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Abstract

Throughout this thesis, we focused our aim on the problem of optimal control under a
risk-sensitive performance functional, where the systems studied are given by a backward
stochastic differential equation, fully coupled forward-backward stochastic differential equa-
tion, and fully coupled forward-backward stochastic differential equation with jump. As a
preliminary step, we use the risk neutral which is an extension of the initial control system
where the set of admissible controls are convex in all the control problems, and an optimal
solution exists. Then, we study the necessary as well as sufficient optimality conditions for
risk sensitive performance, we illustrate our main results by giving applied examples of risk
sensitive control problem. The first is under linear stochastic dynamics with exponential
quadratic cost function. The second example deals with an optimal portfolio choice problem
in financial market specially the model of control cash flow of a firm or project. The last
one is an example of mean-variance for risk sensitive control problem applied in cash flow

market.

Key words: Fully coupled forward backward stochastic differential equation, Optimal
control, Risk-sensitive, Necessary Optimality Conditions, Sufficient Optimality Conditions,

Mean variance, Cash flow.
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Résumé

Dans cette thése, on s’interesse au problémes du contréle optimal avec une fonction de per-
formance de risque sensible, ot les systémes étudiés sont définis par: des équations différen-
tielles stochastiques rétrogrades, des équations différentielles stochastiques progréssivement
rétrogrades fortement couplée et des équations différentielles stochastiques progréssivement
rétrogrades fortement couplée avec saut. Au début du travail, on utilise le facteur de risque
neutre, qui est I'extension du systéme de controéle initial dans lequel I’ensemble de valeur
est convexe dans tous les les problémes de controle et ol une solution optimale existe.
Apres, on étudie les conditions nécessaires et suffisantes d’optimalité pour une performance
de risque sensible. A la fin on illustrate nos principaux résultats par donner trois exemples
d’application de probléme de controle de risque sensible. Le premier concerne la dynamique
stochastique linéaire avec une fonction de cotit quadratique exponentielle. Le deuxiéme traite
d’un probléme de choix de portefeuille optimal sur le marché financier, notamment le modéle
de controle cash-flow d’une entreprise ou d’un projet. Le dernier est un exemple de variance

moyenne pour un probléme de controle risque sensible appliqué au marché cash-flow.

Mots clés: Equation différentielle stochastique progréssivement rétrograde fortement couplée,
risque sensible, controle optimal, conditions nécessaires d’optimalités, conditions suffisantes

d’optimalités, variance moyenne, cash-flow.
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Symbols and Abbreviations

Symbols and Abbreviations

Here we give the different symbols and abbreviations used in this thesis.

Symbols
(Ft)i0 . Filtration.
(Q,F) :  Measurable space.
P : Probability measure with respect to risk-neutral.
PY : Probability measure with respect to risk-sensitive.
(Q, F,P) : Probability space.

(Q,F, (Ft)i>0 ,IP) : Filtred probability space.

|44 :  Brownian motion.

we : PP — Brownian motion.

N? . P? — compensator Poisson measure.

N . The compensated Poisson measure.

FV . Filtration generated by Brownian motion.

FN . Filtration generated by Poisson measure.

Ftw’ﬁ : Filtration generated by two mutually independent processes Brownian

motion and Poisson measure.

JO () . Risk-sensitive functional cost.

JO() : Risk-neutral functional cost.

HY () . Risk-sensitive Hamiltonian functional.
H () . Risk-neutral Hamiltonian functional.
U . The set of values taken by control v.
U : The set of all admissible controls.

u : Optimal control.

vi



Symbols and Abbreviations

Abbreviations

a.e

BSDE

cadlag

FBSDE
HARA
SMP

Almost everywhere.

Almost surely.

Backward stochastic differential equation.
Continu & droite limité & gauche (right continuous
with left limits).

Forward-backward stochastic differential equation.
Hyperbolic absolute risk aversion.

Stochastic maximum principle.

Vil



Introduction

Problems of optimization take their essence in the permanent for man to find the optimal
solution to his difficulties. Whether in the world of finance, physics, economy, biology, games
theory industry, or health...., the interest is often focused on optimizing systems that evolve
over time.

The history can be traced too early in 1827, botanist Robert Brown [6] published his ob-
servation about micro objects that pollen particles suspended on the surface of water will
traverse continuously in an unpredictable way. This kind of motion is named the Brownian
motion to indicate its randomness and continuity.

After that, Albert Einstein [I3] developed a physics model to support his statement that
atoms exist, that means he used the notion of Brownian motion to describe the physics in-
vestigation and proved that the position of particle can be follow by some normal distribution.
Unfortunately, the mathematical description is not very correct in view of mathematicians.
Besides the works of Einstein, in 1923, and Wiener [38] did provide a correct mathematical
definition of the stochastic process observed by Brown and described by Einstein, which is
the Brownian motion that we used.

The first version of the stochastic maximum principle was extensively established in the
1970’s by Bismut [5, 4], Kushner [22], Bensoussan [3] and Haussmann [I§].

Stochastic control problems for the forward-backward system have been studied by many
authors. The first contribution of control problem of the forward-backward system is made
by Peng [29], he obtained the stochastic maximum principle with the control domain being
convex. Xu [39] established the maximum principle for this kind of problem in the case

where the control domain is not necessary convex, with uncontrolled diffusion coefficient and
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a restricted cost functional. The work of Peng [29] (convex control domain ) is generalized
by Wu [36], where the system is governed by a fully coupled forward backward stochastic
differential equation. Shi and Wu [33], have established stochastic maximum principle to
the fully coupled FBSDE where the control domain is not necessary convex, and without
controlled diffusion coefficient under some monotonicity assumptions. Ji and Zhou [19] used
the Ekeland variational principle to establish a maximum principle of controlled FBSDE
systems, while the forward state is constrained in a convex set at the terminal time, and apply
the result to state constrained stochastic linear-quadratic control models, and a recursive
utility optimization problem is investigated. Yong [40] completely solved the problem of
finding necessary conditions for optimal control of fully coupled FBSDEs, he considered an
optimal control problem for general coupled FBSDEs with mixed initial-terminal conditions
and derived the necessary conditions for the optimal controls when the control domain is not
assumed to be convex, and the control variable appears in the diffusion coefficient.

In this thesis we are interested in the stochastic optimal control resolution by Pontryagin’s
Stochastic Maximum Principle (SMP in short) type and under Risk-Sensitive performance.
We solve the problem by using the approach developed by Djehiche, Tembine and Tempone
[11I]. Their contribution can be summarized as follows. They have established a stochastic
maximum principle for a class of risk-sensitive mean-field type control problems, where the
distribution enters only through the mean of state process, this means that the drift, diffusion,
and terminal cost functions depend on the state, the control and the means of state process.
In the risk-sensitive control problem, in our second study we extended both of the results
of Chala [§] and of Djehiche et al. [11], to a fully coupled case, is to establish a necessary,
as well as sufficient optimality conditions, of Pontryagin’s maximum principle type, for risk-
sensitive performance functionals. We solve the problem by using the approach developed
by Djehiche, Tembine and Tempone in [I1]. In particular the best view of the last paper
that can be found is: We can establish the necessary optimality condition without using the
dynamic programming principle.

The existence of an optimal solution for forward-backward system has been solved in [2]
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to achieve the objective of our paper [20], and to establish necessary as well as a sufficient
optimality conditions for this model, we give the stochastic maximum principle for risk-
sensitive performance functional. Or at first we translated the risk-sensitive control problem
by using an auxiliary process, then we obtained the SMP associated to this translated problem
by using yong’s theorem in ( Yong [40]) Theorem 3.1). After that, and according to the
transformation that we did to the intermediate adjoint processes, and using the logarithmic
transformation established by El Karoui and Hamadene [14] we established the necessary
optimality conditions for risk sensitive problem.

Finally, the last work in this subject by used the fully coupled forward-backward with jump
system, with financial application, can be found in the paper of Khallout and Chala [21].
The previous work has been established with risk sensitive performance functional. Besides
of that, we note here that paper of Shi and Wu [31] was in the case where the set of admissible
controls is convex, and [32] in the general case with application to finance. Ma and Liu [24]
who deal with the risk-sensitive control problem for mean-field stochastic delay differential
equations (MF-SDDEs in short) with partial information, and under the assumptions that
the control domain is not convex and the value function is non-smooth, they have established
a SMP.

Our goal in this thesis is to treat pontryagin’s maximum principle under risk sensitive func-
tional for different systems: Backward stochastic differential equation, fully coupled forward-
backward stochastic differential equation, fully coupled backward-forward stochastic differ-
ential equation with jump. This problem under consideration is not a simple extension from
the mathematical point of view, but also provides interesting models in many applications,
such as: mathematical finance, optimal control...ect. The proofs of our main results is based
on spike variation method based on theorem -as a preliminary step- of stochastic maximum
principle for the risk neutral control problem.

This thesis is organized as follows:

Chapter 01: (The content of this chapter has been used as the project of the chapter book
in Chala et al [7].)
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In this first chapter, we develop the general framework used in this thesis. We start dis-
cussing the standard risk-sensitive structures, and how constructions of this kind can give a
rigorous treatment. We investigate in this chapter the financial market of risk-sensitive for
the dynamic with and without jumps diffusion, by using Girsanov’s theorems, and in virtue
of Itd’s formula.

Chapter 02: (The content of this chapter has been used as the project of the published paper
Khallout € Chala [20] in Asian Journal of Control.)

In the third chapter, we study the necessary as well as sufficient optimality conditions where
the system is given by a fully coupled forward-backward stochastic differential equation with a
risk-sensitive performance functional. At the end of this chapter, we illustrate our main result
by giving two examples of risk sensitive control problem under linear stochastic dynamics
with exponential quadratic cost function, the second example deals with an optimal portfolio
choice problem in financial market specially the model of control cash flow.

Chapter 03: (The content of this chapter has been used as the project of the paper of
Khallout € Chala [21)].)

In the last chapter, we extend the result of the second chapter where the system is given by a
fully coupled forward-backward stochastic differential equation with jump, and we illustrate
our new main result by giving an example of mean-variance for risk sensitive control problem
applied in cash flow market.

The content of this thesis is the subject of the following works:

1. Chala, A. Khallout, R. Hefayed, D. The use of Girsanov’s Theorem to Describe Risk-
Sensitive Problem and Application To Optimal Control. Stochastique Differential
Equations, Tony G. Deangelo, ISBN: 978-1-53613-809-2, 117-154, Nova 2018.

2. Khallout, R. Chala, A. (2019). A Risk-Sensitive Stochastic Maximum Principle for
Fully Coupled Forward-Backward Stochastic Differential Equations with Applications.
Published in Asian Journal of Control, 1-12, DOI: 10.1002/asjc.2020.

3. Khallout, R. Chala, A. Risk-sensitive Necessary and Sufficient Optimality Conditions
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for Fully Coupled Forward-Backward Stochastic Differential Equations with Jump dif-

fusion and Finantial Applications. arXiv:1903.02072.



Chapter 1

Expected exponential utility and

Girsanov’s theorem

This chapter has been considered as a part of book’s chapter [7], we develop the general
framework used in our papers [8, 9, 17, 20, 21]. The starting point for the discussion will
be the standard risk-sensitive structures, and how constructions of this kind can be given a
rigorous treatment. We investigate in this chapter the financial market of risk-sensitive for
the dynamic with and without jumps diffusion, by using Girsanov’s theorems, and in virtue

of Itd’s formula, Lévy-1to’s formula.

1.1 Problem formulation

Let (Q, F, (ﬂw) +e[0.T] ,IP’) be a filtred probability space satisfying the usual conditions, in
which a one—dimensional Brownian motion W = (W (t) : 0 <t < T') is defined. We assume

that (FV) is defined by Vt > 0, 7}V = o (W (s); for any s € [0,¢]) VN, where N

te[0,77
denotes the totality of P—null sets. Let M?([0,7];R) denote the set of one dimensional
jointly measurable random processes {¢y, t € [0, T]} which satisfy:

T
(1) : E [/0 \got|2dt] < 00, (i) : ¢y 18 (Ftw)te[O,T} measurable, for any ¢t € [0,7].

We denote similarly by S? ([0, 7] ; R) the set of continuous one dimensional random processes

which satisfy:



Chapter 01. Expected exponential utility and Girsanov’s theorem

(i) : B |:Oiltl£T |g0t\2] < 00, (i1) : ¢y is (ftw)te[O,T] measurable, for any t € [0,7].
Let T be a strictly positive real number, and U be a non empty subset of R.

In the next, we will discuss a result, which called the Girsanov’s Theorem, it plays the
important role in the application especially in economics, and optimal control. In Girsanov’s
theorem application, we can visit the papers [8, 11, 14} 17, 20]. We can now show the versions
of the Girsanov’s Theorem. In the application of It6 calculus, Girsanov’s theorem get used

frequently since it transforms a class of process to Brownian motion with an equivalent

probability measure transformation see [16].

Definition 1.1 Let (Q,]—" ) (FtW) re0.7] ,IP’) be a probability space satisfying the usual condi-
tions. Let Q be another probability measure on Fr. We say that Q is equivalent to P | Fr if

P| Fr < Q and Q < P | Fr, or equivalently, if P and P’ have the same zero sets in Fr.

Remark 1.1 By the Radon-Nikodym’s theorem, this is the case if and only if we have

dQ (w) = Z (T)dP (w) on Fr, and

dP (w) = Z 1 (T)dQ (w) on Fr.

Where Z (T') is called the Radon—Nikodym derivative

Theorem 1.1 (Girsanov, 1960, [16]): Assume that W (t) is a Brownian motion on

the probability space (Q, F,P) with underlying filtration (F}") Let f (t) be a square

telo,7]"

integrable stochastic process adapts to (ftW) +[0.7] , such that

Ep [exp {%/OTF (t) dtH < 00, (1.1)

t
for allt € 0,T), then Wy (t) = W (t) — / f (s)ds is a Brownian motion with respect to an
0

equivalent probability measure Q given by

sz% —exp{/f th——/f dt}
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Remark 1.2 Using differential form, we can also say, if dWq (t) = dW (t) — f (t)dt. Then

Wo (t) is a Brownian motion with respect to (w.r.t) the probability measure Q.

< 00 s sufficient and not necessary,

T
Remark 1.3 The condition Ep {exp {%/ 12 (1) dt}
0

called the Novikov’s condition.

For more details the reader can see the @Oksendal’s book [26] pages 155-160.
In the next, we will discuss some special cases, to be able to investigate the model of risk-

sensitive control in next chapter

1.2 Financial market of the risk-sensitive

1.2.1 Factor dynamic without jump diffusion

We model the dynamics of the investor with diffusion process as a following SDE

dx (t) =b(t,z(t))dt + AdW (t), and 2o = x. (1.2)

We consider a financial market in which two asset (securities) can be investment choices, the
first one is risk-free is called also bond (foreign currency deposit for example), whose price

So (t) at time ¢ is given by

dSo ()
So (1)

=r(t)dt or (=r(t,x (t))dt).

The second risky asset is called stock, whose price S; (t) at time ¢ is given by

ds, (t)
S1 (6)

=u(t)dt +o(t)dW (t) or (=u(t,z (t))dt + o (t,x (t)) dWr),

where r (t,z (1)) is bond function interest rate, o (¢,x (t)) is function stock price volatility
rate, and p (f,x (t)) is called the expected rate of return.

Now let us consider an investor wants who want to invested in the risk-free (foreign currency
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deposit for example) and the stock, and whose decisions cannot affect the prices in the

financial market.

Definition 1.2 (Self-Financial ) The market is called self-financial if there is no infusion

or withdrawal of funds over [0,T] .

