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Abstract

In this thesis, we are concerned with stochastic optimal control of systems governed by forward-
backward stochastic differential equations of mean field type. The first part of this thesis is ded-
icated to the existence and uniqueness of solutions for systems of forward-backward stochastic
differential equation of mean-field type. We use here, the Picard’s iteration method.

In the second part, we study the existence of optimal solution of optimal control problem driven
by a linear backward stochastic differential equations of mean field type (MF-FBSDE) with non
linear cost, where the control domain and the cost functions are assumed convex. The second
main result established in this part is a necessary as well as sufficient conditions of optimality
satisfied by an optimal control for this kind of stochastic control problem, the proof of this result
is based on the convex optimization principle.

In the third part, we consider stochastic control problems for a system of forward backward
stochastic differential equations of mean field (MF-FBSDEs) with uncontrolled diffusion. Our
interest goes particularity to the questions of existence of optimal relaxed control as well as exis-
tence of optimal strict control for a nonlinear MF-FBSDEs. We derive also necessary and sufficient
optimality conditions for both relaxed and strict control problems.

The second and the third parts of this thesis are project of paper submitted in international jour-

nal.
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Abstract

In the last chapter, we prove the existence of optimal relaxed control as well as optimal strict con-
trol for nonlinear MF-FBSDESs with controlled diffusion. This part is published as paper:
R.Benbrahim, B.Gherbal, Existence of Optimal Controls for Forward-Backward Stochastic Differential

Equation of Mean-field Type, Journal of Numerical Mathematics and Stochastic, 9(1): 33-47, 2017.

Key words: Mean-field, forward backward stochastic differential equation, stochastic control, re-

laxed control, strict control, existence, necessary and sufficient conditions, tightness, S-topology.
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Résumé

Dans cette these nous nous sommes intéressés au controle stochastique optimal des équations dif-
férentielles stochastiques progressives rétrogrades de type champ moyen. Nous présentons dans
la premiére partie, 1’existence et 1'unicité des solutions pour des systemes d’équations différen-
tielles stochastiques progressives rétrogrades (EDSPRs) de type champ moyen. Dans ce cas on
utilise la méthode d’itération de Picard.

Dans la deuxiéme partie, nous étudions l'existence d'une solution optimale du probléme de con-
trole optimal pour des EDSPRs de type champ moyen linéaires avec cofit non linéaire, ou1 le do-
maine de contrdle et les fonctions de cotit sont supposés convexes. Un deuxieme résultat essentiel
dans cette partie, est d’établir les conditions nécessaires et suffisantes d’optimalité satisfaites par
le controle optimal strict pour ce genre de probleme de controles stochastiques, la preuve de ce
résultat est basée sur le principe d’optimisation convexe.

Dans la troisieme partie, nous considérons un probleme du controle stochastique pour des sys-
témes d'EDSPRs de type champ moyen. Notre intérét va en particulier vers les questions d’existence
de controle optimal relaxé et ’existence de controle optimal strict pour les EDSPRs de type champ
moyen . Nous établirons aussi des conditions nécessaires et suffisantes d’optimalités pour les
deux problemes de controle relaxé et strict.

Les deuxieme et troisieme parties de cette these sont un projet d’article soumis dans un journal

viil



Résumé

international.

Dans le dernier chapitre, nous prouvons l’existence d"un controle relaxé optimal et d"un controle
strict optimal pour les EDSPRs de type champ moyen non linéaires a diffusion controlée. Cette
partie est publiée sous forme d’un article :

R.Benbrahim, B.Gherbal, Existence of Optimal Controls for Forward-Backward Stochastic Differential

Equation of Mean-field Type, Journal of Numerical Mathematics and Stochastic, 9(1): 33-47, 2017.

Mots clés: Champ moyen, équation différentielle stochastique progressive rétrograde, controle

stochastique, contrdle relaxé, controle strict, existence, conditions nécessaires et suffisantes, ten-

sion, la S-topologie.
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Symbols and Abbreviations

The different symbols and abbreviations used in this thesis

Symbols

R

-
Rrxd
(Q, F,P)
(Ft)iz0
(€, F, (F)e=0,P)
Elz]
Elz|F]
(Wt)eo
5(da)

"

U

Real numbers.

n-dimensional real Euclidean space.
The set of all (n x d) real matrixes.
Probability space.

Filtration.

A filtered probability space.
Expectation at x.

Conditional expectation.

Brownian motion.

The Dirac measure.

The relaxed control.

The set of values taken by the strict control w.
The set of admissible strict controls.

The space of positive Radon measures on [0; 1] x U.



Symbols and Abbreviations

R
cv(.)
Abbreviations

SDEs
BSDEs
FBSDE
MEF-FBSDE
cadlag

a.s

The cost function.
Optimal strict control.
Optimal relaxed control.
The Hamiltonian.

The set of relaxed controls.

The conditional variation

Stochastic differential equations.

Backward stochastic differential equations.

Forward-backward stochastic differential equations.
Forward-backward stochastic differential equations of mean field type.
Right continuous with left limits.

Almost surely.
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Introduction

n 1993 Antonelli in [3], studied the system of forward-backward stochastic differential

equations in the first time, and since then it has become very useful in stochastic con-

trol problems and mathematical finance. Therefore, certain important problems in math-
ematical economics and mathematical finance, especially in the optimization problem, can be
formulated to be FBSDEs. There are two important approaches to the general stochastic opti-
mal control problem. One is the Bellman dynamic programming principle, which results in the
Hamilton-Jacobi-Bellman equation. The other is the maximum princible. This last approach has
been established in many papers, see Xu in [34], Wu [33] and Peng and Wu [32]. In 2009, a new
kind of backward stochastic differential equations called mean-field BSDEs has been introduced
by Buckdahn, Djehiche, Li and Peng [9], which were derived as a limit of some highly dimen-
sional system of FBSDEs, corresponding to a large number of particles. Since that, many authors
treated the system of this kind of Mckean-Vlasov type (see [28] and [1]). In this respect we refer
the reader also to [8]] and [2].
The existence of solution for mean-field FBSDEs systems has been proved by Carmona and Du-
larue [11]. A maximum principle for fully coupled MF-FBSDEs has been treated by Li and Liu
[27], where the control domain is not assumed to be convex. A maximum principle for mean-field

FBSDEs with jumps has been investigated by Hafayed [18] and also in Hafayed et al. [19]. See



Introduction

also [20] for systems of MF-FBSDEs driven by Teugels martingales.
In this work, we prove existence of optimal controls for systems governed by the following MF-
FBSDEs

dX, = b(t, Xs, Ela (X,)], v0)dt + o(t, Xo, E[B (X,)], v, )dW,

dY; = *f(tmeE['Y (Xt)]v Yt?E[(S (Y;)]ﬂ Ut)dt + ZdWi + dNy

Xg = .’lio,YT = g(XT,E[)\ (XT)]), t e [O,TL

where b, o, 0,3, f,7,A, g and A are given functions, (W;,t > 0) is a standard Brownian motion,
defined on some filtered probability space (2, F,P), satisfying the usual conditions. X,Y, Z are
square integrable adapted processes and IV a square integrable martingale that is orthogonal to
W. The control variable v, called strict control, is a measurable, 7;— adapted process with values
in a compact metric space U.

We shall consider a functional cost to be minimized, over the set I/ of a admissible strict controls,
as the following:

J() = B[l (X0, E[0 (X7)]) + k (Yo, E [p (Yo)])

o h(t X E Lo (X)), Yo E [ (Y2)] ) di],

where [, 0, k, p, h, ¢ and 1 are appropriate functions.

The considered system and the cost functional, depend on the state of the system and also on the
distribution of the state process, via the expectation of some function of the state. The mean-field
FBSDE:s (1)) called McKean-Vlasov systems are obtained as the mean square limit of an interacting
particle system of the form

dX;" = bt, X;", 1

<.
i:

A (ng"> L )dt + o(t, X5,

.
i

B (ng”> Jv)dW,

A" = =6 XS C (X)L A D (VP wdt + 2w + anj,
j=1 j=1



Introduction

where (Wi > 0) is a collection of independent Brownian motion. The system of mean-field FBS-
DEs (1) occur naturally in the probabilistic analysis of financial optimization and control problems
of the McKean-Vlasov type. This kind of approximation result is called "propagation of chaos",
which says that when the number of particles (or players) tends to infinity, the equations defining
the evolution of the particles could be replaced by a single equation (McKean-Vlasov equation).
The existence of strict optimal controls for stochastic differential equations, follows from the
Roxin-type convexity condition (see [13} 16, 26]). Without this condition, a strict optimal con-
trol may fail to exist. The idea is then to introduce a new class R of admissible relaxed control in
which, the controller chooses at time ¢, a probability measure ¢; (da) on the control set U, rather
than an element u; € U.

Fleming [14] derived the first existence result of an optimal relaxed control for SDEs with un-
controlled diffusion coefficient by using compactification techniques. The case of SDEs with con-
trolled diffusion coefficient has been solved by El-Karoui et al. [13], where the optimal relaxed
control is shown to be Markovian. See also Haussmann and Lepeltier [21]. Existence of optimal
control for FBSDEs has been proved by Bahlali, Gherbal and Mezerdi [5]], see also Buckdahn et
al [10]. In Bahlali, Gherbal and Mezerdi [6] an existence of optimal control for linear BSDEs has
been proved and this result has been extended to a system of linear backward doubly SDEs by
Gherbal [15]. For systems of mean-field SDEs, Bahlali et al in [7] proved the existence of optimal
controls, where the diffusion coefficient is not controlled.

Our main goal in this thesis is to prove existence of optimal control as will as establish neces-
sary and sufficient optimality conditions for systems governed by FBSDEs of mean-field type.
We prove in first, the existence of a strong strict optimal control (that is adapted to the initial fil-
tration) for a control problem governed by linear MF-FBSDEs and establish also necessary and

sufficient conditions of optimality for this problem by using the convex optimization principle

3
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. The second main result is to prove the existence of optimal relaxed controls as will as optimal
strict controls, for non linear MF-FBSDEs systems with uncontrolled diffusion. Our approch is
based on tightness properties of the distributions of the processes defining the control problem
and the Skorokhod’s selection theorem on the space D (of cadlag processes), endowed with the
Jakubowski S-topology [24]. Moreover, when the Roxin convexity condition is fulfilled, we prove
that the optimal relaxed control is in fact strict. We establish also necessary as well as sufficient
optimality conditions for both relaxed and strict control problems by using the convex perturba-
tion method. The third mean result, is to peove existence of optimal controls for systems of non
linear MF-FBSDEs with controlled diffusion coefficient. Our results extend in particular those in
[5], [6] and [7].

In this thesis, we are interested by the existence of an optimal control where the state equation, as

well as the cost function are of mean field type. It is organized as follows:

e In the first chapter ( Existence and uniqueness of solution of Forward-Backward stochas-
tic differential equation of Mean field type): We present, the existence and uniqueness

theorem for solution of MF-FBSDE's where the coefficients were assumed to be Lipschitz.

e In the second chapter ( Existence of an optimal strict control and optimality conditions
for linear FBSDEs of mean-field type): In this chapter, we prove the existence of a strong
strict optimal control for a control problem governed by linear MF-FBSDEs and we derive
also necessary and sufficients conditions for optimality for this control problem of linear

MF-FBSDEs.

o In the third chapter ( Existence of optimal solutions and optimality conditions for optimal
control problems of MF-FBSDEs systems with uncontrolled diffusion): We present and

prove the main result concerning the existence of relaxed optimal controls and strict optimal

4
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controls for non linear MF-FBSDEs with uncontrolled diffusion coefficient. We establish
also in this chapter necessary as well as sufficient optimality conditions for both relaxed

and strict control problems.

o In the fourth chapter ( Existence of optimal solutions for optimal control problems of
MEF-FBSDEs systems with controlled diffusion): We prove the existence of optimal con-
trols for systems governed by non linear MF-FBSDEs with controlled diffusion coefficient,
by using the weak convergence techniques for the associated MF-FBSDEs on the space of
continuous functions and on the space of cddlag functions endowed with the Jakubowski
S-topology. Moreover, when the Roxin convexity condition is fulfilled, we get that the set

of strict control coincides with that of relaxed control.



CHAPTER 1
Existence and uniqueness of solution

of FBSDE of Mean field type




|

Existence and uniqueness of solution of FBSDE of Mean

CHAPTER

field type

n this chapter, we presente and prove a theorem of existence and uniqueness of so-
lutions for systems of forward-backward stochastic differential equation of mean-field
type, where the coefficient of the system depend not only on the state process, but also
on the distribution of the state process, via the expectation of some function of the state. We use

the Picard’s iteration method.

1.1 Preliminaries

Let (W}) be a d-dimensional Brownian motion, defined on a probability filtered space (2, F, (F;)¢>0,P),
satisfying the usual conditions. We also shall introduce the following two spaces of processes :

M?([0,T]; R™) : the set of jointly measurable, processes {Y;,t¢ € [0,T]} with values in R™ such



Chapter 1. Existence and uniqueness of solution of FBSDE of Mean field type

that Y; is F;-measurable for a.e. t € [0, T, and satisfy
T
IE[/ Y;[* dt] < oo
0

Let S2([0, T]; R™) : the set of jointly measurable, processes { Xy, ¢ € [0, } with values in R™ such

that X is F;-measurable for a.e. ¢t € [0, 7], and satisfy

IE[ sup \XtIQ] < 0.
0<t<T

For any positive number 7" > 0, we consider the system of the following froward-backward

stochastic differential equations of mean-field type:

Xi =+ [y b(s, Xs,Ela (X,)])ds + [y o(s, X, E[B (X,)])dW,

(1.1)

Y, = g(Xp, EIN(X7)]) + [ f(s, X, E[y (X,)], Vs, E[3 (Ys)))ds — [ ZgdW,

where (H1.0):

b:]0,T] x R" x R" — R",
0:[0,T] x R® x R™ — R™"*%,
f:00,T] x R" x R" x R™ x R™ — R™,
g:[0,T] x R" x R" — R™,
a, B, 0,7 :]0,T] x R" x R" — R",

0:[0, 7] x R™ x R™ — R™,

are a given bounded and continuous functions.
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1.2 Existence and uniqueness

To establesh the result of existence and uniqueness of solution for systems of forward-backward
stochastic differential equations of mean-field type we need to the following assumptions:

(H1). Assuming that the functions b, o, 0, 3, f,7, A, g and A satisfy assumption (H1) if there exist
two constant k and k; such that they satisfy both (H1.0) and the following properties:

(H1.1) for every t € [0,T],V (w1, z2, 7}, 75) € RY™, (y1,y2, v}, vh) € RY™,

|f(t iz, 2y, y1,91) — f (6 2o, @b, y0,y0)| <k (Jon — 2| + 2] — 25 4 Jy1 — va| + [y1 — v54l)
‘b(taxlaxll) - b(tax27$/2)| < k (|$1 - (L’2| + ’xll - QZ/2|),

‘O—<t7$17x/1) - U(t7x27xl2)‘ < k (‘xl - xQ‘ + |$/1 - .%'/2‘),

o (z1) — a(x2)| < kb |z1 — o] 1B (z1) — B(z2)] <k |21 — 22|,
v (21) =y (22)| <k |21 — 22, A (1) = A(w2)| < k|21 — 22,
6 (y1) = 0 (y2)| <k |y1 — 2, g (x1,27) — g (z2,25)| < K (|1 — x| + 2] — x5)).

