People’s Democratic Republic of Algeria

Ministry of Higher Education and Scientific Research

AN
N

R, L)

\ Hiwa / ohame 1der vniversi 1SKra

\’—7‘;/ ' Y (e

Faculty of Exact Sciences and Nature and Life Sciences

THIRD CYCLE LMD FORMATION

A Thesis submitted in partial execution of the requirements of

DOCTORATE DEGREE IN MATHEMATICS
Option
Probability

Presented by

Dahbia HAFAYED
Titled

Stochastic Maximum Principle for the System Governed by
Backward Doubly Stochastic Differential Equations with

Risk-Sensitive Control Problem and Applications

Supervisor: Adel CHALA

Examination Committee:
Mr. Farid CHIGHOUB Pr  University of Biskra President

Mr. Adel CHALA Dr University of Biskra Supervisor
Mr. Nabil KHALFELLAH Pr University of Biskra Examiner

Mr. Sallah Eddine REBIAI Pr  University of Batna ~ Examiner

2020



To all my family
and my best friends
and my dear daughter

%% AYA Elrahman %%

ii



Acknowledgements

%% I thank Allah almighty for the strength and patience he has given me to accomplish this
work. I have a million thanks and a tremendous debt of gratitude to my supervisor Dr. Adel
CHALA, MCA of the University of Biskra, Algeria, who made this thesis possible. His assistance
was indispensable in completing this research project. Thank you for being a supportive advisor
anyone could hope to have him. He provided me with advice and inspiration.

% % I would like to thank Pr. Mokhtar HAFAYED for his thorough guidance in my PhD project.
% % I would like to thank Dr. Imad LAKHDARI for his thorough guidance in my PhD project.
% % [ would like to thank Pr. Youssef OUKNINE for his good hospitality and great information
during my internship.

% % I would like to express my sincere thanks to all the members of the jury: Pr. Farid
CHIGHOUB and Pr. Nabil KHALFELLAH and Pr. Sallah Eddine REBIAI, because they
agreed to spend their time reading and evaluating my thesis and for their constructive
corrections and valuable suggestions that improved the manuscript considerably.

% % I also thank all the members of the Laboratory of Applied Mathematics.

111



Contents

[Abstract vi
Résumél vii
[Symbols and Abbreviations| viii
[General Introduction| 1
(1 Basic Notations of Expected Exponential Utility and Related Field| 8
(1.1 Problem Formulation| . .. ... ... ... ... ... ... . . .. 9
(L2 Expected Exponential Utility| . . . . .. ... ...... ... ... .. ... ... 9

1.3 Financial Mar f the Risk-Sensitivel . . . . . ... ... ... ... 0. 13
(1.4 Mean-Variance of Loss Functionall . . . . .. ... ... ... ... o000, 20

2 A Risk-Sensitive Stochastic Maximum Principle for Backward Doubly Stochastic Dit- |
[ ferential Equations with Application| 23
1 Formulation of the Probleml . . . . . ... ... ... ... ... .. ... .. 24

2.2 Risk-Sensitive Stochastic Maximum Principle of Backward Doubly Type Control] . 27

2.3 New Adjoint Equations and Risk-sensitive Necessary Optimality Conditions| . . . 30
[2.4  Risk-Sensitive Sufficient Optimality Conditions| . . . . .. ... ... ... ... .. 38
2.5 Applications: A Linear Quadratic Risk-Sensitive Control Problem|. . . . . . . . .. 41

iv



CONTENTS

251 ExampleOl). . ... ... ... .. ... . 41

252 ExampleO2 .. ... ... ... ... .. 43

[3 A Risk-Sensitive Stochastic Maximum Principle for Fully Coupled Forward-Backward |

[ Stochastic Differential Equations of Mean-Field Type with Application| 52

3.1  Problem Formulation and Assumptions|. . . . . ... ................. 53

[3.2  Relation between the Risk-Neutral and Risk-Sensitive Stochastic Maximum Principle| 57

3.3 New Adjoint Equations and Risk-Sensitive Necessary Optimality Conditions| . . . 61

3.4  Risk-Sensitive Sufficient Optimality Conditions| . . . . . ... ... ... ... ... 70

3.5 Applications|. . . . .. ... 74
[3.5.1  Example 1: Risk-Sensitive Control Applied to the Mean-Field Linear-Quadratic| 74

[3.5.2  Example 2: Financial Application: Mean-Variance Risk-Sensitive Stochas- |

| tic Optimal Portfolio Problem| . . . . .. ... ...... ... ........ 77

{General Conclusion| 84

Bibliography 86



Abstract

his thesis based on the study of the stochastic maximum principle with risk-sensitive

for two different systems. We obtain these systems by generalizing the results of Chala

[10, [11], and by using the paper of Djehiche et al. in [13]: The first system is driven by
a backward doubly stochastic differential equation. We use the risk-neutral model for which an
optimal solution exists as a preliminary step, this is an extension of the initial control problem.
Our goal is to establish necessary and sufficient optimality conditions for the risk-sensitive per-
formance functional control problem. We show for the second system which is driven by a fully
coupled forward-backward stochastic differential equation of mean-field type, by using the same
technique as in the first case, we get the necessary and sufficient optimality conditions for the
risk-sensitive, where the set of admissible controls is convex in all the cases. Finally, we illustrate
our main results by giving applied examples of risk-sensitive control problems.
Key words: Backward doubly stochastic differential equation, fully coupled forward-backward
stochastic differential equation of mean-field, risk-sensitive, stochastic maximum principle,

variational principle, Logarithmic transformation.
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Résumé

ette thése est intéressée par étude le principe du maximum stochastique avec sensible

au risque pour deux systémes différents. Nous obtenons ces systemes par la général-

isation des résultats de Chala [10} [11], et en utilisant le papier de Djehiche et al. dans
[13]: Le premier systéme est basé sur une équation différentielle stochastique doublement rétro-
grade. Nous utilisons le modele sans risque pour lequel une solution optimale existe comme une
phase préliminaire, il s’agit d"une étape du systeme de controdle initial pour ce type de probleme.
Notre objectif est d’établir les conditions d’optimalité nécessaires ainsi que suffisantes pour prob-
leme du contréle fonctionnel de la performance sensible au risque. De plus, nous montrons que
le deuxiéme systéme est basé sur une équation différentielle stochastique progressivement rétro-
grade totalement couplée de type champ moyen, en appliquant la méme technique qui a utilisé
dans le premier cas, nous obtenons les conditions d’optimalité nécessaires ainsi que suffisantes
pour le sensible au risque, oli un ensemble de contrdles admissibles est convexe dans les deux
cas. Finalement, nous illustrons nos principaux résultats en donnant des exemples appliqués des
problémes de controle sensible au risque.
Mots clés: Equation différentielle stochastique doublement rétrograde, équation différentielle
stochastique progressivement rétrograde totalement couplée de type champ moyen, sensible

au risque, principe du maximum stochastique, transformation Logarithmique.
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Symbols and Abbreviations

The different symbols and abbreviations used in this thesis

Symbols
R :  Real numbers.
(Q, F,P) . Probability space.
{Fi}ie [0,7] . Filtration.

<Q,.7-" , {]:t}te[o,T] ,IP’) :  Filtered probability space.

P : Probability measure with respect to risk-neutral.
P? :  Probability measure with respect to risk-sensitive.
E(-|G) : Conditional expectation.

W, B :  Brownian motion.

wo, B . PPY — Brownian motion.

M : Vectoriel Brownian motion.

M? . PY — Vectoriel Brownian motion.

m (d\) dt : The compensator of N.

N : A Poisson random measure.

The totality of the P—null sets.

0 :  Risk-sensitive index.
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Symbols and Abbreviations

u The set of admissible strict controls.

U The set of values taken by the strict control v.

v : Admissible control.

u Optimal strict control.

J9 () The cost function with risk-sensitive.

H? Represent the risk-neutral Hamiltonian.

HY Represent the risk-sensitive Hamiltonian.
Abbreviations

SDEs Stochastic differential equations.

BSDEs Backward stochastic differential equations.

FBSDEs Forward-backward stochastic differential equations.

BDSDEs Backward doubly stochastic differential equations.

cadlag Right continuous with left limits

HARA Hyperbolic absolute risk aversion.

SMP Stochastic maximum principle.

a.e Almost everywhere.

a.s Almost surely.

e.g For example.

i.e It means.
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General Introduction

he application of stochastic processes is mainly inspired by the subject of physics, econ-

omy, biology, games theory...

The history can be traced too early, in 1827 botanist Brown [5] published his observa-
tion about micro objects that pollen particles suspended on the surface of the water will traverse
continuously in an unpredictable way.

After that, in 1905 Einstein [14] developed a physics model to support his statement that atoms
exist, that means he used the notion of Brownian motion to describe the physics investigation and
proved that the position of a particle can be followed by some normal distribution. Unfortunately,
the mathematical description is not very correct given because of mathematicians.

Besides the works of Einstein, in 1923 Wiener [37] did provide a correct mathematical definition
of the stochastic process observed by Brown and described by Einstein, which is the Brownian
motion that we used.

In probability theory, in 1960 the Girsanov’s Theorem (named after Igor Vladimirovich Girsanov)
describes how the dynamics of stochastic processes change when the original measure is changed
to an equivalent probability measure see [16]. The theorem is especially important in the theory
of financial mathematics as it tells how to convert from the physical measure, which describes

the probability that an underlying instrument (such as a share price or interest rate) will take



General Introduction

a particular value or values, to the risk-neutral measure which is a very useful tool for pricing
derivatives on the underlying instrument.

Let U be a nonempty subset of R. An admissible control v is a measurable process with values in
U such that E /o ' lue|? dt < oo. We denote by U the set of all admissible controls.

The adapted solution for a linear backward stochastic differential equation (BSDE in short) which
appears as the adjoint process for a stochastic control problem was first investigated by Bismut
[4] in 1973, then by Bensoussan [3] in 1982, and others, while the first result for the existence of an
adapted solution to a continuous nonlinear BSDE with Lipschitzian coefficient was obtained by
Pardoux and Peng [30] in 1990. Later Peng and Pardoux developed the theory and applications
of continuous BSDEs in a series of papers [31} 32, 33] under the assumption that the coefficients
satisfy the globally or locally Lipschitzian condition but with some additional conditions.
Concerning mean-field backward stochastic differential equations (mean-field BSDEs), have been
first studied by Buckdahn et al. in 2009, the interested reader is referred to [7, [§], the purpose
of paper Carmona and Delarue [9] in 2013 was to provide an existence result for the solution of
fully coupled FBSDE of the mean-field type. Mathematical mean-field approaches play a crucial
role in diverse areas, such as physics, chemistry, economics, finance, and game theory, see for
example Lasry and Lions [23] in 2007. Many papers have been studying the problem of mean-
field and established the stochastic maximum principle, we can cite here some of them, the first
work gave the necessary optimality conditions was Bukdahn et al. [6] in 2011, after this work
many authors have generalized this problem into the other fields of applications, as the paper of
Anderson et al. [1] in 2011 they have studied the problem of the mean-field type of SDE under
the assumptions of convex action space. Besides, the problem of mean-field has been derived also
via Malliavin calculus, by Meyer-Brandis et al. [26] in 2010 the stochastic maximum principle of

mean-field have been obtained, also to the problem of singular mean-field with a good application

2



General Introduction

to finance we can have the paper of Hu et al. [22] in 2014. The paper of Li [24] in 2012, she has
investigated a large extension that is different from the classical ones to the mean-field system
with an application to the linear quadratic problem.

In this thesis, we aim by using the Pontryagin’s maximum principle to prove a necessary and suf-
ficient optimality conditions for risk-sensitive control problem associated with dynamics driven
by many systems. We solve these problems by using the approach developed by Djehiche et al.
[13] in 2015, and the results of Chala [10} 11] in 2017. Our contribution can be summarized as
follows, in the first paper they have established a stochastic maximum principle for a class of
risk-sensitive mean-field type control problems, where the distribution enters only through the
mean of state process, it means that the drift, diffusion, and terminal cost functions depend on
the state, the control and the means of state process. Their work extends the results of Lim and
Zhou [25] in 2005 to risk-sensitive control problems for dynamics that are non-Markovian and
without mean-field term. An SMP for risk-sensitive optimal control problems for Markov diffu-
sion processes with an exponential of integral performance functional was obtained by Lim and
Zhou [25] in 2005, by making the relationship between the SMP and the Dynamic Programming
Principle, the authors have used the first order adjoint process as the gradient of the value func-
tion of the control problem. This relationship holds only when the value function is smooth (see
Lim and Zhou [25] in 2005 Assumption B4). By using the smoothness assumption (see the papers
of [35] 136]), have been using the approach used above, but extended it into the jump diffusion.
In the first work published [19]: Nonlinear backward doubly stochastic differential equations (in
short BDSDEs) has been introduced by Pardoux and Peng [31] in 1994, they have considered a new
kind of BSDEs, that is a class of BDSDEs with two different directions of stochastic integrals, i.e.,
the equations involve both a standard (forward) stochastic It6 integral and a backward stochastic

Itd integral.



General Introduction

About the system is governed by BDSDE, we will generalize the results obtained by Chala [10} [11]
in 2017, to the BDSDE. The idea here is to reformulate in the first step the risk-sensitive control
problem in terms of an augmented state process and terminal payoff problem. An intermediate
stochastic maximum principle (SMP in short) is then obtained by applying the SMP of [2, 21] for
loss functional without running cost, and for the same particular cases see [18] in 2019. Then, we
transform the intermediate adjoint processes to a simpler form by using the fact that the set of
controls is convex. Then, we establish necessary and sufficient optimality conditions see Chapter
2l

We note that necessary and sufficient optimality conditions for risk-sensitive controls, where the
systems are governed by a stochastic differential equation (SDE in short), has been studied by
Lim and Zhou [25] in 2005. We also note that necessary and sufficient optimality conditions for
stochastic controls, where the systems are governed by nonlinear forward stochastic differential
equation with jumps, have been studied by Shi and Wu [35] in 2011, in the case where the set
of admissible controls is convex, and Shi and Wu [36] in 2012, in general case with application
to finance. Furthermore, the systems are governed by a mean-field SDE, have been studied by
Dijehiche et al. [13] in 2015.

In the second work published [20]: We will generalize the results obtained by Chala [10, 11] in
2017, to the system governed by the fully coupled forward-backward stochastic differential equa-
tion of mean-field type (fully coupled FBSDE of mean-field type in short). The existence of an
optimal solution for this problem has been solved to achieve the objective of this work and estab-
lish necessary and sufficient optimality conditions for this model.

