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Introduction

The variable Lebesgue spaces, originally introduced by Orlicz [19] via replacing p with
an exponent function p(-) : R* — (0,00), are a generalization of the classical Lebesgue
spaces. Many properties in classical Lebesgue spaces have been generalized to the variable
Lebesgue spaces. In 1931’s, Kovécik and Rakosnik [I8] proved some elementary properties for
this kind of spaces. These spaces have been extensively studied by many researchers due to
their wide use in different fields such as harmonic analysis and partial differential equations,
see for example [3, 0] 17, [7]. The real variable theory of Hardy spaces HP(R") is another
generalisation of the classical Lebesgue spaces. It was introduced by Stein and Weiss in [§].
This theory was regularly developed by Fefferman and Stein in [3] for the case p € (0, 1].
The Hardy spaces are a good replacement of the classical Lebesgue spaces especially in
the study of the boundedness of various operators and the Reisz transforms are a typical
example, they are bounded on the Hardy spaces HP(R™), however, they miss this property
in the LP(R™) spaces. Additionally, the different characterization of Hardy spaces allow them
to be more important and useful in many problems and play a considerable role in various
fields of analysis such as harmonic analysis and partial differential equations (see for example
[9, 16, B] and their references). Nakai and Sawano [10] introduced and studied the variable
Hardy space HP®)(R"™) and investigated their dual spaces.In this dissertation, we give the

study the variable Hardy space HP()(R") and it maximal function characterization.
We end this introduction by describing the layout of this thesis.

In Chaptre 01, we introduce some preliminaries and recall the definition of the variable

Lebesgue space and its well-known properties.



Introduction

In Chaptre 02, we study the variable Hardy space and its different characterization. H?() (R™).

In Chaptre 03, we introduce the boundedness of the Singular operators on H?¢)(R™).



Chapitre 1

Preliminaries

In this Chapter, we present some preliminaries and recall the definition of the variable

Lebesgue space LPC)(R™) and some of its known and elementary properties.

1.1 Variable exponent and modular

Given an open set 2 C R". We put

Po(2) := {p mesurable : p(.) : Q — [¢,00[ for some ¢ > 0} .

The elements of Py(€2) are called exponent functions or simply exponents. In order to dis-
tinguish between variable and constant exponents, we will always denote exponent functions
by p(.).

Next, we give an example of exponent functions presented in see[4].

Example 1.1.1 [2]  Some examples of exponent functions on : Q2 = R include p(z) =p
for some constant p, 1 < p < oo, or p(z) = 2 + sin(z). Ezponent functions can be un-

bounded : for instance, if Q2 = (1,00), let p(z) =z and if Q= (0,1), let p(z)=1/x .



Chaptre 1 : Preliminaries

Notation 1.1.1 [7]]  We denote by
P(Q2) := {p mesurable : p(.) : Q CR" — [1,00[}.
Given p € Py and a set E C ), let
p_(E) = ess ;g}fgp(x) and p,(E) = ess iggp(x)
If the domain E = Q) = R"™ we will simply write
p— =p-(Q) and p+ = p,(Q).
We define three canonical subsets of €}

Q) = {z € Q: plx) = oo},

R ={zeQ:pa) =1},
Y ={reQ:1<p(x)<oo}.

0<p-<py<o0

Remark 1.1.1 1. Given p(.) € P(Q), define the conjugate exponent function p (.) by
the formula
1 1
-1, zeq
p(x) — p'(x)
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Modular and properties of the modular

Given p € P(2), we define the variable Lebesgue space LP()((2) as the set of all measurable

functions f such that

/ |f ()P dz < .
Q

There are problems with this approach, the most obvious being that it does not
work when (), has positive measure. To remedy them, we begin with the following

definition.

Definition 1.1.1 [2]  Given Q, p(.) € P(Q) and a Lebesque measurable function f, define

the modular functional (or simply the modular) associated with p(.) by

p(x)
prralf) = / F@ dz + [ fll e -
O\ Qoo

~ If f is unbounded on Qo or if f()PV ¢ LYO\Qs) we define pyyalf) = +oo. When
Q] =0,
~ in particular when p; < oo, we let || f|| =g ) = 0, when [N\Qu| = 0, then pp)a(f) =

11l =can) -
If there is no ambiguity, we will write simply p(f).

Remark 1.1.2 There are two other definitions of the modular in the literature.

One immediate alternative is to define it as

o(f) = max ( / G ufumw)) .

The modular has the following properties
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Proposition 1.1.1 [2]  Given Q, and p(.) € P(Q), then :
1. for all f, p(f) = 0 and p(|f]) = p(f)-
2. p(f) =0 if and only if f(x) =0 for almost every x € L.
3. if p(f) < oo, then f(x) < oo for almost every x € SQ.

4. p is convex : given o, 3 >0, a+ 3 =1,

plaf + Bg) < ap(f) + Bp(g).

5 if [f (@) = lg(x)] a.e., then p(f) = p(g)-
6. if for some A > 0,p(f /A) < oo, then the function X — p(f /A) is continuous and

decreasing on [\, 00) . Further, p(f /A) — 0 as A — oo.
An immediate consequence of the convezity of p is that if o > 1, then ap(f) < p(af),

and if 0 < a < 1, then p(af) < ap(f). We will often invoke this property by referring
to the convexity of the modular.

Definition 1.1.2 [71]  Given Q and p(.) € P (S2), the variable Lebesgue space LPO(Q) to

be the set of all measurable functions f such that Py (f/A) < 00 for some A > 0.

p(.)
<1;,

Lp(')(Q) = {f measurable :3 X > 0: pyy(f/\) = / @
Q

equipped with the following quasi-norm
||fHLP(~)(Q) = inf {/\ >0 pp)(f/A) < 1} .

If the set on the right-hand side is empty we define Hf||Lp(,)(Q) —00. If Q2 =TR" we will

often write ||pr(‘) instead of Hf”Lp(-)(Rn) .