(H1.2) for every t € [0,T],V (21, 22) € R*™, (y1,y2) € R®™,
b(t,z1,22)| + |0 (t, 21, 22)[ + |g (8, 21, 22)| < k1 (14 |21] + |22])
loo(z1)| + |8 (x0)| + [y ()] + [A (@1)] < Fa (1 + [24])

|f (G, 2,41, 42)) < Ra (U4 [ + [zl + lyal + [y2]), 16 (y2)] < R (14 fyal) -

(H1.3): £(.,0,0,0,0) € M2([0, T]; R™) .
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Theorem 1.2.1 Under the assumptions (H1). For any condition initial Xy = x € L*(Q, (Fo), P, R™),

the MF-FBSDEs has a unique solution (X, Yy, Z;) € S*([0, T], R™) xS2([0, T] , R™) x M2 ([0, T]; R™*4)
satisfies:

(i) (Xt)o<t<T and (Yi)o<t<T are continuous.

(i) E | sup |X,|*+ sup \Yt\ —i—fo || Z7]|2dt| < oo.
0<t<T

Proof.

1-Existence: We first prove the existence of solution, the initial condition = € L2(€, (F), P, R") is
fixed.

Let (X, Y}, Zi)o<t<1 be a possible solution of the problem . Using Picard’s iteration method.
Let as define the following sequence (X", Y;", Z1*),en such that X0 =Y? = 20 =0

and (X1, y,;»t1 ZH) is the unique solution of the MF-FBSDE (1.1), defined as follows:

X =2+ [T b(s, X2, Ela (X2)]))ds + [ o(s, X2, E[B (X7)])dW, (1.2)

Y = g(XR BN (X)) + 7 f(s, X2, Ely (X2)), Y2 B[ (V)))ds — [ 20w,

S

And such that the stochastic integrals are well defined because it is clear by recurrence that for
every n > 0,X;""! is continuous and adapted, so the process o (s, X7, E[3 (X ™) is too.
First, we prove the existence of solution of MFSDE in (1.1)), for ¢ € [0, T, first checking by recur-

rence on n that there exists a constant C), such that for all ¢ € [0, T
E[|X{?] < Cu. (13)
Suppose that E [| X7*|?] < C,,, and we show that

E[| X7 < Ch.

10



Chapter 1. Existence and uniqueness of solution of FBSDE of Mean field type

We have
¢ ¢
1] = o+ [ s, X2 Ea(XD)ds + [ oo, X2 B BOC)AW P,

0 0

Applying the inequality (a + b+ ¢)? < 3(a?® + b* + ¢*), we obtain
t 2
X <3 (W o ([ sz mlaxias) + ([ liots x2 mlaeepan ) .
0

Passing to the expectation, we get

E [|X]P] < 3(1af? + E

( tssxz. ot |ds)2]

([ otsxre [6(X?)])dWs>2] ) (19

+E

By the isometry of Itd’s, the theoreme of Fubini and the linear growth condition, we have

(/Ota(s,Xﬁ,E[ﬁ(Xs ))d ) ] =E {/ o (s, X2, E (XQ)])||2ds] (1.5)

<E [/ K2*(1+ X§\2ds]
0

E

:/Ot;@ (1+E[[X7[2]) ds.

By the inequalities of Cauchy-Schwarz , we have

[(/ s, X, B m'dS) = [(/ d8> (/ [b(s, X7, E Z)])\stﬂ (L6)

<TE [/0 K2(1+ |X§]2)ds] :

Replacing (1.5) and (1.6) in (1.4), we get

t t
E[|X7T1?] <3(]z)* + TE [/ K?(1+ |Xg|2)ds] +/ K*(1+E [|X2]?])ds)
0 0
t
<C+ C/ E [|X7[?] ds, fort € [0,T],and C > 0.
0

11



Chapter 1. Existence and uniqueness of solution of FBSDE of Mean field type

Then (1.3) is proved.

We will increase by recurrence

E { sup | XM — X712,
0<t<T

For every n > 0, we have
Xpt =g = [ (b X R Ia(XD]) ~ s X (X)) s
[ (ot X2 BN - oo X EHOC))
Applying Doob’s inequality, we obtain

E <2E

j
] |

sup ‘X”‘H X;"‘}2
s€[0,t]

/Ot (b(stg,E[a(XZ)]) — b(SaX‘?_l,E[a(XZ_l)])) s

2R / (o(s, X2 B[B(X)]) — o (s, X2~ L E[B(X21)])) WV,

By the inequalities of Cauchy-Schwarz and Buckholders-Davis-Gundy, we have

E b(s, X" E[a(X™)]) — b(s,X:_l,E[a(X"_l)])‘Zds}

S S

t
sup | X2+ — X277 < 2TE [/
s€[0,t]

+9E U‘ (s, X", E[3 )])—a(s,Xg_l,E[ﬁ(X’;_l)])rds}.

Applying the condition of Lipschitz, we obtain

E [ i%pt | Xt~ ng] < 2Tk:/0tE UX;Z —Xg—1]2+ ‘E[a(XZ) —a(X:_l)]ﬂ ds
+2l<:/0tIE [}Xg G (E[ﬁ(xg) - 5(X’;—1)]ﬂ ds
< 2K(T + 1)/0tIE [|X§ — X kXD - Xg—lﬂ ds
< 2K(T+1)(1+ k)/OtIE UX;‘ - Xg—ﬂ ds

12



Chapter 1. Existence and uniqueness of solution of FBSDE of Mean field type

Then

sup }X;”l — X;L‘Q
s€[0,t]

E

t
SC’/ E | sup ‘X;?—Xfflf ds
0 rel0,s]

We repeat the same method, applying Doob’s inequality, to | X]* —

dr

(r X~ Bl (X2 ) — blr, X2~ Ela(x2 )|

X7 — X771 < 2T

=
0

Using the fact that b, o,oc and 3 are Lipshitz functions, we obtain

0

olr, X7 B [BXP ) — olr, X7 BB dr.

sup ‘X” Xff_llz
relo,s]

E

< C/SE X070 = xp2 ) ar
0

<c[ =
0

sup ‘X,?_l — X];_Q‘Z] dr
kelo,r]

Replacing (1.8) in (1.7), we get

E| sup [X7H - X7

s€[0,t]

sup | X' — X;L_1|2] ds

t
<cf=
0 re(0,s]
sup | X7t X,?_2\2] d7’> ds

< C/ (C/
kel0,r]
t s
sup | Xt —X;:22] / </ dr) ds
kelo,r] 0o \Jo

< C’E

t
<C?E | sup | X! — X2 /sds
kelo,r]
< C’E | sup | X~ ! - X, 22 [S]
kel0,r] 2
t2
<C?=E| sup | X' - X732
2 kelo,r]

In the same way as and (1.8), we have

E | sup |X;‘_1—X2_2‘2

sup |Xl"_2 — Xl”_g'f] dk
kelo,r]

1€]0,k]

c[E
0

(1.7)

(1.8)

(1.9)
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Chapter 1. Existence and uniqueness of solution of FBSDE of Mean field type

E| sup [X7H - X7

s€0,t]

Replacing (1.8) and (1.9) in (1.7), we oblain
sup | X' — X;L_1|2] ds

< C/
r€|0,s]
< Cz/ / E| sup [ X' = X721 dr ) ds
o \Jo [ke[o,]
t s T
< 03/ (/ (/ E| sup |X;"% — X[L?’]Q] dk) dr) ds
o \Jo \Jo [i€[0k]

t s T
sup | X% — X0 / </ (/ dk) dr> ds
L€[0,k] 0 0 0
t s
sup | X% — Xl”_3]2] / (/ rdr) ds
1€[0,k] 0 0

< C°E

< C°E

t .2
< CPE | sup |X]2 = X3 /Sds
1€[0,k] 0 2
3753 n—2 n—3|2
S CLE | sup [ X777 = X0
3 ieo.r]

By recurrence on n, it follows that

n+1
_ (D)

E
n!

sup ‘X"H Xf’Q
t€[0,7)

E

cT)"
sup [ X} - x| < p! |) .
t€[0,T] n:

By applying Chebyshev’s inequality, we have

1 )y, 1 (ac)"
n+1 n —
g [tes[ltl),pT] X = x> 2”*1] =D n! /(2’”1 =4D n!
Which implies that
Z]P’ sup ’X”'H X”‘ > oo =4De*C < .
t€[0,7] 2n
Therefore, by the Borel-Cantelli lemma
P| sup | XM =X >_— VneN
[tG[O,T]} ! E1T gt

(1.10)
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Chapter 1. Existence and uniqueness of solution of FBSDE of Mean field type

Which mean
P| sup |X{H — X7 < L Vn e N| =1
te[0,T] - 2ntl
Thus, there exists ng € N such that
sup | X/ — X7 < CTESE for n > ng, (1.11)
te[0,T]
with probability equal to 1. Passing to the sum we get
mvn mvn 1 1
sup |X{" — X[ < sup |XFH - XF| < < —.
e t k:mz/\n—lte[o’T] X ! k:mzA:n—l 2kt = gman

For m An > ng(w) or mVn = maxm, k. Then the process (X"),,>0 is a Cauchy sequence. So there

is a continuous process (X¢):¢c[o, 7], such as

sup |X;' — X¢| — 0, when n — oo, with probability 1. (1.12)
te[0,7]

So, P-a.s, X}' converges to a continuous process X;. It is very easy to check that X; is for MF-SDE
part in (1.1) by going to the limit in the equation of recurrence for X;*. Passing now to solve the
second equation of recurrence for Y;". Let’s prove that the sequence (Y;", [ 4 Z{dWy) is Cauchy

sequence in the space of Banach.

15



Chapter 1. Existence and uniqueness of solution of FBSDE of Mean field type

Applying Itd’s formula to e |Y;" ™! — V|2, we get
A Y = Y P) = aett (V= V)Rt + 26t (V= Y - Yy
+e®d (Yt -y yrtt -y,
= ae®t (Y — Y24t
= 2T = Y2 (L XL (X)) Y B (V)

—f (XL ER (X)L Y TLER (Y )] dt

+ 2 (Y =YY, 2 — 27 AW + e (2P — Z7) .

Passing to the integral between t and T, we obtain

e |g(X3, ENXP)) — o(X3 1, BN )|

_ eat‘Y;TH—l _ Y;n’2
T
— a/ eas(Y'anrl _ Y;n)2>d8
t
T
a 2/ (e (Y = Y2, fs, X Ely (X)), Y E[6 (Y])])
t
— f(s, XL Ely (X2 YL ER (YY) )dt
T T
o [ et oy it -y aw+ [ ezt - 2z Pas
t t
And then,
T
eat|Y;n+1 o Y;n‘Q +/ easHZngl _ Z?H2d8
t
aT n n n—1 n—1 2
=e }g(XT7E[)‘(XT)]) _Q(XT 7E[/\(XT )m
T
2 [ (e YR F s X0 Bl (X)) Y2 ER (V7))
t

— f(s, XITLEW (X)L YL ER (Y)]) )t

T
o 2/ <€as(}/5n+1 - st)2’ Z;L—‘rl - Z;L> dWs
t

16



Chapter 1. Existence and uniqueness of solution of FBSDE of Mean field type

Taking expectation and using the Lipshitz condition, we get

T
E [V, — YPP] +E / || 20 — 77| 2ds
t

T
< KE [eat|X% o X;—1’2] —aE / eas‘YSn—i-l _ Y;n’2d8
t

+2KE

T
e - vixe - X - Ys”‘ll)ds] .
t

From the Yong's formula, for every € > 0, (2ab) < e%az + €2b%, we have

T
/ || 20+ Zyr\st]
t

T
/ eas|y;n+1 _Y'sn|2d8
t

E [eat|Y;n+1 o Y;n‘Q} +E

< KE [e"|X} — X727')?] —aE

T
—|—K262E / 6as|yvsn+1 _}/Sn|2d8
t

SE
+62

T
/ (X7 — X7 4 Y - Ys“\)?ds] |
t

Applying the inequality (a + b)? < 2a? + 2b?, we obtain

T
/ || 20— 70| Pds
t

2
< KE [e™| X} — X771 + SE
€

E [eatn/tn-i-l o }/tn‘2] -I-E

T
/ e | X — X7 Pds
t

T
/ easn/sn _ szn—1|2ds .
t

T
2
+ (K2€2 _ CL)E / eas‘ifsn—i_l _ }/sn|2d5 + ?E
t

Choosing a and € such that % = 1 and 4K? — a = 0, then

T
/ || Zn 1 — Z:H?ds]
t

1
< KE [e"| X} — X727 + 7E

E [eat’}/;n-‘rl _ KH‘Q] +E

T
/ e (IXT — XPU2 4 (V3 —Y;L*P)dsl .
t

17



Chapter 1. Existence and uniqueness of solution of FBSDE of Mean field type

Then for t = 0, we get

E|: sup eat|}/tn+l 1/tn|2:| +E
0<t<T

T
/ el 2 — Z;‘||2d81 (1.13)
0
< KE [e"|Xf - X77']"] + SE [ sup "X — Xt”‘ﬂ
2 lo<t<T
c
+—-E [ sup ™|y — Y;”_1|2ds} )

2 lo<t<T

We repeat the same method, applying the Itd’s formula to [Y;* — ;"7 !|2, we get

T
| ez - Z:-1||2ds]
0

< KE[e*| X3 — X77°1") + B Li?ETe“t'Xfl - XZ”F]

E|: sup eat|y;n _thn1|2:| +E
0<t<T

C
+7E |: sup eat|y;n—1 o Ytn_2‘2d8:| .

2 lo<t<r
Which implies that
E [ sup e™|Y;" — Yt”—lﬁ] < KE [e"| X3! — X732 (1.14)
0<t<T

C
_|_EE |: sup eat|lefl _ Xz;n2|2:| + —E |: sup eat|}/tnfl _ Y;n2|2d,5:| .
2 lo<t<T 2 lo<t<T

Replacing (1.14) in (1.13), we have

E |: sup eat’y;n-i—l _ Y'tn|2:| +E
0<t<T

T
/ || Zn 1 — Z?\Fds]
0

< KE [e"[ X — X77'] + JE [OiltlgTeat‘th - X;HP]

C
+K/E [eat|X;—1 _ X%—2|2} 4 §E [OiggTeat‘XZl—l _ XZL_2‘2:|

C’
—l-?E [OiggTeanthl _ Y;n2|2d8:| )

18



Chapter 1. Existence and uniqueness of solution of FBSDE of Mean field type

Which implies that

E |: sup 6at|}/tn+1 o Y'tn|2:| +]E
0<t<T

T
/ || 2+ — 77| 2ds
0

<K (E[e"| X} — X2 2] +E [e) X2 — X272 P] + .. + E [e X} — X2%])

C
+ = (E { sup e™| X" — Xf_1\2] +E [ sup e[ X7t — XZL_QP} + .
2 0<t<T 0<t<T

/
..+E [ sup e[ X} — X?P] )+ g—nE [ sup e™|Y,! — Yt02ds] .
0<t<T 0<t<T

It follows immediately that

E |: sup eat‘y'tn+1 _ }/tn|2:| +]E

0<t<T AL

T /

D

/ e*||Zit — Z§||2ds] =
0

Consequently, (X", Y™, Z"),en is Cauchy sequence, so convergent. Then, there is a triple stochas-

tic process (X¢, Y:, Z;) such that

E[sup ]Xt"—Xﬂ]—)O,IE[Sup |Yt"—Yt|]—>OandE — 0,

0<t<T 0<t<T

T
/ 120 — 2]
0

when n — oo, with a probability equal to 1.