Firstly, we give -without proof- the optimality conditions for risk-neutral controls as a prelimi-
nary step. The idea is to use an auxiliary state process which is a solution of some SDE, and we

will transfer our system with two equations the first one is SDE, whereas the second is BSDE, into
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General Introduction

the system governed by three stochastic differential equations that the set of risk-neutral controls
is convex. Then, the adjoint equations with respect to these three equations were given, the proof
is a combination between the work of Min et al. [27] in 2014 and the work of Yong and Zhou
[38} 39], the transformation of the adjoint equations will be use as the best approach, we suggest
this transformation to remove the first adjoint equation. Necessary and sufficient optimality con-
ditions have been established with respect only of the second and the third adjoint equations by
using the classical way of the Logarithmic transformation method see Chapter [I} the necessary
optimality conditions are obtained directly in the global form.

This thesis is organized as follows:

In the first chapter, the project of this chapter has been considered as a published paper by [12],
we introduce basic notations of expected exponential utility and related field.

In the second chapter, the project of this chapter has been considered as a published paper by
[19]. We establish necessary and sufficient optimality conditions where the system is given by
a BDSDEgs, to find necessary and sufficient optimality conditions for risk-sensitive. Finally, we
improve the quality of the chapter by given two applications to linear quadratic stochastic control
problem, the method which used the Riccati equations is applied in the second example.

In the third chapter, the project of this chapter has been considered as a published paper by [20].
We shall study our system of fully coupled FBSDEs of mean-field type, to find necessary and suf-
ficient optimality conditions for risk-sensitive. We finish this chapter by given two applications,
the linear quadratic stochastic control problem with risk-sensitive performance function is the
first application a financial model of mean-variance with risk-sensitive performance functional is

the best application for our problem.
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CHAPTER

Basic Notations of Expected Exponential Utility and

Related Field

n this chapter, we develop the general framework used in our papers [10, 11, 12} 19, 20].
We will demonstrate in detail our important lemma which explains the relation between
the expected exponential utility and the quadratic backward stochastic differential equa-
tion, and this result plays an important role in my thesis. The next point for the discussion will be
the standard risk-sensitive structures, and how constructions of this kind can be given a rigorous
treatment. We investigate in this chapter the financial market of risk-sensitive for the dynamic

diffusion, by using Girsanov’s Theorems, and in virtue of It6’s formula.



Chapter 1. Basic Notations of Expected Exponential Utility and Related Field

1.1 Problem Formulation

Let T be a positive real number. Let <Q, F, (FY), clo.1] ,P) be a probability space satisfying the
usual conditions, in which a one—dimensional Brownian motion W = (W;,0 <t < T) is defined.

We assume that (F}") | is defined by V¢ > 0, FV = o (Ws, forany s € [0,t]) VN, where N/

te[0,T
denote the totality of P—null sets.

Let M? ([0, T],R) denote the set of one—dimensional jointly measurable random processes
{¢+,t € [0,T]} which satisfy the following conditions:

T 2
/ orl?
0

We denote similarly by S? ([0,7],R) the set of continuous one—dimensional random processes

< 00, (i) : ¢y is F}¥ —measurable for any ¢ € [0, 7.

(@) = [l pz (o, ,r) = E

which satisfy the following conditions:
(@) : [l s2qo,77,8) = E { sup |<pt|2} < 00, (ii) : ¢y is F}¥ —measurable for any ¢ € [0, 7] .
Y 0<t<T

Let U be a nonempty subset of R.

1.2 Expected Exponential Utility

In this part, we want to prove the relationship between the expected exponential utility and the
quadratic backward stochastic differential equation.

We require the following condition

T
Al =expf {\I’ (vo) +/ l(s,yé’,vs)dS} ,
t



Chapter 1. Basic Notations of Expected Exponential Utility and Related Field

wherel: [0,T]xRxU - R, ¥:R—>R.
We assume the following

(N1)

i)  land ¥ are continuously differentiable with respect to (y,v).
i1) The derivative of [ is bounded by C (1 + |y*| + |v]) .

i17) The derivative of ¥ is bounded by C (1 + |y*]) .

We denote by I (¢) := 1 (¢, y},vs) .

First of all, it is very important to write the expected exponential utility under this form

exp (HA?) =E [Af’T | ftW] =E

exp@{\lf(yg)—i—/t l(s) ds} |.7-'tW] , (1.1)

where 0 is the risk-sensitive index, the process A’ is the first component of the 7}V —adapted pair
of processes (A?, D) which is the unique solution to the following quadratic backward stochastic

differential equation

dNd = — (l (t) + o |D(t)|2) dt + D (t) dW,,
2
(1.2)
AR = (),
T
where E / D (t)| dt] < 0.
0
We also assume the following
(Nz)
T
i) The process D (t) is 7}V — measurable with value in R such that E / D (1) dt| < .
0

ii) The process (AY),. . is P—measurable uniformly bounded i.e. there exists a constant C' > 0

t>0

<C.

such that P — a.s.,E | sup |AY|
t€[0,T]

10



Chapter 1. Basic Notations of Expected Exponential Utility and Related Field

The following Lemma shows the relationship between the expected exponential utility and the

quadratic backward stochastic differential equation.

Lemma 1.2.1 We assume that N1 — Ng hold. The necessary and sufficient condition for the expected

exponential utility (1.1)) to be hold, is the quadratic backward stochastic differential equation ((1.2)).

Proof. We assume that (1.1]) holds, then we have

expG{Af—i-/otl(s)ds}:E expa{ +/tTl ds+/ (s) s} |}'tW]
T
=R expe{ +/Oz }ny]

=E[A7 | 7]

By Assumption (N1), we know that A% is the square integrable and E [AY%. | 7] is a square inte-
grable martingale, such that 7}V = o (W, for any s € [0,]) , by using the martingale representa-
tion Theorem, there exist a unique square integrable process ¢ with respect to norm ||. | vz (0,77 »)
such that
t
E[Af | Y] -E[A}] = / o (s) dWs.
0

Putting E [A%] = exp 0 {A§}, we get

expe{AﬁJr/otZ(s)ds}—expe{Ag} :/Otgo(s)dW

t
By applying It6’s formula to exp 6 {Af + / L(s) ds} , We obtain
0

t t t
d(exp@{Af—F/l(s)ds}) =0l (t)epo{Af—i-/ l(s)ds}dt+0exp9{Af+/l(s)ds} dA?
0 0 0
92 t
+2exp9{Af+/ l(s)ds}(dAf,dA?}
0

= ¢ (t) dW,.

11



Chapter 1. Basic Notations of Expected Exponential Utility and Related Field

Then

1 t
1(t) dt+dAf+g<dAf,dAf> = 590@) expe{—Af —/ 1(s) ds}th. (1.3)
0

Hence,
2

(dA7,dA]) = [;go(t) exp 6 {—A? - /Otz (s) ds}] dt == |D (¢)]” dt. (1.4)
Then, by replacing in ([1.3), we have the quadratic backward stochastic differential equation
as the following expression
N = — <z (t) + g D(t)\2> dt + D (t) dWy,

AG = T(y),

where
1 t
D(t) = agp(t) exp 0 {—Af - / L(s) ds} .
0
On the other hand, we assume that holds, and by applying Itd’s formula to exp (6AY) , we
get
d (exp0 {A]}) + 0L (t)exp 0 {AY} dt = 0D (t) exp 6 {A] } dW.

t
Multiply with exp 6 { / [(s) ds} to both sides, we get
0

t

exp0{/Otl(s)ds}d(expO{Af}) +9l(t)exp9{/0
= 60D (1) exp@{/otl(s) ds}eXpH{Af}th.

1(s) ds} expd {A?} dt

t
The right side is the same as the d (exp o {Af + / L(s) ds}) , then we have
0

d<exp9{Af+/0tl(s) ds}> = 0D (t)exp@{Af—F/otl(s) ds} dW,.

T
By making the integral / . in both sides, we have
t

/tTd(expé’{Az+/Osl(r)dr}> :G/tTD(s)epo{Ag+/Osl(r)dr}dws'

12



Chapter 1. Basic Notations of Expected Exponential Utility and Related Field

Then

exp9{A9T+/0Tl(r)dr} :epo{Af+9/Otl(r)dr}—|—0/tTD(s)exp0{Ag+/08l(r)dr}dWS.

By taking conditional expectation in above equality, we have

epo{AeT—l—/OTl(r)dr} |}“tW] =E [epo{A?vL/otl(r)dr} ftw]

/tTD(s)eXpH{A§+/OSl(r)dr}dWS | }"tW] ,

T s
/ D(s)exp {Ag + / L(r) dr} dWy | ]-'tW] =0, then
t 0

eXpH{AGT+/OTl(T)dT} |ftW] :epo{Af—l—/otl(r)dr}.

As we now that A% = ¥ (y%), we can write

E

+ 0E

such that E

E

E

T
exp@{‘ll(yg)—i—/t l(s)ds} ]]—"tVV] :epo{Af}.

1.3 Financial Market of the Risk-Sensitive

Next, we will discuss a result, which called Girsanov’s Theorem, which plays an important role in
the application especially in economics, and optimal control. In Girsanov’s Theorem application,
we can visit the papers [10,[13}[15,19]. We can now show the versions of the Girsanov’s Theorem.
In the application of Itd calculus, Girsanov’s Theorem get used frequently since it transforms a
class of process to Brownian motion with an equivalent probability measure transformation see
[16].

13



Chapter 1. Basic Notations of Expected Exponential Utility and Related Field

Definition 1.3.1 Let (Q, F (FY), c0.7] ,IP’) be a probability space satisfying the usual conditions. Let
Q be another probability measure on Fr. We say that Q is equivalent to P | Fr if P | Fr < Q and

Q < P | Fr, or equivalently, if P and Q have the same zero sets in Fr.
Remark 1.3.2 By the Radon-Nikodym Theorem this is the case if and only if we have
dQ (w) = Z (T)dP (w) on Fr, and dP (w) = Z~*(T) dQ (w) on Fr.

Theorem 1.3.3 (Girsanov, 1960, [16]): Assume that W, is a Brownian motion on the probability space

(Q, F,P) with underlying filtration (F}V') Let f be a square integrable stochastic process adapts to

te[0,T]"

(FY) such that

te[0,T]°

T
E [exp {;/0 2 (t) dt}] < 00, (1.5)

t
forall t € [0,T), then W2 = W, — / f (s)ds is a Brownian motion with respect to the equivalent
0

probability measure Q given by

le%:Z(T)::exp{/o f(t)th—;/O f2(t)dt}.

Remark 1.3.4 Using differential form, we can also say, if AW .2 = dW, — f (t) dt. Then W2 is a Brownian

motion with respect to the probability measure Q.

1 T
Remark 1.3.5 The condition E [exp {2 / 2 () dt}] < oo is sufficient and not necessary, called the
0

Novikov’s condition.

For more details the reader can see the Jksendal’s book [29] pages 155 — 160.

We modeled the dynamics of the investor with diffusion process as a following SDE

dzy =b(t,zy)dt + AdW;, and z§ = x. (1.6)

14



Chapter 1. Basic Notations of Expected Exponential Utility and Related Field

We consider a financial market in which two assets (securities) can be investment choices, the first
one is risk-free is called also bond (foreign currency deposit for example), whose price Sy (¢) at

time ¢ is given by

dSo (t)
So (t

=r(t)ydtor (=r(t,z;y)dt).

~—

The second risky asset is called stock, whose price S; () at time ¢ is given by

ds; ()
Sy (t)

=u(t)dt +o (t)dWyor (= u(t,zy)dt + o (t,x]) dWy),

where 7 (¢,z}) is bond function interest rate, o (¢, z}) is function stock price volatility rate, and
p(t, zy) is called the expected rate of return.

Now let us consider an investor who wants to invest in the risk-free (foreign currency deposit for
example) and the stock, and whose decisions cannot affect the prices in the financial market.

We denote here that V; is the Brownian motion given in measurable space (2, F) .

Definition 1.3.6 (Self-Financial) The market is called self-financial if there is no infusion or withdrawal

of funds over [0,T] .

We assume also that our market is to be self-financial, we denote by V; the amount of the in-
vestor’s wealth, and 7, is the proportion of the wealth invested in the stock at time ¢, then
vy = m;V; is the amount stock and (1 — 7;) V; is the amount in the bond, that means the investor
has V; — 1V, = V; — v savings in bank.

Then wealth dynamics of the investor who wants invests in the financial market has the following

form

dSo (1) dSi (1)
+ vt .
Sy (t)

15



Chapter 1. Basic Notations of Expected Exponential Utility and Related Field

Honestly, the wealth of the investor is described by

dV;

7: = (Ve — o) v (t, ) dt + vy (u (t,27) dt + o (¢, 27) AW?) (1.7)
=V —wv)r(t,xf)dt + v (¢, x) dt + veo (¢, xf) dWy
= Vir (t,zy) dt — ver (8, x]) dt + v (t, 27) dt + vio (¢, x3) AWy

={Vir (t,x}) + (u(t,zy) — r (t,27)) v } dt + vio (t, 2} ) dW;.

Definition 1.3.7 An admissible strategy is an (F}V'),_  —adapted square integrable with R—valued pro-

£>0
T
cess v such that (1.7)) has a strong solution (Vi) (o 7y that satisfies E/ \Vi|? dt < oo, the set of all the
0

admissible strategies is denoted by U.

The investor wants to minimize his (or her) expected utility (HARA type) over the set ¢/ in some
terminal time T > 0 :

J(v() = %E (V). (1.8)

By choosing an appropriate portfolio choice strategy v (.), where the exponent # > 0 is called
risk-sensitive parameter. If we put § = 1 the utility (1.8) reduced to the usual risk-neutral case,

the expectation under the probability measure PP is denoted by E.

