|vll  forall (u,v)e XXX (continuity);

(ii) a(u,u) > allul> forall u € X (coerciveness).

Then, for evry f € X" ( the dual space of X), there exists a unique u € X such that
a(u,v) =(f,v) forallvelX.

1.1.3 The L7(Q2) spaces

Definition 1.19. Let 1 < p < oo, and let Q be on open domain in R”, n € N. Define the
standard Lebesgue space L”(€2) by

LP(Q) = {f : Q> R: f is measurable and/ |f(x0)Pdx < oo}
Q
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Notation 1 : for p€Rand 1 < p < oo, denote by

11l = ( /Q |f<x>|f’dx)p

.If p = 00, we have

LP(Q)={f:Q—>R: f is measurable and there exists C suche that,|f(x)| < C in Q}

. 1 1
Notation 2 : Let1 < p < oo,we denote by ¢ the conjugate of p ie. —+— = 1.

P q
Theorem 1.20. It is well known that LP(Q) supplied with the norm ||.||, is a Banach

space, forall 1 < p < oo

Remark 1.21. In particularly, when p = 2, L*(Q) equipped with the inner product

> g)LZ(Q) = /Qf(x)g(x)dx,

is a Hilbert space .

Theorem 1.22. For 1 < p < oo, LP(Q) is reflexive space.

1.1.4 The Sobolev space W"?(Q)

Definition 1.23.
i) Let m € N and p € [0, oo] . The W™P(Q) is the space of all f € LP(Q), defined as
W™P(Q) = {f € L(Q), such that d“f € LP(Q)for all a € N}

such that || = ¥\, @; < m where, 0 = 0{'05"....0,".
ii) if f € W™P(Q), we define its norm to be
(X jai<k fg |D? flPdx)» (1 < p < 00),
| f ey =
Z|a|<k esssup|D*f| ;(p = o0)

Definition 1.24. We denote by
W, ()

the closure of C7(Q) in W™P(Q)
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Remark 1.25. 1) if p = 2 we usully write

H™(Q) = W"X(Q), Hy(Q) = W) (Q).

Supplied with the norm

1l = [Z <||a“f||Lz>2)

|al<m
The letter H is used, since - as we will see - H"(€2) 1s a Hilber space.

with usual scalar product

(u,vy = Z /6“u8"vdx
Q

||l<m
Note that H(Q) = L*(Q)

Theorem 1.26. .
1. H"(Q) supplied with inner product {., .)gn) is Hilbert space.
2.Ifm>m , H'(Q) — H"™ (Q).

Theorem 1.27. Assume that Q is an open domain in R",n > 1, with smooth boundary
I'. Then,
np

i)if 1 < p < n, we have W' C LY(Q), for every q € [p, p*], where p* = ——.
n—p
ii) if p = n we have WP C LY(Q), for every q € [p, ).

iii) if p > n we have W'? C L*(Q) N C**(Q), where a = p—r

P

1.1.5 The L?(0,T, X) space

Definition 1.28. Let X be a Banach space, denote by L”(0, T, X) the space of measurable

functions
f:10,T[ - X
t f(1)
such that
T 5
(/ ||f(l)||§dt) = lfllro,rx) < 0, 1 <p<oo.
0
If p=oo,

lfllz=0,7,x) = sup ess||f(®)llx

t€]0,T[
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Theorem 1.29. L?(0, T, X) equipped with the norm ||.||.».r.x) is a Banach space .

Proposition 1.30. Let X be a reflexive Banach space, X' it’s dual, and 1 < p < oo,
1 < g < oo % + [l] = 1. Then the dual of L*(0,T,X) is identify algebraically and
topologically with L1(0,T, X")

1.2 Some useful inequalities

In this section, we shall recall some inqualities which will be used in the supsequent

chapters.

1.2.1 Young inequalities

Theorem 1.31. Let 1 < p, g < oo, 1‘—7 + é = 1,then

TN
absa—+—,a,b>0
V4 q

Theorem 1.32. (Young inequality with &) Let 1 < p,q < oo, % + = = 1,then

1
q
p 1 b4
abSea—+—q—,a,b>0
P grdq

The Young inequality has several variants in the following.

Corollary 1.33. Leta,b > 0, % +-=1,1<p,q < oo. Then

1
q
1.1 a b
iJarbs < — + —.
JZ) 1
1 1 p
iy atbh < < 4 &7

Ve > 0.
pg? q
iii)a®h'" " <aa+(1-a)p O<a<l.

1.2.2 The Holder inequalities

Theorem 1.34. Let 1 < p, g < oo, é + [—11 =1,
thenif  feLP(Q), ge Li(Q), we have

el < Ifllr@-lgllzae
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Theorem 1.35. (Generalized Holder inequality) Let 1 < py, ...., pm < 00,
Lo+ me =1, thenif  fi € LPK(Q) for k =1, ...,m, we have

P1

[ Vieesidax < [ o
Q k=1

Remark 1.36. We have the corresponding weighted Holder inequality of the integral
form. Let 1 < p < oo, i + é =1, felL’(Q), geLi(Q),w()>0onQ. Then

/ Felw(xdx < ( / |f(x)|pw(x)dx)”( / |g<x>|qw<x)dx)q.
Q Q Q

1.2.3 The Minkowski inequality
Theorem 1.37. Assume 1 < p < oo, f,g € LP(Q), then

ILf + gller) < 1l + Igllr@)-

If0 # p <1, then

Ilf + gl = I fllzr) + Igllr -

In the applications, the integral form from the Minkowski inequality is used frequentely.

1.2.4 The Poincar inequality

In this subsection, we shall recall the Poincar inequality in different forms.

Theorem 1.38. . Let Q) be a bounded domain in R" and [ € Hé(Q). Then there is a

positive constant C such that

Ifll2 ) < ClIVSfllzq, VYfe€ H(l)(Q)

Theorem 1.39. Let Q be a bounded domain of C' in R". There is a positive constant C
, such that for any f € H'(Q).

Ilf - f||L2(Q) < ClIV fll2

Where f = ﬁ fQ f(x)dx is the integral average of f over Q, and |C}| is the volume fo Q.
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Theorem 1.40. Under assumption of Theorem (1.39) for any f € H'(Q), we have

iz < c(nwuwm . / fdxl).
Q

1.3 Basic theory of semigroups

In this section, we recall some basic knowledge in semigroups,most of whiche will be

used in the subsequent chapters. Ageneral rference to this topic is [12], [77],

1.3.1 Cy—Semigroups of Linear Operators

Definition 1.41. (Semigroups)

Let X be a Banach space, the one-parametre family S(¢),0 < t < oo from X to X is
called a Semigroups if

(1) S(0) = I (I is the identity operateur on X ), (ii) S(t + s) = S(¢) + S(s) for every
t, s > 0 (the Semigroup property).

Definition 1.42. The linear operator A defined by
D(A) = {x € X : lim(S (O — )/t exists}
t—0*

and
d(S(r)x)

dt
is called the infinitesimal generator of the Semigroup S (¢), D(A) is called the domain of
A.

Ax = lirgl(S Hx—x)/t = li=o for all xe€ D(A)
t—0*

Definition 1.43. (Cy—Semigroups).
A Semigroup S(7),0 < t < oo,from X to X is called a strong continuous Semigroup of

bounded lineaar operators if
lirgl SHx=x for all xeX,
t—0*

or
lirgl ISHx—-x||=0 for all xeX.
t—0*

i.e S (¢#) Co—Semigroup.
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Definition 1.44. A semigroup S(¢),0 < r < oo is called a semigroup of contraction if

there exists a constant @ > 0 (0 < @ < 1) such that for all > 0,

IS@Dx =Syl < allx=yll, for all x,yeX

1.3.2 Hille-Yoshida Theorem

Definition 1.45. An unbonded linear operator A : D(A) ¢ H — H' is said to be
monotone?if it satisfies
(Av,v) > 0 Yv € D(A).

It is called maximal monotone if, in addition; R(/ + A) = H i.e
VfeH due D) such that u+ Au = f.

Proposition 1.46. Let A be a maximal monotone operator. Then

1. D(A) is dense in H.

2. A is closed operator.

3. For evry A > 0,(I + AA) is bijective from D(A) onto H, (I + AA)™" is a bounded
operator, and ||(I + AA) || gy < 1.

Theorem 1.47. (Hille-Yosida) Let A be a maximal monotone operator. Then, given any

uy € D(A) there exists a unique function

u € CH([0, +00); H) N C([0, +c0); D(A))

satisfying
d
d—b; +Au=0 on[0,+)
u(0) = uy.

'H denotes a Hilbert space
2Some authors say that A is accretive or —A is dissipative.



Chapter 2

Stability of a thermo-elastic
Timoshenko Beam system of second

sound

2.1 Introduction

Here, the long-term behavior of solutions to the following system is investigating:

P19 — k(o + ), +up; =0
P — by + / gt—9s)(aX) Y (s),ds+k(p:+¥)+b(x)h(Y) +y0,=0

0
P30 + kg + Y = 0

T0q; + 0q + k6, = 0.
2.1

where ¢t € (0,00),x € (0,1), the functions ¢ and i are respectively, the transverse
displacement of the solid elastic material and the rotation angle, the function 6 is the
temperature difference, g = q(t, x) € R is the heat flux, and py, p>, 03,7, 70, 6, , b and k

are a positive constants and the following are initial conditions:

@(.,0)
¥i(.,0)

QOO(X)a ‘pt(’o) = 901()('), ¢(70) = l//()(X)
Y1(x), 6(.,0) = 6y (x), q(.,0) = go(x), (2.2)

19
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and boundary conditions

@0,1) = o(1,1) = y¥(0,1) = yY(1,1) = g(0,1) = q(1,1) =0, V£ > 0. (2.3)

Timoshenko in 1921, proposed the following system of coupled hyperbolic equations

puy = (K(uy — ¢))x, in (0, L) X (0, +0)
2.4)
Ipcptt = (EI‘Px)x + K(”x - ‘)0)7 in (Oa L) X (Oa +OO)’

which describes the transverse vibration of a beam of length L in its equilibrium config-
uration. Where ¢ denotes the time variable, x is the space variable along the beam, u is
the transverse displacement of the beam and ¢ is the rotation angle of the filament of the
beam. The coefficients p, I, E, I and K are respectively the density (the mass per unit
length), the polar moment of inertia of a cross section, Young’s modulus of elasticity,

the moment of inertia of a cross section, and the shear modulus.

System (2.4), together with boundary conditions of the form
Elp,[55=0, K, —¢)[55=0

is conservative, and so the total energy of the beam remains constant along the time.

The subject of stability of Timoshenko-type systems has received a lot of attention in the
last years and several outstanding results have been proved by some of the major experts
in the fields of partial deferential equations, and several results concerning uniform and

asymptotic decay of energy have been established.

An important issue of research is to look for a minimum dissipation by which solutions

of system (2.4) decay uniformly to the stable state as time goes to infinity.

Kim and Renardy [39] considered (2.4) together with two boundary controls of the form

P P
KoLty K2 = oZ(w 1), V>0
Ox ot

Op Op
EI—(L,t) = —-B—(L,1), Yt=>0
6x( ) ﬁat( )

and used the multiplier techniques to establish an exponential decay result for the nat-

ural energy of (2.4). They also provided numerical estimates to the eigenvalues of the
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operator associated with system (2.4)). Raposo et al. [81] studied the following system

{ prity — Kty — @) + 1, = 0, in (0, L) x (0, +00) 03

P20y — b, + K(u, — @) + ¢, =0, in (0, L) X (0, +00)

with homogeneous Dirichlet boundary conditions, and proved that the associated energy
decays exponentially. Soufyane and Wehbe [89] showed that it is possible to stabilize
uniformly (2.4) by using a unique locally distributed feedback. They considered

puy = (K(uy = @)y, in (0, L) x (0, +0)
Lopy = (Elp,)x + K(ux — @) — by, in (0, L) X (0, +c0) (2.6)

u(,1) =u(L,t) = ¢0,1) = p(L,t) =0, V>0,

where b is a positive and continuous function, which satisfies
b(x)>by >0, VYx € [ag,a1] C[O0,L]

and proved that the uniform stability of (2.6) holds if and only if the wave speeds are

equal (% = %) otherwise only the asymptotic stability has been proved. Recently,
Muiioz Rivera and Racke [68] obtained a similar result in a work where the damping
function b = b(x) is allowed to change its sign. Also, Mufioz Rivera and Racke [65]

treated a nonlinear Timoshenko-type system of the form

{ P19 — 01 (@) =0
P2 — xXWi)y + 02, ) +dif, =0

in a one-dimensional bounded domain. The dissipation is produced here through a fric-
tional damping which is only present in the equation for the rotation angle. The authors
gave an alternative proof for a necessary and sufficient condition for exponential stabil-
ity in the linear case and then proved a polynomial stability in general. Moreover, they
investigated the global existence of small smooth solutions and exponential stability
in the nonlinear case. Ammar-Khodja et al. [5] considered a linear Timoshenko-type

system with memory of the form

p1¢n — K(px +¢), =0
, (2.7)
P2 — Dy + / gt — W (s)ds + K(o, +) =0
0
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in (0, L) X (0, +00), together with homogeneous boundary conditions. They used the
multiplier techniques and proved that the system (2.7) is uniformly stable if and only
if the wave speeds are equal (pﬁl = p%) and g decays uniformly. Precisely, they proved
an exponential decay if g decays in an exponential rate and polynomially if g decays in
a polynomial rate. They also required some extra technical conditions on both g’ and
g” to obtain their result. Guesmia and Messaoudi [27] proved the same result without
imposing the extra technical conditions of [5]. Recently, Messaoudi and Mustafa [50]
have improved the results of [5] and [27] by allowing more general decaying relaxation
functions and showed that the rate of decay of the solution energy is exactly the rate of

decay of the relaxation function.

Also, Muiioz Rivera and Ferndndez Sare [69], considered Timoshenko type system with
past history acting only in one equation. More precisely they looked into the following

problem

P19 — K(px +¢), =0
o0 (2.8)
prlt - b'vl’xx + / g(t)'v[’xx(t -5, )dS + K(‘px + '7[/) =0
0

together with homogenous boundary conditions, and showed that the dissipation given
by the history term is strong enough to stabilize the system exponentially if and only
if the wave speeds are equal. They also proved that the solution decays polynomially
for the case of different wave speeds. This work was improved recently by Messaoudi
and Said-Houari [48], where the authors considered system (2.8) for g decaying polyno-
mially, and proved polynomial stability results for the equal and nonequal wave-speed

propagation under conditions on the relaxation function weaker than those in [69].

Concerning the Timoshenko systems in thermo-elasticity, Rivera and Racke [64] con-

sidered
pl‘ptl - O-(QOX’ w)x = O in (O’ L) X (09 +OO)
P2 — DYy + k(o + ) +v0, =0 in (0, L) X (0, +00) (2.9)
P36 — kO + Yy = 0 in (0, L) X (0, +o0)

where ¢, ¥ and 6 are functions of (x, #) which model the transverse displacement of the
beam, the rotation angle of the filament, and the difference temperature respectively.
Under appropriate conditions of o, p;, b, k,y, they proved several exponential decay re-
sults for the linearized system and a non exponential stability result for the case of

different wave speeds.
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Modeling heat conduction with the so-called Fourier law (as in (2.9)), which assumes

the flux ¢ to be proportional to the gradient of the temperature 6 at the same time ¢,
q + Ve, (k > 0),

leads to the phenomenon of infinite heat propagation speed. That is, any thermal dis-
turbance at a single point has an instantaneous effect everywhere in the medium. To
overcome this physical problem, a number of modification of the basic assumption on
the relation between the heat flux and the temperature have been made. The common
feature of these theories is that all lead to hyperbolic differential equation and the speed
of propagation becomes limited. See [16] for more details. Among them Cattaneo’s
law,

79, +q+ VO =0, (t > 0, relatively small),

leading to the system with second sound, ([90], [78], [52]) and a suggestion by Green
and Naghdi [24], [26], for thermo-elastic systems introducing what is called thermo-
elasticity of type III, where the constitutive equations for the heat flux is characterized
by

q+Kp,+kVe =0, (k>«k>0, p,=0).