We assume also that our market is to be self-financial, we denote by V' (¢) the amount of the
investor’s wealth, and w (t) is the proportion of the wealth invested in the stock at time ¢,
then 7 () = u (t) V () is the amount stock and (1 —w (¢)) V (¢) is the amount in the bond,
that means the investor has V (t) — u (t) V (t) = V (t) — 7 (t) savings in a bank.

Then wealth dynamics of the investor who wants to invest in the financial market has the
following form

— (V) -7 (1) d;‘)(%) () dg(%)'

Honestly, the wealth of the investor is described by

S W) =) (G () dt+ 7 () (u(tx (b) dE+ o (¢ (£) dW (1))

= (V(t) =7 ()7 (t, (1) dt + 7 () p (¢, (1)) dt
+(t) o (ta () dW (1)

=V (&)r(ta(t)dt —m(t)rtz(t)d+m(t)pt,a(t)d
+(t)o (ta () dW (1)

={VO)r @)+ (utz @) —rte @) @)}d (1.3)

() otz (t)dW (¢).

Definition 1.3 An admissible strategy is an (]—"t)tzo—adapted and square integrable process ™
with values in R such that (L.3) has a strong solution (V (t)),cpr that satisfies

T
E [/ V()] dt} < 00, the set of all the admissible strategies will be denoted by Uyq.
0

The investor wants to maximize his (or her) expected utility (HARA type) over the set U,y
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in some terminal time 7" > 0 :
1
T (7()) = 5BV (T)]. (14)

By choosing an appropriate portfolio choice strategy = (.), where the exponent 6 > 0 is called
risk-sensitive parameter. If we put 6 = 1 the utility (|1.4) is reduced to the usual risk-neutral

case, the expectation under the probability measure P is denoted by [E.

Lemma 1.1 We can rewrite the expectation of B [V (T))] in (L.4) in term of the exponential

expected of integral criterion as

7 (5 () = %ve (0)E {eXp (9 /OTh(t,x(t) ,w(t))dt)} |

E? is the new expectation with respect to the probability measure P?.

Proof. Applying the [t6’s formula to logarithmic wealth value
InV?(t) =0V (t)=0f(V(t)), we have

0d (f (V (1))

fd (InV (1))
0% (¢, V (1) dt + 0L (,V (t)) dV (¢)

ot
+035:5 (1. V (D) (dV (1), dV (1))
O A=dV () + 01 (—V;) 72 (1) 02 (t,x (£)) V2 (¢) dt

® 20
O{V (@) r (@t (t) + (u(t,2 () —rtx@))r(t)}dt
+m (t) o (¢, (t) dW (t)) — 1072 (t) o? (t,z (1)) dt.

Then, by taking the integral from zero to T" with respect to time, the exponential expectation

10
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gets the form

JO(x()) =3B [V ()]

I [exp (In V? (T))]

= LR [exp (01 V (T))]

- 1E[exp (9f 0)) + 0 [T {V (t)r (t,x () + (u (£, (1))
)
2 (1)

—r(t,z(t)m ()}dt+9fo o (t,z(t))dW (t)

—30 fy 72 (1) o (1, (1)) d )]

— 1B [exp (mv@ )40 [TV ()7 (2 () + (u(t, 2 (1))
+0 Jy 7 (t) o (t,x ())dW()

+0f0T7r(t)a(t,x(t)) ~ 19T 2 (t) o x(t))dt)]
= Lexp (InV? (0)) B [exp (e STV @) r (b () + (u (2 (1)
—r(ta ()T @)y dt+0 [T 7)otz (b)) dW (t)

—10 [T 2 (t) o2 (t, (1)) dt)] .

Then, we get

T () =5V OB [exp (6 f; {V (1) (6o () + (1 (b (6) = 7 (L (1) 7 () dt
FOm (t) o (t,a (8)dW (t) — 20 [ 7% (t) o (t,x (1)) dt
162 J) 7 () o (o (1) db + 362 [ 7 (0 0% (2 (1) dt )|
= VOB [exp { (=462 ) 7 (1) 0* (1.2 (1)) dt
0y 7 (o (L (0)dW (1) = 30 ) 7 (1) 0* (t,2 (1) di
+10% [ w2 (1) o (¢, (1) dt + 0 [ {V (t)r (.2 (1))
(et () —r(tx (1) m (1)} di)]

11
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where

I} = exp (—%92/0 72 (t) o? (t,a:(t))dt+9/0 7 (t)o (t,z(t))dW (t)) :
I, = exp (—%6’/0 72 (t)o? (t,x () dt + %02/ 7 (t) o? (t,x (t)) dt

0
T

+ (b)) —rtx(t)m (1)} dt)
= exp (6’/0 h(t,z(t),n(t)) dt) :

and

h(t,z(t),m ()

= (B - )R () (L () + V()7 (L (0) + (u(tx (8) — 7 (L () 7 (1)

2
In virtue of Novikov’s condition (L.1]) from Girsanov’s Theorem [1.1} we get

E [expar?® (t)] < C. (1.5)

By applying Girsanov’s transformation (see the theorem , the stochastic integral term

can be deleted, and according to the condition (|1.5)), we get

P (_192 /OTﬁ () o2 (t,x(t))dt+0/0T7r(t)a(t, () dW (t)) ,

for some positive constants a and C' .

12
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Hence

T (7 () = 2B [V? (T)]

= 2V (0)E [I x I
— SV O)E [%@ X exp (9 /OT’”L (tx (1), 7 (t)) dt)]
Ly {exp (9 /OTh (t,z (1), 7 (1)) dt)] .

E? is the new expectation with respect to probability measure P?, and we denote by

W (#) = W (#) —9/0 7 (s) o (5,2 (£)) ds,

a standard Brownian motion under the probability measure P’.

As a conclusion, for every 0 < s <t < T, our dynamics (1.2)) satisfies the SDE

dr (t) =b(t,z (t)) dt + AdW (t)
=0b(t,z(t))dt + Ad <W0 (t)+6 | 7w(s)o(s,z(s)) ds)
=b(t,z(t))dt + AdW° (t) + A (t) o (t,z (1)) dt

=(b(t,x(t))+ A0 (t) o (t, ) dt + AdW (1) .

An auxiliary criterion function of the expected utility, whose the investor want to maximize,
is given by

J(r () = %Vﬁ (0) B [exp (9 /OTh(t,x(t) ,w(t))dt)] .

The proof is completed. =

1.2.2 Factor dynamic with jump diffusion process

In all what follows, we will work on the classical probability space (Q, F, {.EW’N} ,]P) ,
t<T

such that Fy contains all the P—null sets, 7 = F for an arbitrarily fixed time horizon T,

13
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and {.EW’N }

generated by the following two mutually independent processes:

satisfies the usual conditions. We assume that the filtration {ftW’N} is
t<T

(i) {W (t)},5, is a one-dimensional standard Weiner motion.

(ii) Poisson random measure N on [0,7] x I, where I' € R— {0} . We denote by (F}V)
(vesp (FY)

t<T

<) the P—augmentation of the natural filtration of W (resp N). Obviously,

we have
:a{/s/N(d)\,dr); s<t, AcBID)| VoW (s); s <t VAN,
0 A

where NV contains all P—null sets in F, and o, V 05 denotes the o—field generated by o, U s,

We assume that the compensator of N has the form p (dt,d\) = m (d\) dt, for some positive

and o—finite Lévy measure m on I', endowed with its Borel o—field B (T") . We suppose that

/ IAA?m (dA) < oo, and write N = N —mdt for the compensated jump martingale random
r

measure of N.

Notation 1.1 We need to define some additional notations. Given s < t, let us introduce
the following spaces

S2([0,T],R) the set of R- valued adapted cadlag processes P such that

sup |P (r)|”
r€[0,T]

||PH32([0,T},R) =K < 400.

M?2([0,T],R) is the set of progressively measurable R—wvalued processes QQ such that

VI

T
HQHM?([O,TLR) =1 {/0 |Q (T‘)|2dr} < 4o00.

L2 ([0,T],R) is the set of B([0,T] x Q) ® B(T') measurable maps K : [0,T] x Q x T — R

1K 2.1y m) = B U /IK M) dA)d] < +00,

we denote by E the expectation with respect to P.

such that

14
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First of all, we must defined the Poison random measure N (dt,d\) as

_ N (dt,d)) if |A| > R,
N (dt,d\) = (1.6)

N (dt,d\) —m (d\) if |\| < R,
where (]\| > R) C B(R), such that m (|]A\|] > R) < oo.
We denote here that W (¢) is the Brownian motion given in measurable space (2, F).

Now, we come to the important [t6’s formula for Ito6—Lévy processes: If z (t) is given by

de (t)=A(t,x(t7))dt + B (t,z (t7))dW (t) + /7 (t,x (t),\) N (dt,dN),
R (1.7)
z(0) =z,
and f:R? — R is a C? function, is the process Y (t) = f (¢, z (¢)).
Let z¢ (t) be the continuous part of x (t), i.e., x°(t) is obtained by removing the jumps term
from z (). Then an increment in Y (¢) stems from an increment in x(¢) plus the jumps

(coming from N (dt,dX)). Hence in view of the classical It6 formula we would guess that.

Lemma 1.2 (Lévy-Ité formula I for Lévy processes): Let us consider the dynamic
system with jump diffusion which given by (1.7)) . Then, the Lévy-Ité’s formula with respect

to model with jump is

of 0

atrta )= Laamyat L wwae
—l—%% (t,x (t)) (dx (t),dz (t))
n / (f (b () + 7 e (7)) — £ (8o (7)) N (d, ).

It can be proved that our guess is correct. Since

dzc (t) = [A (t,x (1)) — A YNz (tT))m(d\)| dt + B (t,x (t7))dW (t),

A|<R)
z(0) = x.

This gives the following Lemma.

15
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Lemma 1.3 (Lévy-It6 formula II for Lévy processes): Suppose x(t) € R is an Ito—
Lévy process of the form (1.7, where the condition (1.6) is satisfied for some R > 0, Let
f R = R is a C* function, is the process Y (t) = f(t,x(t)). Then Y (t) is again an

Ito-Lévy process and

df (t,z (1)) = (?9_{ (t,x (t))dt+ g—i (t,x (t))dz (t) + 1% (t,x (1)) (dx (t),dx (1))

20z
' ey o) N
of L (erereram - rore) - a0 ) may

+/ (f (tx () + 7 (8, 0) = f (62 (t7))) N (dt, dN).
R

(1.8)
Example 1.1 (The Geometric Lévy Processes): Consider the following differential

equation (SDE with jump diffusion)

dx (t)
x(t)

= adt + bdW; + /c (t, \) N (dt,d)) (1.9)
R

where a,b are constants and c(t,\) > —1. If we put Y (t) = Inz (t), then by Lévy-Ito’s
formula (1.8) from Lemmal[l.3] we get

of of 10%f
=5 (t,x (t))dt + Iz (t,x (t))dz (t) + 2502 (t,x (t)) (dx (t),dz (1))

) o o (t)
o (e eram = sy - LEE 0 ) miay
+/(f(t () +7 () - f

x(t (adt + bdW (1)) —

df (t,z (t))

+ |A\< In (z(t7) +c(t,\) (¢ ))—ln(x(t*))—m
+/{1 (2 (t7) + e (t, N 2 (t)) — In (2 (7))} N (dt, dN)
3 _% dt+de() / (In (1+c(t,A) = c(t, A)) m (dA)

IAI<R
+/ (In (1 + ¢ (t,A)) N (dt, d)) .
R

16
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Then

Y(t):Y(O)Jr/Ot <a—%b2>ds+b/0tdW(s)
v [ 0 e 2) s, 0) m ) s
+/Ot/R(ln(l—kc(s,k))—c(s,A))N(ds,dA).

This gives the explicit solution of equation (1.9) by the following expression

x(t) = eXp{( 152)75—1—de()
//)\|<R (In(L+c(s,A) —c(s,A))m(dN)ds

s Saon).

In the next, we will discuss a result, which called the Girsanov’s theorem for Lévy processes,
it plays also the important role in the application especially in economics, and in optimal
control, see the application part for this transformation in the papers [10, BI]. We can now

show the versions of the Girsanov’s Theorem.

Theorem 1.2 (Girsanov’s Theorem I for Ito-Lévy Processes): The dynamics with

Jgump diffusion process can be described as a following SDE with jumps diffusion

de (t) =b(t,z(t7),w)dt + A(t,x (¢ )w)dW(t)+/7(t,m(t),A,w)]v(dt,dA),

z(0)==x
(1.10)

Assume there exist predictable processes u (t) = u (t,w), and 3 (t,\) = B (t, \,w) such that

A(t)u(t) + /v(t, A) Bt N)m (dN) = a(t) for a.a (t,w) € [0,T] x Q, (1.11)

R

17
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and such that the process

Z(t) = exp{—/otu(s)dW(S)—%/otif (s)ds (1.12)
+/Ot/Rln(1—ﬁ(s,)\))N(ds,d)\)
# [ [na=sa 56 m@dsh,

18 well-defined and satisfied
E[Z(T) =1. (1.13)

Define the probability measure Q on Fr by dQ (w) = Z (T)dP (w). Then x (t) is local mar-

tingale with respect to Q.
Proof. See [26] theorem 1.31 page 15. m

Theorem 1.3 (Girsanov’s Theorem II for It6-Lévy Processes): Assume there exist
predictable processes u (t), and [ (t,\) < 1 such that the process (1.12)) exist for 0 <t < T,
and satisfies (1.13)) . Define the probability measure Q on Fr by

dWg (t) = u () dt + dW (1) , (1.14)

and

Ng (dt,d)) = B (t, \)m (dX) dt + N (dt, d)). (1.15)

Then Wy (.) is a Brownian motion with respect to F; and Q, and Ny (., .) is (F;, Q)-compensator

Poisson measure of N (.,.), in the sense that the process

M (t) ::/Ot/Rfy(s,)\)N@(ds,dA) , 0<t<T,

is a local (Fy, Q) — martingale, for all predictable processes v (s, \) such that

[ [ aera=-sea)m@is < as

18
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Proof. See [26] theorem 1.33 pages 17-19. m

Theorem 1.4 (Girsanov’s Theorem III for Ito-Lévy Processes): Letx (t) be as (|1.10))
in theorem [1.2] Let u (t), and B (t,\) be Fy—predictable processes satisfying (L.11)). Let Q,
Wqo and NQ be as defined in Theorem Then in terms of Wg and NQ the precess x (t) can

be represented by

do (t) = f(t)dt + A (t) dWg (1) + / v (t,\) N (dt, d))

where

f<t>=b<t>—A(t)u(t)+/v<t,A>5<t,A>m<dA>.

R

Proof. See [26] theorem 1.35 page 20. m

The application of the Girsanov’s transformation can be found in economics, in fact as the
dynamic of the wealth value. For this end, we will investigate some applications.

The dynamic state of the investor with jump diffusion process can be described as the fol-

lowing SDE with jumps diffusion

de(t) =b(t,z(t7))dt + A(t,x (t7))dW (t) + /7 (t,\) N (dt,d)),
R : (1.16)

z (0) = .