Lemma 1.3.8 We can rewrite the expectation E (V) (L.8) in term of the exponential expected of integral

criterion as

1
J(v()) = 7 QK

T
exp (0/ l(t,xf,vﬂdt)] )
0

where EY is the new expectation with respect to probability measure P, and the function [ is given by

1
Lt ay, o) = 5 (0= 1) vio™ (t2]) + Vir (8, 27) + (u (t27) = 7 (6,27)) ve.

16



Chapter 1. Basic Notations of Expected Exponential Utility and Related Field

Proof. Applying the It6’s formula to Logarithmic wealth value In VP =60V, = 0f (t,V;), we

have

0d (f (t, V1)) = 0d (InV;)

1 2
. viydt+ 02 vy av, + 0221

_p9f ')
N ox 2 0z2

5t (t, Vi) (dVi, dVy)

1 1/ 1 )
= thd‘/} + 05 <_Vt2> vio? (t, ) VAdt
1
=0 ({Vir (t,27) + (p (8, 27) =7 (t,27)) v} dt + vio (£, 27) AWL) — 50007 (¢, 27) dt.
Then, by taking the integral from zero into 7" with respect to time, the exponential expectation

gets the form

[y

J'(v() =ZE(V]) = %E [exp (InVf)] = %E [exp (61n V)]

>

1
=_E
0

T
exp <9f (Vo) + 9/ {Vir (t,zy) + (u(t,zy) —r (t,x})) v b dt
0
T T
+ 6?/ veo (L)) dWy — ;0/ vio? (t,xf)dt)]
0 0

1 T
= éE [exp <ln Ve + 6/ {Vir (t,xf) + (p(t,xy) —r (t,zy)) vt dt
0

T 1 T
+ 9/ vio (t,xy) dWy — 20/ vZo? (t, V) dt
0 0

T
exp (9/0 {Vir (8, 2) + (u (8 2) — 7 (8, 27)) ve } dt

T 1 T
—+ 0/ VO (t7 (]}f) th — 20/ Ut20'2 (t, ;L'g) dt .
0 0

1
= 5 €Xp (In VOG) E

17



Chapter 1. Basic Notations of Expected Exponential Utility and Related Field

Then, we get

1
I (0() = SVIE

T
exp (9/0 (Vir (&, 2)) + (e (8, 2y) = (8, 2)) vy dt

1

T T
+ 0/ veo (t,x]) dWy — 20/ vio? (t, V) dt
0 0

1, (7 1, ("
- 02/ vZo? (t,x?) dt + 292/ vio? (t,z¥)dt
0 0

2
1 T T
exp —502 / vio? (t,z?) dt + 9/ veo (t,zy) dWy
0 0

1, (7 I
- 29/0 vio? (t,z?)dt + 292/0 vZo? (t,x?) dt

= ~VIE

+ 9/0 {Vir (¢, 27) + (u (¢, ) —T(t,xf))vt}dt}]

1
= 51/0%3 I x 1],

where
1 T T
I, = exp —292/ vio? (t,xf)dt—i—@/ veo (t,zy) dWy |,
0 0
1 r 2 2 v 1 2 g 2 2 v
Iy=exp|—z0 | wvjo*(t,zy)dt+ -0 vio” (t,z))dt
2 Jo 2 Jo
T
+ 9/ {Vir (t,x}) + (p (t,xf)—r(t,xf))v&dt)
0

2

T
= exp (9/ l(t,af:f,vt)dt> ,
0

where

= exp (9/0 1 (0 — 1) vio? (t,x?) dt + 9/0 {Vir (t, =) + (p (t,zy) — 7 (t,x7)) v } dt>

1
5 (0 =D vio® (t,a}) + Ver (t,a) + (u(t,27) — 7 (t,27)) ve.

L(t,xy,ve) = 5

In virtue of Noviko’s condition (1.5 from Girsanov’s Theorem we get

E (exp owf) <C, (1.9)

18



Chapter 1. Basic Notations of Expected Exponential Utility and Related Field

where some constants «, C' are positive.

By applying Girsanov’s transformation (see the Theorem [1.3.3), the stochastic integral term can

be deleted, and according to the condition (1.9)) , we get

dp? 1, (" 4
—— =exp —92/ vio? (t,z¥) dt + 6’/ vo (t,zy)dW, | .
0 0

dP 2
Hence
0 1 6 1 (4
J(v(.)) = éE (VT) = §VO E[[; x I5]

1 dP? r ;

= 5‘/09E W X exp (9/0 l(t,.rt,vt) dt)]
1 T

=3 IR |exp 9/ L(t,xy,ve)dt ||,

0

we denote by

t
Wl =w, - 6/ vso (s,27) ds,
0

is a standard Brownian motion under the probability measure P?.

As a conclusion, for every 0 < s < ¢t < T, our dynamics (|1.6] satisfies the SDE

t
dzxi =b(t,zy)dt + AdW; = b (t,x}) dt + Ad <VV,§9 + 9/ vs0 (8,27) ds)
0
=b(t,zV)dt + AdW/ + Av,o (t, V) dt

= (b(t,z¥) + Auvso (t,20)) dt + AdW).

An auxiliary criterion function of the expected utility, whose wants the investor minimized, is

given by

7 (w() = GV

exp <0/0Tl(t,xf,vt)dt>] )

The proof is completed. m
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1.4 Mean-Variance of Loss Functional

We require the following condition

T
Af = exp@{/ l(t,xf,vt)dt},
0

and we can put also
T
U (T) = / Lt 20, ) dt, (1.10)
0
the risk-sensitive loss functional is given by
1 g 1
o (0) := 7 log |E | exp@ / L(t,xy,ve)dt =3 log [E (exp 0V (T))] . (1.17)
0
Lemma 1.4.1 Let ® (0) be the loss functional has written as (1.11]), where W (T') is given by (1.10).
Then, if the risk-sensitive index 6 is small, the loss functional ® (6) can be expanded as
6
E (¥ (T)) + 5 Var (¥ (T)+0(6%).

Proof. The limited development of the function f (z) = exp (6z) with rang two in the neighbor-

hood of zero is given by
2 (GJI)k 1 2 2
f(x) =exp(6z) = Zkon = 1+9m+§(9m) + 0 (6%).
Then, by replacing = by ¥ (T'), we get
exp (0 (T)) = 1+ 09 (T) + % (69 (T))* + O (7).
By taking expectation, we have
E (exp (0¥ (T))) =E |1+ 0V (T) + % (69 (T))* + O (6?)

=1+0E (¥ (T)) + 02215; (T2 (1)) + 0 (%)
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Then

2
logE (exp (0¥ (T))) = log <1 + 0 (U (T)) + %E (¥* (1)) + 0 (92)) :

2
If we take X = 0E (VU (T)) + %E (U2 (T)) + O (6%) , and by using the limited development of the

function ¢ (X) = In(1 + X) , with rang two in neighborhood of zero

k—1
g () =m(1+x) =52, T xn

Then
logE (exp (0¥ (T))) = R (¥ (T)) + 9221[«: (2 (1)) + O (6?)

+(—1)1 HIE(\I/(T))—FG;IE (T2 (1)) +0 (6*)| +O0(6?)

2
2 2 4

= 0E (U (T)) + %]E (T2 (1)) — % (E (¥ (T)))2 - % (E (¥ (1)) %+ ...+ 0 (%)
2

= 0E (¥ (T)) + % [E (T2 (T)) — (E (¥ (T)))?] + O (6%)

= 0E (¥ (T)) + G;Var (T (T))+ 0 (6%).

This implies that
P (0) = %logE (exp (0¥ (T))) =E (¥ (T)) + gVar (¥ (T))+ O (6?).

The proof is complete. m
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A Risk-Sensitive Stochastic Maximum Principle for

CHAPTER

Backward Doubly Stochastic Differential Equations with

Application

n this chapter, we concern on an optimal control problem where the system is driven
by a backward doubly stochastic differential equation with risk-sensitive performance
functional. We generalized the result of Chala [10] to a backward doubly stochastic dif-
ferential equation by using the same contribution of Djehiche et al. in [13]. We use the risk-neutral
model for which an optimal solution exists as a preliminary step. This is an extension of an initial
control system to this type of problem, where the admissible controls set is convex. We estab-
lish necessary and sufficient optimality conditions for the risk-sensitive performance functional
control problem. We illustrate the chapter by given two different examples for a linear quadratic

system.
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Chapter 2. A Risk-Sensitive Stochastic Maximum Principle for BDSDE with Application

2.1 Formulation of the Problem

Let T' be a positive real number. Let (2, F,P) be a probability space in which one—dimensional
Brownian motions

W = (W;,0<t<T)and B = (B;,0 <t <T) are defined, where W and B are two mutually
independent standard Brownian motions processes. Let A" denote the class of P—null sets of F.
For each t € [0, 7], we define ]-'t(W’B) = FV v F[, where for any process { L.}, c[o,) One has
Fly=0{L,—Ls,s <r <t}VNand F} = 7},

Note that the collection {]-}(W’B) ,te o, T]} is neither increasing nor decreasing, and it does not
constitute a filtration. We may define the subfiltration (G:),¢|o ) such as G, C .7-',5(W7B)7 vVt € [0,T].
Let M? ([0, T],R) denote the set of one—dimensional jointly measurable random processes

{¢+,t € [0,T]} which satisfy the following conditions:

T 2
/ i dt
0

Similarly, we denote by §? ([0, 7],R) the set of one—dimensional continuous random processes

(@) = Il pe(o,mr) = E < 00, (i) : ¢y is FLV'P) —measurable for any ¢ € [0,7].

which satisfy the following conditions:

sup |oi|*| < oo, (ii) : ¢y is ffW’B)—measurable forany t € [0,7].

(4) : HSO||32([0,T],R) =E
te[0,7

Let U be a nonempty subset of R.

Definition 2.1.1 An admissible control v is a measurable process with values in U such that

T
E / | dt < oo. We denote by U the set of all admissible controls.
0
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Chapter 2. A Risk-Sensitive Stochastic Maximum Principle for BDSDE with Application

For any v € U, we consider the following BDSDE system

<_
dy}t) = 7f (ta y}tja sza Ut) dt — g (ta ygv Zz}vvt) dBt + szdWU
2.1)

yp = &

where f : [0,T] x RxRxU — R, g : [0,7] x R xR x U — R are jointly measurable and
such that for any (y°,2",v) € R x R x U one has f (.,y%, 2% v) € M?([0,T],R), g(.,y",2",v) €
M?2([0,T],R), and 2} is square integrable and the terminal condition ¢ is a 7}/ —measurable and
square integrable random variable.

Note that the integral with respect to (Bt),c(o 7} is @ "backward" It6 integral, while the integral
with respect to (W3),¢(o 1) is @ standard forward It6 integral. These two types of integrals are
particular cases of the It6-Skorohod integral; for more details we refer to [28§].

We define the criterion to be minimized, with initial risk-sensitive performance functional cost, as

follows

J'(w())=E

exp@{\ll(yg)+/0Tl (t,yf,z}f,vt)dt}] , (2.2)
where ¥ : R — Rand /: [0,7] x R x R x U — R are jointly measurable and 6 is the risk-sensitive
index.

The optimal control problem is to minimize the functional .J% over i if u € U is an optimal control

(solution), that is,

J (u) = 51615 J? (v). (2.3)

We assume the following
(H;) There exist constants ¢ > 0 and 0 < A < 1, such that for any

(w,t) € 2 x[0,T],and (y1,21), (y2, 22) € R x R, we have
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If (t,y1,21) — [ (t, 2, 20)° < ¢ (|y1 —yol® + |21 — 22l2) ,

lg (t,y1,21) — g(t7y27z2)‘2 <cly — 92‘2 + Alz1 — 22’2-

Theorem 2.1.2 For any given admissible control v (.), suppose that Assumption (Hq) holds. Then the

BDSDE has a unique solution (y7,2¢) € S*([0,T],R) x M?([0,T],R).

Proof. See [31] (Theorem 1.1 page 212). m
A control that solves the problem {(2.1]), ,(2.3)} is called optimal. Our objective is to es-
tablish risk-sensitive necessary and sufficient optimality conditions, satisfied by a given optimal
control, in the form of risk-sensitive SMP.
We also assume the following
(Hz)

i) f, g, land ¥ are continuously differentiable with respect to (y”, z",v).

i)  All the derivatives of f, g and [ are bounded by C (1 + |y*| + [2¥| + |v]) .

i17) The derivative of ¥ is bounded by C (1 + |y*]) .
Under the above Assumptions (H;) — (Hz), for each v € U equation ({2.1)) has a unique strong
solution, and the cost function J? is well defined from ¥/ into R.

For more details the reader can see the paper of Han et al. [21].

Remark 2.1.3 We use the Euclidean norm |.| in R, T is a matrix transpose and T'r is the trace of a matrix.
All the equalities and inequalities mentioned in this chapter are in the sense of dt x dIP almost surely on
[0,7] x Q.
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2.2 Risk-Sensitive Stochastic Maximum Principle of Back-

ward Doubly Type Control

The proof of our risk-sensitive stochastic maximum principle necessitates a certain auxiliary state

process z;, which is the solution of the following forward SDE
dx}fj =1 (tu yzjv 22)7 Ut) dtv mg =0.

Our control problem of {(2.1)), (2.2) , (2.3) } is equivalent to

inf B [exp 0 {¥ (y§) + 27 }] = inf Elo (y5, 27)],
subject to
dzy = 1(t,yy,z¢,v)dt, (2.4)
v v v v v <_ v
dyt = _f (taytvztavt) dt_g(taytvztvvt> dBt+ztth7
g = 0, yp =¢&.

T
We require the following notation A% := exp 6 {\If (vg) + / L(t,yy, 27, ve) dt} . If we put
0

T
Or =V (y) + / L(t,y;, z{,ve) dt, then the risk-sensitive loss functional is given by
0

1
H(O,v):= 7 log

E (eXpG{\If(yg)+/0 l(t,yf,zf,vﬁdt})] = %log[E(expﬁ@T)].

When the risk-sensitive index 6 is small, by Lemma the loss functional H (6, u) can be ex-
panded as
4 2
E(Or) + §Va7" (©r)+0(67),
where Var (©1) denotes the variance of Or. If § < 0, the variance of O, as a measure of risk, im-

proves the performance # (6, v), in this case the optimizer called risk seeker. But, when 6 > 0, the
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variance of ©7 worsens the performance # (0, v), in this case the optimizer called risk averse. The
risk-neutral loss functional E (©7) can be seen as a limit of the risk-sensitive functional H (0, v)
when 6 — 0.

Next, let us introduce the following notations

) x¥ Wy dps (t)
Notation 2.2.1 We denote by X" := , My = ,dp (t) := ,
Yy By dps (t)
l(tay;}7’z;}7vt) 0 0
F(t,yf,Z;U,’Ut) = ””dG(tvyfazfvvt) = )
_f (t7yz)7z;)7vt) ZZJ -9 (t7y%)7zf7vt)

with these notations the problem (2.4]) can be rewritten in the following compact SDE form

inf Efexp0{¥ (y5) +27}] = inf Elp (27, 4],
subject to
dXp = Fltyl, =) di+ G (typ =) dM,, @5)
0 0
Xv =
T 3

For convenience, we will use the following notations throughout this chapter. For ¢ € {f, g, 1}, we define

(rb(t) = ¢(t’y:€)7z;)7vt)7

ad)(t) = qb(tyy;}?'zgvvt)_¢(tayfazg7ut)a

0
¢C(t> - 8?@7%?72;]7075)7 C=y,2,v,

where v, is an admissible control from U.