In the present work we are concerned with system (2.1) - (2.3) where the heat conduc-
tion is given by Cattaneo’s law instead of usual Fourier’s one. We should note here that
the dissipative effects of heat conduction induced by Cattaneo’s law are usually weaker
than those induced by Fourier’s law. This justifies the presence of the extra damping
terms in system (2.1). In fact if a = b = 0, Fernandez Sare and Racke [20] have proved
recently that (2.1) - (2.3) is no longer exponentially stable even in the case of equal

propagation speed p; /p, = K/b.

2.2 Preliminaries

In this section, we introduce some notations and some techenical lemmas to be used
throughout this chapter. Also, we give a local existence theorem. In order to state and

prove our result, we formulate the following assumptions:
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e (H1) a, b: [0,1] — R* are such that

a € C'([0,1)]), b e L™ (0,1])
a = 0ora(@+a(l)>0, ei{(l)fl]{a(x)+b(x)}>O.

e (H2) h : R — R is a differentiable nondecreasing function such that there exist
constants &,cy,¢c; > 0 and a convex and increasing function H : R* — R*
of class C!' (R*) N C?((0, o)) satisfying H (0) = 0 and H is linear on [0, &'] or
H' (0) =0and H” > 0 on (0, £] such that

cils| < h(s) <cals] if |s| > &

s+ R (s) < H ' (sh(s) if |s|<¢&.
e (H3) g: R* — R* is a differentiable function such that
g(0) >0, 1—||a||w/0mg(s)ds:l>0.
e (H4) There exists a non-increasing differentiable function ¢ : R* — R satisfying
g()<-€()gls),  Vs20.
Throughout this chapter, we use the following notations

(@) () =/¢(t—T)W(T)dT
0

(o)) : =/¢(t—r)lw(t)—w(f)|d7
0

(o) (@) : =/ ¢(I—T)/Iw(t)—¢f(7)|2dxdt
0 Q

The following lemma was introduced in [21].

Lemma 2.1. For any function ¢ € C' (R) and any ¢ € H' (0, 1), we have

1 1
() Oy, (1) = —5¢(r)|¢<t>|2+5(¢’<>w)<r)

1d ! 2
_m{@ow)@—(/o ¢(r>dr)|¢r(r)| }
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Now, we are going to prepare some materials in order to state two lemmas due to Cav-

alcanti and Oquendo [15]. See also [28] for the proof.

By using the fact that a (0) > 0 and since a is continuous, then there exists € > 0 such

that inf )0 a (x) > . Let us denote
d = min {g, inf {a(x)+ b(x)}} >0
x€[0,1]

and let @ € C' ([0, 1]) be such that 0 < @ < a and

a(x)=0 ifa(x) <4
(2.10)
a(x)=a(x) ifax) >4

To simplify the notations we introduce the following

1 t
gov= / a/(x)/ g (@) —v(s)dsdx
0 0

forall v € L? (0, 1). Here and in the sequel, we denote various generic positive constants

by C or c.
Lemma 2.2. The function « is not identically zero and satisfies
inf {a(x)+b(x)} > g
x€[0,1] 2
Lemma 2.3. There exists a positive constant ¢ such that
(goVv)* <cgov,

forallve Hy(0,1).

In order to make this chapter self contained we state, without proof, a local existence

result. The proof can be established by the classical Galerkin method.

Theorem 2.4. Let (¢o,¢1), Yo, 1) € Hé (0,1) x L2(0,1) and (68y,qy) € L*(0,1) x
L*(0, 1) be given. Assume that (HI)—(H4) are satisfied, then problem (2.1)—(2.3) has a

unique global (weak) solution satisfying

o € C(Ry:H)(0,1))nC'(Ry:L2(0,1))
0.q € C(R.:L*(0.1)).
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2.3 Stability result for u > 0

In this section, we show the uniform decay property of the solution of the system

(2.1)=(2.3). In order to use the Poincaré inequality for 6, we introduce, as in [26],

1
0(x,1) = 0(x,1) — / Oo(x)dx.
0

Then, by the third equation in (2.1) we easily verify that

1
/ 0 (x,t)dx =0,
0

for all + > 0. In this case the Poincaré inequality is applicable for 6. On the other
hand, (@, ¥, 0, g) satisfies the same system (2.1) and the boundary conditions (2.3). So,
in the sequel, we shall work with 6 but we write 6 for simplicity. The first-order energy,

associated to (2.1)—(2.3), is then given by

_ 1 1 B t
E (t, o, 0, q) = 3 / {pl‘,o,z + pyﬂf + (b —a(x) / g(s) ds) ;[/i} dx
0 0

1 /! 1
+3 / {K (ox + V) + p36* + Toqz}dx + 5(8 oY)
0

(2.11)

In what follows, we denote E(¢) = E (t, 0,0, 0, q) and EQ0) = E (O, ©0, Yo, 6o, qo) for
simplicity. The main result of this chapter is given by the following theorem:
Theorem 2.5. Let (o, 1), Wo,¥1),€ Hé (0,1) x L*(0,1) and (6o, q¢) € L*(0,1) x
L*(0,1) be given. Assume that (H1)—(H4) are satisfied, then there exist positive con-
stants ¢’, c¢” and &, for which the (weak) solution of problem (2.1)— (2.3) satisfies

E() < "H;! (c' / §(s)ds), Vi >0, (2.12)
0
where
"1
H, (l’):/ E(s)ds
and

if H is linear on [O, 8']

H = 2.13
20 {zH’(got) if H (0)=0and H" > 0on(0.£ | @15)

andé =1ifa=0.
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To prove Theorem (2.5), we will use the energy method to produce a suitable Lyapunov
functional. This will be established through several lemmas. A starting point is, as
usual, the dissipativity inequality which states that the energy E of the entire system
(2.1)-(2.3) 1s a non-increasing function. Of course this fact is a necessary preliminary

step of stability analysis. More precisely, we have the following result:

Lemma 2.6. Let (¢,¥,0,q) be the solution of (2.1)—(2.3), then the energy E is non-

increasing function and satisfies, for all t > 0,

1 1 1
@ = —5/ qzdx—lg(f)/ a(x)ljfidx—/ bx)yh (Y,)dx
dt 0 2 0 0
1 1
+5 (& oy —p / prdx,
0
1 1 1
< —5/ qde—/ b(x)yh (Y,)dx + %(8' oy,) —ﬂ/ (Pzzdx <02.14)
0 0 0

Proof. Multiplying the first equation in (2.1) by ¢,, we obtain

1d 1 1

1 1
" 1 pl‘ptzdx + K/ Qotx(pxdx + K/ (Ptx(//dx =—u / QthdX (2.15)

Similarly, multiplying the second equation in (2.1) by ¥,, we get

1 1 1 t
li pzlﬁtzdx +b / Udx + / W, / g(t—s)(a(x)y,(s)), dsdx
2dt 0 0 0 0
1 1 1
+K/ Y dx + K/ Ypdx — y/ Wi Odx (2.16)
0 0 0
1
= - / b (x)yh (Y,) dx.
0

Also, multiplying the third equation in (2.1) by 6, we find

1d ! 1 1
—— p392dx + K/ q.0dx + 7/ U 0dx = 0. 2.17)
Finally, multiplying the fourth equation in (2.1) by ¢, we deduce

1d [!

1 1
—— 2dx — /Qxd :—(s/ 2dx. 2.18
Zdtoroquoqx qu (2.18)

Now, using Lemma 2.1, to handle the last term in first line of (2.16) and summing up
(2.15)—(2.18), then (2.14) holds. O
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Let us now define the functional I; as follows:
1 t
I (1) = - / P2 (x) l/’r/ gt —s) (W () —y(s)dsdx
0 0
1 ‘
-
+% @ (x) 61/ gt =)W () —y(s)dsdx,
0 0
for simplicity we write
L) :=x1(0)+x2(0). (2.19)

Then, we have the following result:

Lemma 2.7. Let (¢,¥,0,q) be the solution of (2.1)—(2.3). Assume that (H1)—(H4)

hold. Then we have, for any &, & > 0,

t t 1
% < —(pz/g(S)ds—sl(p§+/g(S)dS))/ a (x) yrdx
t 0 0 0

1 1
+&| K? / (or + W) dx + & / b(x)h* (y,)dx
0 0

_ 1 1 t 1
+&) (2]92 + 1)/ widx + (681 + — / g(s) ds)/ qzdx (2.20)
0 €1 Jo 0

1 1
+C(8; + _,)gol//x"'c(sl + _)gowx_ £giolpx
81 &1 &1

Proof. Differentiating y; with respect to ¢ to obtain

1 t
X1 = - / P2 (XY / gt—5)W () -y (s)dsdx
0 0

1 t
—/ pza(x)wz/ g t—5)W @) —y(s)dsdx
0 0

1 t
- / paa () Y7 / g (s)dsdx.
0 0

(2.21)
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Now, using the second equation in (2.1), we get

1 t
- / P2 (X)W / gt—s)W @) —y(s)dsdx
01 Ot
=/ Ba(x)%/ gt—s5) (W, (D) =y (s)dsdx
0 0

t

+/ KG(X)(¢X+¢)/ gt —s) (@) —y(s)dsdx
0 0

1 t t
—/ a(x)a(x)(/g(t—s)wx(s)ds)(/ g(t—s)(t//x(t)—;lfx(s))ds)dx
0 0 0

1 t
+/ b(x)h(w,)(/ g(t—s)(t/f(t)—w(s))ds)dx
0 0
1 t
+/ a(x)*y@x(/g(t—s)(w(t)—w(s))ds)dx
0 0

1 t t
+/ a’(x)(wa—a(x)/g(s)wx(s)ds)(/g(t—s)(t//(t)—w(s))ds)dx.
0 0 0

(2.22)

Next, we will estimate the second term in the right-hand side of (2.21). So, by using

Lemma 2.3, we have, for any &, > 0

1 t
—/0 Pza(X)l//t/O g t—5) (Y (1) -y (s)dsdx

C ’
< 81/0%/ a (x)yrdx - 8_18 oYy
0

Also, as above we have

1 t

0 = % @ (x) gy / gt =)W () — ¢ (s)) dsdx
0 0
1 t

+% ] “(x)q/o g (t=5) (W (1) — ¢ (5)) dsdx

Y7o

1 t
ALY R / ¢ (s)ds.
K Jo 0

Using the fourth equation in (2.1), we get

6 1 t
X, (1) = —77/ a(x)q/ gt—s)(W (1) —y(s)dsdx
0 0
1 t
—/ a(xw@x(/g(t—S)(w(t)—tﬁ(S))dS)dx
0 0

Y7o ! ! ’
+7/0 a(x)q/og (1 = ) (W (1) — ¥ () dsdx

t 1
+m (/ g(s) ds) / a (x) qydx.
K \Jo 0

(2.23)

(2.24)
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Similarly to (2.23), by exploiting Young’s inequality, we estimate the terms in the right-
hand side of (2.22) as follows:

1 t
/ ba (x) lﬁx/ gt =)Wy () — ¥, (s))dsdx
0 0

1 . (2.25)
< 8’1132/ Ylrdx + —goy,.
0 81
Similarly,
/ Ka (x) (px + w)/ gt—95) W@ —y(s)dsdx
0 1 0 c (2.26)
< e;KZ/ o+l dx+ Sgoy,.
0 &
By the same method used in [28], we have the following estimates:
1 t t
—/ a(X)a(X)(/ g(S)l//x(S)dS)(/ g(t— S)(l//x(t)—l//x(S))dS)dx
0 0 | 0 (2.27)
Ss’l/ tﬁidx+c(s’1 + —,)gowx
0 &
and | t
/ b(X)h(%)(/ gt—s) () - lﬁ(S))dS)dx
0 | 0 | (2.28)
<& / b(x)hz(t,//,)dx +c (8] + —) gou,.
0 €1
Finally,
1 t t
/ a’ (x) (l_?lﬁx —-a (X)/ g ()Y (s) dS) (/ gt =)W () —y(s) dS) dx
0 ) 0 | 0 (229)
< 8]52/ Wldx + c(s’1 + —,)g oY,
0 &
As in (2.23), it is easy to prove
1 t
m/ a(x)q/ g (1= 5) (W (1)~ (5)) dsdx
k-Jo, 0 (2.30)
o[ din- Egon,
0 €1
Also, we estimate the first term in the right-hand side of (2.24) as follows:
v [! t
__/ a(x)q/ g (t= ) (W (1) = v (s)) dsdx
k-Jo L 70 (2.31)

S 2
(2 o [ Gutr+ Egon,
K 0 1
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and

t 1
m( / g(s)ds) / o (x) gurdx
K 0 0
t 1 t 1
< (/ g(s)ds)i/ qzdx+(/ g(s)ds)csl/ zp,zdx. (2.32)
0 €1 Jo 0 0

Consequently, by combining all the above estimates (2.21)—(2.32), the assertion of
Lemma (2.7) is fulfilled. |

Now, as in [64], let w be the solution of

“Wyx = ’fo,
(2.33)
w(0)=w()=0.

Then, we have the following inequalities:

Lemma 2.8. The solution of (2.33) satisfies

1 1
/ widx < / Yldx
0 0
1 1
/ widx < / Yrdx.
0 0

Proof. We multiply Equation (2.33) by w, integrate by parts and use the Cauchy-Schwarz

1 1
/ widx < / Yldx.
0 0

Next, we differentiate (2.33) with respect to ¢ and by the same procedure, we obtain

1 1
/ widx < / Yrdx.
0 0

This completes the proof of Lemma 2.8. O

and

inequality to obtain

Let w be the solution of (2.33). We introduce the following functional:

1
L) = / (pzwﬁ + prow — @W) dx. (2.34)
0 K

Then, we have the following estimate:
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Lemma 2.9. Let (¢,¥,0,q) be the solution of (2.1)—(2.3). Assume that (H1)—(H4)

hold. Then we have, for any &, > 0

dl, - cus 5782 / 2 / .
— < —\b+—-2ce— — dx + d
dt - ( 2 &2 l// 282 282 prax

+(p 72(;’92 pl‘gz / :,bzdx+—g0¢x (2.35)

o
N A R / q2dx+—/ b (x) > () .
2key  2k&2) ) 282 Jo

Proof. By taking the derivative of I, with respect to ¢ we get

1 1
/ (o2t + po7 ) dx + / (010w + prpws) dx
0

Y7o

I (1)

/ (W1q + ¥q,) dx (2.36)
Ji+ L+ s

Next, using the first and the fourth equations in (2.1) we get

1 1 1
H+Jz = —K/ gmﬁxdx+K/wdx+p1/(p,wtdx

yTo/ U, dx+—/ wqu+y/ Yo, dx. (2.37)

Next, using the second equation in (2.1), we get

1 1 1 t
I o= —B/ widx+p2/ ¢?dx+/ %/g(r—s)a(x)wx(s)dsdx
0 0 0 0

1 1 1 1
-K / rdx — K / o Wdx — / b(x)yh () dx — / YO, dx.
0 0 0 0 (2.38)

From (2.37), (2.38) and by using Lemma 2.8, we deduce

1
L) < —,u/ gotwdx+p1/ ,w,dx——/ U, dx+—/ Wwqdx
0 0

1
b [ arep, / vdx - / b () wh () dx
0 0 0

1 t
+ / a(x)y, / g(t— )Y, (s)dsdx. (2.39)
0 0
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By exploiting the inequality
v, 1.,
lab| < —a” + —b~, a,beR,v>0,
2 2v

we easily find, for any &, > 0,

e 11 11
L@ < —b/ widx+'1—l/ — @ + eyw? +&/ —¢? + ew? | dx
0 2J)o \& 2 Jo \&
‘ 1 ‘ 1
MRAL ey’ + —q* |dx + 5_}// ey’ + —q* |dx
2k 0 & 2k 0 &
1 1
0 / yldx - / b (X) yh () dx (2.40)
0 0
1 t
+/ a(X)wx/ g(t— )Y, (s)dsdx.
0 0

We now proceed to the evaluation of the last two terms in the right-hand side of (2.40).