X = limX;',Y = limY"and Z = lim Z}".

n— o0 n— o0 n— 00

It is easy to check that (X,Y, Z) is a solution of MF-FBSDE (1.1), it just to passing to the limit in

(1.2).

2-Uniqueness: Let us prove the uniqueness of solutions of the system (1.1).

Suppose that (X,Y, Z) and (X', Y’, Z’) two solutions of the system 1) such that Xy = X, = z,
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Chapter 1. Existence and uniqueness of solution of FBSDE of Mean field type

and forall0 <¢ < T,

X, X/ = / (b(s, Xo, Elor (X)) — b(s, X, Bl (X2)]))ds

+ [ (o5, X0 BIB (X)) = o XLE(B (X)),
and
Y =Y, = g(X7,E]X (X7)]) — 9(X7, E[X (X7)])
T
+ [ (o X By (XY BB (V)] = Fls. X Bl (X0 YL ELS (V)
_ /T(Zs — Z')dW,,
Applying the inequality (a + b)? < 2a? + 2b%, we get
E[|X; — X% < 2EU/O (b(s, X, Bl (X,)]) = b(s, X7, Elor (X)]))ds|?]
+2E[|/0 (o(s, Xo, E[B (X,)]) — (s, XI, B[ (X)) dWe]?].
According to Cauchy, Schwarz’s inequality and Lipschitz condition, we have
Bl [ (bls. X, Bl (X)) = b(s, XL, Elo (X0
< TEL o5, X Blo (X)) = b(s, XL, Elo (X))

t
< TKQ/ E[| X, — X/ |*]ds.
0
By the isometry of Itd and Lipschitz condition we have,

IE[I/O (o(s, X5, E[B (X)) — o (s, XL, E[B (X)) dWS[?]
< E[/O llo(s, Xs, BB (X)) — o (s, XL, E[B (X)) [*ds]

< K2/ E[|X, — X'|2]ds.
0
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Chapter 1. Existence and uniqueness of solution of FBSDE of Mean field type

Then

t t
E[|X; — X/|?] < 2TK2/ E[|Xs — X.|!]ds + 2K2/ E[| X, — X.|*]ds.
0 0

t
< (2TK? + 2K2)/ E[|Xs — X.[*]ds.
0
Using the Granwall lemma, we get

E[ sup |X; — X/|?] =0.
0<t<T

On the other hand, applying Itd’s formula to |Y; — Y/ |?, we get
dY, —Y/? = 2|V, - Y{|d(Y; - Y{) +d(Y — Y'Y —Y"),.
By passage to the integral from ¢ to 7" and taking the expectation, we have

E [ sup |Y; — Y|] TE < E [lg(Xr. EIX (X2)]) — g(Xp ED (XDP]

0<t<T

T
/ 12, — 2| dt
0

+2E

Applying Lipschizt condition, we get

T
/ 12, — Zl|dt
0

T
/ Ys — YI(X0 — X + Y, — Y)ds| .
0

3, 1] -3
0<t<T

< K’E [| X1 — X7|°]

+2KE

By 2ab < a® + b2, we have

< K’E [| X7 — X} )] + K°E

T
/ X, - X2
0

T
/ (AR
0

-] o3
0<t<T

T
/ 12, — Z)|Pt
0

+2E +2E

T
/0 (Yo =Y/, f(s, X, Bly (X)), Vi, IS (Ys)]) = f (s, X5, By (X, YL B[ (Y)]) ds.

T
|- viias).
0

(1.15)
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Chapter 1. Existence and uniqueness of solution of FBSDE of Mean field type

Then

< K’E [| X1 — X7|°]

T
|- vepas|
0

E{wpuziﬂﬂ+E

0<t<T

T
/H&ZWﬁ
0

+2TE { sup | Xy — X;P] + (K? +2)E
0<t<T

By (1.15), we have E [ sup |X; — X{|2] =0, s0

0<t<T
T
/H&—%Wﬁ
0

T
E[ sup Yt—Yt’P] +E < CE / |Y; — Y/|?ds| .
0

0<t<T

We derive from this inequality, two inequalities

E[ sup |Y; Yt’F] < CE

T
|- vipas|.
0<t<T 0

T
< CE / Y, — Y/|2ds| .
0

T
Iﬂ/ua—zWﬁ
0

Applying Granwall’s inequality in (1.17) gives

E [ sup |Y; —Yt/\Q] =0.

0<t<T

T
E [/ 1Z; — Z{||?dt| = 0.
0

The uniqueness is proved. m

(1.16)

(1.17)

(1.18)
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2

Existence of an optimal strict control and optimality

CHAPTER

conditions for linear FBSDEs of mean-field type

n this chapter, we consider a stochastic control problem governed by a linear forward
backward stochastic differential equation of mean field type with non linear functional
cost. The system here depend on state and also on the distribution of the state process.
The cost functional is also of mean field type. Under the convexity of the domain of control
and the cost functions, we prove the existence of strong optimal strict control ( which adapted
to the initial filtration) by using the strong convergence and Mazur’s theorem. We establish also
necessary as will as sufficient optimality conditions for this kind of linear control problem by

using convex optimization principle.
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Chapter 2. Existence of an optimal strict control and optimality conditions for linear
FBSDEs of mean-field type

2.1 Formulation of the problem and assumptions

We consider a stochastic control problem for the following linear FBSDEs of mean-field type

dXp = (A.X{ + BE[X}] + Cay)dt + (DX + EE[X}] + Fou,)dW,

v = —(AX{+BE[X}!]+CY +DEY"| + E.Z!+ FE[Z!] + G.u)dt

(2.1)
+ZHdWy,
Xy =z,Yp =¢,
and a cost functional:
J(u) = E[l (X3, E[XE]) + & (Yg, E[Y5]) 22)

+ fo Rt X EIXP] Y BV, 20 BIZE]) u)dt],

The solution (X%, Y", Z%) takes values in R” x R™ x R™*% and the control variable u. is in
U= {u € M*([0,T|;R*) | u; € U,a.e.t €[0,T),P—a.s.},

with U C RF. Note that we have an additional constraint that a control must be square-integrable
just to ensure the existence of solutions of (2.1) under .. The optimal control problem can be

stated as follows:
Problem (L): Minimize (2.2)) subject to (2.1) over .

Now we introduce the following assumptions:

(H2.1) : The set U C R is convex and compact, and the functions /, k and h are convex.
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FBSDEs of mean-field type

2.2 Existence of optimal control
Theorem 2.2.1 Under (H2.1), if Problem (L) is finite, then it admits an optimal solution.
Proof. Let (X, Y™, Z",u") be a minimizing sequence satisfies

nan;oJ (ul) = UiréfL{J (v.).

Since U is a compact set then, the sequence (u”),, -, is relatively compact.

Thus, there exists a subsequence (which is still labeled by (u!), ) such that
u — 4., weakly in M? ([0, T]; R") .
Applying Mazur’s theorem, there exists a sequence of convex combinations defined as follows

U= Brnul ™ (with B, >0, and D By, = 1),

k>0 k>0

satisfies

a" — . strongly in M? ([0, T]; R¥) . (2.3)

Since the set U C R* is convex and compact, it follows that u. € U.

Let ()? nym Z”) and (X.,Y., Z.) be the solutions of the linear ME-FBSDE 1} corresponding to

u” and u. respectively. Then let us prove

(X7, V") converges strongly to (X, Y;) in §? ([0, T); R"+™) | (2.4)
and
T T
/ ZdW converges strongly to / ZdWyin M? ([0, T;R™ 7). (2.5)
0 0
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We have
Xr X <| / %) + B.(EIX7] ~ E[X.)) + C.(@7 — ))ds|
" / %)+ E(EX7) — EIX.)) + F.@ — @)W,

which implies that

sup \)?;L — )?8\2 <
0<s<t

t
/ (HAIIQ-(Oiug X7 = X, ) + | BIP-( sup [E[X]] - E[X,]1) + [|C)1% (@) — a@l*)ds
0 STrss

0<r<s
+ sup (| / (D.(X]' = X,) + E(B[X]] — B[X,)) + F.(@ — ,))dW,|)?

0<s<t

using the Burkholder-Davis-Gundy inequality, we have

" t R . t
E[ sup | X — X,|)?] < Kl/ E[ sup | X —Xr]2]ds+K1E[/ [l — ) ds].
0<s<T 0 0<r<s 0

If we set f(t) = E[ sup |X? — X,|?], then
0<s<T

t t
t) < Kl/ f(s)ds + KlE[/ a2 — u)ds].
0 0
By applying Gronwall’s lemma, there exists a positive constant K such that :

t
E[ sup \)/(\'g—)?sﬂ SKE[/ a2 — ug|ds].
0<s<T 0

Since (u") converges strongly to @. in M2([0, T]; R*), we get

lim E[ sup |X — X,|?] =o0. (2.6)

n—o0o OSSST
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2

?t” — }th , we obtain

On the other hand, applying Itd’s formula to

T T
T T+ / |27 — Z,|Pds = 2 / @V, AR? - X)) + B(EX?] - E[X.])
t t

+C.(Y* =Y, + D.(E[Y"] —E[Y,)) + E.(Z" — Z,) + F.(E[Z"] — E[Z,]) + G(a" — ) )ds

S

Thus
o~ ~ T o~ o~
E[ sup |77 — V] + E[/ |20 — Z,2ds]
+€[0,7] 0

< 2E[/T<?n — Y, A(X" — X,) + B.(E[X"] - E[X,)) + C.(Y" - Y})
0

Applying Young’s formula, to show that
~ ~ T - 1 T _ ~
B sup (V7 -~ Vi + B[ | 120 - Zu|Pds) < SB[ [ |97 - VoPds]
te[0,T] 0 o 0

s —

T
+TaKE[ [ (1R7 = X+ 77 = TP 4128 - ZuIP + [a2 — . P)ds).
0

1

1i}c» We obtain

Choosing a =

PP 1 T .. 1 T . =
B[ sup 77— %iP) + 5B[ [ 122 - ZiJ%ds] < 04k + B[ [ 187 - TiPas] @)
te[0,T] 0 0

| 1 (7
+E[/ XD — X|%ds] + E[/ a2 — 1) ds].
2 " Jo 2 "o
From the inequality (2.7), we derive two inequalities

~ ~ 1 T _ ~
E[ sup |V — V%] < (14K + )E[/ Y, — Yi|2ds] (2.8)
te[0,T] 2 0

1 T - 1 T -
+2E[/0 | X7 — X, |?ds] +2E[/0 [az — u,|*ds],
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and

1 ’ on Z 112 1 ’ vn v 2
21&[/ 128 — Z,Pds] < (14K—|—)IE[/ Ty Tif2ds]
0 0

T
—I—;E[/ |)/fgf)~(5|2ds] +;E[/ [ — u,|ds]. (2.9
0

Applying Gronwall’s lemma to and by taking limit as n — oo, and using and (2.6), we

obtain (2.4). Finally, we deduced directly from (2.3), and that

T
E[/ 127 — Z,|2ds] —> 0, asn — oo,
0

which implies by applying the isometry of Ito.
Let us prove that u. is an optimal control.

Let (X", Y™, Z", u") be a minimizing sequence such that

Jim J (u?) = lim E[l (X7 E[X]) + k(Y E YY)

n—oo
+ ) h(t XP EXP] Y EY, 20 (2], ) di]
= inf ).
JnfJ(v)
By the continuity of [, k and h, we have

J (@) =E[l ()?T,E[)ZT]) s (170, )+f0 h(t, X, B[X,), Vi, E[Y}], Z, E[Z4], 52 ) dt]

= 1im B[t (X2, E[X7]) + k (V. EIV) + fy (e X7 EIRP), VB9, 20, EIZ7), @) di].
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Since [, k and h are convex, it follows that

J(@) < lim Y BBl (X5E [XE]) + k(Y B [YE+))
k>0

T
+/ h(t, Xf—i_n,E [Xf+n] ’)/tk-i-nvE [Kﬁk—i_n} ,Zf—i_n,E [Zlf—f—n] ’uf-i-n)dﬂ
0

= lm Y B (uf7),

k>0

IA
i:
85

g
oy

ol

3

=

Q

<

<
=
N
+
=

IN

lim Max J(uf””) Zﬁkn,

n—s001<k<i(n) =

— lim J (u?‘* i("))

n—oo

AR

2.3 Necessary and sufficient conditions of optimality for a

linear MF-FBSDE

Recall that the set U is convex, then the classical way to derive necessary optimality conditions
satisfied by the strict optimal control is to use the convex perturbation method.
Let u. be an optimal strict control and denote by ()A(/t, 17}, Zt) the solution of 1} associated with

u.. Then, we define the following perturbation (convex perturbation)
Uf :ﬂt—{—&(vt—ﬂt),

where, ¢ > 0 is sufficiently small and v. is an arbitrary element of ¢/ such that E Uv \2} < 0.
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It is clear that the control u° is admissible and let (X7, Y;®, Z;) be the solution of (2.1) controlled

£

by u®.

By the optimality of u., the necessary conditions for optimality will be derived from the fact that

0 < Tim = (J (u) — J (@)

e—=0¢

The following assumptions will be in force throughout this section.

(H2.2) : I,k and h are continuously differentiable with respect to (z,z’),
(y,y') and (z,2',y,y, 2, 2") respectively;
(H2.3) : the derivatives of [, k and h with respect to (z,2’), (y,y’)

and (z,2',y,y, 2, 2") respectively, are bounded.
To establish a necessary and sufficient conditions for optimality, we use the convex optimization
principle (see Ekeland-Temam ([12], prop 2.1, page 35).
Due to convexity of the set U and the fact that J is convex in u., continuous and Gateaux-
differentiable with continuous derivative J’, we can apply the convex optimization principle,
to get

(. minimize J) < (J' (u.),v. —u.) > 0;Vv. € U. (2.10)
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Now we calculate the Gateaux derivative of J at a point %. and in the direction (v. — @.), we obtain

<J, (ﬂ> V. — 17) = E[UI()?TvE[XTD’X% - )?Tﬂ + ERZW()ZTvE[XT])’E[X% - )?TD]

+E [ (ky (Yo, E[Y0]), Y5 — Yo)] + E[(ky (Yo, E[Y0]), E[Yg' — Yo])]

T ~ ~
+E /0 (<hm(taat)aXZ)Xt>+]E[<hm’(taat)aE[XtvXt]>])dt]

+E /OT ((hy(t, @), Y, — Y, + E[(hy (t, ), E[Y} — }Z]ﬂ)dt]

+E /0 ((ha(t,T0), Z7 — Z4) + B[ (ho (t,70), E[ 27 — Z]>])dt]

T
_HE / <hv(t, ﬂt), Ve — ﬁt>dt .
0

With the notation hs(t, @) := hs(t, X¢, B[ Xy], Yy, E[Y;], Zi, B[ Z4), %), with 6 = 2, 2/, y, 1/, 2, 2/, v.