We suppose that Assumptions (H;) — (Hz) hold. We may combine the SMP for a risk-neutral
controlled BDSDE type from [2, 21] with the result of Yong [38] and with augmented state dynam-
ics (z*,y", 2") to derive the adjoint equation. There exist unique G;—adapted pairs of processes
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(p1,q1) and (p2, g2) that solve the following matrix system of BSDEs:

/

d7 (t) = —A(t)dt+ R(t)dM;,
p1(T) 1 (2.6)
= 0A% :
P2 (0) 2 (?/3)
with
E ;t:[l(lg)T] Ipi (1) + ;/0 lgi ()] dt] < 00,
where
0 0 p1(t) 0 0 a1 (t)
At) = + ;
ly (t) _fy (t) D2 (t) 0 —Gy (t) q2 (t)
and
R (t) _ q1 (1) 0 ’
p3(t) —g2(t)
such that

L) —f. () pi(t) @ ()

0 —g.(t) p2(t) q2(t)

Let HY be the Hamiltonian associated with the optimal state dynamics (z*, y“, "), and let the

two pairs of adjoint process ((p1,¢1), (p2, g2)) be given by

HO (t) = H (t,2p,yp' 2 ue, B (), T () =1 pr(t) — F () p2 (t) — g (£) g2 (1) 2.7)

Theorem 2.2.2 We suppose that Assumptions (Hy) — (Hz) hold. If (x*, y*, 2*) is an optimal solution of

the risk-neutral control problem (2.5)) , then there exist two pairs of Gy —adapted processes ((p1,q1) , (P2, q2))

that satisfy (2.6|) such that
ﬁg (tvm?ay?a’z?aub?(t)77(@) (ut _Ut) < 07 (28)

for all u € U, almost every t € [0, T)] and P—almost surely, where H? (t) is defined in Notation m
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Proof. We suppose that the Assumptions (H;) — (Hz) hold, we may combine the SMP for risk-

neutral of controlled BDSDE type from [2, 21], with the result of Yong [38]. m

2.3 New Adjoint Equations and Risk-sensitive Necessary
Optimality Conditions

Mentioned Theorem[2.2.2is a good SMP for the risk-neutral control problem of forward-backward
doubly type. We follow the same approach used in [10, [11, [13], and suggest a transformation of
the adjoint processes (p1,¢1) and (p2,¢2) in such a way that we can omit the first component
(p1,q1) in and express the SMP in terms of only one adjoint process which we denote by
(P2 q2)-
From , we note that dp; (t) = ¢ (t) dW; and p; (T) = 0AY., the explicit solution of this BSDE
is

pi (t) = OE [AT | Gi] = 0V, (2.9)
where V/ :=E[A} |G|, 0<t<T.

In view of (2.9) , it would be natural to choose a transformation of (7, ¢) into an adjoint process

1

(p,q) , where p1 (t) = Wpl (t) =1.

We consider the following transform

p1 (T
p(t)= o :=L?(t),0§t§T. (2.10)

p2 (t)
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By using (2.6 and (2.10) , we have
_ 1 (T) 1
p():= =
p2(0) — 0y (y5')

The following properties of the generic martingale V¢ are essential in order to investigate the
properties of these new process (p (t),q(t)) .

In this part, we want to prove the relationship between the expected exponential utility and the
quadratic backward stochastic differential equation.

First of all, it’s very important to write the expected exponential utility under this form

T
exp (0A]) =E [A] | G| =E exp@{‘lf(you)—l—/ 1(s) ds} gt] : (2.11)

Lemma 2.3.1 The necessary and sufficient condition for the expected exponential utility (2.11)) to be hold,
is the following quadratic backward stochastic differential equation
6
N = — <z 1) +5 \D(t)|2> dt + D (t) dWy,

(2.12)
AG = U(yy),

T
/ |D(t)]2dt] < 0.
0

Proof. By the same technique in Lemma we can prove the Lemma n

where E

The process A? is the first component of the G;—adapted pair of processes (A?, D) which is the
unique solution to the quadratic backward stochastic differential equation (2.12).

Next, we will state and prove the necessary optimality conditions for the system is driven by a
BDSDE with a risk-sensitive performance functional type.

To this end, let us summarize and prove some Lemmas that we will use thereafter.

31



Chapter 2. A Risk-Sensitive Stochastic Maximum Principle for BDSDE with Application

Lemma 2.3.2 Suppose that Assumption (Hz) holds. Then

E | sup ’Af‘

te[0,7

< Cr, (2.13)

where Cr is a positive constant that depends only on T and the boundedness of | and .

In particular, V9 solves the following linear BSDE:
dvy? = 0D (t)V2dM,, VP = Al. (2.14)

Hence, the process defined on (Q, F, (gt)tzo ,P) by L?, where

2
L :_te—eXP< /D 0 / D (s \ds), 0<t<T, (2.15)

is a uniformly bounded G,—martingale.

Proof. First, we prove (2.13). By Assumption (Hz), [ and ¥ are bounded by a constant C' > 0. We
have

0 < e~ (1HTICO < Al < e(1+T)CO (2.16)
Therefore, V7 is a uniformly bounded G;—martingale satisfying
0< e HNCO < 8 < LO+TIC0 g < ¢ < T (2.17)

The sufficient conditions of the Logarithmic transform established in ([13], Proposition 3.1), can

be applied in the martingale V¢ as follows:

¢
VtGZeXpG{Af—I—/ l(s)ds}, 0<t<T,
0
and V{ = expf {AJ} = E [A]] . Itis very easy to see from and the boundedness of [ that

E| sup [A7]] <,

te[0,T]
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where C7 is a positive constant that depends only on 7" and the boundedness of / and .

Second, we find the explicit form of (2.14). Using the second Itd’s formula to
VY =expt {Af + /Otl (s) ds}, we get
dv? = 60D (t) V2dM,.
Now, we can prove by starting from the integral form of such that
dv? = oD (t) V2dM,, Vi = AS.

On the other hand, we have

t
Ve :eXpQ{Af—i—/ l(s)ds}.
0

Using expression (1.2), we can write

t
vf—exp<9/z>( ) dM, —/ D (s)]? ds+0A9)
0

Then

2
L? ;—te_exp</1> ‘9/11) \ds), 0<t<T.

In view of (2.13)) the above equality is a uniformly bounded G;—martingale. m

Proposition 2.3.3 The main risk-sensitive of second adjoint equation for (p2, g2) and (Ve, D) becomes

_ _ _ —

dpa (t) = —HY(t)dt — HE (t) AW — {2 (t) + 0D (t) p2 ()} dBY,
v = 0D (t)VIdM,, (2.18)

p2(T) = —T, (), VF =A%

The system ([2.18)) admits a unique G,—adapted solution (p,q,V?, D), such that
) T
B| s BOF+ sw Vo + [ (lg0F+D0oF) dt] <. @D

t€[0,T] t€[0,T] 0
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where

HO (t) == H° (t.yy', 20,0, P2 (8) @2 (1) , VO (1), D1 (1) = L(t) — (f (t) = 0D (1) ) P2 () — g (£) G (1) -

(2.20)

Proof. We wish to identify the processes & and 3 such that
dp (t) = —a (t) dt + B (t) dM, (2.21)

where

_ B (t) Bii(t) Pz (t)
5y = =

Ba (t) Bar (t)  Paz (t)

By applying It&’s formula to the process 7 (t) = 8V, (t) and using the expression of V¢ in (2.14)

we obtain
_ 1 0 0 p1 (1) 0 0 a1 (t)
dp(t) = — 75 + dt
' by (1) —fy () p2 (1) 0 —gy(t) a2 (t)
~ 1 [ «a® 0 N -
— 0D (t) B (t)dt + i dM; —0p (t)D (t) dM;.

p3(t) —q2(t)

By identifying the coefficients of above equation to (2.21), we get the drift term of the process

0 0 1 (t 0 0 1 (t
() = pro “O 1 op

0
SO | R T A e 0 g0 |\ e

™

QF

and the diffusion coefficient of the process p (¢) :

o= Y | _muow.

p3(t) —ga2(t)
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Using the relation p () = #? (t) , the drift term « (¢) it will be written as:
t
_ 0 0 pr(t) 0 0 @ (1) ~
a(t) = + +60D(t)B (1),
Ly() —fy (1) p2 (1) 0 —gy(t) g2 (t)

and the diffusion coefficient of the process p (t) :

B(t) = —0p)D()" . (2.22)
p3(t) —aq2 (1)

Finally, we obtain

dp(t) = — + dt
by (t)  —fy () p2 (t) 0 —gy(t) G2 (t)

+ B (t) [dM; — 0D (t) dt] .
It is easily verified that
dpy (t) = By (t) [AM, — 0D (t) dt], Py (T) = 1.
In view of , we may use Girsanov’s Theorem (see [12], Theorem 2.1 page 115) to claim that
dpy (t) = 1 (t)dMY, P —a.s, by (T) =1,
where dM! = dM; — 6D (t) dt. By using Notation dMY? can be written as

dM? = -0 dt,

which is a P? —Brownian motion, where

0

dP9 0 t 2 t 9
=L =exp |6 ; D(s)dMS—E ; D (s)|"ds ), 0<t<T.
Gt

dP
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But according to (2.15) and (2.16]) , the probability measures P and P are in fact equivalent.

1

= Wpl (t) is square integrable, we get that
¢

Hence, noting that p; (1) :
T
p1(t) =E? [py (T) | Gi] = 1. Thus, its quadratic variation / @i (£)] dt = 0. This implies that, for
0

almostevery 0 <t < T, ¢ (t) = 0, PY and P—a.s, we have

0 0 D1 (t) 0 0 q (t) _
dp (t) = — - dt + B (t) dMy.
ly(t) —fy(t) p2 () 0 —gy (1) q2 (t)
(2.23)
Now replacing in , to obtain
0 0 p1(t) 0 0 q (t)
dp (t) = — + dt
Ly(t) —fy(t) p2 (t) 0 —gy(t) 3 (1)
Bii(t) Pz (t) AL
+| ) E
Ba1 (t) B2z (t) dBY
where
Bii (t) =1 (t) — 0Dy (t) 1 (), Bz (t) = —0Ds () i (1), o1 (t) = 3 (t) — 0D (t) P2 (1)
~ I.(t) —f(t p1(t) qi(t
Boa (6) = =2 () — 0D (67 (6), 3 (8) = —Tr (t) (t) pi(t) @ (t)
0 —g:(t) p2(t)  q2(t)
From (2.23)), we get
dp2 (t) = —{lyO)p1(t) = fy () P2(t) — gy (t) G2 (¢) } dt
— (L ()P (1) = (- (1) — 0Dy (1)) B (1) — 9= () G ()} AWE — {G (£) + 05 (t) iz (1)} dBY,
(2.24)
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We can rewrite (2.14)) and ([2.24) as the system below

_ ~ _ —

dpa (t) = —HY(t)dt — HY (t) dW{ — {Gz (t) + 0D (t) pa (t)} dBY,
dvy = 6D (1) VPdM,

p(T) = =V, (y5), V= AL

The system ((2.18)) admits a unique G, —adapted solution (p, ¢, V?, D), such that

T
B| sw FOF + s (V00 [ (70 + o) dt] <o
te[0,T te[0,T] 0

where

HO () = H (t, 57, 2/ 06, P2 (), @2 (1), V7 () , Dy (8)) = L(t) = (F (£) = D1 (1) /) P2 (£) — g (£) G2 (¢) -
The proof of this Proposition [2.3.3)is completed. m

Theorem 2.3.4 (Risk-sensitive necessary optimality conditions)

Assume that Assumptions (Hy) — (Hg) hold. If (y*, 2", u) is an optimal solution of the risk-sensitive

control problem {(2.1)) , (2.2) , (2.3))}. Then there exist two pairs of G,—adapted processes (V", D) , (D, Q)

which satisfy (2.18)) and (2.19) such that
Hg (ta y?’ Ztua ut7ﬁ2 (t) ’EJVZ (t) 7V9 (t) aDI (t)) (ut - vt) < Oa (225)
forall w € U, almost every 0 < t < T and P-almost surely.

Proof. We arrive at a risk-sensitive stochastic maximum principle expressed in terms of the adjoint

processes (p2,¢2) and (Ve, D) which solve (2.18), where the Hamiltonian H? associated with

(2.4), given by ([2.7) satisfies

HO (2, g, 28w, T (1), G (8) = {0VEY HO (8,48, 28 ug, B2 (1), @2 (£), VO (1), D1 (), (2.26)
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and HY is the risk-sensitive Hamiltonian given by (2.20). Hence, since V? > 0, the variational

inequality ({2.8)) translates into
Hg (tv ygv qu ut7ﬁ2 (t) 762 (t) 7V9 (t) 7D1 (t)) (ut - Ut) S 07

for all uw € U, almost every 0 < ¢t < T and P—almost surely. This finishes the proof of Theorem

234 m

2.4 Risk-Sensitive Sufficient Optimality Conditions

In this section, we study when the necessary optimality conditions for risk-sensitive (2.8]) become

sufficient.

Theorem 2.4.1 (Risk-sensitive sufficient optimality conditions)
Assume that the functions U and (x},y7, z{, ve) — HY (t,zy,y7, 27, vy, i (t), q (t)) are convex and for

any v, € U, y4 = € is one dimensional F¥ —measurable random variable such that E |¢|* < oo. Then u

is an optimal solution of the control problem {(2.1) , (2.2) , (2.3)} if it satisfies ([2.8)) .

Proof. Let u be an arbitrary element of I/ (candidate to be optimal). For any v € U, we have
J% (v) = J° (u) = E [exp (0 {¥ (y5) + 27 })] = Elexp (0{¥ () + 27})] -
By applying the Taylor’s expansion and the convexity of ¥, we get

J? (v) = J% (u) 2 E[fexp (0 {¥ () + 21 }) (2% — o))

+E[fexp (6{¥ (y5) + 27}) ¥y (y5) (Y5 — v0)] -
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It follows from (2.6)), that p; (T') = 0A%., p2 (0) = —0A% T, (yy) , then we have
J? (v) = J? (u) > E[py (T) (2 — )] = E[p2 (0) (45 — v5)] - (2.27)

U_

Applying Itd’s formula and taking expectation to p; () (zy — «}') and p2 (t) (vf — v4') , leads to

T
E[pl (T> (x%_$%)] =E /O (l (@yfazfavt) _l(t7yg7zf7ut))pl (t> dt] ’

and

T
—E [p2 (0) (y§ — 8)] = —E /0 ffg(t,xt“,y?,ZZ‘,ut,?(t)77(75))(yf—yi‘)dt]

[T
—E / Hg (t,w?,yf,zz‘,ut,?(t),7(t)) (Z;)_Z;L)dt]
0

T
—E /O (f &yt 25 00) = [y 200 u)) pa (8) dt]

T
—E / (Q(tayf7zzj7vt>_Q(tayfazf7ut))Q2 (t)dt] .
0

Putting the two above formulas into ([2.27), we get

T
T () = J (u) 2 E [/0 HY (.2}, 40 2,00, P (1) ,7(t))dt] (2.28)
- T
—E /0 He(t,x?,yf,z;‘,uh?(t),?(t))dt]

- E /O ﬁlg(t,xg,yf,zf,ut,?(t)77@))(@/2’—yf)dt]

S
—E / Hf(t»ﬂfi‘,y?,#ut,?(t),7@))(2?—Zi‘)dt]-
_0
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Since the Hamiltonian H? is convex with respect to (y*, 2, v), we have

E

T _ T _
/0 H’ <t,x;’,yf,zz’,vt,?(t)?(t))dt] -E [/0 H (t, 2y, 2 e, T (), (1)) dt
T ~
>E [/0 HY (¢, 2yt 2w, T (), 7 @) (9 — v dt]

+E

/O ﬁg (t,x?,yf,zf,ut,?(t),?(t)) (Z;)_Zzl) dt]

+E

T
/ Hg (t’x?’y?)'z?yuh?(t)7?(25)) (vt _ut) dt] )
0
Then, by using above inequality in (2.28)), we obtain

J? (v) = J% (u) > E /O HY (tai',yi 2w B (8,7 (1) (v — ug) dt| >0,

In virtue of the necessary optimality conditions (2.8)) , the last inequality implies that

J? (v) — J% (u) > 0. Thus the theorem is proved. m

Remark 2.4.2 In virtue of (2.26)) there is a relationship between the Hamiltonian with respect to risk-

neutral and the Hamiltonian with respect to risk-sensitive. In fact, we have

J () = J (u) > E

T
/ OVIHY (t,yp', 2w P (1), @2 (8) VO (), D1 () (v — uy) dt] >0,
0
we know that OV,f > 0. Then the above inequality can be rewritten as

J ()= J% (u) > E

T
/0 Hg (t7y?7 ngutaﬁ2 (t) 762 (t) ’ Ve (t) 7D1 (t)) (Ut - ut) dt] > 0.