First, by Young’s and Poicaré’s inequalities we have

1 1
< &0 / Yldx + L / b (x) h* () dx. (2.41)
0 2, Jo

1
/ b (x)yh () dx
0

Furthermore, by Young’s and Cauchy-Schwartz inequalities we have

1
< Szc/ widx + £g oy,. (2.42)
0 &

1 t
/a(x)wx/g(t—S)t//x(S)dsdx
0 0

Then, plugging (2.41) and (2.42) into (2.40) and using the second inequality in Lemma

2.8, there fore the assertion of Lemma 2.9 holds. O

Now, following [28], we define the functional /5 as follows:

1 1
L) = / plgo,tpdx+'% / o*dx. (2.43)
0 0

Then, we have the following estimate:

Lemma 2.10. Let (¢, ¥, 0, q) be the solution of (2.1)—(2.3). Then, for any g5 > 0, we

have | | |
K K
L (1) s(ﬁ—K) / @rdx + — / Yrdx + p / prdx. (2.44)
2 0 2e3 Jo 0
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Proof. By exploiting the first equation in (2.1) and using Young’s inequality, we get

1 1 1
/ P1@updx + pi / grdx + p / @ipdx
0 0 0

1 1
/ Ko (@ + ¥ dx + p / @rdx
0

I (1)

I
-K (pzdx+ K/ gowxdx+p1/ ©rdx

1
—K/ dx + — (83(,0 + —¢x) dx + p; / @rdx.
0

A simple use of Poincaré’s inequality completes the proof of Lemma 2.10. O

IA

Now, in order to obtain negative terms of fol 6%dx we introduce the following functional:

1 X
14(t) := —Top3 / q(t, x) ( / o, y)dy) dx. (2.45)
0 0

Then we have the following estimate:

Lemma 2.11. Let (¢, 4,0, q) be the solution of (2.1)—(2.3). Then, for any g, > 0, we

have

5
I < (—p3/<+84p23 C) / Pdx + WW / W2dx
0

6 1
+ (TOK + 20 m) / Jdx. (2.46)
0

Proof. By using the fourth equation in (2.1), we get

1 X 1 X
—p3 / T0q: (/ Qdy) dx -7 / q (/ P39zd)’) dx
0 0 0 0
1 X 1 X
= —p3 [ (=0g —«by) ( / de) dx -1 / q( / (=Kqx = Vi) dy) dx
0 0 0 0
1 x 1 x
= p35/ q (/ de) dx + p3/</ 0, (/ de) dx
0 0 0 0
1 X 1 X
+ToK / q ( / qxdy) dx + Toy / q ( / l//zxdy) dx
0 0 0 0

1,(1)
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That is
5 1 X 2 1 1
L@ < 030 (84 (/ szy) + —qu dx—p3/</ 6*dx
2 Jo 0 &4 0
1 oy (! 1
+T()K/ qzdx + —/ (84%2 + —qz) dx. (2.47)
0 2 Jo &4
Consequently, the assertion of Lemma 2.11 immediately follows. O

Proof of Theorem 2.5. For N, Ny, N, > 0, we can define an auxiliary functional ¥ by
?(I) = NE(I)+N111 + N, L+ L+ 1, (248)

and let 7o > 0, and go(¢) = fol g(s)ds > 0. By combining (2.14), (2.20), (2.35), (2.44)
and (2.47), and by using the inequality

(oo + ) <207 + 24
and Poincaré’s inequality, we arrive at

dF (1)
dt -

1
N1 (p280 — €1 (03 + &) / (@ (x) + b () g7 dx

+(N2 (p2+ 7720;2 + £ 1282) 7078“ / yldx—N / b () ¥,h () dx

1
N.
(W22 £t o) - Nu / grdx +|Nigy + 5= / bR (Y)dx
28, 282 0 282/ Jo

+N, (Pzgo — & (Pz + 80))/ b (x)yidx

] 5

{ngl (28 + 1+2K%) - N, (b—2€82— 7‘92 +5 } / Wldx
€3

5

(2N18 K2+ — —K)/ idx+(—p3/<+ 84/023 C)/ dx

0

1 ’ 1 NzC N CN]
+3cNi|er+ —|+cNi|leg+ |+ —(goy, + ———g /s
&1 £ & 2
0
+<4 N C£1+g— + N, YTO +—y
£ 2K82 2KE
5 1
+ 7_0K+pi+‘ro)/ - oN / q*dx
2 284 0

for all # > 5. At this point, we have to choose our constants very carefully. First, let us

take 3 < 1, &1, & and &4 small enough such that
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g < min ('[@)/(p2 + 80) L1
- 2 : " 4K
b oy
< |[=)/(2¢+ L
“ = (2)/( . 2K)
and
. K
& < —.
* oc
After that, we pick N, large enough so that
2Kb
N, > —.
&3
Now, by using Lemma 2.2, and choosing N large enough such that
N1p28o ( ( AL P182) T0784) 2
+ + + -
P N R PR 2 )d
then, we can select 8,1 small enough such that
, . 1 (Nob 72 2
& < m1n{4N1K, (T) /N1 (267 + 1+ 2K%) ¢ . (2.49)

Finally, we choose N large enough so that, there exist positive constants 7, 17, and 1,

such that, for ¢ > ¢,

dF (1)
dt

1 1
-n { / (@ (x) + b (x) Yrdx + / ©rdx
0 0

1 1 1 1
+/ &*dx + / qzdx} - / Wldx — 172/ dx
0 0 0 0

1
+cg o, + / b () (7 + 1 () dx.
0
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By the same method as in [55] (see inequality (25) in [55]), we can find n; > 0 such
that, for ¢t > ¢,

1 1 1
a7 0 < -m {/ (a(x) + b (x)) wtzdx + / gotzdx + / %dx
0 0 0

dt
1 1 1
+/ (gox+¢/)2dx+/ 92dx+/ qzdx}
0 0 0

1
+egow, + e / b () (w7 + 1 () dx. (2.50)
0

Moreover, we have the following: there exist two positive constants 3, and 3, depending
on N, Ny, N,, such that

BIE(M) < F(1) <BE®), Vi > 0. 2.51)

This can be seen simply from estimate (2.14), (2.19), (2.34), (2.43), (2.45), (2.48),

Young’s and Poincaré’s inequalities, that
|F(t) - NE@)| < CE(1), Yt > 0.

Consequently, we can choose N large enough such that 8; = N—C > 0 and (2.50) there-
fore (2.51) holds true. Our goal now is to estimate the last term in the right-hand side
of (2.50). Following the method presented in [28], we consider the following partition
of the interval (0, 1) :

Q ={xeO):|yl>e} and Q ={xe . 1): | <&} (2.52)

where & is defined in (H2). By using the hypothesis (H2) , we have |i,| < ci'h ()

on Q* and therefore taking into account the estimate (2.14), we arrive at

IA

/ b (7 + 7> ())dx < ¢ / b (xX)yih () dx
Qr Qr

IA

1
c / b(x)yh () dx
0
—cE (1). (2.53)

IA

According to (H2), we distinguish two cases:

Case 1: H is linear on [O, s'] . Consequently, there exist two positive constants c’1 and

c, such that ¢, |s| < |k (s)| < ¢, s], for all s € R,, therefore the above inequality (2.53)
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holds on (0, 1) . Now, from (2.50) and (2.53), we arrive at

A

% (F®)+cE@) < —cE@{)+cgoy,
—CcHy (E(@D) +cgot,,  Vi> i, (2.54)

where the function H, is defined by (2.13) .

Case2: H (0) =0and H (0) > 0 on [0, 8'] . Let H* denote the dual of H in the sense

of Young, then we have (see [39] for more details)
| N-1
H' (s) = s (H) (s)—H[(H) (s)], Vs eR,.

By using Jensen’s inequality, we deduce

IA

/ () (W2 + 1 W))dx < ¢ / b () H™ (i () dx
Q- Q-

IA

c | H'(b@yhW))dx
o

IA

cH™! ( / b (x)yh () dX)
o
cH™! (—cE’ (r)) . (2.55)

IA

Thus, it follows from (2.50), (2.53) and (2.55) that
F (1) < —cE(t) + cH™! (—cEl (t)) —cE (t) +cg oy, Yt > 1.
By using Young’s inequality and the fact that
H (s)<s(H)(s), E@® <0, H >0,
we obtain by the same method as in [28] (we omit the details)
H' (g0E () (F'(t) + cE’ (t) + coE’ (1)) < —cH, (E (1)) + cg o Y, (2.56)
where g is a small positive constant and ¢y is a large positive constant. Now, let us

define the following functional:

r=] FOTED if H is linear on |0, |
| H(E@)(F@O+cE@) +cE@  ifH (0)=0andH >0on (0,¢].
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We can easily show that

L~E.

On the other hand, by making use of (2.54) and (2.56), we easily deduce that the fol-
lowing inequality
L (1) < —cHy (E (1)) + cg o Y,

holds for all > #,. By using (2.14) and (H4), we obtain

EOLO+EDL ()
—c&(t) Hy (E () — cE (1).

EDOLO)

IA

Next, let K (1) = (&) L(t) + cE (1)), where 0 < € < & and & is a positive constant
satisfying .
EMLOD+cE) < -E@®), VYt=0.
g

‘We can also show that
K ~E

and, for t > ¢,
K (t) < —csé (1) Hy (K (1))

A simple integration of the above inequality over (¢, f) yields

W(t)SHl_l(cs/ E(s)ds + Hy (V((to))—ce/of(s)ds),\itzto,
0 0

1
where H, (t) = fll (H—(t))ds' Since tlilg}Hl (f) = oo and
2 —>

0<% (1) < ZE (1) < ZE(0).
g g
We may choose € small enough such that
fo
Hi(F ) - co | €Grds >0
0

Therefore, K (1) < H 1_1 (cs fol &(s) ds), for t > ). Consequently, there exist two positive

constants ¢ , and ¢ for which

K@ < H' (c/ £(5) ds), Vi >0,
0
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since K is bounded, which gives (2.12).
This completes the proof of the Theorem 2.5 O

Remark 2.12. We can also prove the same decay results for the following boundary

conditions:

@0, =0 (1, )=y (0,0) =y (1,1) = q(0,7) = q(1,1) = 0.

2.4 Stability results for u = 0

This is the main section, where we show the uniform decay property of the solution of
the system (2.1)—(2.3). As in [78], and in order to use the Poincaré inequality for 6, we

introduce

1
0(x,1) = 0(x, 1) — / Bo(x)dx.
0

Then, by the third equation in (2.1) we easily verify that

1
/ 0(x,t)dx =0,
0

for all + > 0. In this case the Poincaré inequality is applicable for 6. On the other
hand, (@, ¥, 6, g) satisfies the same system (2.1) and the boundary conditions (2.3). So,
in the sequel, we shall work with 6 but we write  for simplicity. The first-order energy,

associated to (2.1)—(2.3), is then given by

1 t
E(t,go,w,é,q) = %/ {p1¢f+p2wtz+(5—a(x)/h(s)ds):ﬁi}dx
0 0

1 [! 1
o5 [ ke + 0P+ o) s+ 5001,
(2.57)

Theorem 2.13. Let (¢g, 1), (Wo,¥1), € Hé (0,1) x L?(0,1) and (69, qo) € L*(0,1) x
L*(0,1) be given. Assume that (H1)—(H4) are satisfied, then there exist positive con-
stants ¢’, c¢” and &, for which the weak solution of problem (2.1)—(2.3) satisfies

E(t)ﬁc"Hl_l(c’ / g(s)ds), Vi >0, (2.58)
0
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where

1
Hl(t):/ E(s)ds

and

if H is linear on [O, s']

H = 2.59
e { i (eof) ifH (0)=0and H' >0on(0,¢ | (259

andé =1ifa=0.

To prove Theorem 2.13, we will use the energy method to produce a suitable Lyapunov

functional. This will be established through several lemmas.

Lemma 2.14. Let (¢, ¥, 0, q) be the solution of (2.1) — (2.3), then the energy E(t) is

no-increasing function and satisfies, for all t > 0,

1
% = —5/ q’dx — —h(l)/ a(x)yrdx — / b(x) g W) dx
+§ (h, © '//x)
1 1
< —6/ q2dx - / b(x)y.g (W) dx + %(h’ o) <0. (2.60)
0 0

Proof. By multiplying the first equation in (2.1) by ¢,, we obtain

1

1d !
P]% dx + k/ ‘Ptx‘dex + k/ ‘sz'ﬂdx =0 (261)
0

2dt

And the second equation in (2.1) by ¥,, we get

;jt prldx +b / Y ledx + / 7 / h(t = 5)(a(X) s (5)), dsdx
+k / Uipdx + k / Yabdx — vy / W 0dx (2.62)
0 0 0

1
- - / b () Wi W) d.
0

Multiplying the third equation in (2.1) by 6, we find

1d

1 1 1
—— p392dx + K/ q.0dx +y U O0dx = 0. (2.63)
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Finally, multiplying the fourth equation in (2.1) by ¢, we deduce

1d [!

1 1
—— 2dx - wdx = — 2 2.64
2dt0T0qu K/Oequ 5/0qu (2.64)

To handle the last term in first line of (2.62), using Lemma (2.1) and summing up
(2.61)— (2.64), then (2.60) holds. O

We define the functional /; as follows:

1 (1)

1 t
—/ ,Ozoz(xwz/ h(t—5) W) =y (s))dsdx
0 0

Y7o ! !
+7/0 O‘(’“)q/o Bt = ) 0 (6) = v (s)) dsdx
X1 +x2(1). (2.65)

Then, we have the following Lemma.

Lemma 2.15. Let (¢, 4,0, q) be the solution of (2.1)—(2.3). Assume that (H1)—(H4)

hold. Then we have, for any &, £ > 0,

t t 1
dn, < —(pz/h(s)ds—sl(p§+/h(s)ds))/ @ (x) yydx
dt 0 0 0

1 1
weil [ orwrdnee [ bgeds
0 0

1 t 1
_ 1
+&1 (207 + 1) / widx+(csl+8—l / h(s)ds) / gdx  (2.66)
0 0 0

1 1
+c (8'1 + —,) (hoy) + 0(81 + —) (how) — —( o)
& €] 2
Proof. Differentiating y; with respect to ¢ to obtain

1 t
xi( = - / P20 (X)Wry / h(t—s) () —y(s)dsdx
0 0

1 t
—/ p2a (x) %/ W (t—s) @) -y (s)dsdx (2.67)
0 0

1 t
- / P2 (X)W / h(s) dsdx.
0 0
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By using Lemma (2.3), we have, for any £, > 0
1 t
—/ pra (x) t//;/ W (t =) (Y (@) — ¢ (5)) dsdx
0 1 0 (2.68)
< slpg/ a (x)yrdx — i(h’ oY)
0 €1
Next, using the second equation in (2.1), we get
1 1
- / P2 (X)W / h(t—s) W (@) —y(s)dsdx
%1 pe
= / ba (x) !ﬂx/ h(t =) (x (1) = i (5)) dsdx
0 0
+/O ka(X)(¢x+l//)/o h(t—s) W (1) —y(s)dsdx
1 t t
—/ a(X)a(X)(/ h(t— S)%(S)dS)(/ h(t—s) W) - Llfx(S))dS)dx
0 0 0
1 t
+/ b(X)g(Llfz)(/ h(t— S)(w(t)—el'(S))dS)dx
0 0
1 t
+/ a(X)YGX(/ h(t—s) W) - t//(S))dS)dx
0 0
1 t t
+/ @ (x) (l_nﬁx -a (X)/ h(s)y(s) dS) (/ h(t—s) W @) -y (s) dS) dx.
’ ’ ’ (2.69)
Also, as above we have
, yro [ 1
X = == [ al) Qt/ h(t—s) (W @) —y(s)dsdx
0 0
yro [ L
+T/0 a(X)q/O W (=)W (1) -y (s)dsdx
1 i
ALy qwt/ h(s)ds.
K Jo 0
Using the fourth equation in (2.1), we get
v [ t
X5 (1) = —7/0 a(X)q/O h(t—s5)W (@) -y (s))dsdx
1 t
—/ a(X))/Hx(/ h(t—s) (@) -y (s)ds)dx
0 0
yto [ L
+T / a(x)q/ h(t—s)W () —w(s)dsdx (2.70)
0 0

t 1
+7—T°( / h(s)ds) / @ (xX) qudox.
K 0 0
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Similarly to (2.68), by exploiting Young’s inequality, we estimate the terms in the right-
hand side of (2.69) as follows:

1 t
/ ba (x) lﬁx/ h(t—s) (W, (1) — ¥, (s)) dsdx
0 0

| . (2.71)
< 8'1132/ Yrdx + —(h o).
0 81
Similarly,
/ ka (x) (¢x + t/f)/ h(t—s) (1) — () dsdx
0 1 0 c (2.72)
< 8’1k2/ (px + ) dx + —(ho ).
0 &
By the same method used in [28], we have the following estimates:
1 t t
—/ a(X)a(X)(/ h(S)l//x(S)dS)(/ h(t— S)(l//x(t)—l//x(S))dS)dx
o 0 | 0 (2.73)
<& / zﬁidx+ c(s’1 + —,) (hoy)
0 &
and | t
/ b(X)g(%)(/ h(t—s) (1) - lﬁ(S))dS)dx
0 | 0 | (2.74)
< & / b(x)g*()dx + ¢ (81 + —) (hoyy).
0 €1
Finally,
1 t t
/ a’ (x) (l_?lﬁx —-a (X)/ h(s)y(s) dS) (/ h(t =)@ (1) =y (s) dS) dx
0 | 0 . 0 (2.75)
<é&b? / Yldx +c (8’1 + —,) (hoy).
0 &
As in (2.68), it is obvious that
1 t
0 e [ Wa-9w @ -uo)dsis
k-Jo, 0 (2.76)
<é& / qux - i(h, o wx)
0 €1
Also, we estimate the first term in the right-hand side of (2.70) as follows:
v [! t
__/ a(x)q/ Bt = ) W (5) = v (s)) dsdx
k- Jo L 70 (2.77)

6 2
s(—y ) & / Fdx+ —(hoy,)
K 0 &1
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and

t 1
ﬂ( / h(s)ds) / @ (xX) g dx
K 0 0
t 1 t 1
< ( / h(s)ds)i / qux+( / h(s)ds)csl / Yldx. (2.78)
0 €1 Jo 0 0

Consequently, by combining all the above estimates (2.67)—(2.78), the assertion of
Lemma 2.15 is fulfilled. O

Now, as in [64], let w be the solution of

“Wyx = ’fo,
(2.79)
w(0)=w()=0.