Definition 1.1.3 [71]  Given Q and p(.) € P (), Define L*)(Q) dy

loc

Lfo(g(Q) = {f measurable : f € LPY(K) for every compact set K C Q} )

6
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Proposition 1.1.2 [2]  Given Q and p(.) € P(), if p, < oo, then f € LPO(Q) if and
only if
o) = [ 1@F do < oo,

Proof. Since p; < oo, we can drop the L* term in the modular. Clearly, if p(f) < oo then

f € LY. Conversely, by Property (5) in Proposition (1.1.1)) , we have that p(f/)\) < oo

for some A > 1. But then

p(f) = /Q (‘f(i” A>M') dz < X+ p(f/N) < oo.

Theorem 1.1.1 Given Q and p(.) € P(Q), LPW(Q) is a vector space.

Theorem 1.1.2 Given 2 and p(.) € P(Q), the function ||.|| o0 ) defines a norm on
LrO(Q).

Remark 1.1.3 [2]  Let p(.) € P(Q), p_ € [1,00), then LPM)(Q) is a Banach space.

Proposition 1.1.3 [I]Let p € Po(R™) with p; < 0o and s > 0 be such that 1/p_ < s <

0o. Then
STy = 1 1 -

Proof. This follows at once from the definition of the norm : since || = 0, if we let
= )\l/s

s [ (@Y

H|fH|p(.):1nf{)\>0./Q( 3 dr <1
s p(z)
. mf{us s ('f(@') i < 1} 111
Q H

n
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Example 1.1.2 Let Q = (1,00) and p(z) = 2. Then there exists a function f € LP@)

such that P(f/Hpr(.)) < 1.

Proof. We will construct a function f such that p(f) < 1 but forany A < 1, p(f /A) = 0.
Then || f][,, =1 and P(f/”f”p(.)) =p(f) <1. Fork >2let Ix = [k, k+ k?] and define

the function f by
then

On the other hand, for any A\ < 1

0 k4+E—2 0 1
DR S P STEED P TR
k=2

k=2

This example can be adapted to any space such that p,(Q\{.) = oo; otherwise, equality

must hold. m

Lemma 1.1.1 p(.) € Po(Q) and p_ <1, f,g € LPV
1f + glleer < 1f e + gl oo -

Proof. [I]  Since p /p_ € P, by Lemma(l.1.3)) , convexity and Minkowski’s inequality, for

the variable Lebesgue spaces,

F +allpcy = MF + gl ey < AP+ 1070

< M50+ o™ 5y = 15 Nl
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1.1.1 Lebesgue spaces with variable exponents

Let © C R™. We recall that LP(Q2) is the set of all measurable functions for which the

|mm:(4wmwaé<m

Here and below we consider Lebesgue spaces with variable exponent, which is the

norm

heart of this paper. We are placing ourselves in the setting where the value of p above varies
according to the position of z € ). The simplest case is as follows : suppose we are given a

measurable partition € = ; U (), of Q. Consider the norm || f||, given by

WM=(LU@WWQé+<%U@WWQé,

SO,if we set p() = pP1Xo, +p2XQ27
then we are led to the space LP)(€2). What happens if the measurable function p(.) assumes

infinitely many different values? The answer can be given by way of modulars.
Lebesgue spaces with variable exponents have been studied intensively for these two

decades right after some basic properties were established by Kovacik and Rékosnik[I8].

Theorem 1.1.3 (Minkowski’s inequality). Let 1 < p < oo. Then, we have
1f +all,, @ < @+ 91l @) -

forall f,g € LP(Q).

1.1.2 Elementary properties

Given a variable exponent p(.), we define the following :

a. p_ =supqa: p(x) >a, v €Q},

b. p. =inf{a: p(x) <a, x € Q},
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c. =p1(1,00)) =2/ UQ,

lwr)
-+
=
)
(@)
O
E
o
o
o]
—+
@)
@D
>
i)
O
=
@D
)
-+
E\
N

oo (z e

pl(m) = Z% (l’ € Qo) )
1 (z€Qy)

namely —~ + = 1. see[5]

_1
p(x) ' p(x)

Remark 1.1.4 [1j)

LPOQ) = L7(Q), and [[fllzo0 @) = 1 ooy »

if p(.) equals to a constant py € [1,00]. We will prove that p,(f) is a modular and that ||| ;s0) )

18 a norm in the above.

Lemma 1.1.2 [TfJIf z,y € R" and (0<t<1<r<oo, then the following inequality
holds :

tr 4+ (1 —t)y|" <tlz|” + (1 —1)|yl",

Theorem 1.1.4 Let p(.) : Q@ — [1,00] be a variable exponent. Then p,(.) is a modu-

lar. If p(.) additionally satisfies py = ess SUD e\ p(z) < oo, then pp(.) is a continuous

modular.

Lemma 1.1.3 [I//Assume that f € L°(Q) satisfies () < 1f zoer ) < 00

]‘ pp( S 17

I Loy o

if . 5T I —
2. Zf, P+ = €8S Supl’EQ\Qoo p(;{;) < 00, then pp(m) =1 holds.

Lemma 1.1.4 Let p(.) : Q — [1,00]be a variable exponent and f € L°(2)

10
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Loaf | fll ey ) < 1 then we have p,(f) < [ f ey < 1-
2. Conversely if p,(f) <1 , then HfHLp(‘)(Q) <1 holds.

8. Assume in addition that 1 < p; := ess SUDP,c0\0 p(z) < oo and that pp(f) <1 holds.

|~

(

Then || fll ooy < ()7 < 1.

+

Remark 1.1.5 let

(0) _ P) g d
m,u>léu@n o

1 F @)y = inf {A>0:p0(F /A) <1}

N

where it is understood that

0 0<r<i
re = ,
o0 r>1
(O ‘ (0) ‘ (0)
then pp’ is a semimodular and ||f(x)||Lp(')(Q) is a norm. If p; < oo, then pp

clearly coincides with p, and it is continuous.