Which implies that

(J' (@), v. — @) = E[(lo(X7, E[X71]) + Ello (X1, E[X7])], X3 — X7)]
+E [(ky (Yo, E[Y0)) + Elky (Yo, E[Yo])], Yo — Yo)]

[ T
|E / (Bt ) + Bl (1, 0)], X7 — Xo)dt
0

T
+E / (hy(t,703) + Elhy (£, 7)), Yy — Y3)dt
0

T
E / et ) + Blhar ()], 20 — Zi)t
0

T
+E / <hv (t, ’ljt), V¢ — Tjt>dt] . (211)
0

The main result in this section is the following

Theorem 2.3.1 (Necessary and sufficient conditions for optimality). Let u. be an admissible control with
corresponding trajectories (X.,Y., Z.). Then @. is optimal if and only if, there exists a unique triple of
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Fi-adapted process (P", ", Q") solution of the following stochastic equations (called adjoint equations),

—dP} = (Hy (t,u) + E[Hy (¢, u4)])dt — ¢pdWy,

dQ¥ = (Hy (t,us) +E[Hy (t,us)])dt + (H. (t,us) + E[H. (t,us)])dWr,

2.12)
Pt =1, (X% E[XY]) + E[l, (X% E[XY])],
Q¢ = ky (Y¢" EIY)) + Elk, (Y3 E[Y3]).
\
such that
<Hv(t,ﬂt), VUt — ’ljt> > 0, vvt S Z/[7 a.e, as, (213)

where Hy(t,uy) := Hs(t, )Z't, IE[X}], }7}, E[ﬁ], Z,, E[Z], Uy, ]Bt, {bvt, @t), and the Hamiltonian function is

defined by

H (t,z,E[x],y,Ely], 2, E[z], v, P, ¢, Q) := (P, Az + BE[z] + Cv)
+ (¢, Dx + EE[x] + Fv) + h (t,z,E[z], y, E[y], 2, E[2], v)

+(Q, Az + BE[z] + Cy + DE[y] + Ez + FE[z] + Gv) .

Proof. The adjoint equations (2.12) can be rewritten as follows

—dP = (PPA+ YD + QA + hy(t,ug) + E[PEB + P E + Q¥ B + h (t, uy))) dt
—py dWe,

dQy = (Q4C + hy(t,u) + E[(Q¥D + hy (¢, uy)])dt + (QF-E + ha(t,uy)
+E[(QEF + hr (t,ug)]) dWr,

P =l (X7, E[X7]) + Eller (X7, E[X7])],

Qo = ky (Yo", E[Yg']) + Elky (Yo", E[Yg'])],
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Therefore after recalling also (2.12), the equality (2.11) becomes
(J' (@) ,v. — @) = E[(Pr, X% — X1)] + E[(Qo, Yy — Yo)]
T B T _
+E[/ (ho(t, ) + Elh (1, 3)], X7 — X)de] + IE[/ (hy (£, ) + Elhy (1, @), Yy — V)]
0 0
T B T
0 0

Applying integration by part to (P, X¥ — X;) and (Q;, Y;* — Y;), passing to integral on [0, 7] and

take the expectations to deduce

E[(Pr, X% — X7)] = —E[/T@tA + he(t, ) + EIQiB + ho (t, 1)), X7 — X)dt]
0
+E[/0 (P, C(vy — Uy))dt] + E[/O (s, F (v — Tp))dt], (2.15)
and
E[(Qo, Yy — Yo)] = —E[ /O (hy (t, 1) + Blhy (t, )], Yy — Yy)dt] (2.16)
T
+E[ /0 (Qu, A(X? — X;) + B(E[X{] — E[X,)] + G(v; — @) dlt]
T ~
-E [/O <hz (t7 ﬂ1t) + E[hz’(ta at)]v ZZ] - Zt>dt] :

Combining (2.15)), (2.16) and (2.14), we obtain

T
(J(@), 0.~ ) = E[/ (BC+ uF + QuG + ho(t, ), vy — ) dt].
0
On the other hand, let us calculate the Gateaux derivative of H at a point u in the direction (v — u),
we get
T T ~ ~
IE[/ (Hy(t, Up), vp — Ug)dt] = IE[/ (P,C + Y F + QG + hy(t,0y), v — Uy))dt]
0 0

= (J'(@.),v. — ). (2.17)
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Combines (2.17) and (2.11), we obtain
T
(u. minimize J) < E[/ (Hy(t, U), v — Ug)dt] > 0,Vv. € U.
0

It follows that

E[<Hv(t,ﬂt),vt - ’ljt>] > 0, dt — a.e.

Now, let © be an arbitrary element of the o-algebra F;, and set
pe =vle +ulo_e.

It is clear that p. is an element of U.

Applying the above inequality with v., we show that
E[1@<Hv(t, ﬂt), Ve — ﬂt>] > 0, VO e ]:t-

Which implies that

E[(H, (t, ), v — W)/ Fi] > 0.

Since the quantity inside the conditional expectation is F;-measurable, so the result is proved. m
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3

Existence of optimal solutions and optimality conditions

CHAPTER

for optimal control problems of MF-FBSDEs systems with

uncontrolled diffusion

n this chapter, we study the existence of optimal control for systems, governed by non
linear forward-backward stochastic differential equations of mean field type, we prove
the existence of optimal relaxed control for this system of MF-FBSDEs. The proof of the
first main result is based on tightness results of the distributions of the processes defining the
control problem and the Skorokhod representation theorem on the Skorokhod space, equipped
with the S-topology of Jakubowski [24] . Furthermore, when the Roxin convexity condition is
fulfilled, we prove that the optimal relaxed control is in fact strict. The second main result in this
chapter is to establish necessary as well as sufficient optimality conditions for both relaxed and

strict control problems for system of non linear MF-FBSDE.
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3.1 Statement of the problems and assumptions

3.1.1 Strict control problem

We study the existence of strict optimal controls for systems governed by the following FBSDE of

mean-field type

Xi=z+ fg b(s, Xs, Elo (Xs)], us)ds + fot o(s, X, E[B (X)])dWs

(3.1)
Y;f :g(XT,E +J;/ S XS7E (XS)LY:SaE[é (YS)],US)dS
— [ Z,dW, — (Np — Ny),
and the expected cost on the time interval [0, T is given by
J(u) :=E[(X7,E[0 (X1)]) + & (Yo, E [p (Y)]) 32)

+ fy bt X0, E o (X)), Ve E [ (Y3)] ue) dt],

where w; is a strict control, (W;,t > 0) is a d-dimensional Brownian motion defined on some fil-
tered probability space <Q, F, (Ft)i>o ,IP’) and N is a square integrable martingale that is orthog-
onal to .

Our objective is to minimize the cost function , over the set of admissible controls, which are
a F;-measurable processes valued in a compact metric space U C RF.

It should be noted that the probability space and the Brownian motion may change with the

control u. Therefore, we need to have another definition of the admissible control, gives as follows:

Definition 3.1.1 A 6-tuple u. = (Q,]—", (]—})t20 P, W, v.) is called w-admissible strict control, and
(Xt,Y:, Z4) a w-admissible triple if:
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i)- (Q, Fy (Ft)is0 IP’) is a filtered probability space satisfying the usual conditions;

ii)-Wy is an d-dimensional standard Brownian motion defined on (Q, F, (‘Ft)tZO ,IP) ;

iii)-v is an Fy-adapted process on (§2, F,P) taking values in the action space U;

iv)-(Xy, Ys, Zy) is the unique solution of the MF-FBSDE on (Q, F, (]:t)tzo 7]P’) under vy.

The set of all w-admissible controls is denoted by U*.

Our stochastic optimal control problem under the weak formulation can be stated as follows:

Minimize (3.2) over ¢/*. We say that the w-admissible control u* is w-optimal control, if it satisfies

J () = u?élbf{w‘] (u.). (3.3)

3.1.2 Relaxed control problem

To proof the existence of optimal solution of our strict control problem {(3.1)), (3.2), (3.3)} one
typically seeks a certain compactness structure. The weak formulation enables us to find the
compactness of the image measure of some processes involved on a certain functional space.
However, because the control v is measurable only in ¢ and there is no convenient compactness
property on the space of measurable functions, we need to embed it in a larger space with proper
compactness. The idea is then to replace the U-valued process v, with P (U)-valued process (1),
where P (U) is the space of probability measures equipped with the topology of weak conver-
gence. These measure valued control are called relaxed control. If y; (da) = 4., (da) is a Dirac
measure charging v, for each ¢, then we get a strict control problem as a special case of the relaxed

one.
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We denote by V the space of positive Radon measures on [0, 7] x U, whose projections on [0, T'| co-
incide with Lebesgue measure dt. Equipped with the topology of stable convergence of measures,
V is a compact metrizable space, (see Jacod and Mémin [23]).

The system in this case, is then driven by the following MF-FBSDE

Xy =2+ [y [y b(s, Xo, Bl (X)), w)ps (du) ds + [y o(s, Xo, E[B (X,)])dW,

(3.4)
Y, = g(Xr, EDN(X0)]) + [ [ £(5, Xo, By (X)), Ve, B[S (V)] w) s (dur) ds

— [F Z,dW, — (Np — Ny) .

Because of the the possibility of change of the probability space and the Brownian motion, the

definition of admissible relaxed control is given by:

Definition 3.1.2 A 6-tuple q. = (Q, F, (.7’-'1t)7520 JPLW, u.) is called w-admissible relaxed control, and
(Xt,Y:, Z4) a w-admissible triple if:

i)- (Q, F, (Ft)is0 s IP’) is a filtered probability space satisfying the usual conditions;

ii)-Wy is an d-dimensional standard Brownian motion defined on (Q, F, (}-t)tzo ,IP>> :

iii)-puis is Fy-progressively measurable and such that for each t, 1 4 - 7 is F- measurable, taking values in
V;

iv)-(Xy,Y:, Zy) is the unique solution of the MF-FBSDE on <Q, F, (]—})t20 ,]P’> under ;.

The set of all admissible relaxed controls is denoted by R.

Accordingly, the cost functional to be minimized over the set R of admissible relaxed control, well
be given by:
J () = E[l (X7, E[0(X7)]) + k (Yo, E[p (Yo)]) 35)
+Jo bt X0 Elp (X)) Yo E [ (Y)] u) pe (du) dt].
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A relaxed control ¢ is called optimal if it satisfies

J(q") = Jnf J (q)- (3.6)

3.1.3 Notation and assumptions

We now introduce the following spaces of processes:
MZ([0,T]; R™) : the set of jointly measurable, processes {Y;,t € [0,T]} with values in R™ such

that Y; is F;-measurable for a.e. t € [0, 7T, and satisfy
T
E[/ Y3 [* dt] < co.
0

Let S?([0, T; R™) : the set of jointly measurable, processes { Xy, ¢ € [0,T]} with values in R such

that X is F;-measurable for a.e. ¢t € [0, 7], and satisfy

E[ sup |Xt|2] < 0.
0<t<T

C ([0, T];R™) : the space of continuous functions from [0, 7] to R", equipped with the topology of
uniform convergence.

D ([0, 7] ;R™) : the Skorokhod space of cadlag functions from [0, 7] to R™, that is functions which
are continuous from the right with left hand limits, equipped with the S-topology of Jakubowski
(see [24], [25]).

Let us assume the following conditions
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(H3.1) Assume that the functions

b:[0,7] xR" xR" x U — R",
o :[0,T] x R® x R™ — R™*%,
f:0,TI xR"xR" x R™ x R™ x U — R™,
g:R" xR" — R™,
a, B, v : R" — R",
0:R™ — R™,
are bounded and continuous. Moreover, assume that there exist a constant K > 0, such that for

eVerY (xlaSCZ)l‘/la x/2) € R4na (yla Y2, yiayé) R4ma

|f (t, 1, 2,1, y2,w) — f (8,27, 25,41, v, u)| < K (Jzg — 2] + 22 — 25| 4+ [y1 — y1] + [y2 — v3l)
|b(t,x1,x2,u) - b(ta $/1,$/2,u)| S K (|3§'1 - l‘/1| + |1:2 - $/2|)a

o (t, 21, 22) — 0 (8,21, 25)| < K (|21 — 27| + |22 — 23])

a(@) —a@) <K Jer—af],  |8(a1) - Bah)| < K |a1 —ai],
(@) —y @) <K for—ahl, M) - A@)] < K Jey -],
5(y) ~S W) <K Iy —shl, g (r,aa) — g (h,ah)| < K (Jay — 2} + oz — ah))
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(H3.2) Assume that the functions

h:[0,T] x R" x R" x R" x R™ x U — R,
[:R"xR" —»R"
kE:R™xR™ — R™
0,0:R" — R",
pyY : R™ — R™,
are bounded and continuous and there exist a constant K > 0, such that for every (z1, z2, 7, 25) €

]R4na (y17 Y2, y&?yé) Rllm’

‘h’(tvxl:x%ylay?au) - h(t7w/17x/27y17yé7u)‘ < K (’.’13'1 - .’L'/1| + ‘1‘2 —.’Eé’ + ‘yl _yjll‘ + ’yQ - yé‘) :

3.2 Existence of optimal relaxed controls

Our results in this paper extends those of [5], [6] and [7] to a systems governed by FBSDE of

mean-field type.

Theorem 3.2.1 Under conditions (H3.1) — (H3.2), the relaxed control problem {(3.4)), (3.5)), (3.6) } has

an optimal solution.

To prove this theorem, we need some auxiliary results on the tightness of the distributions of the

processes defining the control problem.
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Letq" = (Q”,}"", (F) >0 P W,”,/ﬂ) be a minimizing sequence, thatis lim J (¢™) = inf J (q.).

n—oo q.€ER

Let (X", Y™, Z") be the unique solution of the following MF-FBSDE associated with ;"
X =a+ [y [y 0(s, X2 Ela(XD)],u) pl (du)ds + [y o (s, X2, E [B(XP)]) AW,

(3.7)
Y = g(XEENXDD + [ [, f (s, X2 E [y (XD)], Y2 ES (Y], w) ul (du) ds

— [T Zrawy.
Lemma 3.2.2 Let (X", Y™, Z™) be the unique solution of the system (3.7). There exists a positive constant
K such that

suplE

n

T
sup \X”\Q—I— Sup |Y”| +/ HZt”Hth] <K. (3.8)
0<t<T

Proof. Let us show that

supE[ sup |Xt"|2] < +00.
n o<t<T

We have
(s, X2 E o (X)), u) u (du) ds
2]

Using isometry of Itd, Cauchy-Schwarz inequality, the boundedness of b, o and Burkholder-Davis-

DX“|]<3E m\ +3E

7

+ 3E

/O (s, X E[B (X™)]) dW?