Then, we have

Lemma 2.16. The solution of (2.79) satisfies

1 1
/ widx < / Yldx
0 0
1 1
/ widx < / Yrdx.
0 0

Proof. We multiply Equation (2.79) by w, integrate by parts and use the Cauchy-Schwarz

1 1
/ widx < / Yldx.
0 0

Next, we differentiate (2.79) with respect to ¢ and by the same procedure, we obtain

1 1
/ widx < / Yrdx.
0 0

This completes the proof of Lemma (2.16). O

and

inequality to obtain

Let w be the solution of (2.79). We introduce the following functional:

1
L) := / (pzwﬁ + P19W — @W) dx. (2.80)
0 K

Then, we have
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Lemma 2.17. Let (¢, ¥, 0, q) be the solution of (2.1)—(2.3). Assume that (H1)—(H4)

hold. Then we have, for any &, > 0

d, . 5782 1
I < —(b caz—— / Yidx +282/ @rdx

YTo&2 p]82/$de+—(hOlﬂx) 2.81)

(p2+ 2%

5
N L2 / q2dx+—/ b () g (W) dx.
2key  2k&2) Jo 2e3 Jo

Proof. By taking the derivative of I, with respect to ¢ we get

1 1
/ (le//nlﬁ + PZ‘/’?) dx + / (P1ouw + prow;) dx
0 0

Y7o

I (1)

/ (g + ¥qy) dx (2.82)
Ji+ Jh+ J5.

Next, using the first and the fourth equations in (2.1) we get

1 1 1
H+Jz = —k/ gowxdx+k/ widx+p1/ ewdx

yTO/ V2 dx+—/ wqu+y/ Yo, dx. (2.83)

Next, using the second equation in (2.1), we get

1 1 1 t
J, = —B/ widx+p2/ wfdx+/ (//x/h(t—s)a(x)t//x(s)dsdx
0 0 0 0

1 1 1 1
&k / W~k / oy - / b (X) g (W) dix - / Yo,
’ ’ ’ ’ (2.84)

From (2.83), (2.84) and by using Lemma (2.16), we deduce

Ié(t) < ,01/ ‘thtdx__/ Uy dx"‘_/ Yqdx
0

~b / yidx + ps / Yldx — / b () Yg (W) dx
0 0 0

1 t
+ / a(x)y, / h(t—s)Y,(s)dsdx. (2.85)
0 0
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By exploiting the inequality
v, 1.,
lab| < —a” + —b~, a,beR,v>0,
2 2v

we easily find, for any &, > 0,

ol 11
L) < —b/ lﬁidx + il _%2 + SZW,Z dx
0 2 Jo \&
1 1 1 1
+ 200 e + —q* |dx + 6—7/ e’ + —q* | dx
2¢ Jo & 2k Jo &
1 1
+02 / Yidx — / b(x)yg W) dx (2.86)
0 0
1 t
+/ a(x)wx/ h(t—s)y,(s)dsdx.
0 0

We now proceed to the evaluation of the last two terms in the right-hand side of (2.86).

First, by Young’s and Poicaré’s inequalities we have

1 1
< & / Yldx + 1 / b (x)g* (W) dx. (2.87)
0 2&5 /o

1
/ b(x)yg () dx
0

Furthermore, we have the following inequality

1
< &yc / Widx + —(hoy,). (2.88)
0 &

1 t
/a(x)%/h(t—S)wx(S)dsdx
0 0

Then, plugging (2.87) and (2.88) into (2.86) and using the second inequality in Lemma
(2.16), there fore the assertion of Lemma (2.17) holds. |

Now, following [28], we define the functional /5 as follows:

|
L) = —/ (P2, + prog,)dx (2.89)
0

Then, we have the following estimate:
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Lemma 2.18. Let (¢,¥,0,q) be the solution of (2.1)—(2.3) Assume that (H1)—(H4)

hold. Then, for any &3 > 0, we have

1 1
Lo < - / (oot + preD)dx + k / (60 +Y)dx
0 0

1 1
L / b(x)hz(d/t)dx+(l) / 6Pdx
2&3 Jo 2&3) Jo

1
+(yes + b+ ces) / Widx + —(ho ) (2.90)
0 &3
Proof. By exploiting the first equation in (2.1)

L® = - /O luwf +p1g;)dx —k /O | P(pr + ) xdx
- /0 by /O 't = YaCOUA)eds — Ky + ) — B0 — Y0,
= - /0 lmzw? +p1)dx +b /0 | Yrdx — /0 | a(x)yy ( /0 e swsds) dx
o [ pu+ 0dx + / b+ y / o
< - /Ol(,ozlp,2 + prgt)dx + k/ol(gox +y)dx + (yes + b+ ce3) /01 Wldx
Y

1 1
+£(hol/,x)+L / b(x)gz(w,)dx+(—) / 6*dx. (2.91)
&3 283 0 & 0

3

Now, we define the functional I, as follows :

1 1 1 t
1) = ps / Ui (s + W) dx + pa / b / a(x), / Wt = w(s)dsdx.
0 0 0 0 (2.92)

Lemma 2.19. Let (¢, ¥, 0, q) be the solution of (2.1)—(2.3) Assume that (H1)—(H4) and

% - ?1 (2.93)
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hold. Then, for any 0 < € < ——, we have

x=1
L@ < (bl/'x—a(X) / h(t—S)Lﬁx(S)dS)wx] —(k—e—-ve) / (¢ + ) dx

+8p1/ Ordx — — wx+—/ Yldx

+02 / Yrdx + = / b(x)g* (Y,)dx

+ / ¢ (2.94)
€ Jo

Proof. By exploiting the first and second equation in (2.1) and (2.93); we have

1
/ (px +¥)
0

1 1 k 1
+02 / (@ + Y Widx + ps / %;%dw% / Ul + ) dx
0 0 1 0

I, (1)

b /0 h(t = s)(a(xX).(5))xdx — k(s + ) = b(X)gW) — v,

1 t
il / e (h(owx 4 / - sm(s)ds) dx
k Jo 0
1 t
- / a(x)(px + ¥)x / h(t — ). (s)dsdx
0 0
1 1 t 1
= B/(; (‘px + lﬁ)%x - /0 (Qox + lﬁ)/o h(t - S)(a(x)Wx(S))dedx - k/(; (Qox + lp)z
1 1 1 k /!
_/ (pr + lﬂ)b(x)h(%) - 7/ ((px + w)gx +p2/ lptz + pi / lﬁx(SDx + w)x
0 0 0 P1 Jo
1 t
_P1 / (o, + l//)xa(X)/ h(t — s)¢(s)dsdx
0

—% a(X)‘Pz(h(O)Llfx / h'(l—S)tﬁx(S)dS)dx

(2.95)

by Young’s inequality, (2.94) is established. O

Now, following [28], we define the functionals I5s and I, let m € C'([0, 1]) be a function
satisfying m(0) = —m(1) = 2.

1 t
I5(0) := / pP2m(X)Y, (l_?t//x—a(x) / h(t—S)wx(S)dS) dx. (2.96)
0 0

1 1
()= / pim(Xpirdx. (2.97)
0
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Lemma 2.20. Let (¢,¥,0,q) be the solution of (2.1)—(2.3) Assume that (H1)—(H4)
hold. Then, for any € > 0, we have

t 2 ¢ 2
I; () < —[(wa(l,t) —a(l) / h(t — s)(ﬁx(l,s)ds) + (wa(o, 1) —a(0) / h(t — s)y,(0, s)ds) ]
0 0
1 P 1
+8k/ (ox + zﬁ)zdx 4+ —= (/ tpidx +(ho lﬁx))
0 & 0
1 1
+bpsc ( / W7 + b(x)g*(Y))dx — (W o %)) +cy / @2dx (2.98)
0 0

and

1 1
Lo < -(¢§<1,¢)—<p§(o,t»+l; / ¢%+%‘ / @2 +yddx  (2.99)
0 0

Proof. By exploiting the first and second equation in (2.1) and using Young’s inequality

and lemma (2.3) , we have

I (1)

1 t
/ P2m( X)Wy (13% —a(x) / h(r - S)wst) dx
0 0

1 t ’
+/ m(x), (l_?l//x - a(x)/ h(t — s)t//‘yds) dx
0 0

1 t t
/ m(x) (wa —a(x) / h(t — s)tpx(s)ds) (wa —a(x) / h(t — s)wsds) dx
0 0 X 0
1 t
- / m(x) (El/fx —a(x) / h(t - S)t//x(S)dS) (x + ¢ + b(X)g(WY) + ¥Or)dx
0 0

1 t
+ / m(x)y; (l_?lﬁxz — a(x)h0), — / h(t - S)lﬁx(S)dS) dx
0 0

t 2 t 2
- [(Etpx(l, ) — a(l)/ h(t — sy (1, s)ds) + (Blpx(O, ) — a(O)/ h(t — s)¢r(0, s)ds) ]
0 0
1 1 t 2
—— / m'(x) (wa —a(x) / h(t — s)wx(s)ds) dx
2 /o 0

1 t
- /0 m(x) (l_?l//x — a(x) /O h(t - S)%(S)dS) (k(px + ) + D(X)gWrr) + yO:)dx

3 1
_2p2 m’ (x)y*dx
2 Jo

1 ' 1
+p2 / m(x)a(x)y, ( / (- S)(lﬁx(t)—%(S))dS) dx + h(1) / m(xX)a(xXW i dx,
0 0 0
(2.100)
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Applying Young’s inequality, we obtain (2.98). Similarly, we can prove the second
estimate of Lemma (2.20) |

Now, we introduce the followige functionel /7
1
() :=els(t) + 4—15 ) +elg(t). (2.101)
£
Lemma 2.21. Let (,¥,0,q) be the solution of (2.1)—(2.3) Assume that (H1)—(H4)
2

3k
hold. Then, for any 0 < &€ < a0 e have
c

L < —(———)/((px+¢) dx+csp1/ go,dx+ /wzdx

+£/ b(x)gz(wt)dx+—/ widx+—/ Hidx
€ Jo €Jo € Jo

S oow) + S(how) (2.102)
E E

Proof. By using Lemmas (2.19) and (2.20) ,Young’s and Poincare’s inequalities and the
fact that

22+ ) + 200

and

2
(wx—aoo / h(t—swx(s)ds)sox ssox+4i( —a / h(r—swx(s)ds)

we obten (2.102) O

Finally, we set

1 X
Is (1) := —T0p3/0 q(t, x) (/0 o(t, y)dy) dx. (2.103)

Lemma 2.22. [53] Let (¢, ¥, 0, q) be the solution of (2.1)—(2.3) Assume that (H1)—(H4)
hold. Then, we have for any g > 0,

1
+ (TOK M2 M) / Fdx (2.104)
0
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proof of Theorem 2.13. For N, Ny, N,, N3, N; > 0, we can define an auxiliary functional
F by
T(t) = NE(t) + N I, + Nol, + N3I5 + N.I; + Nglg (2105)

and let #p > 0, and gy = fot g(s)ds > 0. By combining (2.60), (2.66), (2.81), (2.90) and
(2.102),(2.104) and by using the inequality

(o + ¥)* < 2¢% + 247

and Poincaré’s inequality, we arrive at

dF (1) ) : >
Al (0220 — &1 (03 + 20)) i (a (x) + b (%)) Y dx
N 1 1
# (Va2 4 B2 4 B2 ) gy 4 2104 3, BT / ydx - N / b () g () dx
0 0
1 1
+ Nap1 — N3pq + N;cepy / gotdx+ Nig| + & + & + C—N7 / b(x)gz(tﬁt)dx
2&) 0 2e,  2&; el Jo

1
+N; (pzho - & (p% + ho))/o b(x) wtzdx

_ _ o) _
+ {le’l (2b2 +1+ 2ck2) -N, (b —2ce) — ;’_jz) + N3(yes + b + ce3)

k
+2keN; + 1€ (3— - f)} / W2dx

3k ce 3k ce !
{2N181k +2N3k — N; (Z - 7)+2N78( 1 ?)}/0 prdx

Nyy N,C ) !
+ N3y 4+ Y + Ng (—p3/< + 803 c) / & dx
2¢&3 ce 2 0

1 | N N N-
+{CN1(81+—)+CN1(81+—,)+ 2c+ 3C+c 7}(hoz//x)
& &

1 & &2 &3

10}
+4N; C81+g— + N, ’)/TO +—y
£ 2key,  2KE

5 1
+ Ng 1ok + P30 + — Toy —OoN / qzdx
288 288 0

for all # > 1y. At this point, we have to choose our constants very carefully. First, let us

take 3 < 1, &1, &, € and &g small enough such that
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min {(ﬁ%) / (p% + ho) , %{} ,

g <
b 5
& < (5)/(20+%),
< min k 3k
& s . (>
- 1+y 4c
and
2k
& < —.
oc

After that, we pick N, large enough so that

2kb
Ny, > —.
&3

Now, by using Lemma (2.2), and choosing N, large enough such that

Nipaho
2

d

N;C 2
Y& /0182) ~ Nypy + +N8887'07)
2k 2 £ 2

> (Nz (pz +
then, we can select 8'1 small enough such that

, ) 1 Nyb ) 2
g < mln{m, (T) /Ny (267 + 1 + 2ck )} . (2.106)

Then we take Nj so large that

After that, we pick N; so large that
N; > N3k

Next, let Ng be large enough so that

N
Ng > 7¢Y

03KCE
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Finally, we choose N large enough so that, there exist positive constants 7, 17, and 17,

such that, for r > 1,

1
aF () < -7 {/ (a(x) + b (x)) wzdx + / gotzdx

dt
1
+/ 62dx+/ 2dx} /wdx 772/ 2dx
0

+e(hoy) +c¢ / b () (y7 + & (W) dx
0

As in [28], we can find n7; > 0 such that, for ¢ > 1,

1 1
47 () < -m { / (@ (x) + b (X)) Yrdx + / @rdx + / Yidx
0

dt
1
+/ (g0x+lp)2dx+/ dex+/ qzdx}
0 0 0

1
+c(ho,) +c / b () (47 +&* (W) dx. (2.107)
0

Moreover, we have the following:

Lemma 2.23. There exist two positive constants 3, and 3, depending on N, Ny, N, such
that
BIE®) <F @) <BE®), vVt > 0. (2.108)

Proof. As in [28],it is clear, for (2.60), (2.65), (2.80), (2.89), (2.101), (2.105), Young’s

and Poincaré’s inequalities, that
|7 (1) = NE ()| < CE (1), Vi > 0.