1.2 Hardy space

1.2.1 Definition and basic properties

Definition 1.2.1 For0<p<ooand 0 <r <1, for a function f defined on D

D={z,yeR, z=a0+iycC:|z| <1}) we set

o 1/p
Mﬁﬂz(iA mwm%@ |

2

11
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We define the Hardy space H? = HP(D) as

Hp:{f c HD) - sup My(f,r) < oo},

0<r<1

and for f € H? we set

Hf“Hp = Sup Mp(fv T)a
0<r<1

Furthermore, we define H> as the space of holomorphic functions that are bounded on the

unit disc, endowed with the sup-norm.

For the special case p = oo, we require that

Ifllc = Muc(f.r) = sup [f(re”)| < oo,

0<0<27

and we write f € H*.

We mention in passing that, also when 0 < p < 1 we set

1 2 . 1/p
e = (5 [ Lreras)

and, with an abuse of language, we call it the LP-norm. However, setting d(f,g) = || f — qllt,

LP becomes a complete metric space. Notice that || f + g||,, <202/ (|| £l + llgll )

Corollary 1.2.1

1. For 0 < p < oo we have
H? = {fGH(D): liql M,(f,r) <oo},
r—1—

2. If f € H? for 0 < p < oo we notice | £l o = lim, 1 M, (f,7),

Remark 1.2.1 Aside from the case p = 0o, also the space H* can be described at once.

[e.9]

For, if f is holomorphic on D, then it admits power series expansion f(z) = Zn:() a, 2", 2z = re

12

0
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Using the uniform convergence on compact subsets of D we have

Maho =5 [ 1re)

1 2w £+
an%,rn+melt(n7m)dt

n,m=0

—+00
—= Z’T’Qn |an|2 y
n=0

Therefore,

1/2
sup Ms(f,r) (Z|an| ) ,

0<r<1
that is f € H? if and only if > .1° \an|” is finite.In particular, it follows that H? is a
Hilbert space. Observe that, in particular, a function f in H? can be extended to the bound-
ary 9D =T = {C €eC (= ei9}7 (unit circle), having as “boundary values” the function
f e L2(dD) given by

r—1—

+o00
H = Zanemt = lim f(reit),
n=0

Moreover, by Lemma ((1.2.1 P(f)(r) = (P, * f) - Zn Oanr"em() = f(r.). We can call

f “boundary values” since fr)y=Psxf— f inL*T)asr— 1—-

Remark 1.2.2 Given f holomorphic in D, the function M,(f,r) is increasing in r, 0 <
r < 1. This statement holds true for the full range 0 < p < oo, but its proof is elementary

only in the case p > 1 and we will restrict to this case.

Lemma 1.2.1 Let g € L'(OD). Then for every 0 < r < 1 we have that

(P g)( Z g (kyriHletn,

k=—00
i which
+oo 1— 7'2
P.(e™M) = pliletkn — —— — _ — P(re).
( ) k:z:oo |1 7"6“7|2 ( )

13
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Remark 1.2.3 For 0 < o < land a function f defined in D we write f, := f(p.) to
denote a function on the unit circle. For 0 < r;o < 1, given a function f holomorphic in D

notice that f. is holomorphic in a ngbh of D so that
flroe™) = (fr x Pp)(e™),
Hence, we have

Mp(f,TQ) = || f; * PQ”LP(’]I‘)

< HfT‘HLP(’]I‘) ”P.QHLl('I[‘) = My(f.r),
that is, M,(f,r) is increasing in r and

Sup Mp(f7 T) = TEI{], Mp(f7 /r)v

0<r<1

Proposition 1.2.1 For 1 <p < oo H?is a Banach space.

Proof. It is clear that |.||;, is a norm, so we only need to prove that it is complete.

Let 0 < r ,0 < 1 and notice that for f holomorphic on D we have

|fr * Pg(eit)‘ S HfTHLP(T) HPQHLp,(']T)

g CQ Hf”Hp ’

This shows that

sup [f(2)] < Co [ fll o

[z1<e
and therefore the convergence in the HP-norm implies the uniform convergence on compact
subsets.Thus, let {f,} be a Cauchy sequence in the HP-norm, and let f be the function

uniform limit on compact subsets of D. Then f is holomorphic and for 0 < r < 1 fixed, using

14
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the uniform convergence, for p < oo we have

2m
Myt = fr¥ = 5= | ety = s at
1 2 ' L
= [ e = patre

= lim M,(fn — fm,7)?

m——+00

S mngIrloo ||fn - fm”?ﬁ[pa

Therefore,

1o = fllge <

li = fm .
< tm ([fo = follg <€
for n sufficiently large. The case p = oo is similar =

Proposition 1.2.2 If1<p<q<oo,then HI(D) C H?(D) and for f € HI1(D)

[ e < NN e -

Proposition 1.2.3 The function f(z) = (1 —z)~' wnis H? for every 0 < p <1, but

is not in H' and thus not in any HP space for any p > 1.

1.2.2 Atomic H? spaces

A function a € L>(R") is called an atom if there exists a ball B such that
(i) supp(a) C B;
(i) lally < |BJ7
(iii) Jon a(x)zdz = 0 for all a with |a| <n(p~! —1).

The atomic Hardy space H%, 0 < p < 1, is defined as the set of all distributions f € S’ that

can be represented in the form

S [eS)
f = Z /\jaj, where Z |>\j|p < 0,
7j=1 j=1

15
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1.2.3 Atomic decomposition of HY spaces

Definition 1.2.2 For any 0 < p < 1 the continuous embedding H? C HY is valid, that
is, if f € HP, then f € HY and

1l < €Nl

where ¢ > 0 1s a constant depending only on p,n.