We consider a financial market in which two asset (securities) can be investment choices,
the first one is called a globally risk-free asset called also bond (foreign currency deposit for
example), whose price Sy (t) at time ¢ is given by

dS (1)
So (t

SO (0) = Sp-

=r(t,x(t))dt,

~—

The second risky asset is called stock, whose price S; (t) at time ¢ is given by

dgl(%) = (t, 2 (t))dt + o (t,z (1) dW (t) + /R 6 (£, A) N (dt,dN),
Sl (0) = 51
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Chapter 01. Expected exponential utility and Girsanov’s theorem

Where r (t,2 (t)) is bond function interest rate, o (t,z (t)) is function stock price volatility
rate, and p (t, x (t)) is called the expected rate of return, and § (., ) € R, satisfies
—1<4(.,\) < +0o0, in additional, the function 4 (., \) satisfies [ |5 (., \)]>m (d)\) < +o0.
Now let us consider an investor who wants to invest in the risk—freF(;J (foreign currency deposit
for example) and the stock, and whose decisions cannot affect the prices in the financial
market. We assume also that our market be self-financial, we denote by V' (¢) be the amount
of the investor’s wealth, and w (t) is the proportion of the wealth invested in the stock at
time ¢, then 7 (t) = w (t) V (t) is the the amount stock, and (1 — u (t)) V' (¢) is the amount in
the bond, that’s mean the investor has V (t) — u (t) V (t) = V (t) — 7 (t) savings in a bank.

Then, the wealth dynamics of the investor who want invests in the financial market has the

following form
dS (t)
So (t)

ds; (1)
Si(t)

= (V(t) =7 (1))

+ 7 (1)

In fact, the wealth of the investor is described by

(1.17)
=V (&) == () r(t,x(t))dt

+ 7 (1) (u (t,x (t))dt + o (t, 2 () dW (t) +/6(t, A) N (dt, d>\)>

= (V) =7 @) r(t,z @) dt +7 @) p(t,z (b)) dt +7 (&) o (¢, (t) dW (t)

+ / 7 (t) 6 (t,\) N (dt, d))

=V )tz @) dt—x@t)rt,zt)dt+m ) ptxt)d+xt)o ) dW ()

+ / 7 (t) 0 (£, \) N (dt, d))

={V &) rtz@)+ () —rEa@) ()} d+x(t)o(t,z(t)dW (1)

+/7r(t)5(t,A)N(dt,dA).

Definition 1.4 An admissible strategy is an (ﬂ)tzo—adapted and square integrable process ™

with values in R such that (L.17) has a strong solution (V (t)),cor that satisfies
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T
E [/ |V ()] dt} < 00. Then, the set of all the admissible strategy is denoted by U,q.
0

The investor wants to maximize his (or her) expected utility (hyperbolic absolute risk aver-

sion) HARA type, over the set U,y in some terminal time 7" > 0 :
1
J'(r () = B [ve(T)]. (1.18)

By choosing an appropriate portfolio choice strategy = (.), where the exponent 6 > 0 is called
risk-sensitive parameter. If we put § = 1 the utility ([1.18)) reduced to the usual risk-neutral

case, the expectation under the probability measure P is denoted by [E.

Lemma 1.4 We can rewrite the expectation E [Ve (T)] described in the equation (1.18)) in

term of the exponential expected of integral criterion as

7 (7 () = %ve (0) B [exp (9 /OTh (£ (), 7 (), ) dt)] |

E? is the new expectation with respect to probability measure P?, and the function h is given

by

hit,z(t),n(t),\) = —% O—1)7m* @) o* (t,x @)+ V ()7 (¢t (t))
+ (u(tx () —r(tz(t)) (1)

+/|A<R{% [(1+7r(t)5(t,/\))9—1 —ﬁ(t)é(t,A)}m(d)\).

Proof. Applying the Lévy-Itd’s formula in Lemma, [I.3] to logarithmic wealth value
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InV?(t) =0V (t)=0f(t,V (t)), we have

0d (f (¢, V (1)) (1.19)
—0d(nV (1))
of of
_ GEZ(t, V() di+ 650 (1,V (1) aV (1)
+ 9%% 4V (D) @V (1), dV (1))
+6 o (f ELVE)+SEN) -V () - Wz (t, A)) m (d\)

+9/ (F LV (E) S 0N) — F(6V () N (de, dN)
_ QVL@)W () + 9% (_V%(t)) 72 (8) 0 (£, 2,) V2 (1) dt
10 /WR (n (V () + V() 7 (£)8 (£, ) — In (V (£)) — 7 (£) 6 (A)) m (d\)

+ 9/ (In(V @)+ V(t)m(t)o(t,\) —In(V ())) N (dt,dN) .
Hence

H/AKR (I (V () +V () 7 (05 (6 A) —In (V () — 7 (6)5 (\) m (dN)
= 9/|A<R (In(1+7(¢) 6 (2, A) —m(t)d(A)m(dA)

_ /|A|<R (10 (L7 (1) 8 (2.0))" — 0 (1)5 (A)) m (dA)

_ /|A|<R (@47 (5 (LA 41— (147 (05 (1X)") m (d)

+0 /A|<R {% [(1 F ()8 (tN) — 1] —r ()t )\)} m (d)). (1.20)
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By substituting the equation (|1.20]) into ((1.19)), we get

expf@InV (T) = exp {Ve (0) + 0/0 {Vt)yrt,z(t)+ (u(t,z(t) —r(t,z(t))m(t)}dt
—%9/0 72 (1) 02 (t,x(t))dt+0/o () o (b2 (£) dW (1

m(1+7@®)5EM +1— A +7@) A ) m(dX

+/M<R( (L4706 (1A + 1= (147 (0)6(tA)°) m (dN)
1 0

+9/M<R{5 [(1+7r(t)(5(t,)\)) —1} —ﬂ(t)é(t,A)}m(d)\)

+9/ (+7r()5(t,A))N(dt,dA)}.

Then we get after taking the expectation
1
5E[V(T)] g ElexpfInV (T)
~ v [exp{ / v () — 1 (ta (£) 7 (8)) de
50 [ Wt <>>dt+e/0 7 ()0 (1, () dIV (1)

+ /|A|<R (m A+7E)EN) +1—(1+7()d(t, A))9> m (d)\)
+9/M<R{% [0+ @52~ 1] —w(t)d(t,A)}m(d)\)
+9/Rln(1 + 7 (t)4(t, A))N(dt,dA)H .
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Then
JE[V (7)
= %Ve (0)E {eXp <9/0 {V@)r(t,x(t) + (ut,x(t) —r(t,x(t)))n(t)}dt)
+0/0 m(t)o (t,z (t))dW (t)—%e/o 7 (t) o® (t,x (t)) dt
—%02/0 72 (t) o? (t,x(t))dt+%02/o 2 (t)o? (t,x () dt
+/ <ln(1+7r(t)(5(t,)\))9—l—1—(1+7r(t)6(t,)\))9>m(d)\)

IA<R
1

+9/£<R{5[( 1 } (d)
+ﬂ/‘( +(t ﬁdA)]

We have

JE[V ()
a0 E{exp <—-e2 | e wetawao /O 7 (1) (b, (1)) AW (2)
' In (14 7 ( 1—(1+7®)8EN))) m(d))d

of ) (mas b1 (L ()6 (40)°) m () di

T
+g/ /h11+ﬂ (ﬁAM)
0 R

X exp (——9/ 7 (t) o (t, ())dt+292/OTWQ(t)JQ(t,x(t))dt

+9/'/;ﬁ{ (e mmaE ) -1 - (wamA@wnu»dt
+0/0 {V(t)r(t,z(t)) —}-(,u(t,:p(t))—T(t,x(t)))w(t)}dt)}

1
:?ﬁ@megL
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where
I = exp <—%92 /OTH (t) 02 (t,x(t))dt+H/OTﬂ(t)a(t,:c(t))dW )
+/T/A| R(In(1+7r(t)5(t, M +1—(1+0n (t)é(t,/\))9>m(d>\) dt
+9/T/Rln(1+7r(t)5(t,/\))ﬁ(dt,d>\)),
I, = exp (9 /OT —% O —1)7(t) o (t,x (t))dt
0 [ V@6 0)+ 0 0) - O) 7 (0} a
+e/ /A R{ (4 m 050 1] —W(t)é(t,)\)}m(d)\)dt
~ exp <9/0 Wt (1), w(t),)\)dt),
and

ht,z(t),n(t),\) = O —1D) 7% () (t,x(t))dt +V (t)r (t,z (1))
+ (p(t,x (b)) —r(t,z () m(t)

+/|A<R{% [(1+7r(t)(5(t,)\))9_1} —W(t)é(t’)\)}m(d)\).

1
2
(

We have the Novikov’s condition for Lévy processes (see Theorem 1.36 page 20 in [26]).

E [exp (% /OTuz (t) dt+/0T/RBQ (t,A)N(dt,dA))] < 0. (1.21)
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By applying Girsanov’s transformation, the stochastic integral term can be delated, and

according to the assumption ([1.21]), we get

0 T r
C;% = exp (—%92/0 7 (t) o® (t,x(t))dt+9/0 m(t)o(t,x (1)) dW (1)

+/T/w (1n<1+ﬂ(t)5<t, N +1—(1+7(t)d(t, A))0>m(d)\) dt
+9/T/1n(1+7T(t)5(t,A))N(dt,dA)>,

for some constants a, C' are positive. Hence

7 (r () = %E (V* (7))

= %V‘) (0)E[I, x L]

_ %ve (0)B [%e){p (Q/OTh(t,a:(t),w(t),)\)dt)}

= VO [exp (Q/OTh(t,a:(t) S (0),0) dt)] |

E? is the new expectation with respect to probability measure PY. m

As a conclusion.

Lemma 1.5 Our dynamics (1.16)) satisfies the following SDE with jump

dr (t) = f(t,x(t),\ 7 (t)dt + AdW?’ (t)+/7(t, A) N? (ds, d))

where the function f is given by

ft,x(@), \m(t)=0(tx(t) —Adn(t)o(t,x(t)) — / (147 ()0 (t,A) m (dN).

[AI<R

Proof. Applying the Girsanov’s transformation given in theorem [I.3] We denote by

WO (t) =W (t) +9/0 w(s)o(s,x(s))ds,

26



Chapter 01. Expected exponential utility and Girsanov’s theorem

is a standard brownian motion under the probability measure P?, and the PY —compensated

Poison random measure is given by

t VO (ds _ t ¥ (ds t 7T . . 8
/0)\|<RN (ds, d\) /0A|<RN(d’d)\)+/o/A|<R(l+ ()6 (5,2)" m (dX) ds.

For every 0 < s < t,

dz (t) = b (t,z (1)) dt + AdB (t) + / v (t, A) N (dt, d))

= b(t,x(t))dt + Ad (Wﬁ (t) — Q/Otﬂ(s)a(s,xs)ds)

/ ( <R W e, d3) - /|A|<R (L ()0 (£, A)" m () dt)
Ja () dt + AdW? (t) — Aew(t)a(t,x(t))dt—/ (147 ()5 (8, )" m (dN) dt

IA<R
v (t, A) N% (ds, d)) .

—Nom (t)o (t,m(t))—/

IA<R

(L+7(H)y (@t N)"m (d/\)) dt + AdW? (t)

%\/\\

+ [ v (£, A) N (ds,d)) .

If we denote by

ft,z (@), \m(t)=b(t,x(t) — A0 (t)o (t,z(t)) — / (L4 ()6 (£, A) m (dN).

[A|<R

Then we get

do () = f (2 (8), A (8)) dt + AdIW? (¢) +/7(t,/\)ﬁ(ds,d)\),

z (0) = xo.

The proof is completed. =
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In the next, we will give an auxiliary criterion function of the expected utility whose wants

the investor maximized as

7 () = %ve (0) B {exp (e /OTh (t2 (), 7 (£), ) dt)] |

We sum up, we have seen that the risk-sensitive asset problem is equivalent to the stochastic

control problem of minimizing the cost function

7 (n() = B {exp (Q/OTh(t,x(t) (1)) dt)] |

Here the value %Va (0) plays no role important any more for the optimization problem, so

we can put V7 (0) = 1.

1.2.3 Mean-Variance of loss functional

We require the following condition

Ab = exp@{/oTh(t,x(t),W(t))dt}, (1.22)

and we can put also

U (T) = /OTh(t,x(t) () dt. (1.23)

The risk-sensitive of loss functional is given by

o (0) (1.24)

= %log (E {expe {/OTh@’x(t) ’W(t))dt}D

= %log (E [exp 0¥ (T))]) .

Lemma 1.6 Let ® (0) be the loss functional has written as (1.24) , where ¥ (T') is given by
(1.23) . Then, if the risk-sensitive index 0 is small, the loss functional ® (0) can be expanded
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as

E W (T)] + gVar (T (1)) +0(6%). (1.25)

Proof. The limited development of the function f(x) = exp (fx) with rang two in the

neighborhood of zero is given by

f(x) =exp(0z) = i = 1—1—9:1:—1—%(995)24-0 (%) .
Then, by replacing = by ¥ (T'), we get
exp (O (T)) = 14 0¥ (T) + % (00 (T))* + O (%)
By taking expectation, we have

E [exp (0 (T))] = E {1 + 00 (T) + % (09 (T))* + 0 (92)}

=1+ 0BV (T)] + %QE (U2 (T)] + O (6%).

Then
2
log E [exp (0¥ (T"))] = log (1 + 0B [V (T)] + %]E [(U*(T)] + O (92)) :
If we take X = 0B [W (T)] + LB [¥?(T)] + 0(6?), and by using the limited development of

the function g (X) = In(1 4+ X) , with rang two in neighborhood of zero

g(X)=In(1+X) = Z(_lk) _x*

k=1
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Then

log I [exp (0W (T'))]

= 0B [V (T)] + %ZE (V2 (T)] + O (6%)

+ (=1) % OR [ (T)] + —21@ (U2 (T)] +0(6%)| +0O(6?)

2

=0E [V (T)] + Evm« (¥ (1)) + 0 (6%).

This implies that
P (0) = %logE [exp (0 (T))] = E[¥ (T)] + O Yar (¥ (1)) + 0 (6%).

2

The proof is completed. m
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Chapter 2

Pontryagin’s risk-sensitive stochastic

maximum principle for fully coupled

FBSDE with applications

In this chapter, we are interested in the problem of optimal control where the system is given
by a fully coupled forward-backward stochastic differential equation with a risk-sensitive
performance functional. As a preliminary step, we use the risk neutral which is an extension
of the initial control problem where the admissible controls are convex, and an optimal
solution exists.Then, we study the necessary as well as sufficient optimality conditions for risk
sensitive performance. At the end of this chapter, we illustrate our main result by giving two
examples of risk sensitive control problem under linear stochastic dynamics with exponential
quadratic cost function.The second example deals with an optimal portfolio choice problem
in financial market specially the model of control cash flow of a firm or project where, for

instance, we can set the model of pricing and managing an insurance contract.

2.1 Formulation of the problem

Let (Q, F (Ft)so ,IP’) be a filtred probability space satisfying the usual conditions, in which

a d—dimensional Brownian motion W = (W; : 0 <t < T) is defined. We assume that (F;)
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is defined by Vt > 0, F; = o (W (r);0 < r <t) VN, where N denote the totality of P—null
sets. For any n € N, let M? ([0, T];R"™) denotes the set of n dimensional jointly measurable
random processes {¢y,t € [0,T]} which satisfy:

(i) E [/ wdt} <o,

(1) : oy i;) <.7-"t(W)> measurable, for a.e. t € [0,T7].

We denote similarly by 82 ([0, 7];R") the set of continuous n dimensional random processes

which satisfy:

(i) : B [ sup |g0t|2] < 00,
0<t<T
(i1) = @y s (]:t(W)) measurable, for any ¢ € [0,77].

Let T be a strictly positive real number and U is a convex nonempty subset of R¥.