Consequently, we can choose N large enough such that 8y = N - C > 0 and (2.107) and
therefore (2.108) holds true.

Our goal now is to estimate the last term in the right-hand side of (2.107). Following

the method presented in [28], we consider the following partition of the interval (0, 1) :

Q" ={xe©,1): |yl > g’} and Q" = {xe (0,1): |yl < g’} (2.109)
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where & is defined in (H2). By using the hypothesis (H2) , we have |y,| < cl‘lt,//,g (W)

on Q* and therefore taking into account the estimate (2.60) , we arrive at

/ b (47 +&* W))dx < ¢ / b (x) g W) dx
Qr Qr

IA

1
c / b(x)y.h (Y,)dx
0
—cE (). (2.110)

IA

According to (H2), we distinguish two cases:

Case 1: H is linear on [O, g’] . Consequently, there exist two positive constants c/] and
¢, such that c| |s| < |g (s)| < ¢, |s], for all s € (0, 1). Now, from (2.107) and (2.110), we

arrive at

A

% (F)+cE@®) < —cE@)+clhoy,)
—cHy (E (1)) + c(h o ), ¥t > 1o, @2.111)

where the function H, is defined by (2.59) .

Case2: H (0) =0and H (0) > 0 on [0, s'] . Let H* denote the dual of H in the sense

of Young, then we have (see [28] for more details)
’ _1 7’ _1
H' (s) = s(H) (s)—H[(H) (s)], VseR,.

By using Jensen’s inequality, we deduce

IA

/ b(x) (¢ +& W))dx < ¢ / b(x) H™' (Wig () dx
i .

IA

c | H'(bOygW))dx

o
cH™' ( / b (x)yig (W) dx)

o
cH™! (—cE/ (r)) . (2.112)

IA

IA

Thus, it follows from (2.107) , (2.110) and (2.112) that

F () < —cE (1) + cH™' (=cE (1)) = cE (1) + c(h o y,), Yt 2 1o,
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By using Young’s inequality and the fact that
H ()< s(H)(s), E@®) <0, H >0,
we obtain by the same method as in [28] (we omit the details)
H' (e0E (1)) (F'(t) + cE" (t) + coE’ (1)) < —cH, (E (1)) + c(h o W) (2.113)

where g is a small positive constant and ¢y is a large positive constant. Now, let us

define the following functional:

r@=] FOTED if H is linear on |0, '|
| H @EO)FO +cE@)+cE@  ifH (0)=0and H' > 0on (0,€].

We can easily show that

L~E.

On the other hand, by making use of (2.111) and (2.113) , we easily deduce that the
following inequality
L (1) < —cHy (E () + c(h o)

holds for all # > #,. By using (2.60) and (H4), we obtain

EOLO+EDL @
—c&(H) Hy (E (1) — cE (1).

@ L©)

IA

Next, let K (1) = €(E(t) L(t) + cE (1)), where 0 < &€ < & and & is a positive constant
satisfying |
EMLO+cEM) < -E(@), Yt=0.
g

We can also show that
K ~E

and, for t > £,
K (1) < —cet () Hy (K (1))

A simple integration of the above inequality over (¢, f) yields

K (1) sHll(cs/ £(s)ds + H, («(zo))—cg/og(s)ds),wz o,
0 0
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1 . .
where H; (1) = || (%) ds. Since tll)r(%H] () = oo and
0 <K (1) < ZE (1) < ZE(0).
g g
We may choose € small enough such that
fo
HF ) - co [ £Grds >0
0

Therefore, K (t) < H 1_1 (cs fot &E(s) ds), for t > ty. Consequently, there exist two positive

constants ¢ , and ¢ for which

K@) < c”Hl_1 (cl / £(s) ds), VYt >0,
0

since K is bounded, which gives (2.58)).

This completes the proof of the Theorem (2.13) O



Chapter 3

Global existence and exponential
stability of a Timoshenko system in
thermoelasticity of second sound with a

delay term in the internal feedback

3.1 Introduction

We investigate in this chapter, the effect of time delay and the forcing term on the

following system solution’s behavior :
p]sol‘l‘ (x’ t) - K(‘;Dx + l//)x (-x’ t) +/'l1(70[ (-x’ Z) +/'l2‘10l (-xa - T) = 0’
P2 (%, 1) = b (x, 1) + K (@ +4) (%, 1) + f () + y6x (x,1) = O,

(3.1
P30, (x, 1) + kg, (x,1) + Vi (x,1) = 0,

Tog: (-x’ t) + 55] (X, l) + K@x (x’ l) = 07

where ¢t € (0, 00) repreents the time variable, and the space varible is represented
by x € (0, 1), the transverse displacement of the solid elastic material and the rota-
tion angle are respectively represented by the functions ¢ and . Furthermore, 6 is
the the temperature difference function, g = ¢(z,x) € R is the heat flux. Moreover,

P1,> P25 P3, Vs To, 0, K, 11, M2 and K are positive constants and 7 > 0 represents the time

58
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delay. We consider the following initial conditions

e, 0) =g (),  @x0)=e(x), Yx0)=¢o(x),  ¥(x0) =y ),

0(x,0) =6 (x), q(x,0) =qo(x), oi(x,t=1) = folx, 1 —71),

(3.2)
where x € (0,1) and ¢t € (0, 7).
And we have as the boundary conditions
©(0,1) = o(1,1) = y(0,1) = y(1,1) = q(0,1) = ¢(1,1) = 0, Vi > 0. (3.3)

Through this chapter seek the proof the existence and the asymptotic behavior of the
solution to problem (3.1)-(3.3). Before going on, let us first review some related results

which seem to us interesting.

A lot of effort have beenmade regarding stability/instability of wave equations with
delay. Existing works depict that delays can destabilize a system that is asymptotically

stable in their absence (see [19] for more details).

Datko [18, Example 3.5], proved that the system in the following form : form

Wy — Wiy — QWi = 0, x€(0,1),t>0,
w(0,1) =0, w,(1,0)=-kw,(1,t—1), t>0,

become unstable for any arbitrary reduced values of 7 and any values of a, k, where a, k

and 7 are positive constants.

Afterward, they addressed [19] the following one-dimentional problem :

(X, 1) — Uy (x, 1) + 2au,(x, 1) + a’u(x,) =0, 0<x<1, t>0,
u(0,7) =0, t>0, 3.4)

u(1,1) = —ku,(1,1 — 1), t>0,

which models the vibrations of a string clamped at one end and free at the other end,
where u(x, t) is the displacement of the string. Also, the string is controlled by a bound-
ary control force (with a delay) at the free end. They showed that, if the positive con-

stants a and k satisfy
e+ 1
e —1

k

<1,



existence and exponential stability of a Timoshenko system in thermoelasticity 60

then the delayed feedback system (3.4) is stable for all sufficiently small delays. On the

other hand, if
|

e — 1

then there exists a dense open set D in (0, +00) such that for each T € D, system (3.4)

k

> 1,

admits exponentially instable solutions.

Nicaise and Pignotti [71] examined the problem

up(x, 1) — Au(x, t) + +pu(x, t) + pou(x,t —7) =0, xeQ, t>0,
u(x, 1) =0, xeo, t>0,
3.5
I/l(.x, _t) = MO(X, t)’ I/t[(.x, O) = u](X), X € Q, t2 0
u(x,t —7) = fo(x,t — 1), xeQ, re0,1).

Using an observability inequality obtained with a Carleman estimate, they proved that,

under the assumption

M2 < fi, (3.6)

the energy is exponentially stable. On the contrary, if (3.6) does not hold, they found a
sequence of delays for which the corresponding solution of (3.5) is unstable. The same

results were shown if both the damping and the delay act in the boundary of the domain.

Said-Houari and Laskri [82] considered the following Timoshenko system with a delay

term in the internal feedback:

1@y (x,1) — K (ox +¢), (x,1) = 0,
(3.7)

P2 (X, 1) = D (X, 1) + K (@ +¥) (o, 0) + paif (6, ) + pioif; (x, £ — 7) = 0.

Under the assumption y; > u, on the weights of the two feedbacks, they proved the
well-posedness of the system. They also established for u; > u, an exponential decay

result for the case of equal-speed wave propagation, i.e.

K b
==, (3.8)
[ %)

The work in [82] has been extended to the case of time-varying delay of the form
Y (x,t —7(¢)) by Kirane, Said-Houari and Anwar [40]. First, by using the variable
norm technique of Kato, and under some restriction on the parameters u;, 4, and on

the delay function 7(¢), the system has been shown to be well-posed. Second, under a
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hypothesis between the weight of the delay term in the feedback, the weight of the term
without delay and the wave speeds, an exponential decay result of the total energy has

been proved.

The Timoshenko system goes back to Timoshenko [92] in 1921 who proposed a coupled
hyperbolic system which is similar to (3.7) (with u; = u, = 0), describing the transverse
vibration of a beam, but without the presence of any damping. For a physical derivation

of Timoshenko’s system, we refer the reader to [23].

In the absence of the delay in system (3.7), that is for u, = 0, the question of the
stability of the Timoshenko-type systems has received a lot of attention in the last years,
and quite a number of results concerning uniform and asymptotic decay of energy have

been established.

An important issue of research is to look for a minimum dissipation by which solutions
of the Timoshenko system decay uniformly to zero as time goes to infinity. In this re-
gard, several types of dissipative mechanisms have been introduced, such as: frictional
damping, viscoelastic damping and thermal dissipation. We recall here only some re-
sults related to the thermal dissipation in the Timoshenko systems. The interested reader
is referred to [4, 49, 50, 65, 68, 89] for the Timoshenko systems with frictional damping

and to [5, 28, 48, 69] for Timoshenko systems with viscoelastic damping.

To the best of our knowledge, the paper [64] is the first paper in which the authors dealt

with the Timoshenko system with thermal dissipation. More precisely, they treated the

problem
P1Pu — 0-(‘10167 '7[’))6 = O’ in (0’ L) X (O’ +OO),
P2 — by + k(x +¢) +¥0, =0, in (0, L) X (0, +00), (3.9)
030, — kO, + v, = 0, in (0, L) X (0, +00),

where ¢, ¢ and 6 are functions of (x, f) which model the transverse displacement of the
beam, the rotation angle of the filament, and the difference temperature respectively.
Under appropriate conditions on o, p;, b, k,y, they proved several exponential decay
results for the linearized system and a non exponential stability result for the case of

different wave speeds.
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Modeling heat conduction with the so-called Fourier law (as in (3.9)), which assumes

the flux ¢ to be proportional to the gradient of the temperature 6 at the same time ¢,

q+«kVe =0, (k > 0),

leads to the phenomenon of infinite heat propagation speed. To overcome this physi-
cal paradox in the Fourier, a number of modifications of the basic assumption on the
relation between the heat flux and the temperature have been made. The common fea-
ture of these theories is that all lead to hyperbolic differential equation and the speed of

propagation becomes finite. See [16] for more details. Among them Cattaneo’s law,

79, +q+ VO =0,

leading to the system with second sound, ([52], [78], [90]) and a suggestion by Green
and Naghdi [24], [25], for thermoelastic systems introducing what is called thermoe-

lasticity of type IlI, where the constitutive equations for the heat flux is characterized
by
q+Kp,+kVo =0, (k>k">0, p,=0).

Messaoudi et al. [53] studied the following problem

P1¢i — 0 (@, )y + pp; = 0,
le/’tt - bl//xx + k(‘px + l//) +:80x = Oa

p39t +Yqx + 6wtx =0,

(3.10)

Toq; + q + k0, = 0,

where (x, 1) € (0,L) X (0,0), ¢ = ¢(t, x) is the displacement vector, ¢ = Y(¢, x) is the
rotation angle of the filament, 8 = 6(¢, x) is the temperature difference, g = ¢q(¢, x) is
the heat flux vector, p1, p2, p3, b, k, ¥, 9, k, u, Ty are positive constants. The nonlinear

function o is assumed to be sufficiently smooth and satisfy
0,,(0,0) = 0(0,0) = k

and
00..(0,0) = 0y 4(0,0) = 0yy = 0.

Several exponential decay results for both linear and nonlinear cases have been estab-
lished.
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Concerning the Timoshenko systems in thermoelasticity of type IlI, we have the papers
of Messaoudi and Said-Houari [51, 55] in which the authors proved several stability

results.
More precisely, in [51], they investigated the asymptotic behavior of the problem
pren — K(px +¢), =0,

P2 — Dfrx + K (0x + ) + 80 = 0, (3.11)

P30 — 005 + YWty — Kb = 0,

in (0, 00) X (0.1) and proved an exponential decay result similar to the one in [64]. We
recall that the heat conduction in (3.11) is given by Green and Naghdi’s theory. The
same problem (3.11) with an additional damping of history type of the form

/OO g(s)lﬁxx(x’ r= S)dS (312)
0

acting in the second equation has been analyzed in [55]. The authors of [55] proved
an exponential and polynomial stability results for the equal and nonequal wave-speed
propagation respectively and under conditions on the relaxation function g weaker than
those in [4] and [69].

In the present chapter our objective is to extend the result of D. Ouchenane [73] to a

nonlinear framework by adding a forcing term f ().

3.2 Well-posedness of the problem

First we give some hypotheses on the forcing term f (¥ (x,1)), we assume f : R - R

satisfying .

() = £ ) <kl =) ' =) (3.13)
for all ¢!, y> € R where ky > 0,0 > 0. In addition we assume that
0<FfW) < fW)y forally € R (3.14)

with

f@)= /0 f(s)ds.
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Assumptions (3.13) and (3.14) include nonlinear term of the form

JW) = WPy £ W%, O0<a<p

In order to prove the well-posedness result we proceed as in [70] (see also [82]). Let us

introduce the following new dependent variable
z(x,p,1) = @, (x,t — TP), x€0,1),p0e(0,1),t>0.
Then, we obtain the following equation
77 (X, p,1) + 2, (x,p,1) = 0, (x,0,1) € (0,1)x(0,1) X (0, +00).
Therefore, problem (3.1) can be rewritten as

P1¢y (x,1) — K (@ + ¢, (x, 1) + o, (X, 1) + poz(x,1,2) = 0,
Py — by + K(pe + )+ f () +y0, =0,
P30 + kg, + i = 0, (3.15)

Toq; + 0q + k0, =0,

TZI (x7pa t) + Zp (X,P, t) = Oa

where x € (0,1), p € (0,1), and # > 0. The above system subjected to the following

initial conditions

@(x,0) = @o (%), ¢(x,0) = ¢ (x),

Y(x,0) = o (x), ¥i(x,0) =y (x), x€(0,1)
0(x,0)=6(x), q(x,0)=¢qo(x), (3.16)
72(x,0,0) = ¢, (x, 1), xe (0,1, t>0

z(x, 1,6) = fo(x,t = 1), (x,1) €(0,1) x(0,7).

In addition to the above initial conditions, we consider the following boundary condi-

tions

00,0 = (1,1) = yY(0,1) = y(1,1) = q(0,1) = g(1,7) = 0, Vi > 0. (3.17)
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The main question to be asked here is whether problem (3.15)-(3.17) is well posed?.

Our main goal in this section is to give a positive answer to this question. In other words,
we give sufficient conditions that guarantee the well-posedness of problem (3.15)-(3.17).
To prove this, we adopt the steps used in the paper [82] in which a Thimoshenko prob-

lem with a frictional damping has been investigated.

In order to use the semigroup approach, we rewrite system (3.15)-(3.17) as a first order
system. To this end, let U = (¢, ¢, ¥, ¥, 0, q, 2)7, and rewrite (3.15)-(3.17) as

U=adU+F,
, (3.18)
U (0) = Uy = (g0, o1, 0, ¥1.0,9, fo (., —1)",
where the operator <7 is defined by
¢ u 0
u K/p1 (@ + ) =t /prtt = /12 (-, 1) 0
v v 0
A v = blow—Klp (e +v) —y/pat | +| ~He2f )
0 —k/p3qx — V/p3Vs 0
q —0/T0q — k/T00x 0
z - (/1) 0
with domain
D () = {(so, u, Y, v,0,4,2)" € H: u=2z(,0), in (0, 1)}, (3.19)
where
H : =(H*(0,1)n Hy (0, 1)) x Hy (0,1) x (H (0, 1) N Hy (0, 1)) x Hy (0, 1)
xH' (0, 1) x Hy (0,1) x L* ((0, 1) H' (0, 1)).
The energy space 7 is defined as
A =Hy(0,1)x L*(0,1) x Hy (0, 1) x L*(0,1) x L* (0, 1)

xI2(0,1) x I* ((0, 1):12(0, 1)).
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For U = (¢, u,¥,v,0,q, z)T , U = (9_0, u, J, v, 5, q, Z)T and for { a positive constant satis-
fying
Ty &< TQ2U — ), (3.20)

we define the following inner product in 57
— 1 _ _ _
U,V = / {pruii + povv + K (0 + 9) (@, + W) + bwdp, + p360} dx
0
1 1 pl
+ / Toqqdx + & / / 2(x,p)Z(x, p) dpdx.
0 o Jo

Our existence and uniqueness result reads as follows.