In virtue of the necessary optimality conditions (2.25)) , the last inequality implies that

J? (v) — J% (u) > 0.
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2.5 Applications: A Linear Quadratic Risk-Sensitive Con-

trol Problem

We illustrate the chapter by given two different examples for the linear quadratic system.

2.5.1 Example 01

We provide a concrete example of a risk-sensitive backward doubly stochastic LQ problem, give
the explicit optimal control and validate our major theoretical results in Theorem (Risk-
sensitive sufficient optimality conditions). First, let the control domain be U = [—1, 1]. Consider

the following linear quadratic risk-sensitive control problem

: e 1 ,
;I&EE exp 6 {2/0 vidt + 5 (yé’)z}] , subject to
’ ’ ’ / H
dy = — (A} + B +Coo+ D)dt — (Ayp + B'sf + C'vy+ D) B, + zpaw;, &%)
yr = &,

where 4, B,C, D, A', B',C' and D’ are positive real constants.
Let (y7,2{) be a solution of ({2.29)) associated with v;. Then there exist unique G,—adapted two
pairs of processes (p1,p2), (¢1,¢2) of the following forward-backward doubly stochastic differen-

tial equations system (in short FBDSDEs) (called adjoint equation), according to equation ([2.6)):

P

dpi (t) = q (t)dWy,

dpa () = [Aps (1) + g () dt + [Bpa (1) + B s (1)] W, — g0 (1) d B, (230)
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where

1 T
Af = exph {2/0 vidt + (yS)Q}

We give the Hamiltonian H? defined by

H () := HO (t, 20,97, 20 v, B (1), T (1))

1 / / / /
= Juip1 () = (Ay} + Bz + Cvr+ D) pa () — (A'yf + B2 + Cue+ D) s (1),

We have HY (t) = [vtpl (t) — Cpy (t) — C'go (t)] . Minimizing the Hamiltonian yields

1
i (1)

e = (Cps ) +Cas 1) (2.31)

We only need to prove that u; is an optimal control of (2.29)).

Theorem 2.5.1 (Risk-sensitive sufficient optimality conditions for a linear quadratic control problem).

Assume that § > 0 and suppose that u, satisfies ([2.31), where (7, q) satisfy [2.30). Then u, is the

unique optimal control of the above BDSDE of the linear quadratic problem ([2.29)).

Proof. From the definition of the functional cost .J?, we have

1 T 2 1 2 1 T 2 1 2
exp 6 / vpdt + = (y§) exp 6 / ugdt + = (yo) -

1 /T
We put 27, = 3 / vZdt, and by applying the Taylor’s expansion, we have
0

J? (v) = J% (u)) = E ~E

7 (o) = 3 () = 0expt {5 ()" |~ o) | + o expo {h + 5 )" 65— )]

It follows from (2.6)) that p% (T) = 0 A% and p¥ (0) = —Oy4 A%.. Then we have

J? (vr) = J? (ur) = E[p} (T) (2 — 2)] = E[p5 (0) (5 — )] - (2.32)

42



Chapter 2. A Risk-Sensitive Stochastic Maximum Principle for BDSDE with Application

By applying Itd’s formula to p{ (t) (zy — «}') and p} (t) (y; — y;*) that lead to

Elpy (T) (xp —27)] = E

Tl 2 2
|5 08—y ]
0
and

T
E[p (0) (5§ — v2)] = ~E / C (vr — ue) pt () dt | —E

T
/ C (v —ug) g5 (t) dt] .
0
By replacing the two above formulas into (2.32)), then we get
J (v) — J% () = E

T
/ ve (v —ug) py (t)dt| + E
0

T
/ ug (v — ug) pY (1) dt]
0

—E

/OTC(vt—ut)pg(t)dt] E

T
/ O (v — ) g2 (1) dt] .
0
Because of § > 0, we have (v; — u;) > 0. Thus we get the following result:

J (vg) = J% (u)) > E

/0 ug (ve — ug) py (t) dt] —FE

/0 C (o0 — ) p (1) dt]

—E

T ’
/0 C (v —uy) g5 (1) dt] .

Then

J (v) — J% (u)) > E

T
| (wrt @)= o3 (0= C'as () (0= ) dt] .
0
By replacing u; with its value in (2.31]), we obtain J? (v;) > JY (), i.e. u, is optimal.

This proof is finished. m

2.5.2 Example 02

In this section, we apply the risk-sensitive maximum principles obtained in the previous section
(Theorem |2.3.4) to deal with the linear-quadratic risk-sensitive stochastic optimal control problem
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{(213),2.2), (2.3)} mentioned in Section[2.1} Our state dynamics is

H
dyéj = - (yz] + Ut) dt — O'”UtdBt + Z;}th)
(2.33)

yp = &,

and our functional cost is the following expected exponential-of-integral form:

T
GXPQ{/ l(tu yfvzfvvt) dt}] ) (234)
0

J'(w()=E

where

0>0,0#1, Lty 2 v) = 5 (vF+@)’).

N |

We want to minimize (2.34)) subject to (2.33)) by choosing v over &/. Hence, we may apply Theorem
to solve our linear-quadratic risk-sensitive stochastic optimal control problem {([2.33) , (2.34) }.

The Hamiltonian function (2.20)) is defined by

H (t) = H? (t.y], 2] v, P2 (1), 32 (1), V7 () . D1 (1)) (235)
_ 1 2 v\2) _ (v — 0D v\ . ~
=5 (vt + (W) (yi + vt 1(t) 2) P2 (t) — ovega (1) -

2

Let (y;', z*, u¢) be an optimal solution. The adjoint equation ([2.18) can be written by

_ _ _ . P
dp2 (t) = [y} + P2 (1) dt — 0Dy () p2 (t) AW} — [Ga (1) + 0D (t) P2 (1) dBY, 236
p2 (T) = 0.
Minimizing the Hamiltonian , we obtain
up =py (1) +ogy (t). (2.37)

By substituting ([2.37) into the BDSDE ([2.33)), we obtain
u u U U AU U <5 u
dyy = =y +p5 (t) +ogy ()] dt —[o(p5 (t) +ogz (1))]dBy + 2 d W,
yr = &
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Similarly, by substituting equation ({2.37)) into the BDSDE ([2.36)), gives

dpy (1) = [~y +p% (O] dt — 6Dy (1) B (1) WY — a5 (t) + 0Ds (¢) % (1)) dBY, 238)
B(T) = o
Replacing dW{ = dW, — 0D, (t) dt and dBY = dB, — 0D, (t) dt in (2:35), we get
' dpy (t) = [~yi'+ (1+06% (DI () + D3 (1)) Py (t) + 0D (t) 35 (t)] dt,
— (@ (t) + 0Dy (1) % (1)) dB, — 0Dy (1) B (1) W, (239)
B(T) = o

\

Peng and Shi [34] introduced a type of time-symmetric forward-backward stochastic differential
equations (SFBSDE in short), i.e., so-called fully coupled FBDSDEs. Therefore, an optimal solution

(pY,y*, u) can be obtained by solving the following type of SFBSDE

)
%
dyy = =y +p5 (1) +ogy ()] dt —[o (p5 (t) + og5 ()] dB + 2! dWs,

iy (t) = [—yt+ (1+6% (D2 (t) + D2 (1)) BY () + 0Ds () G ()] dt 240
— (@ (t) + 0D (t) % (£)] dB, — 0Dy (£) B (£) AW,

yr = & p5(T)=0.

Unfortunately, in such a system it is difficult to find the explicit solution. To solve this type of

SFBSDE ([2.40) , we use a technique similar to the one used by Yong and Zhou [39]. We conjecture

that the solution to (2.40) is related by

py () =)y +x(1), (2.41)

for some deterministic differentiable functions ¢ (¢) and x (t). Application Itd’s formula to ([2.41])

gives

— o) o (BE () + odt (1) dBy + @ (1) 22d W, (2.42)

45



Chapter 2. A Risk-Sensitive Stochastic Maximum Principle for BDSDE with Application

Putting (2.41)) into (2.42), we get

7

a0 = (PO -0 —e®)w —eMxO) 0o O) + X)) d
— [P Wy + o) x B0+ (1) 0T ()] dB: + ¢ (1) AW, (243)
| (1) = o

On the other hand, after substituting (2.41) into ([2.39), we arrive at

dpy (1) = [((1+6*(D} () +D3(1)) ¢ (t) — 1) yp'
+ (L+62 (D7 (1) + D5 (1)) x () + D2 () g5 (1)) dt

— [@ () + 0D () 0 () 5 + 0D () x ()] dBy — [9D1 (1) (1) yi + 0Dy (1) x (£)] AW,

py(T) = 0.
(2.44)
Equating the coefficients of (2.43]) and ({2.44)), we have
i . ) (oo (t) — 0Ds () Y + (¢ (t) o — 0D5 (8)) x (¢
l—p(t)o
where ¢ (t) is the solution to the following Riccati type equation:
. 1
b= (0 - 2000 (1456 (D )+ D)) +1 =0,
(2.46)
(1) =0,
and x (t) is a solution to the following ordinary differential equation:
X (8) = (9 (1) + 1+ 6% (D (1) + D5 (1)) x (t) = (6D2 (1) + ¢ (1) 0) G5 () =0, 247
x(T) =0.
By using the same identification, we get
(1) = g e (O 2 = 0 ()32 (249
X - 0D1 (t) 12 t ¥ Y - .

46



Chapter 2. A Risk-Sensitive Stochastic Maximum Principle for BDSDE with Application

Finally, by (2.37) and (2.45), we can get the optimal control in the following state in feedback

form:

(1—00Ds (1))

=) o2 @ () yy' +

X (). (2.49)

Uy =

Putting (2.48) in (2.49)) we get

(1 — 06D, (1))
(1= (t)o?) 0Dy (t)

o (1) 2, (2.50)

Uy = —

where ¢ (t) is determined by (2.46)).

Theorem 2.5.2 We assume that the pair (¢ (t) , x (t)) has the solution of system ([2.46)) and (2.47)). Then

the optimal control of our linear-quadratic risk-sensitive stochastic optimal control problem

{(2-33)) , (2-34) } has the state feedback from (2.50)).

2.5.2.1 Solution of the Deterministic Functions ¢ (¢) and x (¢) via Riccati Equation

In the best our knowledge, it is very hard to find the explicit solution to Riccati equation in general.

But in our case, we can found the explicit solution of

P (t)— @ (t) + 20 (t) K (t) +1 =0,
(2.51)
¢ (T) =0,
where
1
K(t)=— <1 + 592 (D3 (t) + D3 (t))) : (2.52)

We denote ¢ (T') = s1 (T) the solution of (2.51)), then the general solution is the form suit

pt)=s1(t) +n1 ().
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By replacing ¢ (t) by s; () 4+ n1 (t) on , on obtain
ST +n1 () =51 ) +n1 () 4251 () ny () — 2K (¢) 51 (£) — 2K (£)ny (¢) — 1,
S1 (T) +n1 (T) =0.

And because

Then

Let s1 (t) = 0, then

n () + 2K () ny () = na (£)* (2.53)

is a Bernoulli’s equation. The substitution necessary for the solution of this Bernoulli’s equation

(2.53)) is then

It leads to the linear equation

o(t) —2K (t)o(t) = —1. (2.54)
Then the homogeneous solution A (t) of such that
h(t) — 2K () h(t) = 0,

is given by

h(t) = Texp (2/TK(s)ds) .
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Now we put

M (t) = I (t)exp (2 /tTK(S) ds) , (2.55)

M (t) is the particular solution of equation (2.54)) i.e.,

}(t)exp(2/tTK(s)d8>+2I(t)K()exp(/ K (s ds) —2I(t exp< / K (s )

Hence,

Then,

- (/K )

Then the equation ([2.55)) rewrite as follow

M(t) = I(t)exp (2/TK(s)ds>
R Y T I Ey

1
K(t)

[\

This concludes to that the general solution o (¢) of (2.54) is

o(t) = h(t)+ M(t)

~ron (2 [ wa) sl

Then the general solution of our problem ({2.51)) is given by

(2.56)

o (t) = :
I exp <2ft ds) 2K1(t)
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We put
a(t)=—(p()+ 1406 (DI (1) + D3 (1)), B(t) == (D2 (1) + 9 (1) 0) 2 (1), (2.57)

we rewrite equation (2.47) as follows
(2.58)

The explicit solution to equation ([2.58]) is

() = [eXp (/tTa () ds)] [/tT _B(s) exp (/tToz(r) dr) ds] , (2.59)

where a (t), 3 (t) are determined by (2.57)).

Corollary 2.5.3 The explicit solution of the Riccati equation (2.51)) is given by (2.56|) and equation (2.58))

has an explicit solution given by (2.59)), where the determined K (t) and « (t), 5 (t) are given by (2.52))

and ([2.57)) respectively.

Corollary 2.5.4 We assume that the pair (¢ (t), x (t)) has the unique solution given by (2.56)) , (2.59)).

Then the optimal control of the problem {(2.33) ,(2.34)} has the state feedback from (2.50)), where the

determined K (t) and o (t), 3 (t) are given by and (2.57)) respectively.
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A Risk-Sensitive Stochastic Maximum Principle for Fully

CHAPTER

Coupled Forward-Backward Stochastic Differential

Equations of Mean-Field Type with Application

n this chapter, we focus on an optimal control problem where the system is driven by a
fully coupled forward-backward stochastic differential equation of mean-field type with
risk-sensitive performance functional. We study the risk-neutral model for which an op-
timal solution exists as a preliminary step. This is an extension of an initial stochastic control
problem to this type of risk-sensitive performance problem, where the admissible set of controls
is convex. We establish necessary and sufficient optimality conditions for the risk-sensitive perfor-
mance functional control problem. Finally, we illustrate our main result by giving two examples
of risk-sensitive control problem under linear stochastic dynamics with an exponential quadratic
cost function, the second example will be a mean-variance portfolio with a recursive utility func-

tional optimization problem involving optimal control. The explicit expression of the optimal
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portfolio selection strategy is obtained in the state feedback.