Definition 2.1 An admissible control v is a process with values in U such that

T
E [/ v dt} < 0o0. We denote by U the set of all admissible controls.
0

For any v € U, we consider the following fully coupled forward-backward system

dxy =b(t,xy,yy, 20, ve) dt + o (t,x, yy, 27, v) AWy,
dyf = _g (tax};?y;}7 Z?vvt) dt + Z;det, (21)

zy =z (0), yY = a,

where b: [0, T] x R x R" x R x U - R", 0 : [0, T] x R" x R x R x U — M4 (R),
g:[0,T] x R" x R™ x R4 x U — R™.
We define the criterion to be minimized, with initial and terminal risk-sensitive cost func-

tional, as follows

J'(v)=E [exp@ {(I) (z2) + W () + /OTf (t,x¥ P, 20 vy) dtH : (2.2)

where 0 is the risk-sensitive index, and ¢ : R” — R, ¥ : R™ — R,
f:[0,T] x R* x R™ x R™? x U — R.

The control problem is to minimize the functional J% over U, if u € U is an optimal control,
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that is

J? (u) = inf J° (v). (2.3)

veld
Next, we give some notations I' = (x¥, y¢, 27)",
_GTg
and M (¢,T") =: GTb (t,T),
GTo
We use the Euclidean norm |.| in R. All the equalities and inequalities, mentioned in this

paper, are in the sense of dt x dP almost surely on [0, 7] x €. We assume that

Assumption 2.1 For each I' € R" x R™ x R"™4 M (+,T') is an F;—measurable process

defined on [0,T) with M (¢,T') € M? ([0, T];R™ x R™ x R**?) .

Assumption 2.2 M(t,.) satisfies Lipschitz conditions: There exists a constant k > 0, such

that |M (t,T) — M (t,T")] < k[T —T"| VT, IV € R* x R™ x R™4 vt € [0, T).

The following monotonic conditions introduced in Peng and Wu [29], are the main assump-
tions in this paper.

The coefficients g, b and o are G—monotone i.e., there exists a nondegenerate m x n—matrix
G such that, for every fixed (w,t) the mapping M (¢,T") is monotonous in (z,y, z) in the sense

of the assumption

Assumption 2.3 (M (t,I) — M (t,I'), [ = T) < 1 |G (z — 2')[* = B2 |G (y — /)|,
VI = (z,y,2); TV = (2,¢y,2) € R* x R™ x R4V t € [0,T], where 3, and 3, are given

nonnegative constants with 31 + (o > 0.

Proposition 2.1 For any given admissible control v (.), we assume that— hold. Then
the fully coupled FBSDE (2.1)) has the unique solution (z¥,y?, z¢) € (M2 (0, T; R™ x R™))* x
S? (0,7, R™7) .

Proof. The proof can be seen in Peng and Wu [29]. =

A control that solves the problem {(2.1), (2.2, (2.3)} is called optimal. Our goal is to es-

tablish necessary, as well as sufficient conditions of optimality, satisfied by a given optimal
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control, in the form of stochastic maximum principle with a risk-sensitive performance func-
tional type.

We also assume that
Assumption 2.4 i)b, 0, g, f, ® and ¥V are continuously differentiable with respect to (z,y", 2", v) .

i1) The derivatives of b, 0, g and f are bounded by C (1 + |z"| + |y"| + |2*]| + |v]) .
i17) The derivatives of ®, ¥ are bounded by C (1 + |z"| ) and C (1 + |y*| ) respectively.
Under the above assumptions, for every v € U equation (2.1)) has a unique strong solution

and the function cost J? is well defined from U into R.

2.2 Risk-sensitive stochastic maximum principle of fully
coupled forward-backward control problem type

First of all, we may introduce an auxiliary state process & which is the solution of the

following stochastic differential equation (SDE in short):

gy = f(t,z),uy, 27, vy) dt, & =0.

From the above auxiliary process, the fully coupled forward-backward type control problem

is equivalent to

inf Blexp 0 {® (v) + ¥ (y§) + &p}] = inf BT (25, 45, &5)]
subject to

Ay = f(t, 2}, y7, 2, ve) dt, (2.4)
dry = b(t,a}, 47, 27, v0) dt + o (0,57, 2, v0) AW,

dyp = —g (t,x¥,yf, 2¢,vp) dt + z7dWy,

& =0, xy = z"(0), Yy = a.

T
We denote by A% := exp 6 {CD (x4) + ¥ () + / ftal,yl, 28, v) dt} , and we can put also
0
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T
Or =& (z4) + ¥ (y) + / f(t,z),up, 27, vy) dt, the risk-sensitive loss functional is given by
0

1 T
@9 = glogE {exp@ {(I) (.’L'UT> + L (yg) +/ f(taxfayfazzjavt) dt}:|
0

1
=3 log E [exp {#O71}].

When the risk-sensitive index 6 is small, the functional ©y can be expanded as E[Or] +
8Var (©r) + O (6%), where, Var (©7) denotes the variance of ©r. If § < 0, the variance of
Or, as a measure of risk, improves the performance Oy, in which case the optimizer is called
risk seeker. But, when 6 > 0, the variance of ©1 worsens the performance Oy, in which case
the optimizer is called risk averse. The risk-neutral loss functional E (©r) can be seen as
a limit of risk-sensitive functional ©y when ¢ — 0, for more details the reader can see the

chapter’s book [7].

Notation 2.1 We will use the following notation throughout the paper. For ¢ € {b, o, f, g H?, ﬁe}}
we define

¢ (t) = o (t.xf, y/, 2 v)

09 (1) = & (¢, 27,4, 2 ve) — & (8, sy 2 we)

Oc (t) = 52 (ot uf, 2, w),  (=a, y, 2
Where v, in an admissible control from /.
We assume that the assumptions 2.1 2.2] and hold, we may apply the stochastic
maximum principle for risk-neutral of fully coupled forward-backward type control from
Yong [40] to augmented state dynamics (£, x,y, z) to derive the adjoint equation. There exist

unique F;—adapted pairs of processes ((p1,q1), (p2,q2), (p3,q3)), which solve the following
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system matrix of backward SDEs

.

dp1 (t) 0 0 0 D1 (t)
dp ()= dpo(t) | =| £ (&) ba(t) g.(t) pa(t) | dt
dps (1) -fy () by () gy (1) ps ()
0 0 0 a (t) @ (t)
(2.5)
0 o.(t) 0 @) |d—1| ¢@) [dV
0 -o,() O qs (t) qs (t)
P (T) = —0Ar ! , and p3 (0) = -0V, (y8) Ar,
 n) . (14)
with E Z sup. p |ps (B + Z |qz( ) dt| < oo, and

p2(t) p3(t)
To this end, we may deﬁne 1 b)) in the compact form as:

[ p®) @)

( dpl (t)
dp (t) = | dpy(t) | = F @) dt =% (t)dW,
dps (t)
h (T) = —QAT 1 s and P3 (0) = —H\Py (yg) AT,
|\ () . (%)
where
a (t)
by (t> = (p) (t) )
qs (t)
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0 0 0\ [ a
+1 0 o,(t) 0O q2 (1)
0 -o,(t) O q3 (1)

We suppose here that H' is the Hamiltonian associated with the optimal state dynamics

(€%, 2", y*, 2"), and the pair of adjoint processes (7 (t), ¢ (t)) given by

f(t) 0
=1 oy |TFO)+]| o) |(T@)
g(t) 0

Theorem 2.1 Assume that [2.1] 2.2] and [2.4] hold. If (£*,z",y", 2") is an optimal solu-

tion of the risk-neutral control problem (3.4)) , then there exist pairs of Fy— adapted processes

((p1,q1) , (P2, q2) » (ps, q3)) that satisfy (2.5) , such that
HY (t) (v — ug) > 0, (2.6)

for all w € U, almost every t € [0,T], and P—almost surely, where ﬁg (t) is defined in

notation 211

2.2.1 How to find the new adjoint equation ?

As we said, Theorem is a good SMP for the risk-neutral of forward backward control
problem. We follow the approach used in [8, 1], and suggest a transformation of the adjoint
processes (p1,q1), (p2,q2) and (ps3, g3) in such a way to omit the first component (p1,¢;) in

(2.5) , and to obtain the SMP in terms of only the last two adjoint processes, that we denote by
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((p2, @) , (p3, ¢3)). Noting that dp; (t) = q1 (t) dW; and p, (T) = —0A%, the explicit solution
of this backward SDE is
p1(t) = —0E [AGT | ft] = —QV;sea (2.7)

where

V) =E A} | 7], 0<t<T. (2.8)

As a good look of , it would be natural to choose a transformation of (7', ¢’) into an

~ ~ 1
adjoint process (p, q), where p; () = vl (t) = —1.
t

We consider the following transform

p1(t)
~ 1
PO =1 pat) | =757 (1), 0<t<T (2.9)
A%
ps (1)
By using and , we have
_ p1(T) 1 N .
p(T) = B = — , and p3 (0) = =¥, (yg) -
p2(T) @, ()

The following properties of the generic martingale VV? are essential in order to investigate the
properties of these new processes (p (t),q(t)).
The process A? is the first component of the F,—adapted pair of processes (Ao, l) , which is

the unique solution to the following quadratic backward SDE

dA) = —{F (&) + S1L ()} dt + 1 (t) dW,

Af =T (),

EVOTu(t)Edt] < .

In the next, we will state and prove the necessary conditions of optimality for the system

(2.10)

where
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driven by fully coupled FBSDE with a risk sensitive performance functional type. To this

end, let us summarize and prove some lemmas that we will use thereafter.

Lemma 2.1 Suppose that[2.4] holds. Then

E [ sup ‘Af‘z] < Crp, (2.11)

0<t<T.

In particular, V? solves the following linear backward SDE
dv? =01 (t)vVldw,, VL= AS. (2.12)

Hence, the process defined on (Q,}" , (ft(w)> ,]P’) by
>0

0
LY = “;e_exp</ez W——/\l yds) 0<t<T, (2.13)

15 a uniformly bounded F,—martingale.

Proof. First we prove (2.11)). We assume that holds, f, ® and ¥ are bounded by a
constant C' > 0, we have

0< e—(?-‘rT)CG S A% S 6(2+T)C‘9. (214)

Therefore, V¥ is a uniformly bounded F,—martingale satisfying
0 < e~ < 0 < +T)CO

. 0<t<T. (2.15)

The sufficient conditions of the Logarithmic transform established in ( [14], Proposition 3.1)

can be applied to the martingale V¢ as follows

t
Vf:exp<(9Af—|—9/f(s)ds), 0<t<T,
0

and V7 (0) = exp (0A¢) = E [Af] . It is easy to see from (2.15)), and the boundedness of f
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that

E [ sup ‘Aff] < Cr,

0<t<T.
where C'r is a positive constant that only depends on 7', and the boundedness of f, and W.

Second, we may find the explicit form of (2.12)) , by using the second 1t6’s formula to

t
VP = exp <9Af + 9/ f(s) ds) :
0

d (V) = [exp( / f(s ).exp(&/\f)]
— 0f (t) exp (9Af+0/0 f(s)ds>

+ 6 (dAY) . exp («9Af + Q/t f(s) ds) + %HQZQ (t).exp <9Af + Q/t f(s) ds) dt
0 0

= 0L (t) V2 dW,.

Now, we can prove (2.13)), by starting from the integral form of (2.12), such that V¢ =
t
9/ [ (s) VY (s)dW,. On the other hand, we have
0

Vi =exp (9 /0 t f(s) ds) cexp (0AY).

By replacing AY in (2.10) , we have

vy 0
7o = eXP 9l dW—— |l )P ds) = LY.
0

In view of ([2.11)), the last expression (2.13)) is a uniformly bounded F;-martingale. m

Lemma 2.2 The second and the third risk-sensitive adjoint equations for (ps (t),qs (1)),
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(ps (t), a5 (1)) and (VO (t),L(t)) become

dps (t) = H? (t) dt + (g2 (t) + 0L (t) Do (£)) dWY,
dps (t) = —H} (t)dt — HY (t) AW,

dV¢ =01 (t) V2 dW,, (2.16)
Vi = A5
P2 (T) = =%, (27) 03 (0) = =Wy (o) -

The solution (p(t),q(t),V?(t),l(t)) of the system (2.16)) is unique, such that

T
E | sup |'p5(15)|2 + sup |Vf‘2 +/ (|§“(7§)|2 + |l (t)|2) dt| < oo, (2.17)
0<t<T 0<t<T 0
where
Do (t Ds (t
HG tvxtaytazh p2( ) ) p?’( ) 7‘/t€7l(t) (2]‘8)
¢ (1) 0

=b0(t)p2(t) + 0 (t) @2 (1) + (9 (t) — 200 () ps (¢) — [ (1) -
Proof. We want to identify the processes a and 5 such that
dp (t) = —a (t) dt + B (t) dW,.

By applying Ito’s formula to the process 7 (t) = 0V5 (t), and using the expression of V? in

(2.12]) , we obtain
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0 0 0 p1 (1)
dﬁ(t)_e_xl/f fot) b (t)  gs(t) pa(t) | dt
fy () by (1) -gy (D) ps ()
00 0 q (t) h(t)
WLW 0 o,(t) 0 @) |dt—=0] L) |[B)d

0 -0,() 0 gs (t) I3 (1)

a (t) h(?)

eivf @) | dAWVi+0 | 1) | D) dW
g3 (t) I3 (1)

¢ (1) L (t)
B0 =gz | ) [+0] oy |50
s (t) I3 (1)
and the drift term of the process p ()
0 0 0 p1(t)
A0 =7 | L0 b0 0 || o
fy () by () gy (D) ps (t)
0 0 0 a1 (t) L (t)
+9Lvt9 0 -0,(t) 0 et | +0] Lo |8
0 o,(t) 0 qs (t) I3 (t)
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1

Using the relation p (t) = 9—‘/6? (), the diffusion coefficient J3 (¢) will be
t
@ (1) l (1)
B == aw |+0| ney |50,
gs (t) 5 (t)

0 0 0 ¢ (1) L (1)
1o @ o || ao |+ e [
0 o,(t) 0 g3 (t) I3 (t)

We finally obtain

0 0 q (1) l1 (t)

- o, (t) 0 B |dt—0| L@ |8 at
oy (t) 0 G () s (t)

+ B (t) dW,

It is easily verified that

dpy (t) = By (t) =01y () dt +dW,], P (T) = —1.
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In view of (2.13), we may use Girsanov’s theorem [1.3] to claim that
dpy (t) = Br () dWe, P —as. B (T)=—1,

where

AW! = =01 (t) dt + dW,, (2.19)

t t
= LY = exp </ 0l (s) dWs — %/ |l(8)|2d8) :
Fi 0 0

0 < t < T. But according to (2.14) and (2.13), the probability measures P’ and P are

. . . 6
is a PY—Brownian motion, where, %

in fact equivalent. Hence, noting that p; (¢) : (t) is square-integrable, we get that

1

T
" 151 (T) | Fi] = —1. Thus, its quadratic variation / @ (t))* dt = 0. This implies
0

ﬁl (t) = E]P
that, for almost every 0 <t < T, q; (t) =0, P and P—a.s.