Gundy’s inequality, there exists a constant K which does not depend on n such that

supE[ sup |Xt"]2] <K
n

0<t<T
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On the other hand, applying It0’s formula to |Y;"|?, we obtain

E Y+ / !\Z”|2d8]—E[IQ(XT,E[A(X%)])IQ]

+2E

/ / (¥, f (5, X7 E [(Xé‘)],K”,E[é(YS”)],U)>u2(dU)d81

[ vtas
| [ [ 1rexnEnx >],n",Ew(Y:)],u>r2u:<du>ds].

Using the boundedness of g and f and by Gronwall’s lemma, it follows that

<E[lg(XF,ENXPDP] +E

T
supE [ sup \Y"\Q—i—/ 1Z7|%ds | < +o0.
0

n 0<t<

Lemma 3.2.3 The sequence of distributions of (X", W™, Y", [ Z?dW) is tight on the space
A = C([0,T];R") x C([0,T];RY) x D ([0,T];R™) x D ([0,T]; R™*) endowed with the topology
of uniform convergence for the first and second factor and endowed with the S-topology of Jakubowski

(seel24]]) for the third and forth factor.

Proof. According to Kolmogorov’s theorem (see Ikeda and Watanabe [22] page 18), we need to

verify that

E[IxXp - xol'| < Kt -,
n n4 2
E Wy = wi'] < Kalt— s,

s

for some constants K; and K> independent from n.
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We have

[\X” X <C’IE b(s, X", EJa(X™)],u) " (du) ds

i

Using Burkholder-Davis-Gundy’s inequality to the martingale part and the boundedness of b and

7

+CE

/ (5, X E[B (X™)]) dW?

o, we obtain

E [|Xt” - Xg| < CE

(/ [ s x2Ela §>1,u>|2u2<du>ds)2]

+CE (/ lo (s, X2, E [B (X S)])\QdS)Q]

SKlyt—S‘Q.

The second inequality by the same method.

Let us prove that (Y, [, ZrdW) is tight on the space D ([0, T]; R™) x D ([0, 7] ; R™*4) .

|

where the supremum is taken over all partitions of the interval [0, 7]. By the same method given

Let0 =ty < t; < ... <t, =T. We define the conditional variation by

CV (Y"):=supE

Z‘E<YZL+1_Y;?> |FS/”

n [31], we get

CV(Y") < KE

/ / f (s, X0 Efy (X >],n”,E[5<n">J,u>ruz<du>ds],

where K is a constant depending only on ¢. Hence combining conditions (H3.1) and Lemma

(3.2.2), we deduce that

CV (Y™ + sup E[|Y"]] + sup E
0<t<T 0<t<T

sup < Ho00.

T
/ Zr AW
0
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Thus the Meyer-Zheng tightness criteria is fulfilled (see [30]), then the sequences Y. and

Jo Z2dW are tight. m
Lemma 3.2.4 The familly of distributions of the relaxed control (u™),, is tight in V.

Proof. Since [0,7] x U is compact, then by applying Prokhorov’s theorem, the space V of prob-
ability measures on [0,7"] x U is then compact. Since ("), valued in the compact space V, then

the familly of distributions associated to (1"),, is tight. m

3.2.1 Proof of theorem 3.2.1

Let (¢7),,>( be a minimizing sequence and (X", Y™, Z") be the unique solution of the mean-field
FBSDE (3.7). Using Lemmas and it follows that the sequence of processes

7= (u, X", WY [ ZdWT) is tight on the space Vx A. Then by the Skorokhod representa-
tion theorem, there exists a probability space (Q, F, ]f") ,asequences 7" = (m, X Wny", fo Z?dW?)
and T = </1, X, W,Y, fo stWs> defined on this space and a countable subset D of [0, T'] such that
on D¢, we have

(al) for each n € N, law(7™) = law(7"),

(a2) there exists a subsequence (7"*) of ("), still denoted (7"), which converges to 7, P-a.s. on
the space V x A,

(a3) (}7”, fo ngW;‘) converges to the cadlag processes (17, fo ZSdWS), dt x P-a.s. Also ?T” N
P-a.s.

(a4) sup ‘)N(t”—f(t -0, P-as.

0<t<T

(a5) (ji") converges in the stable topology to i, P-a.s.
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According to property (al), we have

Xp =+ fy fyb (s, X2 El(X0)],w) 2 (du) ds + [y o (s, X2, BIB(X2)]) 2,
Ve = g (X0, EINED)]) + [ Jy f (5 X0 B2 V2 BOO)), 0 ) 2 (duyds— (39)
\ (¢ - &%)

where NJ* = fg Zrdw?r.
Using properties (a2), (a3), (a4), (ab) ,under (H3.1) and passing to the limit in the MF-FBSDE
(3.9), one can show that there exists a countable set D C [0, T') such that

(

X, =z+ f(f S b <3,XS,IE[04(X3)LU) fis (du) ds + fgo <3,X3,E[B(Xs)]> dWs,t >0

ﬁ:g(XT,E >+ft I f (s X, E(X)], Vs, E[5(Y)], )us(du)d

- (NT - Nt) £ € [0, T]\D.
Since Y and N are cadlag, then one can get for every ¢ € [0, T
~ ~ ~ T ~ ~ ~ ~
i =g (Ko BACE) + /U 1 (5, X0 ER(X,)], Vo, BI8(V:)], ) s (du) ds
t
(Fe-)
Now, let F, = FX Y.l the minimal admissible and complete filtration generated by

(X',n, Y,, fir, 7 < 5). One can show easely that Nisa fs-martingale. Therefore by the martingale

decomposition theorem, there exist a process Z € M2([0, T]; R™*%) such that
~ t ~ ~ ~ ~ ~
N, :/ Z.dW, + M,, and <M,W> —0,
0 t

which implies that

i = o (Xr. BN + ' [ £ (5 X BOE )LV BBTL ) i () ds

- [z, — (it~ 1),
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To finish the proof of our result (Theorem 3.2.1), it remains to proof that /i is an optimal relaxed
control (which minimize the cost functional J over the set R of admissible relaxed control).

Using properties (al)-(a5), we get
inf J(¢.) = lim J(¢") = lim J(¢"),

Jot 7 (@) = lim, lim
= Tim E[I (X3, EPCC)]) + k(Y5 Elp(Y3))
b e B v B0 L dt]
— m B [1 (X3, E0CED)]) + k(5 Ep(7)])
R B ) 7 00 ]
=B [1 (%r, BO(Xr)]) + & (Yo, Blp(Yo)))
* /OT /U h (& X0, Elp(X0)], Vi BB (V)] w) fin (du) dt]

=J(q),

then theorem (3.2.1) is proved.

3.3 Existence of optimal strict control

To prove existence of optimal solution to the strict control problem {(3.1)), (3.2)), (3.3) }, we need
the Roxin’s condition (see Yong and Zhou, [35] p. 69), given by

(H3.3) : (Roxin-type convexity condition): The set
(ba f7 h) (t)x7x/7y7 y/7 U) = {bl (ta x7$/7u) 7f] (t,LU, :1:/7 y7y/7u)
7h(tﬂx7$/7y7y,7u>\u € U,Z - 17 7n7j - 17 7m}7
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is convex and closed in R*+m+1,

Proposition 3.3.1 Assume that (H3.1)-(H3.2) and (H3.3) hold. Then, the optimal relaxed control i,

has the form of a Dirac measure charging a strict control iy, (i.e, fi; (du) = 04, (du)).

Proof. We put

/U b (1. X1, Ela(X0)],u) fe (du) := b (t,w) € b (t,2,2/, V)
[ 4 (8RB (E0) VBB ) o (da) o= F (1) € £ (10" 0.9'.0).
[ 1 (8 KBl (R0L T BT, ) s () = ot 0) € b (1,070, V).
Under (H3.3) and the measurable selection theorem (see Li-Yong [29] p. 102, Corollary 2.26),

there is a U-valued, F X y’ﬁ—adapted process 0, such that for every ¢t € [0, 7]\ D and w € Q,
(F.7) () = (£:0) (8K (6w0), X (80) Y (1,w) Y (1), (1 w))
b(t,w)=b (t,f((t,w) X (8 w) ,@(t,w)) .

Hence, for every ¢ € [0, T]\ D and w € Q, we have

/Ub (t,Xt,IE[a(Xt)],u> e (du) = b (t, Xt,]E[a(Xt)],@t) ,

[ £ (t %0 BO(0) T BT ) i () = £ (8,0, B (K0), V2, BIB(T) ).

U
(1 X Bl (R0, Fo Bl (i) ) e () = (8 %0, Blo(L T BV (7). )

Since X is continuous and (57., fo ngWt) is cadlag, then the process (X't, Y, Zt) satisfies for each

t € 0,77, the following system of MF-FBSDE

Xy=a+ [b (8,XS,E[OZ(XS)L 175) ds+ [j o <S,XS,E[5(XS)}

N
QL
gz

Vi = g (X0, ENED) + f)7 f (5 Ko ER(X)), Vo EB(V)), 5, ) ds

\ — [T Zaw, — (MT _ Mt> .
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Moreover,

J(q) =E

(S ml0E]) + k(T Bp) + [ [ (1 Ko B CROL T BT ) o ) dt]
T

=B |1 (X B0 + & (. Bp]) + [ (1 Ko Blp KoL Ve Bl 7 dt]
= J(@),
where 4 = <Q, F, (ﬁt>t>0 P, W, 17) . Which ends the proof. m

3.4 Necessary and sufficient optimality conditions for re-

laxed and strict control problems

In this section, we establish necessary as well as sufficient optimality conditions for both relaxed

and strict control problems.

3.4.1 Necessary and sufficient optimality conditions for relaxed control

We start by establish necessary and sufficient optimality conditions for existence of optimal re-
laxed control. To simplify the calculations, leta =A=8=7v=0=¢p =1gr, 6 = p =19 = lgnm

and the system (3.4) becomes

,

XE=x+ [7 [, b(s, X2 EIXE], u)p (du) ds + [y o(s, X&' E[XE])dW,

Y/ = g(XP,BIXED) + [, [, s, X0 BIXE], VI BIVE], w)ps (du) ds (3.10)

— [T zraw,,
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and the functional cost to be minimize over the set of relaxed controls R is given by

J(p) = E[L (X7, E[XP]) + k (Y, E [Y('])

(3.11)
+fo Jo bt XE EIXE], YV EY] w)py (du) dt].
We say that a relaxed control ¢. is an optimal control if

/LGR

Recall that the set of relaxed controls is convex, then to establish necessary optimality condition
we use the convex perturbation method. Let g. be an optimal relaxed control with associated tra-
jectories (X{, Y/, Z{') solution of the MF-FBSDEs (3.10). Then, we can define a perturbed relaxed
control by

g = qt +e(pe — q1),

where ¢ > 0 is sufficiently small and p. is an arbitrary element of R. Denote by (X7, Y, Z7) the
solution of (3.10) corresponding to ¢°.

We shall consider in this section the following assumptions.

e (H3.4) (Regularity conditions)

p

(7) the mappings b, g, 0,1 are bounded and continuously differentiable with respect to (z,z’),
and the functions f,h and k are continuously differentiable with respect to (z, z’, y,y’)
and (y,y’), respectively,

(71) the derivatives of b, g, o, f with respect to the above arguments are continuous and bounded,

(14i) the derivatives of h are bounded by C(1 + |z| + |2| + |y| + |V']),

(tv) the derivatives of [ and k are bounded by C (1 + |z| + |2'|) and C (1 + |y| + |¢’|) respectively,
for some positive constant C.
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3.4.1.1 Estimates

Using the optimality of ¢., the variational inequality will be derived from the following inequality
0<J(¢") = J (@)
For this end, we need some results.

Proposition 3.4.1 Under assumptions (H3.1) — (H3.2) , we have

lim ( sup E[|X] Xf|2]> =0, (3.13)
e—0 0<t<T
lim ( sup E [|Yy — YﬁP]) =0, (3.14)
e—0 0<t<T

T
: e _ 7912 —
limE /0 |Zs — ZH|?dt| = . (3.15)

Proof. We calculate (X§ — X/),

Xf—X§’=/0t {/Uus,X:,E[Xi],u)qi(du) - [ b XLEXD W gl | ds

+/ [0 (s, X5, E[XZ]) — o (s, XL, E[XY]) | ds.
0

Using the definition of ¢; and taking expectation to get

2
ds}

t

B [1X; - X7] < CE[ [

0
t
+052E[/

0
+CE[/O o (s, X5, E[XE]) — o (s, X2, E[XY])[* ds].

/ b(s, X5, E[X] ) gu(du) — / b(s, X7, E [XY], u) qu(du)
U U

ds]

/ b(s, X5, E[X2] , u) ra(dus) — / b(s, X5, E[X2], u) gu(du)
U U

Using the fact that b and o are uniformly Lipschitz with respect to z, z’, to obtain

t
E[|X; — X{°] < OE[/ | X7 — X[|Pds] + Ce>.
0
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Applying Granwall’s lemma and Burkholder-Davis-Gundy inequality, we can show (3.13).

On the other hand, applying It0’s formula to (V¥ — Y;?)? and taking expectation to get

T
/ 125 — 79)%ds

+2E[/ - V2 [ P XS EIXE VBT u) g )

E (Y -Y/’]+E =E [lg(X7. E[X7]) — g(X7, E[X7])[’]

_/Uf(sv‘ngE[Xg] 7qu’E[}/sq] ’u) QS(du»dS]'
Thus

/t 125 = Z;’HQdS] < E [lg(X7, E[X7]) — g(X7, E[X7])]’]

E[Vf - Y72 +E
/f (s, X5, E[X2], Y5 E (V2] u) ¢ (du)

E U Y —Ysﬂds] +E /
0
2

/f XL E[XI, Y E[YI], u) qs(du)| ds].

Using the definition of ¢;, we obtain

T
/t 125 — 29)%ds| < E [|g(X5, E[X5]) — (X2 E[XZ))[2]

B[I¥7 - /7] +E

t
| [ ma—nqw?ds]w#l@/ F (5, X5, BIXE], Y E(YE] ) s ()
0
2
/f (s, X5, E[X2], V2, E[VE] ) y(du)| ds]
+CE/ /f (s, X5, E[X%], YE, E [VE], u) gs (du)

2

/ f (s, X0 E[X9], Y3, E[VS], u) g (du)| ds].