1.3 The Hardy-Littlewood maximal operator

1.3.1 Basic properties

Given a function f € Lj,.(R™), we define the maximal function of f, is defined for any

x € R" by :
M () =sup § |£0)]do,
Q3z JQ
where ]{ gdy = |Q\_1 fQ gdy, and the supremum is taken over all cubes @ C R” that contain
Q
x and whose sides are parallel to the coordinate axes.
Proposition 1.3.1 [Z] The Hardy-Littlewood mazimal operator has the following proper-

ties :

1. M is sublinear : M(f + g)(x) < M f(x) + Mg(x), and for all « € R, M(af)(x) =
o M f(z).

2. If f is not identically zero, then on any bounded set ) there exists € > 0 such that
Mf(z)>e x€ld

3. If f is not equal to 0, then M f(x) ¢ L'(R").

4. 1If f € L>(R"), then M f € L>*(R") and M f]|, = [[f]ls -

16
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Proposition 1.3.2 [2]  Given a locally integrable function f, then for a. e. x € R™,

|f(@)] < M f(z)

Definition 1.3.1 [1I]  Given p(.) € Py, we say p(.) € MPy if p— > 0 and there exists py,
0 < po <p-—, such that | M [, ,, < C (n,0(),00) 1 1l,0)/00 -

A useful sufficient condition for the boundedness of the maximal operator is log-Holder con-
tinuity : for a proof, see [0, [15]

Lemma 1.3.1 [1]  Givenp(-) € P, suchthat 1 <p_ <p, < oo ,supposethatp(.)satisfies

the log-Holder continuity condition locally,

pz)—ply)| < ——F, r—yl <1/2. 1.1
ple) =2 < i vl <1 (11)
and at infinity : there exists ps, such that
Coo
— Poo| L ——————. 1.2
p(x) = pool < Toale + 2] (1.2)

Then M fll,cy < C (n,p()) [l -

Lemma 1.3.2 Let p(.) € P(R"™). If the mazimal operator M is bounded on LP")(R™)

then for all s € (1,00), M is also bounded on L%,

Proof. This follows at once from Holder’s inequality and proposition((1.1.3])
snl/s s111l/s s s 1/s s
IVl = NOLHLE < N LA NS < CY NS = CY 1 f Nl -

Lemma 1.3.3 [1]  Given p(.) € P, if the mazimal operator is bounded on LP), then for

every ball B C R"
IxBll, Ixsll,y, <C |B.

17
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The maximal operator also satisfies a vector-valued inequality.

Lemma 1.3.4 Given p(.) € P such that p, < oo, if the mazimal operator is bounded on

LPO) | then for anyr, 1 <r < 0o

1/ 1/
(Z(Mfk)r> < C(n,p(.),r) (Z |fk‘r>

p(.) p(.)

Lemma 1.3.5 [1]  Given p(-) € P such that 1 < p_ < py < oo, the mazimal operator is

bounded on LPV) if and only if it is bounded on LP'().

18



Chapitre 2

Variable Hardy spaces

In this chapter, let p(-) be a measurable function on R" satisfying 0 < p_ := essinf,ern p(z) <
ess sup,epn P(7) =: p4 < 0o and the globally log-Holder continuity condition, and ¢ € (0, 00).

We study the variable Hardy spaces and its different characterizations.

2.1 Definition and atomic decomposition

In this section, we define the variable Hardy spaces and give equivalent characterizations

in terms of maximal operators. We need a few definitions.

Let S be the space of Schwartz functions and let S denote the space of tempered
distributions. We will say that a tempered distribution f is bounded if f * & € L*> for
every & € S. For complete information on distributions. Define the family of semi-norms on

|-l 3, @ and B multi-indices, on S by
1 £llas = sup [z°D?f()|.
TzER™
and for each integer N > 0 let

Sy ={f €5 Wlap <1 lal. |81 < N}.

19



Chaptre 2. :Variable Hardy spaces

Given ® and t > 0, let ®;(x) = t"®(z /t) = t " ®(t'z). We define three maximal operators :

given ® € S and f € S/, define the radial maximal operator
Mg of =sup|f * Dy(x)].
>0
and for each N (large)> 0 the grand maximal operator

My f(z)= sup Maof(z).

PeSN

Finally, define the non-tangential maximal operator

Nf(x)= sup [Pxf(y)l.

lx—y|<t

where P is the Poisson kernel

P(z) =

e
nt1
T

=L fa)E
Theorem 2.1.1 [1]  Given p(.) € MPy, for every f € S’ the following are equivalent :

1. there exists ® € S, [ ®(x)dx # 0, such that Mg of € LPC).
2. for all N >n /py +n+1, Myf e LPO.

3. f is a bounded distribution and N f e LP0),

Definition 2.1.1 (Variable hardy space) Let p(.) € MPy for N > n/py +n + 1,

define the space HP) to be the collection of f € S' such that 1l rey = HMNpr(.) < 0.
Remark 2.1.1 [1]

The spaces HP()(R") are independent of the choice of N > n /py +n + 1.

20



Chaptre 2. :Variable Hardy spaces

2.1.1 Atomic decomposition
THE ATOMIC DECOMPOSITION (p(-), co) ATOMS

Definition 2.1.2 [1I]  Givenp(.) € MPy, andq, 1 < q¢ < oo a function a(.)is a (p(-), q) atom
if supp(a) C B = B(xg,r) = {y €R": |zg —y| <r} [for some zo € R", >0 and it
satisfies

. 1 -1
() lall, < Bl7 x5l -
(i) [a(x)z*dr =0 forall |a| < |n(p;* —1].

In (i) we interpret 1/oo = 0. These two conditions are called the size and vanishing moments

conditions of atoms.

Remark 2.1.2 If po > 1 (which can happen if p_ > 1), then |n(p;* — 1] < 0, and we

interpret this to mean that no vanishing moments are required.