0 0 0 P (t)
dp(t)=—| -fa(t) -bx(t) -g.(t) pa(t) | dt
fy () by (1) gy (1) P (t)
0 0 0 @ ()
+| 0 -0t 0 o) | dt+B@ vt
0 o,(t) O g (1)
i (t) [ (t)
Now we use the relation 5 (1) = — | @, (1) | +6| L) |7, in the equation above,
H. (t) I3 (1)

to obtain
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0 0 0 7 (t)
dp(t) == | -fa(t) -ba(t) -g«(t) p2(t) |dt (2:20)
fy () by (t) gy (1) ps (t)
0 0 0 a (1)
|0 ) o || @ |@
0 o,(t) 0 qs ()
(@
9| 20
\ [ ()1 (8) + b2 (8) p2 (¢) + g2 (1) p3 () + 0= (1) @2 (¢)
L (%)
+0 | 1) [P pdWy.
I3 (t)

Therefore, the second and third components of py and p3 given by (2.20]) , are given by
dpz (t) = {bz (t) P2 (t) + g (1) D3 (t) + 00 (£) @2 () — fo (1)} dt (2.21)

+{G (t) + 0l () P2 ()} AW},

dps (t) (2.22)
= —{by (0) P2 (£) + gy (1) 3 () + G2 (£) 0 (1) — fy () } i

—{= L () + b (O) P2 (8) + g (t) B3 (t) + 02 (£) G2 () — 013 (¢) Ps ()} AW,

and the second and third risk-sensitive adjoint equations for (ps2,q2), (p3,q3) and (V‘g, l)
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become
dps (t) = HJ (t) dt + (2 (t) + 0y () P (1)) AW,
dps (t) = —H) (t) dt — HS (t) dW,

dV? = 01 (t) V2dW,, (2.23)
Vi = A7,
[ 2 (1) = =9, (27) 3 (0) = =Wy (yo) -

The solution (ﬁ, gV, l) of the system ([2.23)) is unique, such that

T
~ 2 ~
E|sup [pt)+ sup [V/|" + / (1T + 1)) at
0<t<T 0

0<t<T

where

p2 (1) p3 (1) VO 1(t)

2 (t) 0

H9 (t) = H9 t)'rtvyt?Zh

=b0(t)p2(t) + 0 (t) @2 () + (9 (£) — 200 (1)) 3 (¢) — [ (1) -
This completed the proof. m

Theorem 2.2 (Risk-Sensitive Stochastic Mazimum Principle): We assume that[2.4) holds, if
(¥, y*, 2", u) is an optimal solution of the risk-sensitive control problem 1-} (2.2) , .}
p:
then there exist pairs of Fy-adapted processes (V? (t),1(t)), a s
that satisfy (2.16) , (2.17) such that
HY (t) (v —u) >0, (2.24)

for all w € U, almost every 0 < t < T and P-almost surely, where the Hamiltonian HY
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associated with (2.4)) , is given by

H@ (t7€g7$?7y372?7?t7?t) (225)

p2 (1) p3 (1) o | 2(0)
2 (1) 0 I3 ()

={0V7} HY [ttty 2,

and H? is the risk-sensitive Hamiltonian given by ([2.18)) .

Proof. To arrive at a risk-sensitive stochastic maximum principle expressed in terms of the
adjoint processes (P2, G2), (P3,qs3) and (Ve, l), which solve (2.16). Hence, since V¢ > 0, the
variational inequality (2.6]) translates into HY (t) > 0, for all u € U, almost every 0 < ¢t < T

and P-almost surely. m

2.3 Risk sensitive sufficient optimality conditions

This section is concerned with a study of the necessary condition of optimality (2.24]) when

it becomes sufficient.

Theorem 2.3 (Risk neutral sufficient optimality conditions) Assume that ®(.) and V(.) are
convex and for all (x,y,z,v) € R* x R™ x R"™4 x U the function fle(., x,Y, 2,0, .,.) is concave

T
and for any v € U such that E [/ |v| 2dt| < oo then, u is an optimal control of the problem
0

{23, ,([2.3)}, if it satisfies (2.6)).

Proof. Let u be an admissible control (candidate to be optimal) for any v € U, we have

J* (v) = J° (u)

= Blexp {0V (y5) + 0P (27) + 0&7}] — Blexp {0V (y5) + 0@ (x7) + 6¢7}] -
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Since ¥ and ® are convex and by applying Taylor’s expansion, we get

J* (v) = J% (u)
> B[0Ar (&7 — &7)] + B[0P, (v7) Ar (27 — 27)] + B [0, (y5) Ar (5 — y0)] -

According to (2.5]), we remark that p, (T') = 0 Ar, po (T) = 0P, (z%) Az and
ps (0) = 0%, (y3) Ar, then

J? (v) — J? (u) (2.26)

> Elp (T) (&0 — &0)1 + Ep2 (T) (7 — 27)] + E[ps (0) (yo — uo)] -
We apply Itd’s formula to py (¢) (& — &)
d(pr(t) (€ (1) =€ (1) = (& (t) = &" (1)) dpr (t) +p1 (£) d(£” (t) — £ (1))
+((€" =€), pr), dt

then
/ T - e )i = / (1), (), () )~
£l (1), 5" (8), 2 () ) s () W,
[ G @ 0 00
£ (1), 9 (6), 2 (1) ) i (1)

We apply expectation, we get

T
Blp: (T) (&7 — &)l = E [/ (F sy 2 o) = F (G pts 20 w) po) e (2.27)
0
We apply also It6’s formula to ps (¢) (2} — x}')

d(p2 (t) (¥ (t) — 2" (1)) = (2" () — 2" () dp2 (t) + p2 (t) d (2" (t) — 2" (¢))
+ (2¥ — %, po), dt
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then

[ o - on= [ 60000200
b (1 (0) 7 (1) 2 (1) ) o (1)
[ @ 0,2 00 -
o (12 ()5 (1), 2 (1), ) pa (1) AV,
+/0T— (fo (6)pr + by (B P2+ 02 (1)
Vg, (1)) — o) di

T
—I—/ ¢ (1) (x} — a}) dW;
0

We apply expectation, we get

Elp2 (T) (27 — x7)]
T
= E |:/ {fx (t»x?W% Zg>ut)pl (t) + bz (tv l’?, ?J?a ZZL, ut) D2 (t)
0
+0$ (t’ I?’ y;t’ ZZL, ut) q2 <t> + gz (t7 3337 yzqttv 217:7 ut)p3 (t)

T
+E |:/ (b (t7x§7y;)7 Z;)/Ut) - b (tu ‘r??yfu Zf’ut) D2 (t)) dt:|
0

T
+E |:/ (U (taxfaygvzfavt> _U(tamgayg7zg7ut) q2 (t))dt:| ’
0

And We apply also It6’s formula to ps (¢) (y) — vi'),

d(ps(t) (y" (1) —y* (1) = (y" (t) —y" () dps (t) +ps(t)d(y’ (1) —y" (1))

+ <yv - yu’p3>t dt
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then
[t 0w @ -y o= [ G000,z 0.0
9 (6 (1), (), 2% (1) ) s ()
[ 0= o
N TR Or A
+gy (1) p3) (v — yi') dt
+/OT — (Lo (t)p1+b. () p2+ 0. (t) g2

+9. (t) p3) (yy — yi') dW;

+

We apply expectation, we get

Ep

w

(0) (wo — wo)] (2.29)

=E |: t ajg?y;}?'zf??)t) —4g (t>$g>?/?>zf,ut))p3 (t) dt:|
0
T
E[

(F, (bt 2 ) pr (8) + gy (62 s 20 0e) ps () (5 — o) dt]
0

_E { / (F. (62 s 20 ) pr (8) + g (2, g 2 ) o (8)) (21 — 22) dt] .

0

By replacing (2.27)) ,(2.28) and (2.29)) into (2.26]) , and using the fact that the Hamiltonian
can written by the relationship (2.25]) , we have

J? (v) = J% (u)
T
|: (HG t $t>yt7ztavtapt7Qt) He (taxgaygazgauhﬁta@)) dt:|
0

T

+E
0

T
E|:/ Hye txt7yt7zt7utapt7qt)< _yt dt:|

T
+ / H txtaytvztautvptaqt _Zt :|
0

H t xtvytvztyvtapta%f)( —I':L) dt‘|

+
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Since the Hamiltonian H is concave with respect to (z,y, z,v), we have

T
E |:/ (He (tal‘gay}t}a Zfa”tyﬁt&%) - He <t7$37y57zf7utaﬁta@f)) dt:|
0

<E[/ Ha (t, o', ui's 215 v Drs Ge) () — ) }
+E / Hg(t,xf,yf,zf,ut,ﬁt,qt L — dt}
+E / HY (t, 2y, 2wy, Dy, @) (27 — 21) dt}
v [ B0t ) (vt—uadt},

or, equivalently,

T
E |:/ Hg (tvxyvygaz;lauhﬁ/tvat) (Ut_ut) dt:|
0

T
< E |:/ (He <t7$§7yf7zfavtaﬁt7&;) - Ha (tvxtuaytuvzgauhﬁtaa;)) dt
0

r T
L E / HY (8,22, g, 2%, vr, Br, @) (2 — 2 dt
0

r pT
+E / HY (1 28 un, B @) (v — w)

+ E / Hatwt,yt,ztaubPNQt)( —z/)dt|.

Then
T
Ja ('U) - JG (U) Z E |:/ Hg (t’xgvy?a Zg7utvﬁta€z;f) (Ut - ut) dt .
0

In virtue of the necessary condition of optimality (2.6)), the last inequality implies that

J% (v) — J? (u) > 0. Then, the theorem is improved. m

Theorem 2.4 (Risk sensitive sufficient optimality conditions) Assume that ®(.) and ¥(.)
are convex and for all (v,y,z,v) € R* x R™ x R™4 x U the function H’(.,z,y,z,v,.,.) is

T
concave and for any v € U such that & [/ |v| 2dt| < oo then, u is an optimal control of the
0

problem {@E1), @2) . @3)}, if it satisfies [22).

Remark 2.1 This is not our aim to provide elaborate existence results for optimal controls.
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It should just be noted that usual existence results require some convexity on the dynamics
since their proof usually relies on weak compactness properties. The result given below, whose

early version was obtained by Filippov in [15], is standard.

2.4 Applications

2.4.1 Example 01: Application to the linear quadratic risk-sensitive

control problem

We provide a concrete example of risk-sensitive forward backward stochastic linear quadratic
problem, and we give the explicit optimal control and validate our major theoretical results
in Theorem (sufficient optimality conditions). Consider the following linear quadratic of

risk-sensitive control problem

T
inf & {exp@ {%yé’ + 1z, +/ %det} } :
veld 0
subject to
dl’g = (Atf,(]f + Btvt) dt + (Ctl'g + Dtvt) th7 (230)

dy} = — (Ryzy + agye + ¢p2¢) dt + 2, dW,,

Iozoa ya}“:aa

where A;, B;, C;, and D, are n xn bounded progressively measurable matrix-valued processes.
We assume that the term 2A;ps (t) (27 — ') is positive.
T
Recall that Ar := exp {%yf{ + %x?’p + / %vfdt} . Instantly, we give the Hamiltonian H?
0

defined by

~ 1
H* (tu Tty Yty 2ty Uty P (t) g (t)) = Evtzpl (t) + (Atlﬂtj + Bt%)]b (t) + (Otxf + Dtvt) q2 (t)

+ (Rexe + agy + o) ps (1) -
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Our adjoint equation to be defined in the current system as

dpy (t) = —q1 (t) dW,
< dps () = (Asp2 (t) + Ciqa (t) + Rups () dt — g2 (t) AW, (2.31)
dps3 (t) (atp?, (t)) dt — (Ctps (t)) dWs,

p (T) = 0Ar, p2 (T) = OxpAr, p3 (0) = OypAr.

We have HY (t, 1, y1, 2, v, p (1), () = Aspa (£) + Ciga () + Rips (1),
ﬁye (ta Lty Yty 215 Vg, P (t) 4 (t)) = (¢Ps3 (t) ) E[ZG <t7 Lty Yt 2t; Vg, P (t) 4 <t>> = D3 (t) )
and f]g (t, e, Yty 2, Ve, 0 (t) , ¢ (1)) = vupy (t) + Bypa (t) + Digo (t) . Maximizing the Hamiltonian

yields
1

p1(t)

Uy = —

(Bipa (t) + Diga (1)) - (2.32)

Theorem 2.5 ( Risk-sensitive sufficient optimality condition for linear quadratic control
problem): The function (2.32)), for all t € [0,T1], is the unique optimal control for the linear

quadratic control problem (2.30)), where (x4, yt, 2) is the solution of the following FBSDE

dx} = (Ax? + Bywy) dt + (Cyxd + Dyvy) dWy,
dyz] = — (RtQJt + apyy + Ctzt) dt + thWtu

xo =0, yp = a.

Proof. From the definition of the cost functional J¢, we have

o o 1 1 1,
J? (v) — J% (uy) =K |exp b yo—i-sz—i- 2vtalt
0

1 1 1
{exp@( y0+2$T+/0 §utdt)]

T
We put &p = / %det, and applying Taylor’s expansion, we get
0

T’ () = J° (ur) = B[py (T) (& — &1)] + B [p2 (T) (a7 — a7)] (2.33)

+Eps (0) (vo — ¥0)] -
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We apply Ito’s formula to p; (t) (§ — &'), p2 (t) (x} — z') and p3 (¢) (y) — v4'), and used the

explicit forms of the adjoint equations (2.31)), to get

Bin @) -e) =8| [ (36 -d)n o). 231)

Elp (T) (v — o7)] (2.35)
= [ a0+ Can )+ Raps () 07 = 1) ]
[ (s + Bn) = (At + B s 0 dt}

T
— ]E / ((Ct.f;} + Dtvt> — (Ctl'? + Dtut)) QQ (t) dt:| s
and

Eps (0) (vo — o)

T
0

T T
8| [Cam @ 6t —)at] =B | [Cam 0 - pa].
0 0
We replace (2.34)), (2.35)), and (2.36]) into (2.33)), we obtain

J (vr) — J? (ur)

_ %E [ /0 (00— ) (00 — ) pa () + 20 (00 — ) pr (1) dt]
+E [ /O Bupa (1) (01 — ) dt} +E { /0 Duo (8) (0r — ) dt}

T
+E {/ 2A:ps (t) (2] — xy) dt} :
0
And then, because of 2A4;p, (t) (¥ — z}') being nonnegative, we have

I (0) = J° (u) > B l /0 (uspr (£) + Bups (£) + Dyga (1)) (vs — us) it |,

o4
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By replacing u; with its value in (2.32)), we obtain

7 (v) = J° () > B { | - Ban )+ D (1)

+Bupa (8) + Dega (1)) (v — ue) di]

= 0.
Then, we get J? (v;) — JY (u;) > 0. The proof is completed. =

2.4.2 Example 02: Application to risk sensitive stochastic optimal

portfolio problem

Now we return to the problem of optimal portfolio stated in the motivating example, and deal
with the linear quadratic risk sensitive stochastic optimal control problem shown in section
01, and apply the risk sensitive necessary optimality condition (Theorem [2.2).

Our state dynamics is

dl’t = (pvt + Tl't) dt + O-th, (2 37)

Ty = My,
and

dyt = (—Cl't -+ )\yt) dt + thWt, (238)

yT:0.

The cost functional is the following expected exponential form

Jw()=E [exp (0 /OT ((Q_vaf - (%02 +mo + (r —c) xt) v + r) dt)] . (2.39)

The investor wants to maximize (2.39)) subject to (2.37) and (2.38) by taking v (.) over U.
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The Hamiltonian function (3.18]) gets the form

H° (t) = H’ (t, Tty Yty Zt:ﬁZ (t) 7Z]v2 (t) 7§3 (t> Ny (t) ;Ut)
B0 B2 (1) o (1) () + {9 (1) — 01(1) 2} B (1) — F ().
= (pv + 1) p2 (t) + 02 ()

+ {(—cxy + Ayy) — 0L (t) 2} p3 (1)

1) 2
— (%vf—i— (%UQ‘f‘mg—i‘(’/’—C)l’t) Ut—i-T).