Since f and g are uniformly Lipschitz with respect to their arguments, we have

T t
E[|Ys - Y] +E / 125 - Z;JH?ds] < KE [/ Y — Y;IPds] + 115, (3.16)
t 0

where
t
II; = 2CE [| X7 — X4?] + 20E[/ | XS — XI]Pds] + Ce*
0
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From (3.12) we can show that

limIT$ = 0. (3.17)

e—0
We derive from the inequality (3.16), two inequalities
¢
B (e - v < KB | [ vs - vapas| (3.18)
0
and

E

T t
/ = ZgH?ds] < KE [/ |YE — Y;I\zds] + TIE. (3.19)
t 0

Applying Granwall’s lemma and Burkholder-Davis-Gundy inequality in (3.17) and using (3.13)

and (3.17) to get (3.14). Finally (3.15) derived from (3.19), (3.14) and (3.17). m

Proposition 3.4.2 Let ()/ft, 1715, Z) , be the solution of the following variational equations

of MF-FBSDE

p

X, = [, by (t, X4, E[X]], )qt(du)XthE[fU (t, X3, E[X7],u) g (dw)E[X,]| dt
+ (00 (6 XL EIX]] w) X+ B [0 (6 XL E (X)) B[R] ) aw

+ ([ b (¢, X{E (X, u) g (du) — [, b(t, X E[XT], ) pe(du)) di

4% = ~(fy Lot W) ar(d) K, + B | [ For (b 0 w)qu(du) B, 520

~

+ Jy Futnt a0+ B | fy (0 wan(dw)E[T) |t
~(Jy £ XLELX) VLB w0 aldu) - f f (6 X0 E LX) VBV ) pu(du)dt

+Z\tth7

Ko =0,V = g (X, E[XF]) Xr +E g0 (X4, EIXE) B[],
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where (t,n!,u) ;= (t, X, E[X]], Y, E[Y],u). We have the following estimates

i 2
: 1 € q v —
imE | |- (X7 - X{) - X, ] =0,

: | 1 £ q ’ —
HmE | =¥ — YY) — =0,
- , e

. - e qy _
EL%E E(Zt zZl) — Z, 0.

Proof. For simplicity, denote by

1 S 1 = 1 ~
X = ~(XF - XD = R Vi = 07 = V) - Vi 2 = ~(Z - ZD) - e

i) Let us prove (3.21). From (3.10), (3.20) and notations (3.24), we have

1=t [ [ seximma i - [ o6 x| i
2 [ pexemix i - [ b6 xesx @) o

+1/ [0 (s, X5, E[XE])) — o (s, XL, E[X2])] dW,

(3.21)

(3.22)

(3.23)

(3.24)

/ / by (5, X9, E[XY], u) gs (du) Xods — / [ / by (s, X7, B [X1], )qs(du)ﬂzp?s]] ds

/O ( w(s,Xg,IE[Xg]))ACSJrE[UI (s, X$, E[XE) E[X ]])dW

_/Ot (/Ub(s,XgaE[XgLU)qs(du)—/Ub(s,XgJE[Xg],u)MS(du)) ds.

Using the definition of ¢ and taking expectation, we obtain

E [|x5)? <CE[///|Z) (5,AS,u XEqu(du)dAds]
+C / / / B [bs (s, A%, u) E [Xﬂ]zqs(du)d)\ds]
+CE /0 /O 0 (5, A%) Xﬂ2d>\ds]

r pt 1
+CE // |E[ax/(s,A‘;)JE[Xf]]Fd)\ds]+C]E[|<I>§|2},
0 0
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where (£, A%, u) == (t, X9+ Ae(XE + X,), E[X? + Ae(XE + X)), u) ,and

o: = / / / (5, A%, ) (XE — X9) iy (du)dAds
[ R AR - X (aras
#0642 (55 = X0 4 Bl (5, ADBIXE - X1
/ / / (5. A%, 1) Ko+ [bar (5, A5, ) E[R.]]) gu(du)dds
// 0. (5,49 X1 + E [0 (5,49 ELR,)| ) drdw,
/ ] be (. X2EIXI, 0 Ko ()
[ [ B b o X2, BLxE 0 BIR T g

/ / 0. (5, X8, EXE) X, +E [0 (s, X2, E[XE) E[R,]] ) a7,

using the fact that b, b,/, 0, 0,/ are continuous and bounded to get

t
E [|Xf]’] < CE [/ |X§\2ds] + CE [|®5]%] (3.25)
0
and
limE [|®5]*] = 0. (3.26)

By using (3.26), Granwall’s lemma and Burkholder-Davis-Gundy inequality in (3.25), one can

show (3.21)).

ii) Let us prove (3.22) and (3.23). We put

(t, AZ, ) = (8, XT+ Ae(XE + X,), BIX +Ae(XF + X,)], Vi +Ae (V5 +V5), BV + Ae (Vs +Y5)], u).
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From (3.20) and (3.24) we have

dytg = - fol (fU fy (t’ Af, 'LL) Qt(du)yf + E [fU fy’ (tv A%) u) Qt(du)E[yta]] + \Iji>d)‘dt + ZtEth
(3.27)

Vi = (g (X5, BIX5]) — g (X, BIXE) — (00 (X4, BIX) K1 +E [0 (X4, EIXF) E[X7]] )

\

where

¥ = [ £ A0t +2 | [ o067 0 atER]
[ gt 8 ) () (X5 - X B | [ £ (0,87 0 ()L - X))
[ g0 ) (=¥ 4B | [ gy (085 0 (a7 - 7))
([ 205w ) (6 = X0 +E| [ 0,85, 0 ad B[] - X))

- /U Fy (6 S 0) qu(du) (YE — V) +E UU fy (6, A7 1) g (dw)E[(Yy — Ytq)@ ).

Using the fact that the derivatives f,, f./, fy, f,s are continuous and bounded and from (3.13),(3.14)

and (3.21), we show
imE [|¥§]?] = 0. (3.28)
e—0

Applying 1td’s formula to | V5| we obtain

T
/ |22 )2ds
t

E[|Y5|°] + E =E [|V7?] +2E

/tT /ol<y§’/Ufy (s, A5, u) g5 (du) Vs

+E [ /U Fyr (5, A%, u) qs(du)E[yf]} 4 \I'§>d)\d5} .
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Hence,

E[|Vi]?] +E <E[YVi]’] +E

(e

e[ [[ 5605 q.q<du>Ew:]]

T
/ 122)2ds
t

+3E

T
/ \J}:Pds]

QS du>y6

+ ywzﬁ) dAds] .

T 1
/ / |\I/§|2d>\ds]> .
t 0

2

Since f,, f,» are bounded we get

T T
/ EARE / Ve|2ds
t t

We derive from this inequality two inequalities

T

/ V5|2 ds
t
T

/ Ve|2ds
t

E V"] +E <CE

+ (E [1VZ?] + CE

E [|Y5|’] < CE

T
E / 122)2ds
t

On the other hand we have

+ (E [D}T| +CIE

[ [ e MD. 6.29)
[ [ e MSD. (3.30)

<CE

+ <E [|yT| + CE

B (%3] = B ||2 (0 (X5 BIXF)) - ¢ (X4, ELXE))
- (g2 (1. BXH) %o+ B [0 OB ELRA]) )
<28 |00 (45) ~ . (X3 B L) %o 1]
+2E [/ E [0 gx/(X%E[X%]))E[??T}szk]

+28 | / 92 (A5) X5 + oo (A ELEF 0N
Since g, g, are continuous and bounded, using (3.21) to get

lim [1Vi’] =o. (3.31)
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Now, applying Gronwall’s lemma, Burkholder-Davis-Gundy inequality and using (3.28) and

(3.31)) to obtain (3.22)) and from (3.22), (3.28) and (3.31) we get (3.23). m

Proposition 3.4.3 (Variational inequality) Let (H3.1) hold. Let q. be an optimal relaxed control with

associated trajectories (X[, Y, ", Z}'). Then, for any element . of R, we have
0 < B [1(X3, BIXH) Xr| +E [l (X, E [XE)E[Xr]
+E [k, (V¢ YY) Yo | +E [ky (Y, EIYGDE[To]
+E| / / (t, A% u)X, +E [hm/(t, Af,u)E[)?t]}
thy(t, A )Y, + B [hy, (t, AY, u)E[m] )ai(da)dt]
T
B[ ([ ble X0 B VBV 0
0 U
= [ bl X B, Y B, w)ar(do)) ] (332)
U

Proof. From the optimality of ¢. we have

0 <E[(X7, E[X7]) — (X7, EIXZ])] + E [k(Y5, E[Y5]) — k(Y E[Y5T)]

+E[/O (/Uh(t,Xf,E[Xﬂ%EaE[YE] u)g; (du) — /Uh(t7Xt JE[XT] Y BV, u)qi(da))dt].
Using the definition of ¢; we get
0 <E[(X7, E[X7]) — (X7, EQX7])] + E [k(Y5, E[Y5]) — k(Y E[Y5])]

T
+eE| / ( /U B(t, X5 EIXE], Y7 E(VE], u)u(du) — /U h(t, X5, E[XE), Y, B[YF], u)gy(da)) df]

B[ [ (b, X5 BIXG1 5 B ) — bt X LX), Vi BV )]
0 U
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Thus

0<E VI (z (AN Xp +E [z (AL )E[)?T]]) d)i +E UOI (@(AS)% +E [ky, (Ag)ﬂz[%]])]
+E[ / / / oL AS WX, +E [hz,(t,Ag,u)Ep?t]} (3.33)
thy(t, A5, )Y, + E [hy, (t, AC, u)E[ﬁ]} )ai(da)dAdt]

T
LE[ / ( / h(t, X7, E[XZ], Y7, EIYE] w) — h(t, X3, E[X3], Y2, E[Y), ) g (da)de] + =5,
0 U
where =5 is given by

==k [ [ @) + B (5B dA} TE [ ||, (45135 + By (45)B51)
0
/ / / o6 A5 ) (XE — X0) + E [h (£, AF, wE[(XF — X))
oy (6, A7 ) (Y — Y) + B [hy (8, A wE[(YF — Y]] ) e (da)dAdi]
/ / / o8 A5, u)(XF — XT) + B [l (£, AT, wE[(XF — X2
+hy(t7 Aiv u)(YtE - Y;fq) +E [hy/ (tv Aiv U’)E[(Yte - Y;tq)“ )Qt(da)dAdt]
/ / / ot A5 W) XE +E [ (8, AS, w)E[XE]] + hy (8, AZ, u)VE

+E [hy (¢, A7, w)E[V;]] ) g (da)dAdt].

Since the derivatives l,,l,/, ky, ky, ha, has, by, by are continuous and bounded, then by using

(3.13), (3.14), (3.21), (3.22) and the Cauchy-Schwartz inequality we show that

limE [|=5]?] =

e—0

Then let € go to 0 in (3.33), we get the variational inequality. m
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3.4.1.2 Necessary optimality conditions for relaxed control

Let us introduce the adjoint equations of the MF-FBSDE (3.10) and then gives the maximum prin-

ciple.

Define the Hamiltonian H from [0, 7] x R” x R” x R™ x R™ x U x R" x R"*? x R™ to R by

H(t, 2, E[z],y, B[y}, . P, K, Q) = —P/Ub(t,:c,IE[x],u)u(du)+ Ko(t, z, E[z))

1 / F(t, 2, Elz), v, Ely), w)pu(du) + / h(t, =, Ela], g, Ely], w)pu(du). (3.34)
U U

Theorem 3.4.4 (Necessary optimality conditions for relaxed control) Assume that (H3.1)-(H3.4) hold.
Let q. € R an optimal relaxed control. Let (X?,Y?, Z7) be the associated solution of MF-FBSDE .
Then there exists a unique solution (P9, K9, Q?) of the following adjoint equations of MF-FBSDE :

APY = —(H, (4.6 + B[Ho (1, 01)] ) + KEaW,

dQ? = (Hy(t,¢7) + E[Hy (t, 61)])dt + (H.(t,¢7) + E[H. (t, 62)])dWr,
(3.35)

QF = ky (e, E[YY]) + Efky (Y7, E[Y5])],

P} = 1o(X7,E[X7)) + E[lo (X7, E[X{])] + 92(X7, E[X])QF + E[g0 (X7, E[X7])E[QF]],

\

such that

H(taXfaE[XgL }/;an[}/;fq]7qt7 Ptqa KE? th)

< H(tan7E[Xﬂv}/tqu[}/tq]nutaPtqaKw??Qg)) a.e.t, P— a.s., \V/M € P(U)a (336)

where (t,¢7) == (¢, X{, E[X{], Vi, E[Y,"], qt, P}, K, Q).
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Proof. By the values of Q¢ and P7. in (3.35), the inequality variational (3.32) becomes

0 <E |(Pf, Xr)| — B [g:(X ELXH)Q + Elg (X5, ELXF)EIQH]]
[QO,YO +E / / 2(t, At,uXt—i—E[hx/(t,Af,u)E[)?t]}
thy(t, A )Y, + B [hy/ (t, AY, u)E[m] )ai(da)dt]
LE| / / h(t, X0 E[XY], YO, B[V, u)u(du)

- / h(t, X3, E[X2), Y, E[Y), u)gr(da))de]. (3.37)
U

Now applying It6’s formula to compute (P/, )?t) and (Q7, }Aft> and taking the expectations we

derive
. T
E[(P}, X)) = — E[/O <Q?/U (fu(t, AL u) + B[ for (8, A, )] ) gi(du)
+/ (ha(t, A7 u) 4+ Efhg (¢, Ag,u)])qt(du),)?t>dt}
U
T

B [P b0 XL wan(an) = [ 00X B wn () ).

and

o~ o~ T o~ o~
- E[{Q3,Yo)] = E[{(Q%F, Y7)] +E[/0 <Q37/U (fo(t, AL, w) Xy + B[ fo (t, AT, w)E[X{]]) i (du))dt]
T o~
—E[/O </U (hy (8, AL ) + E[hy (8, AY, )] ) o (du), T3 dt]

T
B[ [ Qi( [ s atwatdn ~ [ £t AL updn)d).
0 U U
Then for every ;1 € R, the inequality (3.37) becomes
T
0< E[/ (H(t,th,E[Xg], }/tqu[}/tq]v at, Ptq’ Ktq7 Qg) - H(t’ ngE[thLYthaE[Yth]v i, Ptq’ ng Qg)>dt] :
0

Therefore inequality (3.36) follows by a standard arguments. m
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3.4.1.3 Sufficient optimality conditions for relaxed control

In this subsection we study when the necessary conditions for optimality in Theorem become

sufficient as well.

Theorem 3.4.5 (Sufficient optimality conditions for relaxed control) Assume that (H3.1)-(H3.4) hold.
Givenq. € R, let (X9,Y1,Z9) and (P9, K9,Q?) be the corresponding solutions of the MF-FBSDEs

and respectively. Suppose that 1, k, h and the function H(t,-,-,-, -, q:, P}, K{, Q}) are convex.

Then (X9,Y9,7Z9,q.) is an optimal solution of the control problem {(3.10))3.11)), (3.12)} if it satisfies

3.36).