In the remainder of this section we consider the case ¢ = oo

Theorem 2.1.2 Suppose p(.) € MPy. Then a distribution f is in HPY(R™) if and only
if there exists a collection {a;} of (p(-),00) atoms supported on balls { B;}, and non-negative

coefficients {\;} such that

= Z)\jaj7
J

where the series converges in HP)(R™). Moreover

: X,
|| f1l o0 = inf Z /\jL f= Z)\jaj : (2.1)
J

J

Bj

LORITE
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Chaptre 2. :Variable Hardy spaces

Lemma 2.1.1 Given p(.) € MPy, suppose {a;} is a sequence of (p(-),00) atoms, sup-

ported on Bj = B(x;,r;), and {\;} is a non-negative sequence that satisfies

X,
YT —| <. (2.2)
J XBj

PO Hp()

Then the series f = Zj Aja; converges in HPO | and

Z A\ XB;

J
; HXBij(.)

[l geey < €, p(.), po) (2.3)

p(.)

Proof. Fix ® € S such that [ ®dr # 0 and supp(®) C B(0,1). Fix atoms {a;} with
support {B;} and coefficients {)\;} such that holds.

Given B = B(xo, ), let 2B = B(xq, 2r). We consider the case p_ < 1; if p_ > 1 the proof is

essentially the same, omitting the exponent p_

e
[Maollbc) S 1D A Mao(a;)
J p()
p- P
< Z)\jM¢,o(aj)-X(2Bj) + ZAJ‘M@,O(%)-X(QB;) ;
! ey, r0)
I I

We first estimate I; By the size condition on (p(-),00) atoms, we have that

Mg paj(z) < lla;]l o [P, < CllejH;(%)7

Define g; = (HXBJ'H;(%) )\j)pOXBj-

If z € x(2B,), then by the definition of the maximal operator

_ 1 _
Mgj(z) > (HXBJ-HP(T) )X B, 2B, /23- Xp;dr = 2_n(HXBij(3 AP
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Chaptre 2. :Variable Hardy spaces

Then by proposition(|1.1.3) and lemma ((1.3.4))

p— p—
L O sl Anees || <O || Mg
j () J p(.)
Po 11% Ppo %
=C <Z M(gj)l/p°> <C (Z(gj)l/m)
i ) j )

=C Z HXBj ”;(3 AiXB, ’
J

To estimate Iy, let a be an atom supported on B = B(xg, 1)

O )MHaémw@

|z — @0

r n+14d r ny
—1
<(t)  lelese(pt) Tl

we have for each j that

T

ny
|z _ij|) HXBJ'HP(T) < CHXBJ'HP(T)M(XBj)’Y,

Mg pa;(z) < c (

We can now estimate 5 : by proposition(1.1.3) and lemma(/1.3.4])

p— p—
s
B R
J »() J 1ip() ()
Al/’y AN 1/v||7P~
= MZ J 1/'yXBj < C (Z HXB]H;(1) )‘jXBJ>
j ||XBj||p(.) j
)
p7
-1
=C Z”XBJ‘”p(J AjXB;
J e

23
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Chaptre 2. :Variable Hardy spaces

Lemma 2.1.2 Let p(.) € MPy. if f € HPV, then there exist (p(.),00) atoms {ay;},

supported on balls By, j, and non-negative coefficients {\x ;} such that

f: E )\k,jak,ja
k,j

Moreover

XBy, _ ABr;

< C(n, (), p0) 1 v -
p()

THE ATOMIC DECOMPOSITION (p(-),q) ATOMS :

Infinite atomic decomposition using (p(:),q) atoms We extend Theorem ([2.1.2)

by giving an atomic decomposition using (p(-),¢) atoms.

Theorem 2.1.3 [1]  Suppose p(-) € MPy. Then a distribution f is in HP") if and only if
for ¢ > 1 sufficiently large, there exists a collection {a;} of (p(-),q) atoms supported on balls

{B;}, and non-negative coefficients {\;} such that
f=2_Naj,
J

where the series converges in HP"). Moreover

|| f1l oy =2 inf

f = Z/\jaj . (24)

Remark 2.1.3 Denote the norm of the maximal operator by | M|, /.y - Then it suf-

fices to take ¢ > max(1,p,,po(1 + 273 1M ) 10y )-

Lemma 2.1.3 Given p(-) € MPy, there exists ¢ = q(p(-), po,n) > max(py,1) such

that if {a;} is a sequence of (p(-),q) atoms supported on B; = B(xz;,r;), and {\;} is a
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Chaptre 2. :Variable Hardy spaces

non-negative sequence that satisfies

S N < o0, (2.5)
j Xz, Hp(.) ()
then the series f = Zj Aja; converges in HPO | and
1l o) < Cn, (1), 0, q j , (2.6)
IIXB ||

()

Lemma 2.1.4 Gwen w € Ay, then w € RHy, where s =1 4 (2"+2 [w]Al)—l

i which

M
[w],, = ess sup w(z)

< 00
cern w(x)

Remark 2.1.4 Given a weight w € Ay and py > 0, the weighted Hardy space HP (w)

consists of all tempered distributions f such that
1/po
s = oSy = ([ Msororutas) < oc

These spaces have an atomic decomposition.

Lemma 2.1.5 Given p(-) € MPy and ¢ > max(po, 1), suppose {a;} is a sequence of

(p(+),q) and {\;} is a non-negative sequence and w € A N RH ) jpoy - of

< 00,

Tl s

Then the series f =3, Aja; converges in H?(w) and

HfHHPO(w) < C(p(.),po,q,n, [w]Al <p<>/po> HZ)\

dro o
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Chaptre 2. :Variable Hardy spaces

Remark 2.1.5 form the Rubio de Francia iteration algorithm with respect to LeO)/po)

Given a function h, define

fih = Z 2 IIMH

/po)

where MOk = |h| and for i > 1 M'h = M o M o ...o Mh. is i iterates of the mazimal

operator.