Theorem 3.1. Assume that (3.13), (3.14) and u, < uy, then for any Uy € F€, there
exists a unique solution U € C ([0, +0), ) of problem (3.15)-(3.17). Moreover if
Uye D(&), then

U € C([0,+),D (<)) N C ([0, +0), 7).

Proof. In order to prove Theorem 3.1, we use the semigroup approach. That is, we
show that the operator <7 generates a Cyp—semigroup in .7Z. In this step, we prove that

the operator <7 is dissipative. Indeed, for U = (¢, u, ¥, v, 0, q, 2)! € D (&), we have

1 1 1
(GUU)r = —5/ qzdx—,ul/ uzdx—,ug/ z(x, 1) udx
. 0 0 0
-Z / / 2(x,p) 2, (x, p) dpdx. (3.21)
TJo Jo

Looking now to the last term in the right-hand side of (3.21), we have

1 1 1 1 1 a
| [ 2oz epdpax = [ 3 22 6prdpax
0 Jo o Jo 20p
1 1

! / (2 -20)dx. (322
2 J,

Consequently, (3.21) becomes

1 1 1
(AU, Uy = —6/ qzdx — Uy / uldx — / z(x, Dudx
0 0 0

& ! & !
—= | 2, Ddx+ = / u? (x) dx. (3.23)
2t Jo 2t J,



existence and exponential stability of a Timoshenko system in thermoelasticity 67

By using Young’s inequality we obtain, from (3.23),

1 1
(FU, Uy < —5/ qzdx + (—,u1 + H2 + i)/ v (x) dx
0 2 2T 0

+(‘§ —%)/Olzz(x,l)dx.

Keeping in mind condition (3.20), we observe that

_M1+l2+££0, lﬁ_

3
= < 0.
2 2T 2 27_0

Consequently, the operator o7 is dissipative.

Now we prove that the operator A/ — o7 is surjective for A > 0. For this purpose, we
take an element F = (f1, fo, f3, fas fs: fo /1) € K, we seek U = (p,u,4,v,6,4,2)" €
D (<), solution to the problem

AU -A4U =F (3.24)
or equivalently
Ap —u = fi,
K
/lu - (()Oxx + 'J’x) + &I/t + &Z(w 1) = f2a
L1 P1 P1
/h,l/ V= f:’n
b K 1
Av — _wxx + — (‘px + 9”) + _f (lﬁ) + lgx = ﬁh (3 25)
P2 P2 P2 P2 :

/19+£qx+ lv,C = fs
P3 P3

0 K
Ag+ —q+ —b:=fo
To To

1
A2+ =z, = f7.
T

Suppose that we have found ¢ and y with the appropriate regularity. Therefore, the first
and the third equations in (3.25) yield

{”:’w—f" (3.26)

v=Ay - fi
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It is clear that u € Hé (0,1),and v € Hé (0, 1) . Furthermore, we can find z as
72(x,0) =u(x), forx € (0,1). (3.27)

Following the same approach as in [70], we obtain, by using the last equation in (3.25),

0
2(x,p) = u(x)e ¥ +1e VT / fr (x,0) " do.
0
From (3.26), we obtain
0
z2(x,p) = Ap(x) e ¥ — fie™ ¥ + Te_’l’”/ fr(x,0) e do. (3.28)
0
From (3.28), we have

2 1) =Ap(x) e + 270 (x),

where x € (0, 1) and

0
20(x) = —fie " + e / fr (x,0) " do. (3.29)
0

It is clear from the above formula that z, depends only on f;, i = 1,7.

By using (3.25) and (3.26) the functions ¢, ¥, 6 and g satisfying the following system

2+ et

K
)‘10_ _(‘Pxx + wx) = f2 + (/l + &)fl - &ZO(X)’
P1 P1 P1 P1 P1

b K 1
2y = gt = (ot )+ —f W) + L0, = fy + AS,

P2 P2 P2 P2 (3.30)

yA

K
0+ Lg. + % =+ Lp
P3 P3

P3

1) K
Ag+ —q+ —0, = fe.
To To
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Solving system (3.30) is equivalent to finding (¢,¥,6,q) € H?>(0,1) N Hé O,1) x
H?>(0,1)nN H(l) 0,1)x H' (0,1) x H(l) (0, 1) so that

1 1
/ (o1 +mAd + 2™ m) ow + K (@ + ) w, ) dx = / (p1fa + (Ap1 + 1) fi = Hazo(X)) wax,
0 0

1 1
/ (020x + b + K (@ +9)x + f () x +¥Y0ox) dx = / p2 (fa + Af3) xdx,
0 0

! |
/ (p340w; + kg Wy + YAy wy) dx = / (03fs + v f3:) widx,
0 0

1 1
/ (tod +0) gx1 + kO x1 = / Tofox1dx,
0 0

(3.31)
for all (w, x, w1, x1) € Hy (0,1) x H} (0,1) x H' (0, 1) x H, (0, 1).
Consequently, problem (3.31) is equivalent to the problem
g((SO, ¢/’ 9, Q) 5 (W’/\/a Wl’/\/l)) = l(W,X, Wl,)(l) s (332)

where the bilinear from £ : (H{} (0,1) x H} (0, 1) x H' (0, 1) x H} (0, 1))2 — R and the
linear from [ : H} (0, 1) X H} (0, 1) x H' (0, 1) X H} (0, 1) — R are defined by

1
L@, 6,9), (W x, wix1) = / (o1 + A+ Ae™ ) gw + K (o + ) (wy + x)) dx
0
1
+ / (02 %ux + by + f W) x + Y0ow1,) dx
0
1
+ / (0346w + kg X 15 + YA LX) dX
0
1
+ / (tod +9) qx1 + KO W1y,
0

and

1 1
Lw, x,wi,x1) = / (012 + (Ap1 + 1) fi — H220(x)) wdx + / P2 (fa + Af3) xdx
0 0

1 1
+/ (p3fs + vfr) widx + / Tofex1dx, (3.33)
0 0

where 7 (x) satisfies the equation in (3.29).

From (3.13) and (3.14) it is easy to verify that  is continuous and coercive, and [ is con-
tinuous, so applying the Lax-Milgram theorem, we deduce that for all (w, y, wy, x1) €
H;(0,1) x Hy (0,1) x H'(0,1) x Hy (0,1), problem (3.32) admits a unique solution
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(@, ¥.0,9) € Hy (0,1) x Hy (0,1) x H' (0, 1) x H; (0, 1) . Applying the classical elliptic
regularity, it follows from (3.31) that (¢, ¥, 6,q9) € H*(0,1) x H*(0,1) x H' (0,1) x
H; (0, 1). Therefore, the operator AI — <7 is surjective for any A > 0.

Consequently, we can infer that the operator .7 is m-dissipative in 7.

Now, we prove that the operator F defined in (3.18) is locally Lipschitz in 7.

Let U = (¢, u,,v,0,q,2)" and U; = (@1, u1,¥1,v1,601,q1,21)" , then we have

IF(U) = FWUDILe < If@) = F@)lle

By using (3.13), Hlder and Poincar inqualities, we get

I (w2) = f (') Iz < ko (101 = 12 1°) 1y = w211 < Cllwk = ¢2Le

which gives us
IF(U) = FUDIwe < U = Uil

Then the operator F is locally Lipschitz in 7.

Since D(7) is dence in .77, thus we can conclude that the operator <7 is the infinitesi-
mal generator of a C°-semigroup in .7 by the Lumer-Phillips theorem (see, for exaple

Pazy [77]). The proof of Theorem 3.1 is complete. O

3.3 Exponential stability for 1, > u»

In this section, we show that, under the assumption w; > w,, the solution of problem
(3.15)-(3.17) decays exponentially, independently of the wave speed assumption'. To
achieve our goal we use the energy method to produce a suitable Lyapunov functional

which leads to an exponential decay result.

In order to use the Poincaré inequality for 6, we introduce, as in [78],

1
0(x, 1) = 0(x, 1) — / Oo(x)d x.
0

The wave speed assumption is significant only from the mathematical point of view since in practice
the velocities of waves propagations may be different, see [47]. So, it is very interesting to obtain some
stability results for the Timoshenko systems without the wave speed condition.
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Then by the third equation in (3.1) we easily verify that

1
/ 0(x,)dx =0,
0

for all > 0. In this case the Poincaré inequality is applicable for 6. On the other hand
(¢, ¥, 0, q, 2) satisfies the same system (3.15) and the boundary conditions (3.17). For &
satisfying

Ty < E<TQ2U — 2), (3.34)

we define the functional energy of the solution of problem (3.15)-(3.17) as

E(?)

E(t,z,0,¥,0,q)

1 [t 1 /!
= 5 / (/01%2 "‘le//tz) dx + 3 / {K (@r +W)* + by +p392}dx
0 0

1 1 1 1
+l / Toqzdx+§ / / 2 (x,p, 1) dpdx + / Ffy@))dx.  (3.35)
2 0 2 0 0 0

We multiply the first equation in (3.15) by ¢,, the second equation by ,, the third
equation in (3.15) by 6, and the fourth equation in (3.15) by ¢, we integrate by parts, we

get
1 d ! 2 2 1 d ! 2 2 2 2 d rd
ai ), (o107 + 20 )dx + 5 — 0 (K o+ 90" + by + 36 + 700” dx + — Fw(0)
1 1 1
- / gdx - / & (5, dx — 1> / 6 (60 2(x, 1,1 dx + FW). (3.36)
0 0 0

Now, multiplying the last equation in (3.15) by (£/7) z, integrate the result over (0, 1) X

(0, 1) with respect to p and x respectively, we obtain

d 1 1
2 / / 2 (x,p, 1) dpdx
0 0

& 1 pl £ 1 rl p|
= —= / / ZZP (x, P> t) dpdx = - / / _Zz (xa P t) dpd‘x
TJo Jo 2t Jo Jo 9p

1
= % /O (22 (x,0,0) = 2 (x,1,1)) dx. (3.37)
From (3.35), (3.36) and (3.37), we get

dE() ', AN
- = —6/0 qu—(ﬂl—;)/o ¢; (x,0)dx

1 1
[ 2 ndi- / 6 (6,12 (5, 1,0 dx + FW . (3.38)
T Jo 0




existence and exponential stability of a Timoshenko system in thermoelasticity 72

Now, using Young’s inequality, (3.38) can be rewritten as

dE (1) ! ) ( & ,uz)/l )
< - — -2 _ =
oS 6/0 q-dx — w21, @, (x,1)dx

_(i_&

1
2
27' 2)/0 Z(x, Lydx + f)y,.

Then, by using (3.14),(3.34), we deduce that there exists C > 0 such that

1 1 1
dE(t)s—a/ qzdx—C{/ go,z(x,t)dx+/ zz(x,l,t)dx}. (3.39)
0 0 0

dt

The last inequality implies that the energy E is a non-increasing function with respect

tot.
Let us now state our main result:

Theorem 3.2. Assume that (3.13), (3.14) and u, < py. Then there exist two positive
constants C and y independent of t such that for any solution of problem (3.15)-(3.17),
we have

E (1) < Ce™, Yt > 0. (3.40)

To derive the exponential decay of the solution, it is enough to construct a functional

L (), equivalent to the energy E (¢), and satisfying

dL (1)
dt

< -AL(), Vi >0,

for some constant A > 0.
In order to obtain such functional L, we need several Lemmas.

First, let us consider the functional /; given by

1 1
I (t) ::/ P1ppdx + '%/ gozdx. 3.41)
0 0

Then we have the following estimate.
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Lemma 3.3. Let (¢,¥,0,q,z) be the solution of (3.15)-(3.17). Then we have for any

81>O,

K ! K [!
Li(t) < (—K+51 (—+L£))/ goidx+—/ L//idx
2 2 0 281 0

1 1
+£/ zz(x,l,t)dx+p1/ odx, (3.42)
2e1 Jo 0

where ¢ = 1/n? is the Poincaré constant.

Proof. By taking the derivative of (3.41) with respect to ¢, we conclude

dl, (1) 1 1 1
1 = / P1@updx + py / (Ptzdx + / ppdx.
dt 0 0 0

Then, by using the first equation in (3.15), we find

dl (1) _K
dt

1 1 1
/ (ox +¥), pdx — / ez (x,1,)dx + p; / <p,2dx.
0 0 0

Consequently, we arrive at

dI, (1 ! 1 L2
dt = —K/ (90X+{ﬁ)(pxdx—/l2/ SDZ(-xa 17t)dX+p1/ ‘pld'x'
0 0 0

Applying Young’s inequality and Poincaré’s inequality, we find (3.41). This completes

the proof of Lemma 3.3. O

Now, Let w be the solution of
— Wiy = Uy, w()=w(l)=0. (3.43)

then we get

X 1
W(x,t)=—/ w(y,t)dyH(/ w(y,t)dy)-
0 0

We have the following inequalities.

Lemma 3.4. The solution of (3.43) satisfies

1 1
/ widx < / yrdx
0 0
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1 1
/ widx < / Wrdx
0 0

Proof. We multiply equation (3.43) by w, integrate by parts and use the Cauchy-Schwarz

1 1
/ widx < / yrdx
0 0

Next, we differentiate (3.43) with respect to ¢ and by the same procedure, we obtain

1 1
/ widx < / Yrdx.
0 0

This completes the proof of Lemma 3.4. O

and

inequality to obtain

Let w be the solution of (3.43). We introduce the following functional

1
L) = / (pzw,z// + prow — mwq) dx. (3.44)
0 K

Then we have the following estimate.

Lemma 3.5. Let (¢, 4,0, q,7) be the solution of (3.15)-(3.17).

Then we have for any &, > 0,

dl, (1) < (—b+ €2 | CHaE 5782C / JRdx . / 2 (6. 11)

dt 2 2
( 7’7'082 P182 /l//Zd + ,u_1+p_1/ tdx
282 282 0
1
7—T°+— Fdx (3.45)
2K82 2K82 0

where c,c; > 0

Proof. By taking the derivative of (3.44), we conclude

1
‘”2(’) = b / yldx + K / o dx - K / yldx +ps / Yrdx - / LxWxdx
0

1 1 1
—K/ Yw,dx — / fWwdx — uy / ewdx — o / z(x, 1, ) wdx + p; / ewdx
0 0 0

yTO/ W, dx+—/ Yqdx.
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Then, using (3.43) and the first inequality in Lemma 3.4, we get

d]2 (t) 1 1 1 1 1
< —b/ Yldx + K/ oY dx — K/ Yrdx + p, / Yrdx + K/ o pdx
dt 0 0 0 0 0

1 1 1 1 1
K / W - / FWwdx - / ewdx — iy / (1, 6y wdx + py / gowidx
0 0 0 0 0

1 1
0
—m/ Wqdx + _y/ Yqdx.
0 K Jo

K

We apply Young’s inequality, Poincaré’s inequality and using the inequalities in Lemma
3.4, we find (3.45),
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such that by using (3.13) we obtain

IA

1
/ RIS
0
||lﬁ||§)(9+1)||l//||2(9+1)||¢||

1
Cq / !//idx
0

This completes the proof of Lemma 3.5. O

1
/0 F@dx

IA

IA

Now, following [82], we define the functional

1 1
L(f) = / / e~ 2" (x, p, t) dpdx. (3.46)
0 0

Then the following result holds.
Lemma 3.6. Let (¢, 4,0, q, z) be the solution of (3.15)-(3.17), then we have

dl; (1)
dt

1 1 1
<-I (r)—;—lT / Z (x,l,t)dx+2—T / w2 (x, 1) dx, (3.47)
0 0

where c; is a positive constant.