Let (" (t),u(t)) be an optimal pair, the adjoint equations (2.21)), (2.22]) are given by

(2.40)
p2(T) =0,
and
dps (t) = —H? (t) dt — H? (t) dW,
ps (1) y (1) (t) dW; (2.41)
Maximizing the Hamiltonian yields
P ~ (T B C) u 1 1 2
= —————Dot — = . 2.42
=G W G T o0 (2" o (242)
By substituting (2.42)) into the SDE ([2.37)) and ([2.40) gives
o pr=0\ . P -
d.ﬁUt = |:(7’ — m) l‘t + mpg (t):| dt + O'th
P
(0—-1)02 (30° +mo) dt, (2.43)
z" (0) = mo,

\
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and

dpy (t {( - (Z(Tl)ir) )pz (t) — cpy (t) + (é 71)) ST + (Z(j;)?z (Lo? + mo)} g
+ (0l (1) Py (1) + 3 (1)) AW, (2.44)
Py (T) = 0.

Therefore, an optimal solution (z}, p4 (t),u;) can be obtained by solving the system of fully
coupled FBSDE ([2.43) and (2.44)) , unfortunately, in such a system it is difficult to find the
explicit solution. To solve the fully coupled FBSDE {(2.43),(2.44)}, we use the similar

technique as in [41], we conjecture the solution to (2.43)) and ([2.44) is related by

PL(t) = A(t)a" + B(t), (2.45)

for some deterministic differentiable functions A (¢) and B (t). Applying Ito’s formula to

(2.45)) , we get
[ die () = LA+ A@) (r— 259) + A2 (1) 2y | v
P2 ( ) ( )+ ( ) r (1—-0)02 + ( ) 1-0)02 Ty
+A () = B (1) + B(t) - e (307 + mg)} dt + A (t) odW,, (2.46)
Py (T) =0

On the other hand, by substituting ([2.45)) into (2.44)) , and using ([2.19)) , we obtain

( 2
a7} () = {[A 0 (r - £5%) - o55] ot
r—c) U (r—c)
B (t) ( )Uz) —cpy (1) + (';71)02 (%UQ T mo) — @ ()0 (t>} dt (2.47)
+Q3 (t) dW,
\ Py (T) =0.

By equating the coefficients of (2.47)) and (2.46)) , we have ¢4 (t) = 0 A (t), where A (t) is the
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solution of the following Riccati type equation

A(t) - A2 (1) gt +24.1) (r — #5528 — s =0,

(2.48)

and B (t) is the solution of the following equation

B(t)+ B (A1) gy~ + 25%)

)
+A(t) obly (t) (2.49)

+

opy (t) — S52 (30% +mo) =0,

| B(T)=0.

Sy

Finally, we can have the optimal control in the following state feedback form by using ([2.42])
and ([2.45)) , then

up = (0_—11)02 (pA(t) — (r—c)) ) + WB (t) + ﬁ (%02 + mo) , (2.50)

where A (t), B (t) are determined by (2.48) and (2.49) respectively.

Theorem 2.6 We assume that the pair (A (t), B (t)) has the unique solution given by (12.48))
and (2.49) . Then the optimal control of the problem (2.37) — (2.39) has the state feedback
form (@50)

Remark 2.2 [t is important to remark that the solution of the function B (t) in the form
is dependent on the solution of p3 (t). If we put p3 (t) = o (t)y: + ¢ (t), for smooth
deterministic functions ¢, and p, by using the similar technique as optimal solution in the
last paragraph, to the optimal solution (y* (t),py (t),u (t)), then the solutions of functions 1,

and ¢ yield respectively the equations

b (1) +2X0 (8) = 0,
() +2Xp (1) — ¢ (t) (2 + 2,) =0, (2.51)
¥ (0) =0, and ¢ (0) = 0.
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2.4.3 Solution of the deterministic functions A (t) and B (¢) via Ric-

cati equation

In the best of our knowledge, it is hard to find the explicit solution to Riccati equation in
general. But in our case, we can find the explicit solution of (2.48)) for its constant coefficients.

For simplicity, we rewrite the Riccati equation ([2.48)) as follows

Aty —A2(t)a+2A() B+~ =0,

A(T) =0,
where we denote o = —m, B =r— O(TT)ZQ, and v = %. For convenience, we
suppose that A’ = 32 + ay > 0, we obtain
dA (t)

dt =

QA2 () — 2BA(t) —

By derivation for both terms in above equation, we get

_t_/ A2 (s a—ZS)(s)

:_/ dA (s)
@i A2(s)—2§A(s)—1

«

_1 / dA (s)
. (A (s5) — 2V @) (A (s) - —5+¢W)

«

1
2\/ 62 + oy / S BB tay 52+Q’Y A (S) BBty

[0}

dA (s).

Using the simple technique of integration calculus, we have

2v/p?+ay(T —t) = |In b+ ~§2+047 —ln‘ﬁ_ '§2+Cw

A BVt

«

In —1In

sy - ST
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This implies

aA(t) — (ﬁ—’_\/m) :iﬁ_\/mexp<2 52+04’Y(T_t))'

aA(t) - (B-VFray) BHVE+a

This concludes

<B—|— \/W) <1+exp (—2 B2 + ay (T—t)))

a <1 + gf—v%exp (—2 B + ay (T—t))>

A (t) =

In fact the Riccati equation (2.48) has another solution

<ﬁ—|— 524—047) (1—exp(— 52+a’y(T—t)>>

Ay (1) =

We must reject this solution because of the portfolio choice problem, if we denote

(B+VPFTa) s Pra (8- V7 +a)
> ,nzﬁ_\/m,andm: - :

(2.52)

Then we have

B d + nKrexp (—M(T—t))

At) = (2.53)

1 —nexp (—\/52 —l—ow(T—t)) '

We put

M(t):A(t)W-%H#), (2.54)
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we rewrite (2.49) as follows
(2.55)

The explicit solution of equation (2.55)) is

s =eo ([ weas) [ e (- [nwar)a, (256)

where 1 (t) and £ (t) are determined by (2.54)) .

Corollaire 2.1 The explicit solution of Riccati equation (2.48|) is given by (2.53)), and the
equation (2.49) has an explicit solution given by (2.56)) , where the constants coefficients 6,7,

and k are given by (2.52)), p (t) and & (t) are determined by (2.54) , and the system (2.51)) .

Corollaire 2.2 We assume that the pair (A(t),B(t)) has the unique solution given by

(2.53), (2.56) and (2.51)). Then the optimal control of the problem (2.37) — (2.39) has the

state feedback form (2.50)), where the constants coefficients 6, n, k, p(t) and & (t) are given

by (2.52)) , and (2.54)) respectively.
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Chapter 3

Pontryagin’s risk-sensitive stochastic

maximum principle for fully coupled
FBSDE with jump diffusion and

finantial application

Throughout this chapter, we focus our aim on the problem of optimal control under a
risk-sensitive performance functional, where the system is given by a fully coupled forward-
backward stochastic differential equation with jump. The risk neutral control system has been
used as preliminary step, where the set of admissible controls is convex, and the optimal
solution exists. The necessary as well as sufficient optimality conditions for risk-sensitive
performance are proved. At the end, we illustrate our main result by giving an example of

mean-variance for risk sensitive control problem applied in cash flow market.

3.1 Problem formulation and assumptions

In all what follows, we will be worked on the classical probability space (Q, F,(F >t§T ,P) ,
such that Fy contains all the P—null sets, 7 = F for an arbitrarily fixed time horizon 7',

and (F;),.p satisfies the usual conditions. We assume that the filtration (F), ;. is generated
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by the following two mutually independent processes

(i) (W (t));> is a one-dimensional standard Brownian motion.

(ii) Poisson random measure N on [0,7] x T, where I' € R— {0} . We denote by (F}")
(resp. (FY)

t<T

,<p) the P—augmentation of the natural filtration of W ( resp. N).

Obviously, we have
]—}::a[/ /N(d)\,dr);sgt,AGB(F) ValW(s); s<t]VN,
0 JA

where N contains all P—null sets in F, and o, V 05 denotes the o—field generated by o, U os.

We assume that the compensator of N has the form p (dt, d\) = m (d)) dt, for some positive

and o—finite Lévy measure m on I', endowed with its Borel o—field B (T') . We suppose that

/ IAIA? m (d)\) < 0o, and write N = N —mdt for the compensated jump martingale random
r

measure of N.

Notation 3.1 We need to define some additional notations. Given s < t, let us introduce
the following spaces

S§%([0,T],R) the set of R- valued adapted cadlag processes P such that

2

sup | P (r)[*
rel0,T

||PHS2([0,T},1R) =E < +00.

M?2([0,T],R) is the set of progressively measurable R—wvalued processes QQ such that

1

T 2
1@l o :=E[ / |@<r>|2dr} < +oo.

L2 ([0,T],R) is the set of B([0,T] x Q) @ B(T') measurable maps R : [0,T] x @ x T — R
such that
T ) 3
IRl =8| [ [IROFm@) @] <o
we denote by B the expectation with respect to P

Let T be a strictly positive real number and U is a convex nonempty subset of R.
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Definition 3.1 Let U be a nonempty closed subset in R. An admissible control is a U—valued
measurable F,—adapted process v, such that ||v|q. < co. We denote by U the set of all

admissible controls.

For all v € U, we consider the following fully coupled forward-backward with jump system

(

de (t) = b(t,z(t),y(t),z(t),r(t,.),v(t))dt
+o(t,z(t),y(t),z(t),r(t.),v(t)dW(t)
+/F7 (t—z(t=),y(t=),z(t=),r({t— N, v (=), \) N (dt,d\)
dy(t) = —g(t,x(t),y(t),z(t),r(t.),v(t))dt+ = (t)dW (t)
- /F r(t, \) N (dt,d)\)

z(0)= d, y(T)=na, te[0,7]

(3.1)

where b : [0,T] X RXRXRXI'XU - R, 0: [0,T]xRxRxRxI'xU — R, g:
0, T x RXxRXxRxI'xU - R.and v:[0,7] x RxRxRxI xU — R are given maps.
If (z(.),y(.),z(.),r(..)) is the unique solution of (3.1)) associated with v (.) € U.

The functional cost of the risk-sensitive type is given by

J? (v) (3.2)

R [expe{/on (b2 (8)y (1), 2 (6)r (t,) 0 (1) dt + @ (2" (T)) + ¥ (3" “’”H |

where  : R - R, U:R =R, f:[0,7T]xRXxR xR XTI xU — R are given maps, and 6 > 0
is called the risk-sensitive parameter.

Our risk-sensitive stochastic optimal control problem is stated as follows: For given

(t,z (t),y(t),z(t),r(t.)) €0,T] x R minimize (3.2]) subject to (3.1]) over U.

inf J% (v) = J (u). (3.3)

veU

A control that solves the problem {(3.1)), (3.2)) , (3.3)} is called optimal. Our goal is to estab-

lish a necessary optimality conditions as well as a sufficient optimality conditions, satisfied
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by a given optimal control, in the form of stochastic maximum principle (SMP in short).
We give some notations YT = (2% (t),y* (t), 2° (t),7° (¢,.)) ", where ()" denotes the transport

of the matrix,

and M,V =| o |@7).

-9
We introduce the following assumptions.

H,:

For each T € R x R x R, M (¢,T) is an F;—measurable process defined on [0,7] with
M(t, ) e M*([0,T;RxRxRxT).

H, :

M (t,.) satisfies Lipschitz conditions: There exists a constant k£ > 0, such that
M (t, ) — M (£, )| <k|T = Y|VY, T e Rx RxRxT,Vte€[0,T].

The following monotonic conditions introduced in [37], are the main assumptions in this
paper.

H;:

(M (t,Y) = M (t,Y), T =T) < BT = Y'|*, forevery T = (z,y, z,7) and Y/ = (3, 2/, 1")" €
RxRxRxT,Vtel[0,T], where 8 is a positive constant.

U is a convex subset of R.

Proposition 3.1 For any given admissible control v (.) and under the assumptions (Hy),
(Hz) and (Hs), the fully coupled FBSDE with jump diffusion (3.1)) admits an unique solution
(2 (8) 5" (1), 2 (8) 7 (,.)) € (M2 ([0, T]; R x R x T)* x 82 ([0, T]; R x T).

Proof. The proof can be seen in [37]. m
Next, we assume that
H4 :

i)b, 0, g, f, ® and ¥ are continuously differentiable with respect to (z?,y", 2%, r" (.)).
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i1) All the derivatives of b, 0, g and f are bounded by

C U+ 2"+ ly"| + 27 + o[ + []) -

i11) The derivatives of ®, ¥ are bounded by C (1 + |z*|) and C (1 + |y"|) respectively.
Under the above assumptions, for every v € U equation (3.1)) has a unique strong solution

and the function cost J? is well defined from U into R.

3.2 Risk-neutral necessary optimality conditions

First of all, we may introduce an auxiliary state process £V (¢) which is solution of the following

stochastic differential equation (SDE in short):

dg” (t) = f (£, 2" (t) 5" (1), 2" (), r* (£,.), 0 () di, £ (0) =0

From the above auxiliary process, the fully coupled forward-backward type control problem

is equivalent to

[inf Elepf {2 (1) + ¥ (0 (0) + ()],
subject to
dg” (t) = f(ta"(t),y" (t), 2" (), r (t,.), v (t)) dt,
da () = b(t, v (), y° (t), 2" (t),r" (t,.), v (t)) dt
o (G (8), 47 (1), 20 (¢), Y (£,.) v () dW (¢) (3.4)
+/F7 (t,z(t=),y(t=),z(t=),r(t— ) ,v(t=),\) N (dt,d)),
dy" (t) = —g(t, 2" (t),y" (), 2" (t), 7" (t,.) ;v (1) dt + 2" (t) dW (¢)
—i—/Fr” (t,\) N (dt,d)),
0= 0,270)=d, y"(T) =a

We denote by

T

A%:=expe{<b<x”<T>>+\1f<y”<o>>+ f<t,a:v<t>,yw),zv<t>,rv<t,.>,v<t>>dt},

0
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and we can put also
T
Or =& (2" (T)) + ¥ (3" (0)) +/ FEzt(t), 9 (), 2" (1), r" (t,.) v (1)) di,
0
the risk-sensitive loss functional is given by

@ = 5logE [exp (& (+* (7)) + ¥ (4" (0)

+ f(t,ﬂfv(t%y”(t),zv(t),r“(t,.),v(t))dt”

0

1
=3 log E [exp {#O1}].

When the risk-sensitive index € is small, the functional Oy can be expanded as E (Or) +
8Var (©r) + O (6%), where, Var (1) denotes the variance of O. If § < 0, the variance of
Or, as a measure of risk, improves the performance Oy, in which case the optimizer is called
risk seeker. But, when 6 > 0, the variance of ©1 worsens the performance Oy, in which case
the optimizer is called risk averse. The risk-neutral loss functional E (©r) can be seen as
a limit of risk-sensitive functional ©y when ¢ — 0, for more details the reader can see the

papers [11], [7].

Notation 3.2 We will use the following notation throughout this paper.
For ¢ € {b, o, f,g,H(’,fNIe}, we define

¢(t) = ¢t (1),y" (), 2" (8),r" (¢,.) , v (1)),

90 (1) = ¢ (t,a" (1),y" (1), 2" (1), 7 (t,.) ;0 (1))

= (t,2" (1), (), 27 (8), 7" (t,.)  u(t)),

o (t) = G2 (t,2" (1) .y (1), 2" (1) ;7" (t,.) ;v (1), (=, y, 2 7 ().

and v (t—, \) it means that the function v is cadlag.