Proof. Let . € R be arbitrary (candidate to be optimal), and let (X?,Y9, Z9) denote the trajectory
associated to ¢.. For any p. € R with associated trajectory (X*,Y*, Z"), we have
J(n.) = J(q.) = E[UX7, E[X7]) — U(XF, E[X7])] + E[k(YS", E[YS]) — k(Y E[Yy])]

+ E[/(; (/Uh(t7XtH7E[X#]’}/tH?E[KSH]?u)Nt(dU) - /Uh(t’ th:E[Xg]’Ytan[Ythu)qt(du))dt]'

Since [ and k are convex, we get
1008 EIXE]) — (X8, E[XE]) 2 {1 (X, BIXA), XP — X2) + E[(L (X3, BIX2), BIXE - X2,
ROV BV — KOV BV 2 (e (V0 BV, Y8 — Y + B [(hy (v, BV, BV — ).
Thus
T = T(a) 2 (X LX), X4 — X3 -+ B[ (X4, BLXA), ELXS — X4)]
b (YL B[V, Y — Vi -+ B[y (V. ELYS), EIYY — V)]
FBL (] nte X0 B Y B ) — [ he X B BN )]

U
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Therefore after recalling also (3.35) one gets

J(n) = J(q.) = E[(Pf, X7 — X7)] — E[(92(X7, E[X7])QF + E[g. (X7, E[XF)E[QF]], X7 — X7)]

T
E[(QL Y¢ — Y] + E[ / ( /U Bt X2 BIXE], Y BV, ) (du)

- [ e Xt B Y B, () ).

(3.38)

Applying Itd’s formula to (P/, X' — X) and (Q{, Y} — Y}?) , and take the expectations to obtain

E[(Pg, X} — X3)] = / Pe. [ W XE L o) = [ o0, XEELX ()]

+IE[/O (K{,o(t, X{" E[X}"]) — o(t, X, E[X{])) dt]

T
~E[ (Lt 00) + Bl (0, 00)) X - X)),

and
T
E[<Q&Y$—Y5’>]—E[<Q%,Y#—Y£>]—E[/O< (8, 60) + E[Hy (8, 60)]. Y,

B[ (Qt [ £ XE LY BN ud)

- /U F(t, XL EIX], Y, Y, u)gs (du))de].

By using (3.39) and (3.40) in inequality (3.38) and apply the fact that (3.34), we get

J(y’) - J(Q) 2 E[/O (H<t7 (bg) - H(tv ¢g))dt] - E[/O <Hx(ta ng) + E[Hx’ (t7 (ng)]?X#

= (6, 60) + ELHy (4, 60, Y — Vi)
Since g is convex we have
E[(Q% (9 (X%, E[XE]) + E[g. (X7, BIXF))]), Xf: — X%)]
E[Q (9(X4, ELX}) - g(X%, BIXE)]

- By} -v{]

(3.39)

—Y,")dt]

(3.40)

— X{)dt]

(3.41)
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On the other hand, by the convexity of H (¢, z,z’,y,v',q, P, K,Q) in (z,2', y,y’) and its linearity in

q, then by using the clarke generalized gradient of H evaluated at (z,2’,y,y’), we obtain
H(t, ¢}') — H(t,¢f) > Ho(t, ¢f) (X} — X{) + E[Hao (t, o)) E[X} — X[ + Hy(t, ¢7) (V) = Y)
E[H, (t, 6DE[Y - Y]
Therefore, applying this inequality in gives
J(p)—J(g) = 0,Yu e R.

The theorem is proved. m

3.4.2 Necessary and sufficient optimality conditions for strict control

In this part, we shall derive necessary and sufficient optimality condition for strict control prob-
lem and shows that it follows from the relaxed one. This strict control problem is governed by the
following MF-FBSDE

XY=+ [ b(s, XU, E[XY),05)ds + [) o(s, X2, E[X?])dW,

(3.42)

) v v T v v v v T v
Yy = g(Xp, BIXP)) + [; f(s, X3, BIX] Y BV vs)ds — [ ZdWs,

and the functional cost to be minimize over the set of admissible strict controls /" is given by
J(v) == B[ (X3 E[X3) + k (Y, EY2) + [T h(t X2 E[XP), Y EVY] o) de].  (343)
We say that a strict control w. is an optimal control if

J(u.) = inf J(v.). (3.44)
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We denote by

Rs=1{pu. €R/ p=20,:veU"},

the set of all relaxed controls in the form of Dirac measure charging a strict control. Denote by

P(Us) the action set of all relaxed control Rs.

3.4.2.1 Necessary optimality conditions for strict control

Define the Hamiltonian # in the strict control problem from [0,7] x R™ x R™ x R™ x R™ x U x

R™ x R"*4 x R™ to R by

H(t,z,E[z],y,E[y],v, P,K,Q) := —Pb(t, z,E[x],v) + Ko(t,x,E[z])

+Qf(t, 2, Elz], y, Ely], v) + h(t, z, E[z], y, E[y], v). (3.45)

Theorem 3.4.6 (Necessary optimality conditions for strict control) Let u. € U" an optimal strict control.
Let (X",Y™", Z") be the associated solution of MF-FBSDE . Then there exists a unique solution
(P*, K", Q") of the following adjoint equations of MF-FBSDE :

dQy = (Hy(t, o) + E[Hy (t, ¢1)] ) dt + (Ho(t, o) + E[Ho (t, ¢1)] ) AWy,
(3.46)

Qb = ky (Yo", EIYG']) + Efky (V5" E[YG])],

P} = 1(X3, EBIXY]) + E[lo (X3, EIXE)] + 9:(X%, E[X$])Q% + E[ge (X3, EIXF)E[Q4]]

\
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such that

/H(t?Xtu’E[Xﬁv Ytu’E[Y;tu]v Ut Ptua Ktu? Q?) (3-47)
< H(t, XL E[X] Y B, v, P KLY, QY), aet, P—a.s., Yo e U,
where ¢} = (X}, E[X}], Y,*, EIYY], ue, P, K, QF).

Proof. Note that the strict control u. embedded into the space V in the sense that u. is corre-
sponding with the Dirac measure \, (dt,da) = 0,, (du) with the propriety: For any bounded and

uniformly continuous function (¢, z, 2’,y,y’, u) we have

%(t,w,fv’,y,y’,ut)Z/ o(t,z, 2’ y,y' ,u)dy, (du) == B(t,z, 2", y,y', M) (3.48)
U

Hence by the necessary optimality condition for relaxed controls (Theorem 3.4.4), there exist a

unique solution (P, K, Q) of (3.35) such that

H(tv X;],E[Xg], }/;an[}/;q]v Qtyptqa Kg, Qg)

< H(ta ngE[th])thq7ED/tq]uMtthq7ngQ‘t])7 a"e'tv P - a.s., VIU’ € Rv
and since Rs C R we have

H(t, X{EX] Y EYY, P KE Q) (3.49)

< H(t, X EIXJ), Y EYY), we, P KL, QF), ace.t, P — a.s., Y € Ry,

Using the fact that if ;1 € R, then there exist v, € Us C U such that yx = 4,,, and we have proved in

section [3.2](Proposition .3.1) that the optimal relaxed control ¢;(du) = 8, (du) with u; an optimal
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strict control, then we can show that
(XI, Y, Z) = (X, Y, 21, (X1, Y1 2) = (X2, Y, Z7),
(Ptq,Kf,Qg):(Pt“,Kf‘,Q;‘), (PtMaKt“7Qf) = (P, K¢, QY), (3.50)
H(t, X{BIXH] Y EYY g, P KE, QF) = H(E X BIXY] Vi BV ue, P KT QF),

H(ta X#’E[X#]v Y;tqu[YtM]v:utv Ptu’ Kfa Q?) = H(t>XZ}>E[Xf]? Y;fva[Y;tU]vvt? Ptvv Ktvv Q};)

Using (3.49) and (3.50) we get (3.47). The proof is completed. m

3.4.2.2 Sufficient optimality conditions for strict control

We shall try to shows if the necessary optimality conditions for strict control (3.47) becomes suffi-

cient.

Theorem 3.4.7 (Sufficient optimality conditions for strict control) Assume that the function 1, k, h and

H(t, -, ue, P K, QF) are convex. Then (X™, Y™, Z%, u.) is an optimal solution of the strict control

problem {(3.42)), (3.43), (3.44) } if it satisfies (3.47).

Proof. Let u; be an arbitrary element of Us such that the necessary optimality conditions for strict
control hold, i.e.
H(E, X EIXL VS BV we P K QF)
< H(t, X E[XY], Y EYY, o, P KY,QF), ae t, P —als., Yu € Us,
and by applying the embedding mentioned in (3.48), one can show that
H(t, X¢ BIX] Y EY 4, B KL Q)

< H(t7ngE[Xg]7Y;fq7E[Y;fq]’ut7Ptq7Ktqug)a a.e.t, P— a.s., V,U/ S Ré-
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Thus by sufficient optimality conditions for relaxed control (Theorem [3.4.5) we have

J(g) = inf J(u.
(q.) nf (m.),

and from Proposition we have proved that the optimal relaxed control is a Dirac measure

charging in optimal strict control (¢;(du) = d,, (du)), then we can show that

J(u.) = u,légw J(v.).

The prove is completed. m

70



CHAPTER 4
Existence of optimal solutions for
optimal control problems of
MEF-FBSDESs systems with controlled

diffusion

71



CHAPTER

Existence of optimal solutions for optimal control problems

of MF-FBSDEs systems with controlled diffusion

n this chapter, we prove the existence of optimal controls for systems governed by forward-

backward stochastic differential equations of mean-field type (MF-FBSDEs) with con-

trolled diffusion, in which the coefficients depend not only on the state process, but also
on the distribution of the state process, via the expectation of some function of the state. Moreover
the cost functional is also of mean-field type. We prove this result of existence by using the weak
convergence techniques for the associated MF-FBSDEs on the space of continuous functions and
on the space of cadlag functions endowed with the Jakubowski S-topology. Moreover, when the
Roxin convexity condition is fulfilled, we get that the set of strict control coincides with that of

relaxed control.
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4.1 Statement of the problems and assumptions

4.1.1 Strict control problem
We study the existence of strict optimal controls for systems governed by the following FBSDE of
mean-field type

Xi=z+ fg b(s, Xs, Ela (Xs)], us)ds + fot o(s, Xs, E[B (Xs)], us)dWj

(4.1)

Y, = g(Xr,E[A )+ [T Fs, X, Bly (X0)], Yo, [0 (Y3)], us)ds — [ ZedW, — (My — M),
where b, a, 0, B, f,7,0, g and X are given functions, (W;,t > 0) is a d-dimensional Brownian mo-
tion, defined on some filtered probability space (Q, F (Ft)i>0 s IP’) satisfying the usual conditions.
X, Y, Z are square integrable adapted processes and M a square integrable martingale that is or-
thogonal to W. The control variable u,, called strict control, is a measurable, 7:— adapted process
with values in a compact metric space U.

The expected cost on the time interval [0, 7] is given by

J(u.) :=E[l (X7, E[f (X1)]) + k (Yo, E[p (Y0))) 42
+Jo Pt X0 E o (X)), Y E [ (Y0)] s ue) dt],
where 1,0, k, p, h, p and v are appropriate functions.
Our objective is to minimize the cost function (#.2), over the set of admissible controls.

It should be noted that the probability space and the Brownian motion may change with the

control u. Therefore, we need to have another definition of the admissible control, gives as follows:
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Definition 4.1.1 A 6-tuple v. = (Q,J—" , (]:t)tzo , P, W.,u.> is called w-admissible strict control, and
(Xt,Y:, Z4) a w-admissible triple if:

i)- (Q, Fy (Ft)is0 IP’) is a filtered probability space satisfying the usual conditions;

ii)-Wy is an d-dimensional standard Brownian motion defined on <Q, F, (]:t)tzo ,]P’) ;

iii)-uy is an Fy-adapted process on (§2, F,P) taking values in the action space U;

iv)-(Xy,Y:, Zy) is the unique solution of the MF-FBSDE on <Q, F, (ft)tzo ,IP’> under uy.

The set of all w-admissible controls is denoted by U* .

Our stochastic optimal control problem under the weak formulation can be stated as follows:

Minimize (4.2) over /. We say that the w-admissible control v* is w-optimal control, if it satisfies

J W) = uiélZEWJ (V). (4.3)

4.1.2 Assumptions

Let us assume the following conditions (H4.1) Assume that the functions

b:[0,T] x R" x R" x U — R",
0:[0,T] x R® x R" x U — R"*4,
F:0,T] xR x R" x R™ x R™ x U — R™,
g:[0,T] x R" x R" — R™,
a, B, A, : 0, T] x R" x R" — R",

§:[0,7] x R™ x R™ — R™,
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are bounded and continuous. Moreover assume that there exists K > 0, such that for every

(w1, 22,27, 75) € R™, (y1, 92,9/, y5) RY™,
| (21, w2, 51, 92, 0) = f (621,25, 91, Y9, w)| < K (Jon — 2| + |22 — 5]+ |y1 — 94] + [y2 — %)) ,
[b(t, 21, 22, u) = b(t, 2, 25, u)| < K (o1 — 21| + [z2 — b)),
lo (t,x1,22,u) — o (t, 2], 25, u)| < K (|vy — 2| + |xe — 2b]) .
Also, the functions «, 3, 7y, A are uniformly Lipschitz in x and ¢ is uniformly Lipschitz in y.
(H4.2) Assume that the functions
1:]0,T] x R" x R" - R,
k:[0,T] x R™ x R™ — R,
h:[0,T] x R" xR" x R™ x R™ x U — R,
0,0 :]0,T] x R" x R" - R",

Y, p:[0,T] x R™ x R™ — R™,
are bounded and continuous. Moreover assume that
|h(t7xl)m27y1ay2au> - h(t,x’l,xé,yi,yé,uﬂ S K (|.’L‘1 - l‘/1| + "CU? - .7,‘/2| + |y1 - y“ + ’yQ - yéD .

(H4.3) (U, d) is a compact metric space.
(H4.4) (Roxin-type convexity condition): The set
(b,o0™, £, 1) (t, 2,2y, 9 U) == {b" (t,z,2",u), (O'O'T)ij (t,x, 2’ u),
f] (tvxvx/7y7y/7u) 7h(t7x7x/7y7y/7u)\u S U,Z - 17 7n7j - 17' o 7m}7

75



Chapter 4. Existence of optimal solutions for optimal control problems of MF-FBSDEs
systems with controlled diffusion

is convex and closed in R* ™+,

To proof the existence of optimal solution of our strict control problem { , , } , wWe
need a certain structure of compactness. The weak formulation allows us to find the compactness
of the image measure of some processes involved on a certain functional space. However, because
the control u is measurable only in ¢ and there is no convenient compactness property on the space
of measurable functions, we need to embed it in a larger space with proper compactness.

We denote by V the space of positive Radon measures p on [0,7] x U such that
w([0,8] x U) = s,V € [0,T]. (4.4

Equipped with the topology of stable convergence of measures, V is a compact metrizable space,
(see Jacod and Mémin [23])). On the other hand, by [#.4), 1 can be represented as

p(dt,du) = p(t, du)dt, where u(t,du) is a probability measure on U for almost all ¢ and is deter-
mined uniquely except on a ¢t-null set. In this context, any U-valued measurable process u. may
be embedded into V in which u. corresponds to the Dirac measure §,, (dt, da) as follows: for any

bounded and uniformly continuous functions @ we have

otz u) = /U ot 2, u)u (£ da) = (b2, 50 ). 45)

4.2 Existence of optimal controls

Our results in this paper extends those of [5] and [7] to a systems governed by FBSDE of mean-

field type and with controlled diffusion coefficient.