Finite atomic decompositions : Given ¢ < oo, let szg;l),q be the subspace of HP()

consisting of all f that have decompositions as finite sums of (p(+),¢) atoms.

Theorem 2.1.4 Let p(-) € MPy and fix q as in Theorem

For f € HYU)U(R™), define

[ £l o). = inf
fin

k
XB;
) I

JHXBij()

k
. f = Z )\j&j s (27)
j=1

p(.)

where infimum is taken over all finite decompositions of f using (p(-),q) atoms a;, supported

on balls Bj. Then
11> = 1 -

Lemma 2.1.6 Define the non-tangential grand mazimal function My 1,by

My f(x) = sup sup [@yx f(z)],

PeSn |y—.1“<t
Then for all x € R"and tempered distributions f

MN,lf(CE) ~ My f(z),

where the constants depend only on N

The second lemma is a decay estimate for the grand maximal operator.
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Chaptre 2. :Variable Hardy spaces

Lemma 2.1.7 Given p(-) € MPy, suppose f € HPY) is such that supp(f) € B(0, R)
for
some R > 1. Then for all x € B(0,4R)°

My f(z) < C(N,p(.), po) ||XB(O,R)H_1 .
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Chapitre 3

Boundedness of Operators on variable

Hardy spaces

In this Chapter, we show that convolution type Calderén-Zygmund singular integrals with
sufficient regularity are bounded on HP().

First we define the class of singular integrals we are interested in.

Definition 3.0.3 [1] LetK € S" we say Tf=Kxf= fRn K(z —y)f(y)dy is a convolution-
type singular integral operator with reqularity of order k if the distribution K coincides with
a function on R"\{0} and has the following properties :

1. Ke L>;

2. for all multi-indices 0 < |B| < k+1 and x # 0, ‘85K(x)| < _C

S

Singular integrals that satisfy this definition are bounded on LP, 1 < p < oo.

Lemma 3.0.8 Let T be a convolution-type singular integral operator as defined above.

Given w € Ay and 0 < p < 1, then for every ball B,

[ irt@r s < ool oy ([ Ifolua)
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Chaptre 03 : Boundedness of Operators on variable Hardy spaces

Theorem 3.0.5 Given p(-) € MPy and q > 1 sufficiently large (as in Theorem

), let T be a singular integral operator that has regularity of order k > Ln(pi0 —1)|. then

171,y < CCT,p(.)s 0s 01 |l s -

Theorem 3.0.6 Given p(-) € MPy and q > 1 sufficiently large (as in Theorem

), let T be a singular integral operator that has regularity of order k > Ln(pio —1)]. then

T 11 oy < C(Tp(), 2oy @5 1) (1 1| o -

Theorem 3.0.7 [I]  Given p(-) € MPy with0 < py < 1 and q¢ > 1 sufficiently large (as in

Theorem ), suppose that T is a sublinear operator that is defined on (p(-),q) atoms.

Then :

(1). If for allw € A1 N RH .\ and every (p(+),q/po) atom a(-) with support B,

w(B)l/pO
HTCL”LPO(w) < C(Tvp(')7p07 q,n, [w]Al ) [w]RH AT (31>
(a/po) ”XBHP(~)
then T has a unique, bounded extension T : H?©) — [P0),
(2). If for allw € Ay N RH(q/po)/ and every (p(-),q/po) atom a(-) with support B,
w(B)l/pO
HTGHHPO(w) S C(T7p<')7p07Q>na [w]Al 7[w]RH , ) (32>
@ro) " [IXB )
then T has a unique, bounded extension T : HPO — grO)
Remark 3.0.6 The additional hypothesis that 0 < pg < 1 is not a real restriction, since

by Lemma we may take py as small as desired.

Remark 3.0.7 Note that when p(-) is constant and w = 1, then conditions|3.1] and (3.2
reduce to showing that T is uniformly bounded on atoms, which is the condition used to prove

singular integrals are bounded on classical Hardy spaces.
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Chaptre 03 : Boundedness of Operators on variable Hardy spaces

Proof. First suppose that holds.

Fix fe H fm »afpo . by Theorem(2.1.3) this set is dense in HP"). Since T is well-defined on

the elements of Hfi;f 470 it will suffice to prove that

HTfHLP(-) S C<T7p(')ap07Q7n) HfHHp(-) . (33)

For in this case by a standard density argument there exists a unique bounded extension
T such that T : H?©) — [P0,
To prove we will use the extrapolation argument in Lemma ({2.1.5)) to reduce the variable

norm estimate to a weighted norm estimate. Arguing as we did in that proof, we have that
I7f15, < sup [ 1T Ry(a)da.

with the supremum taken over all g € S )/po)’ with ||g|| < 1.

()/po) =

Suppose for the moment that we can prove that for all f € H ]Ifz(n) a/po

1Tl oo (rgy < C(T,0(), 205 & 1) L || 1190 (g - (3.4)

(In particular, the constant is independent of g) Then we can continue the argument as in

the proof of Lemma ([2.1.5) to get

1T f 100 (rgy < C(T,0(), 205 @ 1) 1f [ 7p0 (rgy < C/MNf(Jf)poRg(iv)div

< CHMNI) ey 0 1RGN iy oy < C UML) < C A0 -

This gives us (3.3]

To complete the proof we will show (3.4} Recall that as sets, szz%q/po (Rg) = H?z(n a/po

Therefore, let

k
fF=> XNa
j=1
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Chaptre 03 : Boundedness of Operators on variable Hardy spaces

be an arbitrary finite decomposition of f in terms of (p(-), q/po) atoms.

Since, 0 < pg < 1, by the sublinearity of T', convexity and [3.1]

k
1T £ ey = / TF@)P Ry(a)dz < 37 A / Ta; (2)" Ry(x)de
j=1 i

k

S

<C )\po =C
Z T I

JHX‘)

LY(Ryg)

This is true for any such decomposition of f.