Proof. Differentiating (3.46) with respect to ¢ and using the last equation in (3.15), we

dil s
— (/ / e (x,p, 1) dpdx) —— / / e *"zz, (x,p,t) dpdx
dr\Jo Jo TJo Jo
1l
= - / / e 2% (x, p, 1) dpdx
o Jo

1 /l /1 i(e‘zmz2 (x,p t)) dpdx
2t Jo Jo 9p T .

The above estimate implies that there exists a positive constant c¢; such that (3.47) holds.

have

O

In order to obtain a negative term of fol wtzdx, we introduce, the following functional:
(see [53])

1 X
14(1) := pop3 / ( / o, y)dy) Y, (¢, x)dx. (3.48)
0 0

Then we have the following estimate.
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Lemma 3.7. Let (¢,y,0,q,z) be the solution of (3.15)-(3.17). Then for any &, £, > 0,

we have
) / Yldx

d
G0 < (e =5Y) / vids +(
t
E,Kp3C !
0 /widx+ Vs + 5 (b + 200 + ks / P
2/ 2g) 0

L
284

1
qrdx. (3.49)

Proof. Differentiating (3.48) and using the third equation in (3.15), we have

1 X 1 x
/ ( / p39tdy)pzz//tdx+ / ( / p39a’y)pzwndx
0 0 0 0
1 X
= - / ( / (qu+7¢zx)dy)pzwtdx
0 0

1 X
+ / (/ P39dy) (DYrax — k(@ + ) — f(Y) — ¥0,) dx,
0 0

d
—I4(2
4@

1 1 1
= —ypy [ Widx—px / qdx — bps / O dx
0 0 0
1 1 X 1 X 1
+K03 / Opdx — kp3 / (/ de) wdx — / (/ p39a’y) fWdx + yps3 / 6*dx,
0 o \Jo o \Jo 0
By using Young’s inequality and Poincaré’s inequality, we obtain (3.49). O
Now, in order to obtain a negative term of fol 6>dx we introduce the following functional

L X
Is(t) := —71p03 / q(t, x) ( / o(t, y)dy) dx. (3.50)
0 0

Then we have the following estimate.

Lemma 3.8. Let (¢, ¥, 0, q,2) be the solution of (3.15)-(3.17). Then for any &s, &5 > 0,

we have

dls (1) ( 85/0350)/ 24 &5 07/ 2
< |- 6°d d
< (et — | 2 Yrdx

dt
ps v\ [,
+[Tok + =— + q-dx. (3.51)
0

The above Lemma was proved in [53, Inequality (33)].
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Proof of Theorem 3.2

To prove Theorem 3.2, we define for N, N,, N4, N5 > 0, the Lyapunov functional L:
L(@t):=NE@)+ 1)+ Naodp () + I3 () + Nalsy () + NsIs (1) . (3.52)

Now, combining (4.20), (3.42), (3.45), (3.47), (3.49) and (3.51), we get
d K cl1E ClE 0ye;C E,03 Kp3C !
EL(I) < {2—1 +N2( b+ 'ué 2 + ﬂ; 2 + ZKZ +c1)+N4(% (b+KC)+§—z)}/O lﬁidx

K gkpsc) !
+ —K+sl(—+’£)+N4 4P / @ dx — I (t)
2" 2 [/,

1
_eN+ B2 8 / 2(x 1,0 dx (3.53)
2g 2, 271

1
Mo P 2
+{ CN+N2(232 +282)+p1}/ @, dx

+

1 oA
N N pz 7T082+P182)+_+N4( s + 4,02K) Ns 5 T0Y / Wdx
2 2 2
YTo oy P2K P30 Toy e
+{-No+ N, |=—+ — |+ Ny=— + N. d
2(2 2K82) 4284 5( 2&5 28'5)}/0 7

s 1
+ {N4 (’}’P3 + —3, (b +2k) + KP385) + N5 (—p3/< 4+ 503 C)} / 6dx.
2g) 2 0

At this point, we have to choose our constants very carefully. First, choosing &, &;, &4

and &5 small enough, such that

(C,Ul CHo 570) b—c (K ,Uzc)
&\ — — | <

Y 2

After that, we can choose N, large enough such that

Ny > —.
2_b81

Moreover, we pick N, large enough so that

2K 2

1
N4@ > N, (p YTo&2 10182) b om
-

Once N, and N are fixed, we take &) small enough such that

, { Nob K }
&, < min , .

4Ny (03 (b + k) + kp3c/es) 2N4kpsc
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Next, let N5 be large enough such that

Nspsk p3

/
284

> Ny (yp3 + (b + 2k) + kp3&s5 ).

After that, we fix g5 small enough such that

, _ Nayps
£ < .
4Nstgy

Finally, once all the above constants are fixed, we choose N large enough such that

CN 75 Mo Ho Pl
— 2>2maxy— + N, —, N | — + — | + ,
2 X{zgl 226, 2(282 2e,) " P!

—— |+ Ny=— + N5 |10k + =— +
2key  2KE 2e4 2es  2¢

Ne N2( ¥ Oy ) p2K ( P36 To?’) _
Consequently, there exists a positive constant 7;, such that (3.53) becomes

d 1 1 1
L0 <-m / (W + 02+ @ + (e + ) + 6 + ¢ )dx—m / / 2 (x,p, 1) dpdx,
0 0o Jo
(3.54)
which implies by (3.35), that there exists also 7, > 0, such that

d
d—tL(t) <-mE@®), Yt>0. (3.55)

Moreover, we have the following:

Lemma 3.9. For N large enough, there exist two positive constants B, and 3, depending

on N, Ny, Ny, N4, Ns, €1, &, &, &, &5 and &5 such that

BEMN <L <BE®W, Vi>0. (3.56)

Proof. The proof of Lemma 3.9, can be shown with the same method as in [53, In-
equality (29)], with small modifications. For convenience of the reader, we give the

proof here. Indeed, let
H (@) =1 (1) + NI (1) + I3 () + Naly (1) + NsIs (1)

and show that
|H ()] < CE(1),
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for some constant C > 0. From (3.41), (3.44), (3.46), (3.48) and (3.50) we obtain
1 H1 : ! Y7o
/ prpupdx + = / p*dx / (pzw +p1oW = —Wq) dX‘
0 0 0 K

1 el 1/ px
/ / e (x,p, 1) dpdx 0203 / (/ oz, y)dy) W, (t, x) dx
o Jo o \Jo
1 X
—Top3/ q(t, x) (/ Q(I,y)dy) dx
0 0

By using, the trivial relation

1 1 1
/gozdeZ/ (gox+w)2dx+2/ Yidx,
0 0 0

Young’s and Poincaré’s inequalities, we get

H(t) < +N2

+ + Ny

+Njs

1 1 1 1 1
|H(@®)| < o / go,zdx + an / z//fdx + a3 / (o + 1//)2 dx + ay / l//idx + as / dx
0 0 0 0 0

1 1 1
+ag / ¢dx + / / 2 (x,p, 1) dpdx, (3.57)
0 0 0

where the positive constants ay, ..., @ are determined as follows:

1 1
@ =5 (o1 + Nop1), ap = 3 (Nopz + Napap3), @3 = pic,

1 (Nzyroc
ayq = <

2

1
P Nopic? + N2,02€) . @s=3 (Nap2p3¢ + N5Top30) ,

1
g = = (sz + N570P3)-
2 K

According to (3.57), we have
\H (1) < CE (1)
for

max {a;, a2, @3, @4, @5, g}
min {p1, p2,p3, K, b,k, 1,7, 6, 7o}

C =
Thus, we obtain

L-NE@®) <CE®).

So, we can choose N large enough so that 8, = N — C, Br =N+ C > 0. Then (3.56)
holds true.
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Combining (3.55) and (3.56), we conclude that there exists A > 0, such that

d

EL (1) <—-AL(1), vVt > 0. (3.58)
A simple integration of (3.58) leads to

L <LO)e™,  Vt>0. (3.59)

Again, the use of (3.56) and (3.59) yields the desired result (3.40). This completes the
proof of Theorem 3.2. O

Remark 3.10. It is an interesting open problem to look whether or not the heat conduc-
tion is strong enough to stabilize system (3.15)-(3.17) (at least polynomially) in the case

when p, > p;.



Chapter 4

Global nonexistence of solution of a
system wave equations with nonlinear

damping and source terms

4.1 Introduction

The study of the interaction between the source term and the damping term in the wave
equation
Uy — Au+ alu|" > u; = bl u, in Qx(0,7T), 4.1)

where Q is a bounded domain of R¥, N > 1 with a smooth boundary 4Q, has an exciting
history.
It has been shown that the existence and the asymptotic behavior of solutions depend
on a crucial way on the parameters m, p and on the nature of the initial data. More
precisely, it is well known that in the absence of the source term |u|”~* u then a uniform
estimate of the form

llu, Ol + IVu @l < C, (4.2)

holds for any initial data (o, u;) = (u(0), u,(0)) in the energy space H} (Q) x L* (Q),
where C is a positive constant independent of t. The estimate (4.2) shows that any local
solution u of problem (4.1) can be continued in time as long as (4.2) is verified. This
result has been proved by several authors. See for example [34, 38]. On the other hand

m-2

in the absence of the damping term |u,|" ~ u,, the solution of (4.1) ceases to exist and

82
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there exists a finite value 7™ such that
Tim lu @I, = +eo, 4.3)

the reader is refereed to Ball [8] and Kalantarov & Ladyzhenskaya [38] for more details.

When both terms are present in equation (4.1), the situation is more delicate. This case
has been considered by Levine in [43, 44], where he investigated problem (4.1) in the
linear damping case (m = 2) and showed that any local solution u of (4.1) cannot be
continued in (0, c0) X Q whenever the initial data are large enough (negative initial en-
ergy). The main tool used in [43] and [44] is the “concavity method”. This method
has been a widely applicable tool to prove the blow up of solutions in finite time of
some evolution equations. The basic idea of this method is to construct a positive func-
tional 6 (7) depending on certain norms of the solution and show that for some y > 0,
the function 677 (¢) is a positive concave function of #. Thus there exists 7* such that
;1131 677 (¢t) = 0. Since then, the concavity method became a powerful and simple tool to
prove blow up in finite time for other related problems. Unfortunately, this method is
limited to the case of a linear damping. Georgiev and Todorova [22] extended Levine’s
result to the nonlinear damping case (m > 2). In their work, the authors considered the
problem (4.1) and introduced a method different from the one known as the concavity
method. They showed that solutions with negative energy continue to exist globally ’in
time’ if the damping term dominates the source term (i.e.m2 > p) and blow up in finite
time in the other case (i.e.p > m) if the initial energy is sufficiently negative. Their
method is based on the construction of an auxiliary function L which is a perturbation

of the total energy of the system and satisfies the differential inequality

dL (1)

1+v
7 > fL (l) (44)

In [0, 0), where v > 0. Inequality (4.4) leads to a blow up of the solutions in finite
tim ¢+ > L(0)" & vl provided that L(0) > 0. However the blow up result in [22]
was not optimal in terms of the initial data causing the finite time blow up of solutions.
Thus several improvement have been made to the result in [22] (see for example [42,
45, 62, 93]. In particular, Vitillaro in [93] combined the arguments in [22] and [42] to
extend the result in [22] to situations where the damping is nonlinear and the solution

has positive initial energy.
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In [95], Young, studied the problem
w; — Auy — div (|Vu|“—2 Vu) — div (IVutlﬁ_z Vu,) +alw|"?u, = blulP2u, (4.5)

in (0, T)x€ with initial conditions and boundary condition of Dirichlet type. He showed
that solutions blow up in finite time 7 under the condition p > max {@, m}, @ > 8, and
the initial energy is sufficiently negative (see condition (if) in [95][Theorem 2.1]). In
fact this condition made it clear that there exists a certain relation between the blow-up
time and |Q|([95][Remark 2]).

Messaoudi and Said-Houari [60] improved the result in [95] and showed that the blow
up of solutions of problem (4.5) takes place for negative initial data only regardless of
the size of Q.

To the best of our knowledge, the system of wave equations is not well studied, and
only few results are available in literature. Let us mention some of them. Milla Miranda

and Medeiros [63] considered the following system

{ Uy — A+ u — VP2 uf u = £ (%) “46)

2
Ve —Av+ v —[uf " v = f (%),

in Q% (0, T) . By using the method of potential well, the authors determined the existence
of weak solutions of system (4.6). Some special cases of system (4.6) arise in quantum
field theory which describe the motion of charged mesons in an electromagnetic field.
See [87] and [36]. Agre and Rammaha [3] studied the system

{ e — A+ " w, = fi (u,v), @)

-1
Ve —Av+ | v = (),

in Q x (0, T) with initial and boundary conditions of Dirichlet type and the nonlinear

functions f; (u,v) and f> (u, v) satisfying

Si(u,v) = bylu+ v D+ v) + byl ulv| P
(4.8)

Folu,v) = bilu + v D+ v) + bylul 2 |vlP,
They proved, under some appropriate conditions on f;(u; v) , fi(u;v) and the initial data,
several results on local and global existence, but no rate of decay has been discussed.
They also showed that any weak solution with negative initial energy blows up in finite

time, using the same techniques as in [22]. Recently, the blow up result in [3] has
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been improved by Said-Houari [83] by considering certain class of initial data with
positive initial energy. Subsequently, the paper [83] has been followed by [85], where
the author proved that if the initial data are small enough, then the solution of (4.7) is
global and decays with an exponential rate if m = r = 1 and with a polynomial rate
like ¢~2/maxtm)=D jf max (m,r) > 1. Several authors and many results appeared in the

literature see for example [[9],[75]]

In this chapter, we consider the following system of wave equations

y — A = div |Vl Vu) = div (IVu ' 7 Vu,) + ay "2 u, = fi (u,v),
(4.9)
Vi = Av, = div (V"2 V) = div [V 22 Vo) + @ vl v = ),

where the functions fi (u,v) and f, (u,v) satisfying (4.8). In (4.9), u = u(t,x), v =
v(t,x), x € Q, a bounded domain of RY (N > 1) with a smooth boundary 4Q, t > 0
and ay, az, by, by > 0 and By, By, m, r > 2, @ > 2. System (4.9) is supplemented by the

following initial and boundary conditions

{ w(0), ¥(0)) = (s, vo), ((0), v,(0)) = (1, ), x € Q 4.10)

u(x)=v(x)=0 x € 0Q,

Our main interest in this chapter is to prove a global nonexistence result of solutions of
system (4.9) - (4.10) for large initial data. We use the method in [83] with the necessary
modification imposed by the nature of our problem. The core of this method relies on
the use of an auxiliary function L in order to obtain a differential inequality of the form
(4.4) which leads to the desired result.

4.2 Preliminaries

In this section, we introduce some notations and some technical lemmas to be used
throughout this paper. By ||.||;, we denote the usual L7(€2)-norm. The constants C, ¢, ¢y, ¢s, . . .,
used throughout this paper are positive generic constants, which may be different in var-

1ous occurrences. We define

F(u,v) = [b1 lu + v|*°*2 + 2b, |uv|p+2] .

1
2(0+2)

Then , it is clear that, from (4.8),we have
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ufiy u,v) + v u,v) =2@+2)F (u,v). “4.11)

The following lemma was introduced and proved in [58]

Lemma 4.1. There exist two positive constants cy and c such that

Co

o) (lulz(mz) + |v|2(p+2)) < F(u,v) < (&1 (|u|2(p+2) + |v|2(p+2))_ (4.12)

2(0+2)
And the energy functional

1
E (1) = 3 (bl + ili3) + = (IVully + I19I7) - / F (u,v) dx. (4.13)
Q

1
2
Let us know define a constant r,, as follows :

3 Na
" N-a

The inequality below is a key element in proving the global existence of solution. A

r(l

ifN>a, ro,>aif N=a, andr, = if N < a. 4.14)

similar version of this lemma was first introduced in [83]

Lemma 4.2. Suppose that « > 2, and 2 < 2(p + 2) < r,. Then there exists n > 0 such
that the inequality

2(p+2)
2(p+2)

2p+2)
[e3

+ 20wl < n (IVull2 + Vv

[lu + | 2 =

(4.15)

holds.