Where v, in an admissible control from /.
We assume that (H;), (Hz), (Hs) and (H4) hold, we might apply the SMP for risk-neutral

of fully coupled forward-backward type control from Yong [40)], to augmented state dynamics
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(&,x,y,z,7) and derive the adjoint equation. There exist unique F;—adapted of processes

(p1,q1,m1), (D2, @2, m2) , (P3, G3, T3) , Which solve the following system matrix of backward SDEs

(

dp1 (1)
dp (t) = | dp2 (1)
dps ()
0 0 0 p1(t)
== £ b (t) g.(t) p2(t) | dt
fy @) by (t) gy (1) ps (t)
0 0 0 ai (1)
—| 0 o.(¢t) O g (t) |d
0 o,(t) 0 gs (1) .
0 0 0 m (£, A)
+ / 0 7 (t—A) 0 T (t,N) | m(dA)dt
' 0 (=X 0 73 (£, \)
@ (t) T (£, A)
+1 @) | AW (t)+ /F m (8, \) | N (dt,dN)
g3 (t) 73 (£, A)
p(T) . 1
p2 (T) @, (zf)
| 3(0) = 0V, (y" (0)) Ar,
with E [23: UiltlET Ipi () + i:/OT 4 (t)|2dt] < 00, and
R | I I I | A ERTRSVENTR PN
. (t) g:(t) p2(t) ps(t) r
ety = | [ O O O e / e (b= A) 7o (£, ) (d)
or (t) gr () p2(t) ps(t) r
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To this end we may define (3.5)) in the compact form as

(

dp1 (t)
dp (t) = | dps (1) :—F(t)dt+2(t)dW(t)+/FR(t,)\)N(dt,d/\)
dps (1)
AR P , and ps (0) = 0, (4 (0)) Ar,
|\ 22 () ®, (x7)
where
0 0 0 0
Ft)= [ £ b.(t) g.() pa (t)
fy (8) by (t) gy (2) ps (1)
0 0 0 ¢ (1)
+(0 o.(t) 0 q2 (1)
0 oy(t) 0 gs (1)
0 0 0 1 (¢, A)
—/ 0 e (t—A) 0 T (t,A) | m(dA),
) 0 (=X 0 73 (t, \)
¢ (1)
N(t) = g () |-
gs (1)
and
m (t,.)
R(t,.) = T (t,.)
s (t, )

We suppose here that H' be the Hamiltonian associated with the optimal state dynamics

69



Chapter 03. Pontryagin’s risk-sensitive stochastic maximum principle for fully coupled
FBSDE with jump diffusion and finantial application

(€%, 2%, y*, 2%, r%(.)), and the triplet of adjoint processes (p (t),q (t), 7 (t,.)) is given by

H (1,6 (8) a (1) 9" (8) 2" (8) v (8,) u (8) 7 (1), 70 (1), 7 (1))

ft) 0

=l vy |F®O) +| oy | (T
g(t) 0
0

—/F V(=) | F @A) m@n).
0

Theorem 3.1 Assume that (Hy), (Ha), (Hs) and (Hy) hold.
IfF (), 2" ),y (), 2" (), r(.,.)) is an optimal solution of the risk-neutral control problem
(3.4) , then there exist Fy;— adapted processes

((p1,q1,m), (D2, @2, ™) , (P3, g3, T3)) that satisfy (3.5) , such that
HY (t) (v = wg) >0, (3.6)

for all u € U, almost every t and P—almost surely, where flg (t) is defined in notation (3.2)).

Proof. For more details the reader can see paper [40] with the result of paper [35]. m

3.2.1 Steps to find the transformed adjoint equation

As we said, Theorem is a good SMP for the risk-neutral of forward backward control

problem. We follow the same approach used in [8, 11], and suggest a transformation of the

adjoint processes (p1,q1, 71 (), (P2, q2,m2(.)), (ps,q3m3(.)) in such a way to omit the first

component (py,qi,m (.)) in (3.5), and to obtain the SMP in terms of only the last

two adjoint processes, that we denote them by ((pa, g2, T2 (.)), (P3, G3,, 73 (.))). Noting that

dpy (t) = ¢ (t) dW; + /7r1 (t,\) N (dt,d\) and py (T) = A%, the explicit solution of this
r

backward SDE is
pi(t) = 0B [A%| F] =0V (), (3.7)
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where

VOt):=E[A}| R], 0<t<T. (3.8)

As a good look of (3.7)) , it would be natural to choose a transformation of (p, g, 7 (.)) instead

of (P',¢, 7 (), where p; (t) = ﬁ@)pl (t) =

We consider the following transform

p1(t) )
PO=| B | =m0 (t>7(t), 0<t<T. (3.9)
ps ()
By using and , we have
-
pry =" S , and 73 (0) = W, (3 (0)).
p2(T) @, (2" (1))

The following properties of the generic martingale V? are essential in order to investigate the
properties of these new processes (p (t),q(t),7 (t,.)).
As is proved in [21], the process A’ is the first component of the F;—adapted pair of processes

(Ae, [, L()) which is the unique solution to the following quadratic backward SDE with jump

diffusion
EXCERFUR / 2.2 ()
+/F <exp 97" -1 r(t,/\)) m(d)\)} dt +1(t)dw () 510
/F{exp er _1}N(dt,d/\)+/FL(t,)\)N(dt,d)\),
[ A(T) = @ (@ (1) + ¥ (" (0)).
where

U| |dt+//|Lt)\ d/\)dt]
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Lemma 3.1 Suppose that (H4) holds. Then

E { sup | A’ (t)ﬂ < Cr. (3.11)

0<t<T.

In particular, V? solves the following linear backward SDE

dVO(t) =01 (t) VO (t)dW (t) + 0V (t) / L(t,\) N (dt,d\), VO (T) = A9, (3.12)

Hence, the process defined on (Q,}", (ft(W’N)> ,]P) by
t>0

t t ¢
1= atg = oo ([ aw e -5 [Herass [ [LenF @
0 0 0 JI
t
B / {00t § (ar,an) - / / IL (s, \)[2 m(d\)ds (3.13)
T o Jr
_ /F (=L 1 ) m(d)\)) , 0<t<T,

is a uniformly bounded F—martingale.

Proof. First we prove (3.11]). We assume that (Hy4) holds, f, ® and ¥ are bounded by a
constant C' > 0, we have

0 < e~@FNC0 < A9 < ((HTICO, (3.14)

Therefore, V% is a uniformly bounded F,—martingale satisfying

0 < e @00 < (1) < (D0 o<y < T, (3.15)

The complete proof see the Lemma 3.1 page 405 [§]. m
In the next, we will state and prove the necessary optimality conditions for the system driven
by fully coupled FBSDE with jumps diffusion with a risk sensitive performance functional

type. To this end, let us summarize and prove some lemmas that we will use thereafter.
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Lemma 3.2 The second and the third risk-sensitive adjoint equations of the solution
(B2 (1), (1), 72 (. 0), (B (£), (8) s (1)) and (VO (£),1(2) L (t,.)) become

[ i, (t) = —H(t) dt + (G2 (t) — 0L (t) P (t)) AW +/(%2 (t,2) = L (£, ) P (1)) N* (dt, d))

dps (t) = —Hy (t)dt — (HZ (t) = 0L(t) ps (1)) AW — /(VHT (t) = 6L (t, \) ps () N (dt, d)),
dVP (t) = 0VO (t) 1 (t)dW, + 0V (t) [ L(t,\) N (dt,dN),
VO(T) = A(T),

| P2(T) = @ (21), ps(0) = ¥, (y(0)).

(3.16)

The solution (p(t),q(t), 7 (t,.),V?(t),1(t),L(t,.)) of the system (3.16)) is unique, such that

E{sup B @)°+ sup [V* (t)|2+/0 (la®F +1tmF (3.17)

0<t<T 0<t<T

+/F (IF &N+ L)) m(d)\)) dt} < 00
where

H‘9(t,x(t),y(t),z(t),r(t,.),ﬁ(t),?j(t),%(t,A),Vg(t),l(t),L(t,.))
)+b(t)pa+o(t)g+ (9(t) —0z(t)1(t))Dps (3.18)
/{7 N (1,2) = (9 (8) = Or (£, 0) L (£,1)) s} Am (dN)

Proof. We want to identify the processes a, E and 7 such that

dp (t) = —a (t) dt + B (t) dW () + /% (7, A) N (dX, dt)

By applying It6’s formula to the process ' (t) = 0V (t)p (t), and using the expression of
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V% in (3.12)) , we obtain

0 0 0 p1(t)
dp(t) = — |gmwm | fo(t) ba(t) g.(2) P2 ()
fy @) by (t) gy (1) p3 (1)
00 0 q (t) I (t)
tomm | 0 o) 0 et | -0 Lo |80
0 o,(t) 0 g3 (1) I3 (1)
0 0 0 m (t, A)
—W%/ 0 7 (t—A) 0 7o (£, A)
0 7, (t—A) 0 73 (t, \)
Ly (t,\)
—0 Ly (t, ) |7 (&) [ m(dr)| dt
) Ls (t,\)
¢ (1) L (1)
+lawm | @@ [ =0 L@ |PO] V(D)
gs (1) I3 (t)
- m (t, ) Ly (t, N
+ 5w /F A | -0 /F Ly(t,N) |B®)| N (dxdt)
i 73 (t, A) L (t,\)
By identifying the coefficients, and using the relation p(t) = W; (t)?(t), the diffusion
coefficient § (t) will be
G (1) L (1)
By =| @@ | -0 e [P0,
g3 (t) I3 (1)
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the drift term of the process p(t)

Iy (t) 0 0
+0 | 1,0 | B - /F Yo (t=A) 0
I (t) vy (=, A) 0
m (t, \) Ly (t,\)
m (N | =0 Ly, )) | 7E ) [ m(dN).
73 (£, \) Ls (t,\)

the jump diffusion gets the form

71 (t,.) Li(t,.)
Y, )= | Tt | 0| Lat,) [P
%3 (ta ) L3 (tv )
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Finally, we obtain

[0 0 0 0
dp(t) = — 1| fo(t) b:(t) g:(t) P2 (t)
fy (&) by (t) gy (2) p3 (1)
(0 o 0 @ () 1 (t)
+1 0 o) 0 e | -0 Lo |80
0 o,(t) 0 A0 I3 (t)
0 0 0 1 (£, A)
—/ 0 7 (t—A) 0 T (L, )
) 0 (=X 0 73 (t, \)
Ly (t,\) _
=01 Ly(t,\) [7@&A) | m(dA)| dt
Ly (t,\)
Q1 (t) L (t)
T 20 ] =0 L) | P@)| AV (t)
gs () 3 (1)
h 71 (t, ) Ly (t,\)
+/ BN | =0 Lo [P N(dAd).
) Ty (t, ) Ls (t,\)

It is easily verified that

dpy (1) = G (t) <00, (t) dt + dWV (£)] + / % (6N [—eLl (t, \)m(d\)dt + N (dX, dt)

n(T)= 1.

In view of (3.13), we may use Girsanov’s Theorem to claim that

Bi0= OO+ [FENN @

Y

p1 (T) = 1
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where,
dWO (t) = =01 (t) dt + dW (t)

N N (3.19)
NO(dA, dt) = —0L (t,\)m (dX) + N (d, dt),

WP () is a P’ —Brownian motion and N? (\,#) is a P —compensator Poisson measure, where,

t t
L= La—exp</9l —f/yzs\stJr//LsANdsdA)
—/{GXPQT;A» } (dt,dN) //|LS)\ d)\)ds
r

_/F(exp(()r(é’)‘))_l r(t, )\)) ) 0<t<T.

dp®
dP

But according to (3.13)) and (3.14)) , the probability measures P’ and PP are in fact equivalent.

Hence, noting that p; (t) := p1 (t) is square-integrable, we get that

1
oV (t)

P () =B [ (T) | F] =1.

T
Thus, its quadratic variation / G, (t)]? dt = 0. This implies that, for almost every 0 < t < T,
0

¢ (t) =0, P and P—a.s. Now we use the relations

1 (1) L (t)

qt)=| @) —0| @) |P(t),
—H. (1) I3 (1)
and
71 (t,) Ly (t,.)
()= T, =0 Lyt,) | p(D),
V., H (t) Ls(t,.)
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in the equation above, to obtain

0 0 0 B ()
dp(t) = — fo () by () ga (1) P2 (t)
L\ @ b)) g, () ps (1)
0 0 0 R0
+ 0 o) o G (1)
0 o,(t) O gs (1)
0 0 0 (6N
+ / 0 7 (t—A) 0 T (t,A) [ m(dA) pdt
R v (t=2) 0 7 (6, \)
(1)
+ a (t) (3.20)
—fo(t)p1 — b (t) P2 — 9= () p3s — 0= (t) @
L (t)
+0 | 1(t) | P(t) pdWO(t)
+ [ = N R () m (@Y I (1)
#1 (5N
+ /F o (1, 0)
—fr () D1 = by () P2 — g (t) D3 — 01 (1) G2
Ly (t, )
0| Lyt n) [P() ¢ NO(dNdt).
+ /F o (1=, A) T (£, A) m (dN) Ls ()
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Therefore, the second and third components of p; and p3 in (3.20]) , are given by

(

dpy (t) = —{fe(t) +be (t) D2 (t) + go (t) P3 (1) + 00 (t) G2 ()
_/F% (= \) 7y (1, \)m (d)\)} it
+{q (t) — 015 (t) p2 (t) } AW (¢) + /F {mo (t,\) — 0Ly (£, \) P2 (1)} N? (dA, dt),

p2(T) = @5 (2r),

(3.21)

(a5 ()= — 1, (0)+b, (OB ¢
0y ()3 () = [
—{f:@O) +b. () p2(t) +g: () p3 (1) + 0. (1) g2
- / Y. (=, N) T (8, ) m (dN) + 013 (¢ }dW" (3.22)
— e Afr (&) +0r () P2 (t) + g, (1) P3 (t) + 0 () G2 (¢)

—/F (v (=, A) T (t,N) + 0L3 (t, ) p3 (t)) m (dA)} N? (dA, dt),

[ P3(0) = Wy (y(0)),

+9y (1) P ()+0y

) @
(t—, \) 72 (£, ) m }

or in equivalent expression the adjoint equations for (ps, q2), (p3,q3), (72, 73) and (V(’, [, L)

become

p

(1) = ~HL ()t + @ (0) = 01 (0 72) AW (1) + [ (R (6.3) = 0La (6.0) 72 (0} N (A, o),
dps (t) = —H} (t)dt — H? (t) dW* (t) /VH9 t) N? (d, dt) |
AV (£) = 61 (£) VO (£) AW (£) + OV (1) / (t0) N (A, dt)

VT) = A(T),
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The solution (ﬁ, g, 7, Vo1, L) of the system ([3.16]) is unique, such that

E{sup P ()] + sup Vo )|2+/0 (Ig &) + 11 (t)?

0<t<T 0<t<T

+/F (7 (6 N2+ 1L (1 N)) m(d)\)> dt} <o

where
HY(0) = H (6 (0),5(0),2 (0, (), 3 (0.3 1),
ps (t) 2 (EA), VO (), 1(t), L (t,N))
0+b(O0F+0 (0 + (g (1) + (1) 0L (1) Py
/{7 (t= R (40 = (9.(0) 47 () L) T m (4).

The proof is completed. m

Theorem 3.2 (Risk-Sensitive necessary optimality conditions): We assume that (Hy) holds,
if (2 (), y* (), 2% (), (., ), u(.)) is an optimal solution of the risk-sensitive control prob-
lem {(3.1)), ,([3:3)}, then there exist Fi-adapted processes (V9 (t),1(t), Lt )\)) , and
(P2 (), q2 (1)), (p3(t)), (M2 (t,.)) that satisfy : such that

H () (v — u) >0, (3.23)

for all w € U, almost every 0 <t < T and P-almost surely.