3.1 Problem Formulation and Assumptions

Let T be a positive real number. Let (Q, Fo(F) 120 IP’) be a probability space filtered satisfying
the usual conditions, in which one—dimensional standard Brownian motion W = (W;,0 <t < T)
is given. We assume that 7}V is defined by V¢t > 0, 7}V = o (W,.,0 < r < t) VN, where N denote
the totality of P—null sets of F.

Let M2 ([0, T],R) denote the set of one—dimensional jointly measurable random process

{¢+,t € [0,T]} which satisfy the following conditions:

T 2
/ i dt
0

Similarly, we denote by §?([0,T],R) the set of continuous one—dimensional random process

(@) = 1l pz(po,ry,p) =2 E < 00, (ii) : ¢, is F}¥ —measurable for any ¢ € [0, 7] .

which satisfy the following conditions:

(@) = llells2 (o, 1r) = E

sup |<pt\2] < 00, (ii) : ¢4 is F}¥ —measurable for any ¢ € [0, 7] .
te[0,T]

Let U be a nonempty subset of R.

Definition 3.1.1 An admissible control v is a process with values in U such that E

T
/ ]vt|2dt] < o0.
0

We denote by U the set of all admissible controls.

For any v € U, we consider the following fully coupled forward-backward stochastic differential

equation of mean-field type control system:
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/

dzy = b (Ll E @) E () E () o) dt

+ o (t,xf,yf,zf,E/ (x) ,E, (yy) ,IE, (z7) ,vt) dW4,

xg = a, (31)
dyp = —f (Lt g, 2 E (@) E () E (), v0) dt + W,
yr = &

where b : [0,T] X RXRXRXRXRXRXR—-R,0:[0,T]XxRXRXxRxRxRxRXxR =R,
F:0,T]xRxRxRxRxR xR xR — Rare jointly measurable, and z} is square integrable
and the terminal condition ¢ is a V' —measurable and square integrable random variable.

We defined the criterion to be minimized, with initial and terminal risk-sensitive performance

functional cost, as follows

I (0 () =E[exp {@ (a5, E () + ¥ (45, E (u0)) (3.2)
+ /0 K (t.2t 0, E @) B ) E () ) dt}] ,

where  : RxR >R, UV:RxR—=Rand/:[0,7] xRxRXxR xR xR xR xR — R are jointly
measurable and 6 is the risk-sensitive index.

The control problem is to minimize the functional J? over i/ if u € U is an optimal control solution,
that is

JO (u) = inf JO (v). (3.3)

Remark 3.1.2 We use the Euclidean norm |.| in R, T is a transpose and T'r is the trace of a matrix. All the

equalities and inequalities mentioned in this chapter are in the sense of dt x dP almost surely on [0, T] x 2.
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Notation 3.1.3 We use the following notations:

zv E (z¥) b
T=1| 4 |, T=| g (y?) | and D (t,T,T') = p (t, T, T/) ;
2V E (z¥) —f

where &' is the expected value with respect to the measure probability P (w,) , and E is the expected value

with respect to the measure probability P (w) .

We assume the following assumptions

(A1) For each T,Y € Rx R x R, D (t,T,T’) is in M2([0,T],Rx R x R x R x R x R) ie.
D (t, T, T’) is an F}V —measurable process defined on [0, 7] .

(A2) D (t, T, T') is uniformly Lipschitz with respect to <T, T/>. There exists a constant & > 0,
such that ‘D (t,Tl,T’) -D (t, TQ,T’)\ < k[T — To VY1, Yo, T € Rx R x R, ¥t € [0,7].

We also need the following monotonic conditions introduced by Min et al. [27], which are the

main assumptions in this chapter.

(Ag) <D <t,T1,T/) - D (t,Tsz,) Ty — T2> < —on |z — 29)” — ay (\yl —yol® + |21 — 22’2) ;

’ ’ ’

, T
A Tl = (l‘l,yl, Zl)T s Tg = (1‘2, Y2, ZQ)T s T = (E (1‘) ,E (y) ,E (Z)) s Vi & [O,T] where (a5} and
i are a positive constants.

Or we need the following

(A0) (D (:01,7") = D (£,02,0) X1 = T2) = @ far — wal* +az (Jur — el + 121 = 2f*)

’ l

! ’ T
VY= (z1,01,21), To = (2,9,2) , T = (IE (2),E (v),E (z)) , ¥t € [0,7] where a; and

o are a positive constants.
Theorem 3.1.4 For any given admissible control v (.), and under the above Assumptions (A1) — (As).

Then the fully coupled FBSDE of mean-field type control has a unique solution
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(x?,y¢, 20) € S2([0,T],R) x S2([0,T],R) x M2 ([0,T],R).

Proof. See [27] Theorem 6 page 3. m

A control that solves the problem {(3.1]), ,(3-3)} is called optimal. Our goal is to establish
risk-sensitive necessary and sufficient optimality conditions, satisfied by a given optimal control,
in the form of mean-field stochastic maximum principle with a risk-sensitive performance func-
tional type.

We also assume the following

(As)
i) b, 0, f,1, ® and ¥ are continuously differentiable with respect to
(2% 97,2 E (). E (4) E (=¥),v).

ii) All the derivatives of b, o, f and [ are bounded by

C (1 [l + 1y + 2] + [E (2) +1vl).

+ ‘E’ (y")

+ ’E/ (z)

iii) All the derivatives of ® and ¥ are bounded by C (1 + |z¥| + ‘E/ (z?) ) and C (1 + |y¥] + )E/ (y)

)

respectively.

Under the above assumptions, for every v € U equation (3.1]) has a unique strong solution, and
the cost function .J¢ is well defined from i into R.

For more details in this kind of problem the reader can see the paper of Min et al. [27].
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3.2 Relation between the Risk-Neutral and Risk-Sensitive

Stochastic Maximum Principle

The proof of our risk-sensitive stochastic maximum principle necessitates a certain an auxiliary
state process my, which is the solution of the following stochastic differential equation of mean-

field type control (SDE of mean-field type control):

!

dmy :l(t,xi’,yf,zf,E/ (J:f),E/ (y;),E (zf),vt> dt, mg=0.

Our control problem of {(3.1]), (3.2), (3.3)} and from the above auxiliary process, new control

problem translated is equivalent to

;

infE [expd {@ (o4, B (o)) + W (45, E (48) ) +mp }| = infE [ (w5, i)
subject to
dmy = U (tay,op = E (@) E () B (1) ) b
dxy = b (t xy,yp, 2 E (mt) E (yy) E (z7) ,Ut) dt (3.4)
+ a(t xy, yy, zf B xt) E (yf),E/ (zf),’ut> dW,
—f

(v w2t B (@7) B (9) ' () 00 db + 22 W,

v —

v o v
0, z§ =a, yp =¢&.

We require the following notation

Af = expd {<I> (x”T,IE/ (x”T)) + v (yg,E, (yg))

T
+/‘WmﬁwvaEwnﬁmeE@bwgw}
0
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and we put also
/ / T / ’ ’
Or i=® (o5, E (o)) + ¥ (W E ) + [ 1 (totoo, 2B (o) B (). E (), ) .
0
Then risk-sensitive loss of functional is given by

H(0,v) = %log [IE <exp9 {<I> <xé},,E, (x%)) + v (yS,IE, (yfj))

T
- / L(tar v 20 B (28) B () E (27) 01 dt})]
0

_1
T 0

log [E (exp 007)] .
When the risk-sensitive index 6 is small, by Lemma the loss functional H (6, v) can be ex-
panded as

E (@T) + gVar (@T) + O (92) s

where, Var (©1) denotes the variance of Or. If § < 0, the variance of Or, as a measure of risk,
improves the performance # (6, v), in this case the optimizer called risk seeker. But, when 6 > 0,
the variance of ©1 worsens the performance # (6, v), in this case the optimizer called risk averse.
The risk-neutral loss functional E (©1) can be seen as a limit of risk-sensitive functional (6, v)
when 6 — 0.

Next, let us introduce the following notations.

Notation 3.2.1 For convenience, we will use the following notations throughout this chapter. For ¢ €

{b,0, f,1}, we define
o(t) = o0 (t),u),

¢ (t) = ¢ (tv oY (t) 7vt) —¢ (t7 o« (t) aut) )

0

oc(t) = 5o t0O" (M), v,
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where

/ ’ ’ ’ ’

0" (t) = w,yi % B (af) B () B (2), OV (1) = 27,97, 2, B (2}) . E (), E (),

(=2x,9,2,2,Y, Z,v, and v, is an admissible control from U.

We assume that Assumptions (A1) — (As) hold. We may apply the SMP for a risk-neutral of fully
coupled forward-backward of mean-field type control from Min et al. [27] and with augmented
state dynamics (m", 2, y*, z*) to derive the adjoint equation. There exist unique F}V —adapted

three pairs of processes (p1,¢1), (p2,g2) and (ps, ¢3) solve the following matrix system of BSDEs:

dp () = —A@t)dt+ R(t)dW;,
p1(T) 1 0
p(T) | = 04% | @, (xz;,uz’ (a:z;)) +OE | A% | o, (x%,IE/ (x%)) ,
L\ p3(0) -, (v E () -0y (v, E ()
(3.5)
with
3 2 7
HIEAACIEDY | <t>|2dt] <,
where
0 0 0 p1 () 0 0 0 @ (1)
A= L@t b:(t) —fa(t) p2(t) | T 0 au(t) 0 a2 (t)
Ly (£) by (t) —fy(t) ps (t) 0 oy(t) 0 gs (t)
(0 o0 o s\l o o o) am )l
YE || @) b)) —fs0) || po@) || TE || 0 oxt) 0 || a0 ||
o o 60 ) \mo )| Lo oo o)\ ao )

59



Chapter 3. A Risk-Sensitive Stochastic Maximum Principle for Fully Coupled FBSDE of
Mean-Field Type with Application

and
q (1)
RA)=| ¢@) |-
8% (t)
such that
, L(t) b, () p1(t) 2 (t)
0" (t) =-Tr
o, (t) —f.(t) p2(t) p3(t)
/ L(t)  bs(t) p1(t) g (1)
—Tr |E

oz (t) —f= (1) p2(t) ps(t)

We suppose here that H? be the Hamiltonian associated with the optimal state dynamics

(m*, z%, y*, z*) and let the three pairs of adjoint processes (7' (t), ¢ (t)) be given by

H (1) = 1 (6. 0" (1) ,u, T (0, T @) = | vy | B +| o | (@) (36

—f () 0

Theorem 3.2.2 Assume that (A1) — (As) hold. If (m™,z*, y*, z*) is an optimal solution of the risk-
neutral control problem (3.4) , then there exist three pairs of F}V —adapted processes (p1,q1) , (p2, q2) and

(p3, q3) that satisfy (3.5) , such that
H (t,mi, 0" (t) ue, 7 (), (1)) (e = v) <0, (3.7)
for all u € U, almost every t and P—almost surely, where H? () is defined in Notation

Proof. We suppose that the Assumptions (A1) — (As) hold, we may combine the SMP for risk-
neutral of controlled fully coupled FBSDE of mean-field type from [27] with the results of Yong

38, 39]. m

60



Chapter 3. A Risk-Sensitive Stochastic Maximum Principle for Fully Coupled FBSDE of
Mean-Field Type with Application

3.3 New Adjoint Equations and Risk-Sensitive Necessary
Optimality Conditions

To the best of our acknowledge, the Theorem [3.2.2]is the SMP for the risk-neutral of fully coupled
forward-backward of mean-field type control problem. We follow the new approach has been
used in [10}, 11}, [13], a transformation of the adjoint processes (p1,q1) , (p2, g2) and (ps, ¢3) has been
suggested in such a way to the first component (p, ¢1) in has been omitted, and express the
SMP in terms of only the last two adjoint processes, that we denote them by (p2, g2) and (ps, ¢3).

Noting that dp; (t) = ¢1 (t) dW; and p; (T') = 6 A%, the explicit solution of this BSDE is
p1(t) =0 [AG | FV] = 0V, (3.8)

where VY :=E [A} | FV] VO <t <T.

In view of (3.8) , it would be natural to choose a transformation of (7, ¢) into an adjoint process

1

(p,q) , where py (t) = Wpl (t)=1.

We consider the following transform:

p1(t)
_ 1
PO = p) |=ge?®, 0<t<T (3.9)
t
ps (1)
By using and , we have
p1(T) 1 0
—~ .- o~ — ’ 1 ’ 9 ’
PO=| pm@m |=| o (:U%,E (:c%)) Tyt [V e (:@,E (m%))
s (0) 0, (4 E (u8)) (w5 E (u8))
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The following properties of the generic martingale V? are essential in order to investigate the
properties of these new process (p (t),q (1)) .

In this part, we want to prove the relationship between the expected exponential utility and the
quadratic backward stochastic differential equation.

First of all, it’s very important to write the expected exponential utility under this form

exp (OA)) =E[A} ;| F}V] =E

exp 0 {CD (m%,EI (:L'%)) + v (yg,E/ (yf{)) +/tTl (s) ds} | ]-}W] )

(3.10)

Lemma 3.3.1 The necessary and sufficient condition for the expected exponential utility (3.10)) to be hold,

is the following quadratic backward stochastic differential equation

dNd = — <l (t) + g \D(t)IQ) dt + D (t) dWi, (3.11)

AT

/T ]D(t)]th] < 0.

Proof. By the same technique in Lemma we can prove Lemma |

® (m%,E/ (:r%)) + U (yg,E' (yg)) :

where E

As is proved in Lemma m the process A? is the first component of the 7}V —adapted pair of
processes (A?, D) which is the unique solution to the quadratic backward stochastic differential
equation ((3.11]).

Next, we will state and prove the necessary optimality conditions for the system driven by a fully
coupled FBSDE of mean-field type control with a risk-sensitive performance functional kind.

To this end, let us summarize and prove some Lemmas that we will use thereafter.
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Lemma 3.3.2 Suppose that Assumption (As) holds. Then

E | sup ’A?‘ < Crp, (3.12)

t€[0,T]

where, Cr is a positive constant that depends only on T and the boundedness of [, ® and V.