Proof. It is clear that by using the Minkowski inequality, we get

[lee + V”%(pﬂ) < 2(”””§(p+2) + ”V”%(pﬂ))a
the embedding W,* — L***? (Q), gives

2 a an 2
312y < CUIVuUIl; < CAIVUlR)® < CAIVully + 19197,

a —

and similary , we have
2 2
VI15p42) < ClIVullg + IVVIG)«
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Thus, we deduce from the above estimates that
et + VB 0y < CAVHI + VY27 (4.16)

also, Holder’s and Young’s inequalities give us
llvlls2) < ltllaoezVllas2) < CAVEE 12y + 1IVVI 420 < CAIVHIlG + VM. (4.17)

Collecting the estimates (4.16) and (4.17), then (4.15) holds. This completes the proof
of lemma (4.2) O

Lemma 4.3. Let v > 0 be a real positive number and L be a solution of the ordinary

differential inequality
dL@)
7 > ELT(1) (4.18)

defined in [0, o).
If L(0) > 0, then the solution ceases to existe for t > L(0)7& v,

Proof. Direct integration of (4.18) gives:
L70)—=L7(@) = évt,
Thus we obtain the following estimate:
L'(1) > [L7(0) - &ve] ™. (4.19)
It is clear that the right-hand side of (4.19) is unbounded when
Evt = L7(0).

This completes the proof of lemma 4.3 O

Lemma 4.4. Let (u, v) be the solution of system (4.9) - (4.10) then the energy functional

is a non-increasing function, that is for all t > 0

dE (1)
dt

= —lIVull3 = IVvill3 = IVudlly = IV = anlludlly = aallvll; (4.20)

Proof. We multiply the first equation in (4.9) by u, and second equation by v, and inte-

grate over €, using integration by parts, we obtain (4.20) O
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4.3 Global nonexistence result

In this section, we prove that, under some restrictions on the initial data and under som
restrictions on the parameter @,3;,8,,m, r then the lifespan of solution of problem (4.9)-
(4.10) is finite

Theorem 4.5. Suppose that By, B, m, r > 2, @ > 2, p > —1 such that 31, 5, < a,

and max {m, r} < 2(p + 2) < ry, where r, is the Sobolev critical exponent of Wol’“ Q).
defined in (4.14).Assume further that

1
E(0) < Ey, (IIVuolly + IVvollg)® > &
Then, any weak solution of (4.9)-(4.10) cannot exist for all time .Here the constants E;

and {, are defined in (4.5).

In ordre to prove our result and for the sake of simplicity , we take b; = b, = 1 and

introduce the following :

1 —2(p+2) 1 1
B = n2o+2) | = B2p+Da, E =-—-———|r, 4.21
n & 1 (a 2(p+2))§1 4.21)
where 7 is the optimal constant in (4.15).

The following lemma allows us to prove a blow up result for a large class of initial data.

This lemma is similar to the one in [83] and has its origin in [93]

Lemma 4.6. Let (u, v) be a solution of (4.9)-(4.10). Assume that @ > 2,p > —1. Assume
further that E (0) < E| and

1
(IVuoll + IVwollg)® > £i. (4.22)

Then there exists a constant {, > {| such that

1
(IVully + IVVIIg)* > &, (4.23)
and 1
[l + VBT + 20v 5] 2 By, Ve 2 0. (4.24)
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Proof. We first note that, by (4.13) and the definition of B, we have

1 1 2(p+2) 2
> a ay _ p+
E@ 2 = (IVully + ;) 2@+2ﬂm+w +2 v
> IVl + 19V — L (I + Il
Z E Ully Vilg) — 2(p+2) Ully Vllg
1
e S (4.25)

@ 2(p+2)
where ¢ = [|[Vul|2 + ||Vv||§]$ . It is not hard to verify that g is increasing for 0 < ¢ < ¢,
decreasing for ¢ > {1, g({) = —o0 as { — +o0, and

B0+

1 2(p+2)
= = - — =E
g(gl) a{l 2(p+2) 1 1s

where (; is given in (4.21). Therefore, since E (0) < E|, there exists {, > {; such that
g(&H) = E(0).

If we set £o = [|[Vu (0)]|% + |[Vv (0) ||g]i , then by (4.25) we have g ({y) < E(0) = g(&),
which implies that y > &.

Now, establish (4.23), we suppose by contradiction that
1
(IVuolly + IVwollg)® < &,
for some 7, > 0; by the continuity of |[Vu (.) |[5 + [[Vv () [|5 we can choose £, such that

(IVu (1) I + Vv () I19)7 > £

Again, the use of (4.25) leads to

E(to) > g (IIVu @)l +1IVv (10) l3) > g (&) = E(0).

This is impossible since E (t) < E(0), for all # € [0, T') . Hence, (4.23) is established.
To prove (4.24), we make use of (4.13) to get

2p+2)

Il + vl

+ 2luv3] .

1
o (IVuollg + IVvolly) < £(0) + 42

1
2@+m[
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Consequently, (4.23) yields

1 2(p+2) 042 1 o N
T3 e+ VIR + 2WIEE] = SVl + IV — E )

1

>~ -E()
o'
1

2 —5H-8(%) (4.26)

_ B2+ s
2(0+2)72

Therefore, (4.26) and (4.21) yield the desired result. O

Proof. Proof of Theorem 4.5

We suppose that the solution exists for all time and set

H@)=E —-E(). (4.27)

By using (4.13) and (4.27) we get
H (1) = [IVul3 + IVill3 + IVulls! + (9wl + anlludlly + aalivill.
From (4.20) , It is clear that for all # > 0, H (f) > 0. Therefore , we have
0 < HO<H(®

1 1 o N
= Ev— 5 (ludfy + viB) = — (IVally + 19vIl;)

[lle + VIBES) + 2lvlf2] (4.28)

1
2P +2)

From (4.13) and (4.23), we obtain, for all r > 0,

1 1 o - 1 o 1 (04
By = (bl + ) = < (9l + 1991) < By = 247 = =5t <0

Hence,

1
0<HO)<H({) < — [Ilu )P 4 2||uv||p+2], Vi > 0.

2 (P + 2) 2(p+2) p+2
Then by (4.12), we have
0<H(0)<H() < s——— [Iule) + visers | Ve = 0. (4.29)

_Z(p 2)
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‘We then define
LO=H"7"0+¢ / (uu, + vv,))dx, (4.30)
Q

for € small to be chosen later and

,{1 a—m a-r

0 < o <min{ -, R ,
2 2(0+2)(m—-1) 2(p+2)(r—-1)
(@—2) a - B a-pB }

20+2) 2(0+2)Bi—- D" 2(0+2)(B—- 1)

(4.31)

Our goal is to show that L (¢) satisfies the differential inequality (4.4). Indeed, taking
the derivative of (4.30), using (4.9)and adding subtracting ekH(t), we obtain

’ —o ’ k
L' = A-)H OH (t)+skH(t)+8(l + E)(IIM,II% + [Ivili3)
+e(1-k) / F (u,v) — ekE, (4.32)
Q
—S/VuVutdx—s/VvVv,dx
Q Q
k a a
+e|— = 1|(IVull, +IVVvil,)
o
—& / Vi, P2 Vu,Vudx — / Vv, 7272 Vv, Vvdx
Q Q

—&a; / |,/ wudx — 8612/ v,|"~% v,vdx.
Q Q

We then exploit Young’s inequality to get for u;, 4;,,0; >0i=1,2

1
/ VuVudx < - [Vul} + o [Vl
Q 1

1
/ VvVv,dx < " VI3 + 1o [[Vvil13 (4.33)
Q 2

and

| B Bi=1 g
IV, ! Vudx < =1 |[VulPr + E— P60 1wy, P
o ﬂl 'B1 1 B1

Bi
! B Bl e 5
/ Vvl Vvdx < 22 [V + 22257/ vy (4.34)
Q B> : B> :

and also
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1 ot
/ " utudx<—||u|| — —5," |l

1 —r/\r—
/ i 2v,vdx<—||v|| T e (4.35)

A substitution of (4.33)-(4.35)) in (4.32) and using (4.12) yields

L@ = 0-0)H OH (t)+8kH(t)+s(1+§)(|lu,l|§+|lvtllg)

il key 2(p+2) 2(p+2)
+8(2 (p+2) 2(p+ 2)) (” Ulgpu) + ||V||2(p+z)) — &kE,

£ £
——IVul? = w1 ||[Vi,|7 = —— [|VV||? = o ||VV,|2
I IVulls — e IVl I VI3 = ez [Vl

k i A 1 g m-
+8(& ) 1) IVl + I9VIE) — &7 19y — 2L

B hi B
/lﬂZ _ 1 B B 61"’[
o IV = P P O — sl
2 2
m— r

_1 —r/(r— m
&1 vlim . (4.36)

—are——5,"""V iy - are = IWll; - e

Let us choose 61, 9,2, uy, 2, 41, and A, such that

6—m/(m 1 _ M H (l)
5,V = MyH™ (1)
= MyH= (1)
4.37)

M2 = MyH™ (1)

/ll—ﬁl/(ﬂl—l) = MsH™ (l)

/l—ﬁz/(ﬂz 1) = McH™ (¢)

for My, M,, M5, M4, Ms and M, large constants to be fixed later. Thus, by using
(4.37),and for
M = M;+ My + By — DMs/By + (B — DMg/B2 + (m — )M /m + (r — )M, /r
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then, inequality (4.36) takes the form

L@ > (1-0)-eM)H ()H () + ekH (1) + 8(1 + g) (el + 13)

Co ke, 2p+2) 2p+2)
+8(2(p T 2) - 2(p n 2)) (llullz(p+2) + ||v||2@+2)) - SkEl
k a a
+.«s(a - 1) (IVull” + [[Vv][2) (4.38)
& E
———H @) ||Vul} = ——H () ||Vv]|]?
I (O IVull; I (O IVvll;
ae —(m- o(m— m e —(r— o(r— r
== =M HTD (@l = =My HTD @l
M-B=D M- FD
—asﬂ—H"(ﬂ‘_l) ) IIVu||§1 o 6ﬁ H7® () IIVMIIZ,
1 2

We then use the two embedding L***? (Q) — L™ (Q), Wé"’ — L2¥*2(Q) and (4.29)
to get

-1 20 (m—1)(p+2)+ 20 (m—1)(p+2)
HD @) llully < o (Ilulls "2 + Vs, Ml 1)

&3 (V7D Dem (|G| prn=De2 vy ) - (4.39)

A

IA

Similarly, the embedding L***? (Q) — L' (Q), Wé’“ — L*°*2 (Q) and (4.29) give

1 20 (r-1)(p+2)+ 20 (r=1)(p+2)
HD @IV < cs (v ™ + s [vll50)

¢ (IVIRTUDE D 4 Wy oD D gyir). (4.40)

IA

Furthermore, the two embedding W, < L***? (Q), L%(Q) < L*(Q), yields

2 2 2 2
HONIVulB < ca (Il sy IVully + 00, 11Vull)
< e (IVull7O2 4 |97 (|Vul) (4.41)
and
HOIVIE < s (IVullR7O (902 + I9vIE79* [[9vi13) (4.42)

2 2 2 2 2)+2
s (vl IV + [vIE7€+2).
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Since max(B;, 5;) < a then we have

-1 2 -1 2 2 -1 2
H™ D @) |IVully! < 6 IVl Vulfd + V27800 vl )
= co ([IVul7O D02 4 RO vl (4.43)
and
-1 20(B2-1)(p+2 20(Br—1)(p+2
H OO @OV < cq (IVull27 D0 Wl + [VvlR78 002 vy)f)

= o7 (IVul7 B0 |Gyl 4 [yl De252) - (4.44)

for some positive constants c¢;, ¢3, ¢4, Cs, C¢ and ¢7. By using (4.31) and the algebraic

inequality
<@+ D<(1+Y)@+a), ¥220,0<v<1,a20, (4.45)

we have, for all # > 0,

(V|| 27D+ 24m < g (||Vul|® + H (0)) < d (|Vull® + H (1)),
V27D 24 < q (19|12 + H (1)),
IVul27¢2%2 < d (IVull® + H (1)),

(4.46)

IVVIETE22 < d (IVVIl; + H (1))

[Vul27E=De2 < g (|Vul||® + H (1)),

[VVR7 00242 < d (|9l + H (1)

where d = 1+ 1/H (0) . Also keeping in mind the fact that max(m, r) < « , using Yong’s
inequality, the inequality (4.45) togrther withe (4.31), we conclude



Global nonexistence of solution of a system wave equations with nonlinear damping
and source terms 95

20 (m-1 2
VYT D2Vl < C (IVVIlg + 11Vully)

VUl 270D 19y|lr < C ([Vull® + [[VV]I2),
IVVIET 2Vl < C (IVVIIE + IVulll)
4.47)

IVul27¢*2 IVl; < C (IVullS + 1Vv12)

2 -1 2
IVVETE=PE2 19Ul < C (19I5 + IVully)

2 -1 2
IVulp7®Pe2 vl < C(IVully + 19V13)

where C is a generic positive constant. Taking into account (4.39)- (4.47) , then, (4.38)
takes the form

, , k
Lo > ((1—o>—aM>H-“<r>H(r)+s(1+5)(||ut||§+||v,||§)

+&([kja -1 - kE\ ;"] - CM; "D = M, (4.48)
C — C — —pb1— —(p2— o a
—g M = oM - oMY — el 1) IVl + IVVII3)
C C
e (k - MY oM - M - !

_CMS_(.BI—I) _ CM6—(52—1)) H ()

€0 key 2(p+2) 2(p+2)
+8(2 P+2) 20+ 2)) <”u”2“’+2> - ”v”2(p+2)) ;

for some constant k. Using k = ¢y/c;, we arrive at

L 2 (1-0)-eM)H ()H (1) + e(l 5 ﬁ) (el + 113)
2C1

e oy C C
+s(z - oM - oM - T -
—CM;P Y — M PTD — 1) IVl + 19012

C

+e (co/c1 =M CMy Y = MR - M

M;! (4.49)

_CM;(ﬂl—l) _ CMg(ﬁz—l))H(t) ,
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where ¢ = k/CZ -1 —kE]éTz—Z = Co/ (C]CZ) -1- (C()/C])E]{z_2 > 0 since 42 > 41.

At this point, and for large values of My, M,, M3, M4, Ms and Mg, we can find positive
constants A; and A, such that (4.49) becomes

1
+eA; ([IVully + (IVVIS) + eArH (1) . (4.50)

L@ > (1-0)-Me)H" () H <r>+s(1+%)(nutn%nv,u%)

Once My, M, M5, M4, Ms and M, are fixed (hence, A; and A;), we pick € small enough
so that (1 — o) — Me) > 0 and

L) =H"7(0)+ / [ug.u, + vo.v,]dx > 0.
Q
From these and (4.50) becomes
L' () > & (H (t) + llwll3 + i3 + 1IVullg + 1VVII5) . (4.51)

Thus, we have L(¢) > L(0) > 0, for all # > 0. Next, by Holder’s and Young’s inequali-

ties, we estimate

€

( uu,(x,t)dx+/v.vt(x,t)dx)l_a
Q

< (Ilullz(p+2) + ||ut||2 7+ IIVIIZWZ) + vlly~ )
< C(IIVMII1 7+ ||uz||1 7+ IIVVII1 7+ vl ") (4.52)
1 1 2 )
for — + - =1.Wetake s = 2(1 —0), to get = . By using (4.31) and
1 o 1-20
4. 45) we get
2
1-2 o
vl 729 < aqvale + H @),
and
2
vl =29 < aqvvile + H@), Vi = 0.
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Therefore, (4.52) becomes

1

(/ uu; (x,t)dx + / v (x, 1) dx) o7
Q Q

< C(IVully + IV + a3 + A + H (1)) V1 2 0. (4.53)
Also, since
1
€L - (-0
Li-o(t) = (H 7@+ 8/ (wau; +v.vy) (x, ) dx
Q
1
(1-0)
< C|H@®+ / (wu, (x, 1) + vy, (x, 1) dx ] (4.54)
Q
< ClH @+ IVullz + 19115 + N3 + vili3 | Ve > 0,

combining withe (4.54) and (4.51), we arrive at
’ L
L (1) = apL1-o (1), Yt > 0. (4.55)

Finally, a simple integration of (4.55) gives the desired result.This completes the proof
of Theorem (4.5) O
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