Proof. The Hamiltonian H? associated with (3.4) , is given by

HO (8,6 (8) 2 (8) 5" (1), 2 (8) , 7 (8,.), P (1), @ (1), 7 (1))
= {eve (t)} H’ (t’ z" (t) >yu (t) ) z" (t) 774? (ta ) >]32 (t) ’52 (t) aﬁ3 (t)
(T2 (), VO (1), 1o (t),l5(t), La(t,.), Ls (t,.))

and HY is the risk-sensitive Hamiltonian given by (3.18)) . To arrive at a risk-sensitive stochastic
maximum principle expressed in terms of the adjoint processes (P2, ¢2), (P3,q3), (72, 73)and
(Ve, l, L), which solve (3.16]). Hence, since VV? > 0, the variational inequality (3.6)) translates

into HY (t) > 0, for all u € U, almost every 0 < t < T and P-almost surely. m
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3.3 Risk sensitive sufficient optimality conditions

This section is concerned with a study of the necessary condition of optimality (3.23]) when

it becomes sufficient.

Theorem 3.3 (Risk neural sufficient optimality conditions)Assume that ®(.) and V(.) are
conver and for all (z,y,z,r,v) € RXx R X R x T x U the function ﬁe(.,x,y,z,,r,v, ey s)

is concave, and for any v € U such that E|v|? < oco. Then, u is an optimal control of the

problem {(3.1)), (3.2)) , (3.3) }, if it satisfies (3.6]).

Proof. Let u be an admissible control (candidate to be optimal) for any v € U, we have

JO(v) = J%(u) = Elexp{0¥ (y" (0)) + 02 (2* (1)) + 0" (T)}]
—E [exp {0W (y" (0)) + 0@ (2" (T')) + 0€" (T)}] -

Since ¥ and ® are convex, and applying Taylor’s expansion, we get

J? (v) = J% (u) = B[0A7 (& (T) — £(T))] + E (09, (z* (T)) Ar (2 (T) — a* (T))]

+E [0, (y" (0)) Ar (y* (0) —y" (0))].

According to (3.5), we remark that p; (T') = 0Az, po (T) = 0, (z* (T)) Az and p3(0) =
6, (y*(0)) Ar, then

J(v) = J%(u) = Ep (T) (& — &) + Elp2 (T) (¥ (T) — 2" (T))]
+E [ps (0) (4" (0) — " (0))] .

(3.24)

We apply Ito’s formula to py (t) (€Y (t) — £ (1)),

d(py () (€7 (8) =€ (1)) = (&7 (t) = &" (1)) dpr (t) +pr (£) d(€" (1) — € (1))
+ <(§U - gu) 7p1>t dt + / <(€v - fu) ,p1>t m (d/\) dt 7

r
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We apply expectation, we get

B lpy (T) (€"(T) = &"(T))] =E UO (f (v (£) 97 (1), 27 (), (), ve) —
Ft (), y (), 2" (), (&), ue)) pa (8) di]

(3.25)

And we apply also Ito’s formula to ps (t) (2 (t) — 2" (t))

d(p2 () (2" () =" () = (¢" () — " (1)) dpy (t) + p2 (1) d (2" (1) — 2" (1))
+ (2 — 2", py), dt + /F (¥ — 2", pa), m (dX) dt,

We apply expectation, we get

E[p2 (T) (2 (T) — 2 (T))] =
; U ~ e Op bt (e

+9x (t) ps + /F% (t—, A) ms ()\,t)m(d)\)> (2 — ) dt}

+E _/OT(b(t,xv ()47 (6). 2% ()17 (£.) 1) —

b (t,_xu (), y" (1), 2% (1), 7 (£,.) ,wg)) pe (1) di] (3.26)
+ _/OT(a(t,xv (). (1), 2 ()1 () vn) —

o (t,z" (t), 2" (t) () ue)) g2 (1) di]
+E / / (t,x" t—), 2" (t=),r’ (t—, \),v_) —
v (t, z* t—), 2" (t=),r" (t—, ) ,u)) w (¢, \) m (dN) dt] ,

We apply also It6’s formula to ps (¢) (v (t) — y“ (t))

d(ps () (" (1) —y" (1)) = (y" (8) —y" () dps (t) + ps () d (y" () — y" (1))

+ (y¥ — y*, p3), dt + / (y" —y",p3), m (d\) dt
N
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We apply expectation, We get

E [ps (0) (¥ (0) — y* (0))] =
EUOT@(t,x”(t),yv<t>,zv<t),rv<t,.>,vt>

gt (1), (), 2 (), 7 (1) ) s (2) ]

B[ [ B On 05 Om0 0 0n0 0060
# = N m e N m @) 0 ()~ v 0) de (3.27)
=[ [ wom (0 + 5. ()52 (1) + - )5 (1) + 02 (D o (1)

+[ ) (8 0) <dx>)< (1) - 2 (1)) de]
-E / @m0+ b )2 1)+ g1 () () + 1 (1) 2 1)

o (t=, A) w2 (£, X)) (rf (A) = (A)) m (dA) di]

By replacing (3:25) ,(8:26) and (3:27) into (3:24) , we have

J (v) — J° (u)

ZEUOT <ﬁ9(t 20 ()2 (1) (6 o p () q (8) o (£,))

HO (£, 2 (1), 5™ (8), 2* (1), 7 (£,.) s ue, p (1), g (1), 7 )>> dt}

~E {/OTﬁg(t FE) g (), 2 (8) 1 () e, p (£) g (£) 7 (£, ) (2 (£) — 2 (¢)) di
-E [/OTﬁg(t 2 () gt (), 20 (E) () e p (8) g (), 7 (1, ) (y° (£) — y* (1)) di
_E [/OT}}Z@ (2% () ™ (£). 2% (1) 7 (1) s g (1) g (£) o (1)) (27 () — 2% (8)) dit
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Since the Hamiltonian H is concave with respect to (x,y,z,7,0), we have

B [ . HY (£, 2 (£),y* (£), 2% () 7 (¢, ) ue, p (£) . q* (£) , 7 (£,2)) (ve — we) dt}
=B [ OT (Ere (t, 2" (), y" (t),2" (), r" (t,.) v, p" (1), ¢ (8) , 7 (L, ) —
HO (2 (8) ¥ (£),2° (), 77 (£,) e, p* (8) L g (£) , 7 (2, .))) dt]

+E [/0 HY (8,27 (1) 4" (£), 2 (8) 77 (&), o 0" (£) ¢ (8) 7 () (@ (8) — (1)) dt]

In virtue of the necessary condition of optimality (3.6]) the last inequality implies that J? (v)—

J% (u) > 0. Then, the theorem is improved. m

Theorem 3.4 (Risk sensitive sufficient optimality conditions)Assume that ®(.) and ¥(.) are
convex and for all (z,y,z,7,v) ER xR x R x ' x U the function H(.,z,y, z,,7,v,.,.,.) is
12

concave, and for any v € U such that B|v|* < oo. Then, u is an optimal control of the

problem {(3.1)), (3.2)) , (3.3) }, if it satisfies (3.23)).

3.4 Example: Mean-Variance (Cash-flow)

Now we return to the problem of optimal portfolio stated in the motivating example, and

apply the risk sensitive necessary optimality condition (Theorem .
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Our state dynamics is
(3.28)

and

dy (t) = (pv (t) — cx (£) + Ay (£)) dt + = (£) AW (t) + /Fr (£, \) N (d\, dt) |

y(T)=0=a.

(3.29)

The cost functional is

I (w () =exp {07 (v ()},

where J is the neutral cost functional given by the following expected with an exponential

form see section 1.2.3
~ 0
J (v () = B (Ur —a)® +E(¥r) + 0 (6°), (3.30)

Where V7 = (z7 + yo). The investor wants to minimize (3.30) subject to (3.28) and (3.29)

by taking v (.) over U, the mean—variance portfolio selection problem is to find u(t) which
minimize

Var(Vy) = E (27 +yo — a)?

The Hamiltonian function (3.18]) gets the form

HO (1) ::H9<t7x<t>,y<t),z<t>,r<t,x>,@<t>,m),ﬁ3<t>,%2<t,.>,z<t>,L<t,.>,vt>
0+ b P (1) + 0 (63 (8) + {9 (6) — 0L (1) 2 (6)} 7 (1
/{7 (1=, \) T (£,0) = (g (£) — 6L (£, )7 (6, 1)) s (6)} m (d)
) — cx (1) B2 (6) + 00 (1) (8) + {(pv (8) — ez (8) + Ay (1)) — 01.(8) = ()} i 1)
/{v Lt (8 0) Fa (8,0) — ((po (1) — ez (£) + Ay () — OL (£, A) 7 (£, )
(1)} m (d).
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Then, to get the optimal control, the derivative of the above Hamiltonian with respect to the

control process gives us

Hy (t) = Hy (tx (1), ( 2 (), (t,.),p2 (), g2 (), ps (), w2 (8, ), L (2) , L (E,.) , vr)
= ppo (t) + 0qa (¢ /1+rt)\ 7o (t, A) m (dX)

—0
(3.31)
Let (" (t),u(t)) be an optimal pair, the adjoint equation (3.21)), is given by
dpy (1) Cﬁ%(t)+0p3())dt+(§3()—912() (t)) aW?’ (t)
[ Gal6,3) = 020 (6.0) 7 (0) 7 (4. ).
p5(T) =1+0(zr —yo—a).
By using of 3.19, we get
( dpy (t) = {(c+ 0% (t) + [ 02L* (t, \) m (dN)) Dy (t) + cpy (t) — 61 () G
_freL(t7 A) T (8, A)m (dN) ) dt + (g3 (t) — 0Ly (t) Py (1)) AW (1)
(3.32)

+ / (7 (£, 0) — 0L (1, ) 7 (1)) N (d. )

\ s (T) =14+60(xr —yo—a).

Therefore, an optimal solution (z}, p4 (t) ,u;) can be obtained by solving the system FBSDE
with jumps diffusion (3.28)) and (3.32)) , unfortunately, in such system is difficult to find the

explicit solution, to this end we use the similar technique as in [41] see also [40], we conjecture

the solution to (3.28)) and ([3.32) is related by

PU(t) = A(t)a (t) + B(t), (3.33)

for some deterministic differentiable functions A (¢) and B (t). Applying It6’s formula to
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(13.33) , we get

dpy (t) = [;1 (t) ™ (t) + A(t)(puy — ca® (t)) + B (t)| dt + A(t) ou dW (1)

+
D>

17 (8, A)uN (dX, dt) (3.34)

dpy (T)= A(T)x2"(T)+ B(T).

(3.35)

By using the Girsanov’s transformation in (3.32)) , as in section 2 lemma (3.1)), we obtain
y g

dpy (t) = {(c+ 0% (t) + [L02L* (t, \) m (dN)) Dy (t) + cpy (¢) — 0L (¢) ¢4 () } dt
+G () dW () + / T3 (6, A) N (dA, dt)

py (T)= 1+0(vr —yo—a).

(3.36)
By equating the coefficients and the final conditions of (3.36)) with (3.34)) , we have
T3 (t,A) = At)(1+r(t,.)) us,
s (t) = ouA(t),
BO=  ouA) 5
AT) = 0,
B(T)= 1-—6(yo+a).

By identifying (3.35)) with (3.37)) , we can rewrite

g5 (t) =0y (t) (A(t) " (t) + B (t)) + ou A(t),

and
My (1) = 0L (t,.) (A () 2 (1) + B (1)) + 7 (8, ) w A(t)
then replacing the both equations (3.37), and the last equations of ¢4 (t) and 7y (¢,.) into
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B31), we have,

p (A2 (£) + B()) + pis () + 00l (£) (A" (£) + B(t)) + 02 A(t)u,

+ [ {7 () 0L (¢, ) (A(t)z" (£) + B(t)) + (1 +r (¢, M) A(t)uy — pps (t)} m(dX)

=0,

then we get,

(p+ 00l (t)+ [ (L+7(t,N)OL (£, ) m (dN)) (A(t)z" (¢) + B(t)) + pps (t)

u(t,zy) = —

A()G (t)

where G () = o2 — / (147 (£, 2) 2m ().
r
In the other side, we have from ({3.34) and (3.36)) . Then

A () 2™ () — 2eA()a™ () — eB(t) + B () — ¢t (¢)
A(t) (p+00l(t)+ [ (147 (t,N)OL (t,\)m (dN))

Uy = —

From (3.38) and (3.39)), we have

{ ) = {20+ (p+ 00l () + [ (1 +C7;(é,))\))0L(t,)\)m(d)\))2}A(t)’

{ B(t)={dc+ (P+00l(t)+fF(1+éii,)>\))0L(t,/\)m(d/\))2}B(t)+ .

B(T)=1-60(yo+a).

88

Y

(3.38)

(3.39)

(3.40)

(3.41)



Chapter 03. Pontryagin’s risk-sensitive stochastic maximum principle for fully coupled
FBSDE with jump diffusion and finantial application

Then the explicit solutions of (3.40f) , and (3.41]) have the form

A = e / ) {20+ o+ 00l(s) + Jp (1 +(§<(; N)OL (s, )\)m(d)\))2} i

B(t) = (1_9(yo+a))exp/tT [{c—i— (p—i—a@l(s)—i—fr(l +(7;((Z,))\))9L(s,)\)m(d)\))2}

| B(s) + cps (s)] ds.

(3.42)
Remark 3.1 [t’s very important to remark that the solution of the function B (t) in the
form (3.42)) is depend to the solution of ps (t) . If we put p3 (t) =1 (t) y (t) +p (t), for smooth
deterministic functions 1, and @, by using the similar technique as an optimal solution in
the last paragraph, to the triplet (y* (t),p4 (t),u (t)). Then the solutions of 1, and ¢ yield

respectively the equations

D (t) = P22 () — (2AG2A(t) — GR2(8)) ¥ (8)
() = (pv (t) + 622(t) — N (1) + K (1), (3.43)
¥ (0) =0, and ¢ (0) =1—0(yo—a).

The main result in this section, can be given in the form of maximum principle of mean

variance problem with risk sensitive performance.

Theorem 3.5 We assume that the pair (A (t), B(t)) has unique solution given by (3.42), the
pair (¢ (t) ,1(t)) has also the explicit solution of the system (3.43)). Then the optimal control
of the problem (3.28)), (3.29) and (3.30) has the state feedback form

u(t,xe, e, (1) =
(p+00L(t) + [ (147 (8, N) 0L (¢, ) m (dN)) (A(t)z" (t) + B(t)) +p (¥ (1) y* (t) + ¢ (1))
A(t)G (t) '
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This thesis contains two main results. The first one is the necessary optimality condition for
the systems of fully coupled FBSDE, fully coupled FBSDE with jump under risk sensitive
performance, which are mentioned respectively by the following theorems using an
almost similar scheme as in Djechiche et al [IT]. The second main result, suggests sufficient
optimality conditions of the above systems, and mentioned respectively by the following
theorems . The proofs is based on the convexity conditions of the Hamiltonians

functions, the initial and terminal terms of the performance functions.

e If we put in our first example of [20] A; = B; = C; = D; = 0, we get the same result
as in [8], and the sufficient optimality conditions are similar to those in the paper of

Chala [9].

e Our results in Kallout and Chala [20], can be compared with the maximum principle

obtained by Djechiche et al [T1], and we note here that our study is the result’s extension

of Chala [g], [9].

e In our results of Kallout and Chala [21], we study the generale case - we add the jumps
diffusion term to our system in Kallout and Chala [20]-. This result discussed as a third

resullt’s generalization of Chala [8] [9].

e On the other hand, in the case where the system is governed by mean field type, we
may take the existing paper established by Djechiche et al [I1]. We have generalized the
result of Kallout and Chala [20] into the fully coupled stochastic differential equation

governed by mean field type, and this problem to be thoroughly addressed in our future
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paper, and will be compared with [24].

e Remarkably, the risk sensitive control problem studied by Lim and Zhou in [23] is

different from ours.
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