Therefore, since Rg € A1 N L®O)/po) by construction, by see [I, Lemma 7.11] we can take

the infimum over all such decompositions to get

T fll oo gy < C I1f lerro (rg) » where C' = C(T, p(+), po, q,n). This proves [3.4] for all

fe Hp )q/po
We now consider the case when condition [3.2] holds.

The proof is essentially the same as before, except instead of proving [3.4] we need to prove

that for all f € Hp )‘1/1’0

||Tf||Hp0('R,g) < C(T,p(.), o, q;n) ”f”HPO(Rg) : (3.5)

]
Given this, we can then repeat the extrapolation argument as before.

To prove we use the same argument used to prove [3.4] replacing T'f with Mg o(T'f)

where ® € S with f ®ddr =1 , and using|3.2|instead of |3.1|
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Chaptre 03 : Boundedness of Operators on variable Hardy spaces

Proof. of Theorem ((3.0.5))
By Theorem ([3.0.7)) it will suffice to show that condition [3.1] holds for all (p(+),q/po) atoms
and all w € A1 N RH(

/.

q/po)

Fix such an atom a(-) with support B = B(xg,r). Let 2B = B(xg, 2r) and write

Tl = [ Ta(@) wioyds

- / e wio s [ 1raa) w@s

(2B)°

.

v~ ~~

Iy I

We first estimate I :

By Lemma (3.0.8) there exists a constant C' = C(T',n, po, [w] 4, ) such that

I, < Cw(B)" ( [ o) w(:v)dx)po

1/q ) po/(a/po)’
< Cw(B)"™ |B" < ]{ la) [ dx) ( 7{ w(z) @) dx)
B B

Since a(-) is a (p(+), ¢/po) atom and w € RH we get that

!
po) ’

h<Clulpy  w(B) 7B sl (B w(BP = ClulRy — w(B)xsl
qa/pPo a/Po

To estimate I,

Let d = Ln(pio —1)], We claim that there exists a constant C' = C(T',n) such that for all
x € (2B)°,
B 1

IXBll o) |2 — 0]

Ta(x)| < C (3.6)

n+d+1"

To prove this, let P; be the Taylor polynomial of K of degree d centered at x — zy. By our

definition of d and our assumption on k, d + 1 < k + 1. Therefore, the remainder

|K(z —y) — Py(y)| can be estimated by Condition (2) in Definition(3.0.3)) .
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Chaptre 03 : Boundedness of Operators on variable Hardy spaces

Hence, by the vanishing moment and size conditions on a(-) and Hélder’s inequality

uh@ﬂs/uax—w—Rmmmwn@

C / d+1
< —— [y — o™ |aly)| dy
jz — 0| U o,
ritl| B|
<o f oty
& — 2o )
n+d+1 _
< C|B| " |B] po/d Ha“q/po
= |,[L‘ B x0|n+d+1
144t
< O‘B’ : ! n+d+1°
IXBll) |z — 2o
Given [3.6l we have that
po(n+;i+l)
/ Ta(z)|” w(x)de < C|B|—po/ w(x()%dﬂ)dw
(2B)° IxBlht)  Jepye |v — zo™ .
7

To complete the proof we will show that there exists a constant C' = C'(n, pg) such that

= ol w(B)

(3.7)

we have (2B)¢ = UX,(2771B/2/B), forz € 21 B /2 B, we have |z — 20| 221'70:22"3‘1/”.
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Chaptre 03 : Boundedness of Operators on variable Hardy spaces

Since w € A; and po(n + d + 1) > n, we can estimate as follows :

= / dx
ZZI: 2+1B/2B |T — $0|P0(n+d+1)

C - 1 /
< . w(x)dx
|B’p0(n+d+l> ; 27,p0(n+d+1) 9i+1B/9i B ( )

% on(itl)
¢ ] Z 2. 15| w(x)dx

|B|p0( n+7lf+1 ipo(n+d+1) 9t

2™ [w ad

B ”+d+1) ; 9ipo(n+d+1)— —(|B| essyep inf w(z))

0], w(B)
=)

=C———

]
Proof. of Theorem ({3.0.6|)

Our argument is similar to the proof of Theorem ([3.0.5) . By Theorem ({3.0.7)) it will suffice
to show that condition holds for an arbitrary (p(-),q/po) atom a(-) with support B =

B(zg,7), and all w € A1 N RH(q/pO)/.

Fix ® € S with [ ®dy = 1; then we can estimate ||T'al[ () as follows :

||Ta|];§p0(w) 5/ Mo o(Ta)(x)w(z)dx + Mg o(Ta)(z)Pw(x)dx
J2p . Jesyr .
Ry Ry

To estimate R; the we first use the fact that Mg o(T'a) < cM(T'a). Moreover, we have that
since w € Ay,

Ry < Cw(2B)' P ( |Ta(z)| w(x)dx)P

Rn
-

v

~
L

To get the desired estimate for R; it will suffice to show that

w(B)

L< .
HXBHp(.)
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Chaptre 03 : Boundedness of Operators on variable Hardy spaces

To prove this, we again split the integral :

L:/n |Ta(a:)|w(a:)da::/28 |Ta(x)]w(x)dx+/(2B)c Ta(z)] w(z)dz .

[\ J/

~~ -~

L1 Lo

To estimate L; we apply Holder’s inequality, the boundedness of 7' on L%?°, and the fact

that w € RH(q  to get

/po)

po/q , 1/(q/po)/
L, < (/ Ta(z)|"" dx) (/ w(z)(4/Po) dx)
2B 2B

S N
< llall oo - [2B]/ @7 (74 w(z) @) dw) < C(n, [ul, ]

B

w(B)

e lIxBlly)

To estimate L,

| |n+d+1
L, <C

B / w(x) g
— —_— ‘/I/‘
IxBll,o) \Jesy |z — o

< O’B\"T.w(B) [w]Al‘ (i QZ(L) < Cﬂ

~ ||XB||p() |B|n+g+1 pa n+d+1) — ||XB||p() .