In particular, V9 solves the following linear BSDE
AV = 6D (t) VEdw,, Vi = AY. (3.13)

Hence, the process defined on (Q, F,(FY) IP’) by LY, where

t>0"

VG 92 t 9 t
L=Vt — exp —/ D (s)| ds+9/D(s)dWs  Wo<t<T, (3.14)
Vo 2 Jo 0

is a uniformly bounded F}V —martingale.
Proof. The proof is similar to Lemma by using the expression of (3.13]), we can write
92 t t
VY = exp (—2/ D? (s)ds + 9/ D (s) dW, + 9/\8) .
0 0
Then,

V@ 92 t t
L?::%:exp(—/@g(s)ds—l—e/ D(s)dWS>. 0<t<T.
Vo 2 Jo 0

In view of (3.12)) , the above equality is a uniformly bounded F}V —martingale. m

Proposition 3.3.3 The second and the third risk-sensitive adjoint equations for (p2,q2), (ps,qs) and
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(V?, D) becomes

( dpy (t) = — {Hﬁ (t) + Vlth [V H (t)]] dt + 32 (t) — 0D (t) 2 (1) AW,

5 (T) = @, (a:%,IE/ (g;%)) + vl'TGE [V{Z% <acTE (ac%))} ,
0 () = — [Hg ) + %E/ vem? (t)}] dt — [Hf ) + %E/ VO H? (t)]] awe,

(3.15)
B0 = vy (3B ) g [V (06 )]

avy = 0D (t)VIdW,,

Ve = AL

The system (3.15)) admits a unique F}¥ —adapted solution (p,q,V?, D), such that

T
E| sup [+ sup [V (t)]2+/ (lgP+ D) dt] < o0, (3.16)
te[0,T] te[0,7 0

where

HO (t) == H° (1, 0" () ,v0, P2 (1) , G2 (1) , B3 (1), V (£) . D5 (1)) (3.17)

=1Lt +0@)p2(t) +0 () g2 (1) = (f (1) = D5 () z) p3 (1) -
Proof. We hope to identify the processes & and 3 such that
dp (t) = —a (t) dt + B (t) dW,. (3.18)

By applying Ito’s formula to the processes 7 (t) = V{5 (t) and using the expression of V? in
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(3.13) , we obtain

0 0 0 p1(t) 0o 0 0 @ (t)
~ 1 1
dp (t) = 9‘/}0 la: (t) bzz (t) _fz (t) b2 (t) dt 6‘/;9 0 og (t) 0 q2 (t) dt
by (6) by () —fy (1) ps (t) 0 oy(t) 0O a3 ()
0 0 0 p1(?)
1
o TWE lz (1) bz (t) —fz(t) p2 (1) dt
\ (0 by (1) —fy () p3(t) ] |
0 0 0 @ (1) D1 (1)
1 ~
oy || 0 oz () 0 @) ||4—0] Dty [B@)dt
t
i 0 oz() O q3 (1) | Ds (1)
q1 (t) D (1)
1 ~
Tove | e® AW =0 | Dy(t) |P(H)dW:
6% (t) D3 (t)
By identifying the coefficients of above equation to , and using the relation p () = 9—‘1/9 (1),
t

the diffusion coefficient j3 (t) it will be written as

(71 (t) Dl (t)
BO=1 @w |- Doty | PO, (3.19)
o (t) Ds (t)
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and the drift term of the process p ()

0 0 0 P (t) 0 0 0 @)
at) =11, b(t) —fo(t) p2(t) [T 0 ou(t) O g2 (t)
by () by (t) —fy(t) p3(t) 0 oy(t) O g3 (t)
0 0 0 0
fE W ww hw R0 || B0
lg(t) by () —f7(t) p3(t)
0 0 0 G (t) Dy (1)
+»%E VPl o oa(t) 0 a6 |+e] D) [B®.
0 oy(t) O g3 (t) D3 (t)
Finally, we obtain
0 0 0 P (t) 0 0 0 a1 (t)
dp(t) == 1,(t) ba(t) —ful(t) pa(t) [d—1 0 oa(t) 0O G @) |dt
by (1) by (t) —fy(t) p3(t) 0 oy(t) 0 g3 (t)
0 0 0 0
V| ho e no || Bo ||
lg(t) by(t) —f3(t) ps (t)
0O 0 0 @ (t) _ Dy (t)
—Vlth' VPl 0 o.(t) 0O B || d=0] Do) | B dt+B(t)dW:.
0 o5(®) 0 )\ @) )| Ds (¢)

It is easily verified that

dpy (t) = By (t) [dW, — 0Dy (¢)dt], p1(T) = 1.
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In view of (3.14)) , we may use Girsanov’s Theorem (see [12], Theorem 2.1 page 115) to claim that

dpy (t) = B (t) AW, PP —as, Py (T)=1,

where dW/ = dW; — 0D (t) dt is a P —Brownian motion, where

a®
dP

t 62 t
:—Lf—exp(e/ D(s)dWS—/ \D(s)\2d3>, 0<t<T.
FV 0 2 Jo

In view of (3.14), the probability measures P? and P are in fact equivalent. Hence, noting that

1
p1(t) = gyoP (t) is square integrable, we get that py (t) = E° [p; (T) | 7}V] = 1. Thus, its
t

T
quadratic variation / |¢1 (t)|? dt = 0. This implies that, for almost every 0 < ¢ < T, gy () = 0, P?
0

and P—a.s, we have

0 0 0 0 0 0 0 @ (t)
dp)=—| 1) ba(t) —fu(t) pa(t) [d=| 0 oat) O G (1) |dt (320)

by (t) by (t) —fy (1) ps (t) 0 oy(t) 0O g3 (t)
_ 0 0 0 P (t) _

Tl 1 RO AUN | EAUR I
I Iy (t) by (t) —fy(t) p3(t) ] |
_ 0 0 0 0 _

Vlth' VPl 0 aa(t) 0 n) || d+Bwawt.
BUETCENAYICN]
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Now replacing (3.19) in (3.20]) , to obtain

0 0 0 p1(t) O 0 0 a1 (t)
dﬁ(t) == Iz (t) by (t> _fx (t) ]32 (t) dt — 0 o, (t) 0 LYZ (t) dt (3'21)
Ly (t) by (t) —fy(t) ps (1) 0 oy(t) 0 g3 (1)
0 0 0 p1(t) _
1
Syt V| e b L) || B | ]
lg(t) by () —f5(t) p3 (t)
o 0 0 a1 (t) a1 (t) Dy (1)
- VlteE' VIl 0 aa)y o || @@ [|d+] @ [dW =0 Dy | PV,
0 ogz(t) 0 g3 (1) 6% (t) D5 (t)
where
0. () —f. () p2(t) p3(t)
1 |y Iz(t) bz(t) p1(t) q2(t)
-Tr WE |7
' oz (t) —f=(1) p2(t) ps(t)
From (3.21]), we get
dp2 (t) = —[lu(t) +bs (1) P2 (t) — fa (t) P3 (1) + 04 (¢) g2 ()] dl
- %E/ [V [l (8) + bz (1) a2 (t) — f2 (8) D3 (t) + 0z (1) g2 (1)]] dt (3:22)
+ (G2 (t) — 0Dy (t) p2 ()] dWY,
dps (t) = —[ly(t) +by (t)p2(t) — fy (1) P3 (t) + 0y (1) g2 (t)] dt
g V1l (1) + by (052 1) = fy (s (6) + 3 () (0)] e
t (3.23)
— [l (8) + b (1) Pa (t) — (f= (t) — 0D (1)) P3 (t) + 0= (t) G2 ()] AW/
- V;E' [V Iz (t) + bz (8) P2 (1) = f2 () P3 (t) + 0= (1) G2 (1)]] dWY.
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We can rewrite (3.13)), (3.22) and (3.23)) as the system below

d@@=~{mm+nEmwwﬂﬁ+mm 0D, () (1)] WY,

5 (T) = @, <a:TIE (a;;,)) +V19E [VT@ (xT,E’ (x%)ﬂ,

Walt) = — [0+ B 0] 0] e [0 )+ B Vot o] aw.
Ps(0) = %@ﬂ(@ ;EWM@W@ML

Ve = 0D (1) VAW,

Ve = 49,

The system (3.15)) admits a unique 7}V —adapted solution (p, ¢, V?, D), such that

T
E| sup [p(t)]*+ sup [V( )!2+/O (|Zj(t)|2+|D(t)|2) dt] < 00

te[0,T) t€[0,T]
where

HP (t) := H° (t,0° (t) ,ve, D2 () , G2 (£) , 73 () , V7 (1) , D5 (1))

=L@ +b()p2(t) +0 (1) g2 (t) = (f (1) = 0D5 (1) ) p3 (1) -
This finished the proof of Proposition n

Theorem 3.3.4 (Risk-sensitive necessary optimality conditions)

We assume that (A1) — (As) hold. If (z*,y*, 2%, u) is an optimal solution of the risk-sensitive control
problem {(3.1) , (3:2) , (3:3))}, then there exist pairs of F}V —adapted processes (V°,D) , (p,q) that satisfy

(3.15) and (3.16)), such that
Hg (t7 o (t) ?utaﬁQ (t) 762 (t) 7ﬁ3 (t) >V9 (t) 7D3 (t)) (ut - vt) < 07

forall w € U, almost every 0 < t < T and P—almost surely.
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Proof. We arrive at a risk-sensitive stochastic maximum principle expressed in terms of the adjoint

processes (p2, ¢2) , (P3,q3) and (Ve, D) which solve ([3.15)), where the Hamiltonian H? associated

with (3.4)), given by (3.6]) satisfies

HY (t,my', 0" (1) ug, B (1), (1)) = {0V} H® (£,0" (1) sue, B2 (£) @2 (1) , P (1), V7 (£) , D5 (1))

(3.24)
and HY is the risk-sensitive Hamiltonian given by (3.17). Hence, since V¢ > 0, the variational

inequality translates into
HY (8, 0" (t) ,ue, B2 () @2 (8) , B3 (8) , V7 (£) , D3 (t)) (ws — vr) <0, (3.25)

for all u € U, almost every 0 < t < T and P—almost surely. This completed the proof of Theorem

B34 m

3.4 Risk-Sensitive Sufficient Optimality Conditions

In this section, we study when the necessary optimality conditions (3.7) become sufficient. For
any v € U, we denote by (z",y", 2") the solution of equation (3.1]) controlled by v to state the

following result.

Theorem 3.4.1 (Risk-sensitive sufficient optimality conditions)
Assume that the functions ®, U and (m®, 0%, v) — HO (t,m?, 0" (t) v, T (t), ¢ (t)) are convex and

for any v € U such that E

T
/ |v]? dt] < oo. Then wu is an optimal solution of the control problem
0

{@B3), . (3-3)} if it satisfies :
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Proof. Let u be an arbitrary element of ¢/ (candidate to be optimal). For any v € U, we have

J(v) = J% (u) =R [exp@ {(I> (az%,E/ (x%)) + v <yg,IE, (yg)) + m%H

’

—-E {exp&{q) (m%,E (w%)) + U (yg,IE, (yg)) +m%H .

By applying the Taylor’s expansion and since ® and W are convex, we get

J? (v) — J? (u) > E [0AF (mY — m¥)]

’

+E [e [AOTQI (x'g; E (x'g;)) +E [A%(I)E <x3j~ E (w%))” (a8 — xg;)]
+E |0 [A5, (4. E () +E |49 (v B o) || w5 - )]
It follows from (B.5), we remark that p; (T) = 0A,
p2 (1) = 0 |49, (o4, B (a4)) +E [45.0; (24, E (24))]]  and
p3(0) = —0 [AGT\IIy (yg, E (yg)) +E [AOT% (yg, E (yg))ﬂ , then we have
J? (v) = J% (u) > E[py (T) (my — mif)] + E[p2 (T) (¢ — )] = Elps (0) (y5 —v)].  (3.26)

By applying Itd’s formula to p; (t) (mj — mi), p2 (t) (x} — «}) and ps3 (t) (yf — yi*) , that lead to

T — —
Bl () = )] = —E | [ 22 (6o 0" (0.0, 7 (0.7 () (ot = x?)dt] (3.27)

_E /OTE’ [ﬁg (t,m};,O“ (t) ,ut,?(t),T(t))} (z? —a;};)dt]

+E /O (b, O% (1), vy) — b (t, O (£) ,us)) ps (1) dt]

T
+E /0 (0 (t,0° (), v) — o (£, O™ () ,up)) g2 (£) dt] :

and
Elp1 (T) (mp —mp)] =E [/0 (L(t, 0% (t) ,v) = L(t, 0" (t) ;) p1 (1) dt] : (3.28)
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and

0
Y

E[ps (0) (4§ — )] = —E [ /

(t,mff,@“ (t),ug,

—

P d ) ) dt] (3.29)

By replacing (3.27) , (3.28) an

J (v) = J% (u) > E

_/T o [ﬁg (t, my, O (t) ,ut,7(t),7 (t))] (y? — yf)dt]

0

—

_/OT H? (t,m}f,@u t),ue, p (1), ¢ (t)) (20 — z}f)dt]

:/OT E [flﬁ (t, ml, 0" (t) ,ut,?’(t),?(t))] (20 — zg)dt]

/0 (f (£, 0" (t),ve) — [ (£, 0" (t) ,ur)) ps (1) dt] .

d (3.29)) into (3.26]), we get

(3.30)
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Since the Hamiltonian H? is convex with respect to (z,Z,y,9, 2, Z,v), we have

E /Tfﬁ(t,mg,ov(t),vt,7(t),7(t))dt _E /OTfﬁ(t,mg,o“(t),ut,7(t),7(t))dt]

0

>E
0

/ U (6t 0% (1), T (0, 7 ) (5 —a?) dt]

+E /OT E [ (t.mf. 0" (1) .u B (1.7 ()] (af — a0) dt]

+E| [ UL (600 (0,0 B 0. 7 0) 0 - yi‘)dt]

2l

ve| / "B [ (. 0 ) T (0.7 )] 8 —yi‘)dt]

<]

+E /OT 72 (1m0 (1) e, 7 (1), (1)) (zf—zt“)dt]

+E /OTE’ [ (t.mit. 0" (1,0 0 (1), 7 ()] (25— =0) dt]

+E /OT A9 (t.m. 0% (1), u B (1), 70 (1)) (v — ) dt] .

Then, by using above inequality in (3.30] , we obtain

J () = J% (u) > E

/OT H' (t,m?a O (t),ues p (), ¢ (t)) (v — ug) dt] .

In virtue of the necessary optimality conditions (3.7 , then the last inequality implies that

J? (v) — J? (u) > 0. Then the Theorem is proved. m
Remark 3.4.2 In the last step of proof, and according to (3.24]), we have

J? (v) = J? (u) 2 E /0 OV H (8, 0" (1) yur, P2 (8) @2 (8) .3 (), VO (1) , D3 (1)) (vr — Ut)dt] :

we know that OV,f > 0. Then the above equation can be rewritten as

IO (0)=J% (u) > E /0 HY (8,0 (t) ,ug, pa () G2 (1), p3 (), VO (£) , D3 (1)) (ve — Ut)dt] :
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In virtue of the necessary optimality conditions (3.25)) , then the last inequality implies that

JO (v) — J% (u) > 0.

3.5 Applications

3.5.1 Example 1: Risk-Sensitive Control Applied to the Mean-Field Linear-

Quadratic

We provide a concrete example of a the mean-field risk-sensitive forward-backward stochastic
LQ problem and we give the explicit optimal control and validate our major theoretical results in
Theorem (Sufficient optimality conditions for risk-sensitive). First let the control domain be
U = [-1,1]. Consider the following mean-field linear quadratic risk-sensitive control problem

1 TQ Lo, 1,2
exp 0 iovtdt‘*‘i(ﬂfﬂ +§(3/0) ;

subject to

(

inf E
veld

dz? = (Alxg +ASE (2 + Agvt) dt + (le;) + BoE (a¥) + Bgvt) AW,

dy? = — (olxg + CoF (a7) + Cayf + C4E (yf) + Cs2 + C6E (27) + th) dt + zp AWy,

v — v o
L 0 = a ypr =E&.