Theorem 4.2.1 Under conditions (H4.1)-(H4.4), the strict control problem {(4.1]) , (4.2) , (4.3)) } has an
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optimal solution.

To prove this theorem, we need some auxiliary results on the tightness of the distributions of the

processes defining the control problem.

Letv" = (Q“, FA(F)psg P W, u”) be a minimizing sequence, thatis lim J (v") = inzg J(v.).
= n— oo v.eUu”

Let (X", Y™, Z") be the unique solution of the following ME-FBSDE

Xp=a+ [7b(s, X2 Ela(XD)],ul)ds + [y o (s, X2, E[B(X)],ul) dW,

S

(4.6)
Y7 =g (XEENXP) + [ f (s, X2 E [y (X)), Y2 E[8 (Y], ul) ds

= Jo Zrawy,
Lemma 4.2.2 Let (X", Y™, Z") be the unique solution of the system (4.6). There exists a positive constant

C such that

T
supE( sup |X7'[>+ sup [V +/ HZ:H2dS> <C. 4.7)
n 0<t<T 0<t<T t

Proof. Its easily to show that

supIE[ sup |XZ‘]2] < +o0.
n  lo<t<r

By using the boundedness of b and ¢ and using Burkholder-Davis-Gundy’s inequality.

|2, we obtain

On the other hand, applying Itd’s formula to |Y};"

T
E[[v72 + / 127 2ds| = E [lg(X3E A (XP)I?]

2R / m",f(s,X:,Eh(Xz)],n",Ewm,uz»czs]

T
/ Y7 |2ds
t

/t \f(s,X?,Eh(X?)],K”,EWY;")],UZ)\st]-

<E[lg(XEEN X)) +E

+E
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Using the boundedness of g and f and by Gronwall’s lemma, it follows that

supE < +o00.

n

T
sup |V{'? + / 120 Pds
t

0<t<T

Lemma 4.2.3 The sequence of distributions of the processes (X", W",Y", [ Z?dW) is tight on the
space T := C ([0, T]; R™) xC ([0, T]; R?) xD ([0, T]; R™) x D ([0, T] ; R™*%) endowed with the topology
of uniform convergence for the first and second factor and endowed with the S-topology of Jakubowski

(seell24]]) for the third and fourth factor.

Proof. According to Kolmogorov’s theorem (see Ikeda and Watanabe [22] page 18), we need to

verify that
E|Ixp - X2 < K- s
n n |4 2
E Wy - wol'| < Kalt— s,

for some constants K; and K, independent from n.

We have

t
B[1xp - X1 < CE || [ b X0 Bl (X)) ds

|
t
L CE / o (5, X2 E[B (XT)],ul') dW?

i
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Using Burkholder-Davis-Gundy’s inequality to the martingale part and the boundedness of b

and o, we obtain

E [|Xf - X;ﬂ < CE

(/ b (s, X7 Efa (X7)] ,u2>\2ds)2]

+CE </ o (s, X", E (XQ)],ug)|2ds> ]

< Kyt —s]?.

The second inequality is obvious.

Let us prove that (Y, [, ZI"dW) is tight on the space D ([0, 7] ; R™) x D ([0, T]; R™*4) .

|

where the supremum is taken over all partitions of the interval [0, 7]. By the same method given

Let0 =ty < t; < ... <t, =T. We define the conditional variation by

CV(Y"):=supE

Z ‘E (Y;f?Jrl o YZ?) /ftz '

n [31], we get

OV (Y") < CE

/0 (s, X0 E [y (X0)], Y E 5 (V)] ) rds] ,

where C'is a constant depending only on ¢. Hence combining conditions (H4.1) and Lemma[4.2.2}

we deduce that

sup CV(Y")+ sup E[|Y/"|]] + sup E{
0<t<T 0<t<T

t
/ Z1dW} H < +00.
0

Thus the Meyer-Zheng tightness criteria is fulfilled (see [30]), then the sequences Y. and [, Z7dW*

are tight. m

Lemma 4.2.4 The familly of distributions of the relaxed control (8, ), is tight in V.
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Proof. Since [0, 7] x U is compact, then by applying Prokhorov’s theorem, the space V of proba-
bility measures on [0, 7] x U is then compact. Since (5“71)1@ valued in the compact space V, then

the familly of distributions associated to (8, ), is tight. m

4.2.1 Proof of theorem 4.2.1

Proof. Using Lemmas and it follows that the sequence of processes

N = (Oun, X®, WP Y, [ Z2dW?) is tight on the space V x I. Then by the Skorokhod represen-
tation theorem, there exists a probability space ((2, F, IF’) , a sequences

= (%”, X Wy, I Z?dWS”) and 7 = <%, X, W,Y, Io ngW5> defined on this space and a
countable subset D of [0, T] such that on D¢, we have

(i) for each n € N, law(n™) = law(7"),

(ii) there exists a subsequence (7"**) of (") , still denoted (77™) , which converges to 7, P-a.s. on the
space V x I,

(iii) (Y™, In Zndwn) converges to the cadlag processes (Y, Jo Z,dW,), dtxP-a.s. Also YR =Yy P

(iv) sup ’X?—)N(t — 0, P-a.s.

0<t<T

(v) (7") converges in the stable topology to 7, P-a.s.

Set

;

Fir= (o(W2, X2, Y0, s <)V (7)) (B(V))),

Fi = (0(Wy, Xy, Ve, 5 < 1)V (7)1 B(V))),

where B,(V) is defined by

By (V) :=o({m € V| 7(¢*) € B} : 5 € [0,t], B € B(R)),
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7 € Vis alinear functional on C([0, 7] x U) in the way:

-/ ' [ ottwntat, o) w0 € o1 < ),
0 U

and ¢'(s,u) :== ¢(s A t,u).

According to property (i), we have the following MF-FBSDE on <£~2, FAF! >0, ]I~”>

Xp=a+ 7 [, b(s, X2, Ela(X2)], )77 (du) ds + [, [, o(s, X2, E[B(X™)], u)72 (du) dW?,

4.8)
Y = g(XE ENXD) + [, fy £(s, X2 By (X2)], Y2, BBV, u)F? (du) ds
_(j\?’}‘l - Ntn)a
and by notation (£.5), we have
Xp=a+ [ b(s, X2, Ela(X])], 72)ds + [, 5(s, X2, E[B(XD)], 72)dW?,
4.9)
Y = g(Xp EINXPD) + [ (s, X2, B[ (X)), Y2, EB(YD)], 72)ds
—<N5'; - NP,

where N* = fg Zndwr.
Since W is an {fﬁ}tzo—Brownian motion, all the integrals in and in l) are well-defined.
Using properties (ii), (iii), (iv),(v), under (H4.1)-(H4.4) and passing to the limit in the MF-FBSDE

([4.9), one can show that there exists a countable set D C [0, T') such that

Xi=xz+B(t)+3(t),t >0
(4.10)

Y = 9(Xr, EINXD))) + (F(T) — F()) — (Np — No),t € [0,TN\D

\

Since Y and N are cadlag, then one can get for every ¢ € [0, T]

Y, = g(Xp, EINX7)]) + (F(T) = F(1)) = (Nr — Ny).
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Also we have

inf J(u.)= lim J (6,n) = lim J(7")

u.€eUY n— o0 : n— 00

= lim B[I(Xp, EQ(X7)]) + k(¥ Elp(V3) Wi

+Jo Bt X7 Elp(X)], V2 B (7)), 7)),
=E[I(Xr,E[0(X7)]) + k(Yo, E[p(Yo)]) + H(T)],
The rest of the proof is inspired from Yong and Zhou [35]]. Let us consider the sequence

a"(s) := 00" (s, X, E[B(XT)], ), s € [0, T]. Setting

(

~

bi(s) = bi(s, X7, E[a(X™)], 7). i =1,--- ,n,

S S

ai*(s) =567 (s, X", E[B(XM)],7"),i=1,--- ,n,k=1,--- ,d,

n

F1 (s, X2 By (X)L Y2 BBV, 7o) j = 1,000 om,

s

fals) -

hn(s) == h(s,f(/g,E[gp(f(g)],Z”,E[w(i”)],%?),

\

Since b, — b'i=1,---,n, fi — fi,j=1,--- ,m, h, — h, a’* — a’* weakly, and

bi(s,w) € bi(s, Xs(w), Ela(X(w))],U), (4.12)

Fs,w) € F(s, Xo(w), E[y(Xs())], Va(w), E[3(Y:(@))], U),

h(s,w) € h(s, X (W), E[p(Xs(w))], Vs (@), B (Y, ()], U),

V(s,w) €0,T] x Qik=1,--- ,n,j=1,--,m.

From (4.10), (H4.4) and a measurable selection theorem (see Li-Yong [29], p. 102, Corollary 2.26),
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there is a U-valued, ]:}—adapted process . such that

b(s,w) = b(s, Xo(w), Ela(X ()], s (@), (4.13)

h(s,w) = h(s, Xs(w), E[p(Xs(w))], Ya(w), E[p(Ys ()], T (w))-

Since ¥(t) given in (4.10), is an F;-martingale, we have
" t " " t
EN0) = [ 55" (s Xe BBEDL s = [ a(s)ds,
0 0

where (X") is the quadratic variation of ~". Thus ¥"(¥")7 (t) — fot a"(s)ds is an F,-martingale

and from the fact that

t t
/a”(r)dr converges weakly to / ool (r, X, Ela(X,)], @, )dr,

we can show that 2(2)7(¢) — fg oo™ (r, X, E[a(X,)], @, )dr is an F;-martingale. Which implies

t
E)0 = [ 557 (s, X BB T)ds.
0
By a martingale representation theorem, there is an extension space (Q, 7, 7, P) of <§, F,F, ﬁ)

on which lives an d-dimensional F;-Brownian motion W, such that

X Ws. (4.14)

X X (4.15)
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Also, since N is a ]?S—martingale. Therefore by the martingale decomposition theorem, there exist

a process Z € M2([0, T]; R™*4) such that

t — —_—
N, :/ 7.dW, + M,, and <M,W> —0. (4.16)
0 t

Putting the values of X(t), B(t), F(t), Ny, H(t) (from (4.14),(4.15),(4.16)) into (4.10) and (4.11), we

get
Xi =+ [} b(s, X, Ela(X,)], @s)ds + [ o(s, Xs, E[B(X,)], Us)dW s, > 0,
Y, = (X, ENX)]) + [ f(s, X, Ely(X,)], Vs, E[8(Yy)), s)ds — [, ZodW
—(My — My),t € [0,T],
and
Jinf T (u) = E[I(Xr, BIO(X)]) + kYo, Elo(Yo))) + Jy h(t, Xe, Elp(X0)], Yo, E[0 (V). )]

—J@).

By the Deﬁnition , we arrive that v. := (ﬁ, FAF i >0, P,W., 17.) is an w-optimal control. m
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Appendix: S-topology

he S-topology has been introduced by Jakubowski [24], as a topology defined on the
Skorokhod space of cadlag functions D ([0, 77 ; R¥). This topology is weaker than the
Skorokhod topology and the tightness criteria are easier to establish. This criteria is
the same as that of the Meyer and Zheng topology [30].
Let N**(Y)) denotes the number of up-crossing of the function Y € D([0; 7]; R™) in a given level
a < b. We recall some facts about the S-topology.
Proposition A.1. (A criteria for S-tight). A sequence (Y™),~¢ is S-tight if and only if it is relatively
compact on the S-topology.
Proposition A.2. Let (Y"),~¢ be a family of stochastic processes in D([0; T); R™). Then this family is
tight for the S-topology if and only if (||Y™||),, and (N“*(Y™)) are tight for each a < b.
We recall (see Meyer & Zheng [30] and Jakubowski [24],[25]) that for a familly (Y"),, of quasi-
martingales on the probability space <Q, {Filoci<r ]P’) , the following condition insures the tight-

ness of the familly (Y"), on the space D (0,7 ; R™) endowed with the S-topology

sup ( sup E|Y/*|+CV (Y")) < +o0,
n \0<t<T

where, for a quasi-martingale Y, C'V (Y") stands for the conditional variation of Y on [0, 7], and
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is defined by

CV(Y") =swpk | > [E (Vi = Y1) [ 7]

where the supremum is taken over all partitions of [0, 7).

The process Y is call quasimartingale if CV(Y) < +00. When Y is a F;-martingale, CV (Y') = 0.
Proposition A.3. (The a.s. Skorokhod representation ). Let (D, S) be a topological space on which there
exists a countable family of S-continuous functions separating points in'Y. Let {Y"} _\ be a uniformly
tight sequence of laws on D. In every subsequence {Y ™} one can find a further subsequence {Y ™" } and

stochastic processes {Y''} defined on ([0,T)], B 1, ) such that

Yim Y™ 1=1,2,.. (1)
for each w € [0, T]
Y (w) 2 Y9 (w), asl — +oo, (2)

and for each ¢ > 0, there exists an S-compact subset K. C D such that

P{wel0,T]: Y (w) € K., 1=1,2,..}) >1—c. 3)

One can say that (2) and (3) describe "the almost sure convergence in compacts" and that (1), (2)
and (3) define the strong a.s. Skorokhod representation for subsequences ("strong" because of
condition (3)).

Proposition A.4. Let (Y", M") be a multidimensional process in D([0, T]; R™) converging to

(Y, M) in the S-topology. Let (F)")i>o (resp. (F} )i>0) be the minimal complete admissible
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filtration for Y™ (resp.Y). We assume that supE [supg<,< [M{'[?] < Cp VT > 0, M"isa F¥"-
martingale and M is a 7Y -adapted. Then M is a 7¥ -martingale.
Proposition A.5. Let (Y™),,~0 be a sequence of processes converging weakly in D([0, T]; R™) to Y. We

assume that supE [supg<,< |Y;"|?] < +o0. Hence, forany t > 0, E [ sup !Yt|2] < +oo.
n == 0<t<T
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Conclusion

n this thesis, we have proved the existence of optimal solutions of an optimal control

problem . In particular, the problems are governed by non linear forward-backward

stochastic differential equations of mean-field type (MF-FBSDEs), in which the coeffi-
cients of the system depend not only on the state process, but also on the distribution of the state
process. Moreover, the cost functional is also of mean-field type. The basic idea behind the proof
of this result is the relaxed control, which is needed in order to provide some compact structure.
Moreover, under the Roxin’s convexity condition, the set of strict controls coincides with that of
relaxed controls. An open question is to prove this result, where the generator depends on the
second backward variable Z. There is a serious difficulty in this case, this difficulty consists in
finding a natural assumption ensuring the tightness of the second variable Z.
When the control problem is governed by a linear MF-FBSDEs as in chapter 2, we have not needed
to use the same techniques as nonlinear case, but we have proved the existence of a strong optimal
strict control which is adapted to the initial filtration by using the convexity of the cost function
and the Mazur’s theorem. In this case the generator depending explicitly upon the second back-

ward variable Z.

88



Conclusion

A special case is that in which both 1, k and h are convex quadratic functions. The control problem

(Problem (L) in chapter 2) is then reduced to a stochastic linear quadratic optimal control problem.
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