To estimate Ry, we will prove a pointwise bound for Mg o(7'a;)(z) for = € (2B;)° similar to

3.6, Define Kt — K % ®,; then K satisfies condition (3) of Definition (3.0.3) uniformly

for all ¢t > 0.

Moreover, for x € (2B)¢, the integral for K * a(x) converges absolutely, so
|®; % (K *a)(x)| = |P x K(z) % a(z)] = |K(t) * a(q:)‘ )

Let 4 = nL(piO —1)] and fix ¢t > 0.

If P;is the Taylor polynomial of K®centered at x — x, we can argue exactly as we did to
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prove [3.6] to get

KO wale)] = | [ (K0 = 5) = Pa)] aty
C
<

S T raa ly — xo’dH la(y)| dy
|l‘ — ZEO| rdr /B(mo,'r)

_ B

>~ |£L‘ - |n+d+1 HCLHLQ/PO
- 40

1+%
< C|B| !

— Ixsllpo [z — 2l

n+d+1"

The final constant is independent of £, an so we can take the supremum over all ¢ to

B 1

Mq;ﬁo(TCL)(ZL‘) S C
X8l e |2 — 2|

n+d+1°

Then arguing as we did before, by |3.7] we have that

w(B)

Jy < — 0
Ixzll5,

36



Bibliographie

1]

2]

[10]

Cruz-Uribe,D.,& Wang, L.A.D.(2014). Variable Hardy Space. Indiana university math-
ematics journal, 447-493.

Crus Uribe, D.V., & Fiorenza,A.(2013).Variable Lebesgue Spaces :foundations and har-
monic analysis. Springer Science & Business Media.

C. Fefferman and E. M. Stein, H? spaces of several variables, Acta math, 129 (1972), n.
1, 137-193.

D. Cruz-Uribe and A. Fiorenza. Variable Lebesgue Spaces : Foundations and Harmonic
Analys is. Applied and Numerical Harmonic Analysis. Birkhauser, Basel, 2013.
Diening , L.,& Samko, s.(2007). Hardy inequality in variable exponent Lebesgue spaces.
Fractional calculus and applied Analysic 10(1), 01p-18p.

D. Cruz-Uribe, A. Fiorenza, J. M. Martell, and C. Pérez. The boundedness of classical
operators on variable LP spaces. Ann. Acad. Sci. Fenn. Math., 31(1) :239-264, 2006.

D. Yang, W. Yuan and C. Zhuo, A survey on some variable function spaces, in : Function
Spaces and Inequalities, 299-335, Springer Proc. Math. Stat. 206, Springer, Singapore,
2017.

E. Stein and G. Weiss, On the theory of harmonic functions of several variables. I. the
theory of HP-spaces, Acta Math. 103 (1960), 25-62.

E. M. Stein, Harmonic analysis : Real variable Methods, Orthogonality, and Oscillatory
integrals, Princeton Univ. Press. Princeton, NJ, 1993.

E. Nakai and Y. Sawano, Hardy spaces with variable exponents and generalized Cam-

panato spaces, J. Funct. Anal. 262 (2012), no. 9, 3665-3748.

37



Bibliographie

[11]

[12]
[13]

[14]

[15]

[16]

[17]

[18]

[19]

Heraiz Rabah, Some properties of variable herz type besov spaces and applications,
Submitted for the degree of doctorate in sciences 2017, Mathematics and Informatics,

Functional Analysic, Mohamed BOUDIAF University — M’sila.
H. Nakano, Topology of linear topological spaces, Maruzen Co., Ltd., Tokyo, 1951.
H. Nakano, Modulared semi-ordered linear spaces, Maruzen Co., Ltd., Tokyo, 1950.

Izuki, M., Nakai, E., & Sawano, Y. (2014) function spaces with variable exponenents -an

introduction -. scientiae Mathematicae Japonicae, 77(2), 187-315.

L. Diening, P. Harjulehto, P. Hasto, and M. Ruzicka. Lebesgue and Sobolev spaces with
variable exponents, volume 2017 of Lecture Notes in Mathematics. Springer, Heidelberg,

2011.

L. Grafakos, Modern Fourier Analysis, third ed, Graduate texts in mathematics, 250,

Springer, Verlag New Yorc Inc, 2014.

M. Izuki, E. Nakai and Y. Sawano, Function spaces with variable exponents-an intro-

duction, Sci. Math. Jpn. 77 (2014), no. 2, 187-315.

0. Kovécik and J. Rakosnik, On spaces LP() and W*P@)  Czechoslovak Math. 41 (116)
(1991), 592-618.

W. Orlicz,Uber konjugierte Exponentenfolgen, Studia Math. 3 (1931), 200-211.

38



Annexe A :Abbreviations and

Notations

The different abbreviations and notations used throughout this thesis are explained below :

Q : open set in R".
P(Q) ; set of variable exponents.
p : semimodular ;modular.
R™ . Euclidean,n-dimensional space.
D . is the open unit disc.

is open unit circle.

H? ; Hardy space.
p(.) : exponent function.
Po(2) simply exponents.

p () : conjugate exponent function.
S’ : space of tempered distributions.
S ; space of schwartz functions.

Q, ; multi indices.

P(z) : poisson kernel.

HPO) ; variable hardy space.

Nf(x) : non-tangential maximal operator.
Moof(x) radial maximal operator.
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Annexe A : Abbreviations and Notations

-] : norm.

rOQ) variable lebesgue space.
Tf :convolution -type singular integral operator.
Mf : maximal function.

Mpyf grand maximal operator.

Q) The set of measurable functions on @
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