(3.31)
where Ay, As, A3, By, Ba, B3, Cy, Cs, Cs3, Cy4, Cs, Cs and C7 are positive real constants.
Let (x?,y7,27) be a solution of (3.31]) associated with v;. Then, there exist unique F} —adapted

pairs of processes (p1,q1),(p2,q2) and (ps,gs3) of following FBSDE of mean-field type system
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(called adjoint equations), according to the equations ({3.5))

;

dpr(t) = q (t)dWy,
dp2 (t) = = (Ap2 (1) + Buas (£) = Caps (8) + AE (p2 (1)) + BoE (a2 (1))
—  CoF (ps (t))) dt + g2 (t) AWy, (3.32)

dps (t) = (CSPB (t) + C4E (ps (t))> dt + <C5p3 (t) + CoE' (ps (75))) dWy,

pi(T) = 0A], p2(T) = 0x5A%, ps(0) = —OygA7,
where
T —— {; /OT o2dt + % ()2 + % (y8)2} .
We give the Hamiltonian H defined by
O (t) = 2 (t.m}, 0" (1), v, 9 (1), ¢ (1))

1 / /
= Juipr (1) + (Aua} + ASE (@) + Agve) p2 (1) + (Bra} + BE' (a7) + Bavt) a5 (1)

— (C1a} + CoE (a7) + Cayy + CoE (97) + G2} + CoE (1) + Crun) ps (1).
We have HY (t) = v;py (t) + Asps (t) + Bsgs (t) — Crps (t). Minimizing the Hamiltonian yields
u; = (Crps (t) — Asps (t) — Bagz () py ' (1) - (3.33)
We only need to prove that u, is an optimal control of .

Theorem 3.5.1 ( Risk-sensitive sufficient optimality conditions for a linear quadratic control problem).

Suppose that u, satisfies (3.33)), where (;, Tf) satisfy (3.32)). Then w, is the unique optimal control of the

above mean-field FBSDE of linear quadratic problem (3.31).
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Proof. From the definition of the cost functional .J?, we have

1 T 2 1 V2 1 v\ 2
exp 0 5 ; vtdt+§($T) +§(y0)
1 [T 1 1
~E expe{/ ufdt+(m%)2+(y6‘)2}]-
2 /o 2 2

1 T
We put mf. = 3 / vidt, and by applying the Taylor’s expansion, we have
0

J (v) = J? (u)) =E

J? (vr) = J? (ue) = Elpy (T) (mf — mip)] + Ep2 (T) (o — 2%)] — E[p3 (0) (5 —v5)],  (3.39)

where p; (T) = 0A%, p2 (T) = 0x% A and p3 (0) = —Oyg AS..
By applying Itd’s formula to py (¢) (m§ —my), p2 (t) (xf — zy) and p3 (¢) (y; — yi*) , and used the

explicit forms of the adjoint equations (3.32)), that lead to

E[py (T) (m} — m})] = E

T
/ B (Uf — u?)pl (t)dt|,
0
and

E[ps (T) (z — 27)] +E

/ Clp3 — Xy ) dt

/ Cops (1) (o} — 2} dt]

E / Asps (t) (vp —ug) dt| + E
0

T
/0 Bsqa (t) (v¢ — uy) dt] :

and

—Eps (0) (5 — v0)]

/ ClPS - iUt ]

—-E /0 Crps (t) (ve — uy) dt] )

/ Caops (t —xy) dt]

By replacing the three above formulas into (3.34]), then we get

T
T () — J° (u) = E / L =) (=) pr () dt| +E
0

2

T
/ ug (v — ug) p1 (t) dt]
0

E /0 Cops (1) (vy — ug) dt| + E /O Asps () (0y — ug) dt| +E /0 ngg(t)(vt—ut)dt].
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Because (v; — u:) being nonnegative. Then we have the following result:

J% (v) — J% (u)) > E [/Tut (ve —ug)pr (t)dt| + E
0

/0 Asps () (vr — ) dt]

+E

T
/o B3z (t) (vp — uy) dt] —E

T
/0 Crps (t) (ve — ug) dt] -
Then

J? (ve) — J? (ug) > E

/0 (up1 (t) + Aspz (1) + Bsgz (t) — Crps (1)) (ve — ue) dt] : (3.35)

By replacing u; with its value in (3.35), we obtain J? (v;) > JY (), i.e. u; is optimal. This proof

is finished. m

3.5.2 [Example 2: Financial Application: Mean-Variance Risk-Sensitive
Stochastic Optimal Portfolio Problem

We deal with the mean-variance risk-sensitive stochastic optimal control problem, and apply the

risk-sensitive necessary optimality conditions (Theorem 3.3.4). Our state dynamics is

dz} = (pve + ra})dt + ov,dWy,
(3.36)
338 = Mmoo,
and
dyy = —(cx} + pvy — Ayy) dt + adWy,
(3.37)
yr = 0.

According to by Lemma we conclude

T () = %log [J (v ()] =E(Or) + gVar (0r)+0(6%),

T

where O := @ (a:TIE (x%)) U (yg,E’ (yg)) +/ L(t, 07 (1) ,v,) dt.
0
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We put! (t,0" (t),v;) =0, (a;”T,IE/ (a:”T)) =zhand ¥ (yg,E/ (yé’)) = —yy, wegetOr := zh—yg.

Then, the cost functional be the following

T (0 () = log [ (0] =B o — 5 + § leh — 5 91|, (339)

where 0 >0, 0 #1, 9 = E (2} — y{) .

The investor wants to minimize ([3.38)) subject to (3.36]) and (3.37) , by taking v (.) over .

The Hamiltonian function (3.17) gets the form

HO (t) := HO (t,0° (t) , v, P2 () , G (t) , 3 (t) , D3 (1)) (3.39)

= pvr (P2 (t) = p3 (1)) + ovrgz () + raypa (8) + (M) — cxy +6D3 (1) a) p3 (1) -

Let (2}, y}", ;') be an optimal triplet of the system {(3.36)) , (3.37)}. The adjoint equations ((3.15])

reduces to
dﬁg (t) = Cﬁg, (t) - ’I”]A?lg (t) dt + [Z]VQ (t) - 92)2 (t) 52 (t)] thG,
(3.40)
p2(T) = 1+40[zp —y5 -],
and
dps (t) = —Aps(t)dt,
p3(0) = 1+0[zF —y5— 0],
Minimizing the Hamiltonian (3.39) , we obtain the following result
p(p2 (t) = ps (t)) + ¢z (t) = 0. (341)
The SDE ([3.36)) , and the adjoint equation (3.40)) with respect to optimal control, being
dzi = (pup + ra}) dt + ou dWy,
(3.42)
Ty = mo,
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and
dpy (t) = cpy (t) —rpy (t)dt + [g5 (t) — 0D (t) Py ()] dWY,
(3.43)
p3(T) = 1+0[zp —yg—9].
Replacing dW! = dW; — 0D (t) dt in (3.43), we get
dpy (t) = [cpy (t) — rpy (t) — 0D (t) g3 (t) + 60°D3 (t) py (t)] dt + [ (t) — 0D (t) Py ()] dWr,
p3(T) = 1+0[zp —yg—9].
(3.44)

Therefore, an optimal solution (p4 (¢),z}, u;) can be obtained by solving the system of FBSDE

with mean-field type control (3.42)) and ([3.44)). To solve the FBSDE {(3.42)) , (3.44) }, we conjecture
the solution to ([3.42) and (3.44)) is related by

Py (1) =@ (t) o +< (O E () +7 (1), (3.45)

for some deterministic differentiable functions w (t), < (t) and ~ (¢), as the best of our acknowl-

edge the term ou,dW; is called stochastic integral, so it goes to zero with respect to EI, we have

a8 (af) = (pE (ue) +7E (o)) dt,

/7

By applying Itd’s formula to (3.45), we get

;

) = [(FO+z@r)a+(C0+s@r)E @)
+ 3 + @ (8) pus + < (t) pE (ut)} dt + w (t) ou Wy, (3.46)
Py (1) = @ (T)af+<(T)E (¢%) +7(T).

By equating the coefficients and the terminal conditions of (3.44]) and (3.46) , we have

(1) = @ () ous + 0D (D FE (1), @ (T) =0, ¢ (T) =0, v(T) = 1— Oy — 00, (347)
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and
0= (FW+m®)r)ar+ (2O +sOr)E @) +5 1)+ () puy (3.48)
+6(t) pE (ur) — cpY (t) + Y (1) + 0D () G5 () — 0*D3 () By (t) .
By substituting into (3.48), and by using (3.45)), we obtain
0= (& (t) +2m () r) i + (S0 + 26 () ) E () + 3 (1) + 77 (1) (3.49)
+ @ () pue + < () pE (ug) — cpy (t) + 6D, (t) @ (t) ouy.

By (3.49) , we deduce that @ () , < (t) and y (¢) satisfying the following ordinary differential equa-

tions (in short ODEs)
(

@ (t) + 2w (t)r =0,

(3.50)

() + 1y () + @ (b) pus + < () pE (wg) — Pl (£) + 0Dy (t) w (t) ouy = 0,

v (T)=1- 0y} — 6v.

\

By solving the first and second ODE:s in ({3.50) , we get

w (t) = fexp <—2 /T rds) , (3.51)
T
s (t) =0exp (—2/ rds) . (3.52)

Using integrating factor method, to solve the third ODE in (3.50)), we know that

T+ 1y () + @ (t) pur + < (£) pE (ue) — Py (t) + 0Ds (t) @ () ouy =0,
(3.53)

v (T)=1- 0y — 09.
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We put

5 (t) =@ (t) pug + < (t) pE (ug) — cp (t) + D4 () @ (t) ouy. (3.54)

We rewrite (3.53)) as follows
Y(E) +ry () +6(t) =0,
(3.55)
v (T)=1- 0y — 69.

The explicit solution of the equation (3.55)) is

v (t) = [1 — Oyt — 09 — /t U5 (s) exp ( /t S rdo> ds] exp (— /t ' rds) : (3.56)

where ¢ () is determined by ([3.54)).

Finally, we can have the optimal control in the following state feedback form by using (3.47), we

| 1 ~ . ~u
have u; = qu (t) — W&DQ (t) py (t), then by replacing the value of ¢¥ (¢) from (3.41)),

and py (t) from (3.45]) into the last expression of u; above, we have

1 3 1
P () (t)zi — (p+ 00D2 (1))

wp = — (p+ obD; (1))

~ (00D (1) sy (0 + =2 (),

where w (t), ¢ (t) and «y (¢) are determined by (3.51)), (3.52)) and (3.56)) respectively.

Theorem 3.5.2 We assume that w (t) , s (t) and ~y (t) have the unique solution given by (3.51)), (3.52])

and (3.56)) respectively. Then the optimal control of the problem {(3.36)), (3.38)} has the state feedback

from G57).

It’s very important to remark that the solution of the function v (¢) in the expression (3.53) is
depend to the solution of pY (t). If we put 3% (t) = £ (t)y* + B(t)E (y*) + x (t), for smooth
deterministic functions £ (¢) , B (t) and () . By using the similar technique as an optimal solution
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in the last paragraph, to the optimal solution of (p¥ (¢),y}*, u:), then the solutions of functions

€ (t), B(t) and k (t) yield respectively the equations

/

£ (1) + 2)E () = 0,

/

R () + M (8) = & () expt — € (t) puy — B (1) B (x}') = B(t) pE (uy) =0,

k(0) =1+ 0zf — 69.

By solving the first and second ODEs in (3.58), we have

E(t) = —fexp (-2 /0 t Ads) ,
B(#) = Oexp (-2/5 )\ds> .

Using the integrating factor method, to solve the third ODE in ([3.58)), we know that
R(t) + Ak () — € () exlt — E () puy — B (t) B (x}) — B (¢) pE' (uy) =0,
k(0) =1 —0zf — 69.

We put

We rewrite as follows
k(1) 4+ A& (t) + 9 (1) = 0,
k(0) =1+ Oxf — 69.

The explicit solution of equation (3.63]) is

(1) = [1+9$6‘—919—/0tw(s)exp </0$)\dr> ds] exp </0t—)\ds>,

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)
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where 1 (t) is determined by (3.62).

Then by using the expression of p4 (¢) , the feedback form of the control in (3.57]) can be rewritten

as

e == (p+ 092 (1)) 3 ()} — (p+ 00D 1) = s OF @) (3.65)
1 P u P u P
~ (00D (1) sy () + =52 (O + s BOE () + w0

Corollary 3.5.3 The explicit solution of the first and second ODEs in (3.58|) are given by (3.59), (3.60))

and the third ODE in has an explicit solution given by (3.64), where o (t) and < (t) are determined

functions given by (3.62]).

At the end, we can sum up the problem of portfolio {(3.36]), (3.37)) , (3.38])} for mean-variance

with risk-sensitive performance, in the next Theorem as the main result.

Theorem 3.5.4 We assume that w (t), < (t) and ~ (t) have the unique solution given by (3.51)), (3.52))

and respectively, € (t) , B (t) and k (t) have the explicit solution given by : and .

Then the optimal control of the problem {(3.36) , (3.37)) , (3.38) } has the state feedback from (3.65), where

§ (t) is determined by (3.54)), o (t) and + (t) are given by .
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his thesis contains two main results in every chapter. The first result is Theorems

and establishes the necessary optimality conditions for the system of BDSDE

with risk-sensitive performance and the system is governed by fully coupled FBSDE
of mean-field type control given in form of risk-sensitive performance respectively, using an al-
most similar scheme as in Chala [10]. The second main result, Theorems and suggests
sufficient optimality conditions of BDSDE given in form of risk-sensitive performance and fully
coupled FBSDE of mean-field type control given in form of risk-sensitive performance respec-
tively, as our best acknowledge that these results are a good extension of the result established by
Chala in [11]. The proof is based on the convexity conditions of the Hamiltonian function, the ini-
tial and terminal terms of the performance function. Note that the risk-sensitive control problems
studied by Lim and Zhou in [25] are different from ours. Remarkably, the maximum principle of
risk-neutral for the system BDSDE obtained by [2 21], and Yong [38] are similar to our Theorem
but the adjoint equations and maximum conditions heavily depend on the risk-sensitive
parameter. The maximum principle of risk-neutral for the system obtained by Min et al. [27], is

similar to (Theorem|3.2.2), but the adjoint equations and maximum conditions heavily depend on
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the risk-sensitive parameter. If we put § = £ = B = k = 0, we can compare our feedback control

of (3.65)) with such control obtained by Hafayed [17].
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